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Abstract. We extend the study [8] concerning the dynamic response of a thin linearly elastic plate in bilateral contact with a
rigid body along a part of its lateral boundary with Norton or Tresca friction to the case of a viscoelastic of non linear Kelvin-
Voigt type plate by still using the Trotter theory of convergence of semi-groups of operators acting on variable spaces [9, 15].
The limit system of equations has the same form as the original one but with the appearance of an additional state variable.
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1. Introduction

This study concerns the dynamic response, in the framework of small strains, of a thin plate made
of a viscoelastic material of non linear Kelvin-Voigt type in bilateral contact with a rigid body along a
part of its lateral boundary with Norton or Tresca friction subjected to a given load. On the one hand, it
follows [8] in which the transient response of a thin linearly elastic plate with Norton or Tresca friction
was investigated. On the other hand, it is an extension of the research presented in [14] and dealing
with the asymptotic modeling of linearly viscoelastic Kelvin-Voigt type plates via Trotter theory of
convergence of semi-groups of linear operators [15] ; we stress the fact that by means of an additional
state variable, both the limit system of equations and the genuine system of equations are similar. This
little-known tool for convergence is the crucial ingredient in our previous investigations [8, 14], and it
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may be used to find asymptotic modelings for a variety of problems in Physics of continuous media (see
examples in [9]) but also in Biology (see [3]).

First a precise statement of the problem of determining the dynamic response of the thin plate is
given in terms of an evolution equation in a Hilbert space of possible states with finite energy. Next by
considering some geometrical and mechanical data as parameters, the asymptotic behavior, when they
approach their natural limits, of the unique solution is then considered by bypassing the classical scaling
of the physical problem. This limit behavior, which is of the same type as the one of the genuine plate but
with an additional state variable, will allow us to provide a simplified but accurate enough framework
through a convergence to zero of a relative energy gap. Moreover, these equations are fairly easy to
implement numerically.

2. Problem setting

As is customary, we do not distinguish between R3 and the Euclidean physical space whose orthonor-
mal basis is denoted by {e1, ez, e3}. For all € = (£1,&2,&3) in R3, we write /f\for (£1,&2). Throughout
the paper, the Latin indices run over {1,2, 3} while the Greek ones run over {1,2}. Like R? and R?, the
space S? of symmetric matrices of order 3 is endowed with the usual inner product and norm denoted
by - and | |. For each k in S3, we define ¥ and x* in S? by Kap 1= Kqp; Ki3 = 0 and Kjﬁ = 0; Kl-J3‘ = K3,
respectively. A symmetric tensor product £ ® ¢ in R? is defined by (¢ ®; );j = (&£, + &;¢)/2 for all
£, € R3. Let Lin(S?) denote the space of linear symmetric mappings from S? into itself.

Here, within the context of small strains, we study the dynamic response of a thin viscoelastic of non
linear Kelvin-Voigt type plate subjected to a given load. The reference configuration of the plate is the
closure of ° := w X (—e¢, &) whose thickness is 2 and the middle surface of the plate w is a bounded
domain in R? with Lipschitz continuous boundary dw. We refer to the lateral, upper and lower faces of
the plate as I'} := dw x [—¢&,¢&], '] := w x {+¢&},and I'> := w x {—&} respectively. Given a partition
{¥D, ¥n,yc} of the boundary dw, the plate is clamped on a portion I'§) := yp x [—&, g] with H;(yp) > 0,
where H,, is the n-dimensional Hausdorff measure. It is subjected to surface forces of density g° on
I'Y := N X [—&,&] UTY UT“ and body force of density f*, while it is in bilateral contact with a rigid
body by Norton or Tresca friction on I'g := y¢ x [—&, &] with a "viscosity" coefficient u (see Figure 1).

The density pé® of the plate, where p is a positive number, and the elasticity tensor a® of the plate
satisfy:

65 € L>®(Q°); Ja>0s.t6°(x°) > a ae. x® € Q°,
(HO)

a® € L®(Q% Lin(S?));  ale]? <a®(x)e-e, Ve € S, ae. x® € Q°.

The density of the global viscous pseudo-potential is denoted by 6DZ, where b is a positive number
and D¢ is a measurable function on ¢ and convex on S? satisfying:

g 1,2, IB>0; —a<D(x%e) <B(1+le|?), VeeS? ae x*cQf
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Fig. 1. Plate ° in three dimension with middle surface w and thickness 2&

Thus if s := (&,p,u,b) denotes the key data of the plate, the displacement and velocity fields

(u*,v*) =: U* has to solve the following problem:

(P") / epasa u

+/ uE vy dHa = fg-v’dx‘e—i—/ g% -V dHa,
I Qe s

where 7 is the time, ¢,(£) = |£]P/p for all £inR3,1 < p < 2, 8J(v) consistently designates the
subdifferential at v of any lower semicontinuous convex function J, e®(u) is the linearized strain tensor
associated with the displacement field u (the symmetric part of V¥u, the gradient of u), and uy := u - n®,
ur := u — (u - n®)n® are the normal and tangential components of u on a part of 9Q° with outward unit

normal vector n®.

2

or?

s

vV dx® + / a’e®(u’) - (V') dx® + /

for all v/ sufficiently smooth in ¢ and such that

!/ £ /o &
(V' =0onTp, vy =0onT%.

&

(Find (u°,v’ = d0u’/dt) sufficiently smooth in Q° x [0, T] such that
u'=0onT} x [0,T], upy =0onTE x [0,T],
(u*(-,0),v°(-,0)) = U := (u°,v*") in QF,
and there exists (£°,&°) in D5 (e°(v*)) x d¢,(vy) satisfying

byt - et (V) dx®
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3. Existence and uniqueness

To obtain the existence and uniqueness result, we make an assumption on the loading:
(H1) (f.8°) € BV'(0,T; L*(Q°,R?) x L*(I'g, R?)),

where for all Hilbert space H, BV*(0, T; H) comprises all elements of BV (0, T; H) with distributional
time derivative in BV(0,T; H) which is the space of all elements of L!(0,T; H) whose distributional
time derivative is a H-valued measure.

The field U* is split into U* = U** + U*"; the field U**(¢) := (u**(¢), 0) is defined by:
w“(t) e’ W (t),u)=L)) Vi eU’, vVt e[0,T], (3.1)
where

U = {uec H(Q,R; u=00nT%,uy =0onT%},

‘ 1 ‘
() = = [ a®e(u) - (u)dx* Yu,u' €U, (3.2)

Ls([)(u/) — 1 ( st‘g(xs,t)-u/dxs—i—/r

&3

g (x,t) - u d’H2> Vu' e U*, Yt € [0,T].

N
Because of (HO) and (H1), the displacement field u* is well-defined and belongs to BV (0, T; U*).

The remaining part U*" of U® will be involved in an evolution equation in a Hilbert space H* of
possible states with finite total mechanical energy governed by a maximal-monotone operator A*. We
introduce k° the bilinear form associated with the kinetic energy:

1
kv, = / p&%v vV dx® v,V € V= L*(0F,RY), (3.3)
(943

T &
define the space H* := U* x V* and endow it with the following inner product and norm:
(U U = * (i) + K (v,V) VU = (u,v), U = (u',V') € H’,
Ul = [(U, U]
The global pseudo-potential of dissipation Dj involved by friction is:

i) =4 /F Gplvr) M, Wy e,
C

while the global viscous pseudo-potential of dissipation is:

Di(v) := b/ Di(e°(v)) dx®, Vv el

&3
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where p = 1 refers to Tresca and p € (1,2] to Norton tangential friction with bilateral contact. The
rationale of the normalizing factor &3 for energies and global pseudo-potential of dissipation will clearly
appear in the next section.

So the multi-valued operator A® defined on H* by
i)vel
D(A%) :=q U= (u,v) € H'; q ..
(A { (u,v) {11) dw e Vist
e (u V) +k(w,v') + Di(v+V') — Di(v)

+Di(v+V)=Di(v) =0 W el },

| —A*U = { (v,w); w satisfies ii) of definition of D(A’) },

obviously satisfies:

Proposition 1. Operator A* is maximal monotone and for all ¥* = (¥, ¢?) in H*

(Ijls — 1—}5‘ + w;’

0* = (@, ) st where v* is the unique minimizer on I/° of J*;
{ r7s A’ r7s s = s 1 572 s s s
U+ AT 5y P) =5 0P ]+ (W =), ()

L +D{(v) + Di(v) Yvel’'.

Finally, as the very definition of D} and D} imply that (P*) is formally equivalent to:

d S
U aw—uv)so,
Py | dr
US(O) — USO’

a result of [4] yields:

Theorem 1. Under assumptions (H1) and

(H2) U*Y € U*(0) + D(A*)

the problem (7P*) has a unique solution U* belonging to W>°(0, T; H*) and the first line of (P*) is

satisfied almost everywhere in (0, T].

4. Asymptotic behavior

Now we consider s as a quadruplet of parameters taking values in a countable subset S of (0, +oco)*
with a unique cluster point 5 in {0} x [0, +00) x [0, +00]?. The study [8] leads us to speculate on the
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limit behavior in the current study and advises separating the limit model into twelve cases, each indexed
by I = (I,1s,13) in {1,2} x {1,2,3} x {1,2}. Let:

—2 _ —2 _
ph = pem =1 e o =1 a0, 10
=2 ue= 21 1, =23

we make the following assumption to account for the magnitudes of density, thickness and viscosity:

(there exists (p', 12, 5%) in (0, +-00) x [0, +00] x [0, +00] such that

p = limp*h

S—>S

H3

(H3) @2 = limy*"2 with @*, @2 € [0, +00) and @ = +o0,
S—>S

b% = lim b*" with b* = +oc.
\ S—>S

Following [8] we introduce €, the closure of Q := w x (-1, 1), through a mapping 7*:
x=(X,x3) € Qs x° = 7°x = (X, ex3) € O

In the sequel, x® and x are systematically connected through x* = 7°x. Similarly to €2, we discard index
€ from the inverse image of I'Y, I'p, I'{, I'G, L'} by (ng)*l. Let a and B be fixed positive real numbers,
we further make a due assumption (H4) on the density and the elasticity tensor of the plate, and on the
loading (f*, g°):
3(8,a) € L®(, R x Lin(S?)) s.
< 6(x), ale]* < ()eeVeeS?’ ae. x €
(xg) 8(x), a®(x*) = a(x), ae. x € Q

3D, measurable in €2, convex on S s.t.

dg € [1,2], —a < Dy(x,e) < B(1+ |el?
(H4) 1.2] vxe) ( ) VeeS3 ae. xe

Di(x%,e) = Dy(x,e)
3(f.g) € BVY0,T; L*(Q,R3) x L?(I'n, R?)) s.t
() = f(x), f5() = 2fs(x), Vae
(x°) = &%g(x), g5(x") = &’gs3(x), WxeInnTy,

=&g
() = e8(x), g5(x°) = &’g3(x), Vx € nNNTha

2)

Y

\

From now on the letter ¢ or C will denote various constants independent of s which may differ from line
to line.
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4.1. A candidate for the limit framework

To display the asymptotic behavior of U*, we use a simple scaling mapping S, from L?(?, R?) into
L?(Q,R3) defined by:

Sew(x) = <ivAv(x8),W3(x‘9)> ae.x € Q, Yw e L*(Q°,R?). 4.1)

With this scaling, for all w in H' (922, R?), we have e®(w)(x®) = ge(e, S .w)(x), a.e. x € §, where:

eij(z) for1<i<j<2 )
(.2) e tej(z) for1<i<2,j=3
eijlg,z) =
! eji(e,z)  forl< j<i<3 Vz e H'(QLR?). (4.2)
872633 (Z) fori=j=3,
eij(z) = 1(8izj + 0;z1)

Therefore the bilinear forms ¢* in (3.2) and &° in (3.3) become:

o' (u,u') = / ae(e,Squ)-e(e,Sau')dx Vu,u' € U, (4.3)
Q
— 1
K (v,V) = /Q p6<(Sev) (S + g(sgv)g(sgv’)3> dx W,V €V (4.4)

Before introducing a suitable space for the limit fields, we recall some classical spaces useful in the
mathematical modeling of linearized elastic plates:

Hi (QR?) = {w e H'(Q,R?); w=0o0nTIp}, (4.5)
VL = {W S H%‘D (Q,Rg); €,‘3(W) =0 }, (4.6)
and define:

(U :={we Vk; wy=0onT¢}, U':=H' (-1,1;L%(w,R3))/L*(w,R?),
U=U"xu', E,:= e(uo) + Osu' ®; e3, Yu = (uo,ul) eu,

VE=12(Q), V?:={veLl*(Q,R?;v; =0},

Ho=Ux V1, VI= (11,1, 13) € {1,2} x {1,2,3} x {1,2},

o(u,u') = / aE,-Eydx, Yuu €U (4.7)
Q

kK (v,v) = ﬁl/ ow'dx W,V e Vi, i2(v,V) = /32/ Sv-vdx WV €V
Q Q

(U, U .= o(u, i) + KL (v,V'), VU = (u,v), U = (u',V') € H',
U= (G, 0)]H2,
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Clearly H' equipped with the inner product (-, -)! is a Hilbert space and taking into account the funda-
mental link between velocity and displacement, we straightforwardly deduce:

Proposition 2. For every sequence X* = (X, X)) in H* such that |X'*|* is uniformly bounded, there
exists a not relabeled subsequence and X! = (X!, X1) in H! such that:

i) (Ex1, X)) is the weak limit in L?(Q,S? x R*"' 1) of (e(e, S, X;), (S, A;)3) whenI; = 1 or of
(e(8,5:X7),8, X)) when Iy =2,
i) | < Lim |25

S—5§

Hence H! appears to be suitable for describing the asymptotic behavior. Moreover it is exactly the
appropriate space because any element U of 7{! admits a representative P*!U in H* which is energetically
very close to U. By the way, the assertion ii) of Proposition 2 in [8] is of course asinine and even if the
results of the paper are left unaffected, it sets up a needlessly complicated framework that we simplify
here. We therefore have:

Proposition 3. For all sin S and all U = (u,v) in H', let P'U := (P'u, P$ly) in H* defined by:

O (Pl u,u) = / aE, e(e,S.u')dx, Yu €U, 4.3)
Q
kv, (§:V)3), ifl} =1

kS(PiIV, V/) - 2(V ( 14 )3) 1 1 , vvl c VS- (49)
k*(v,S:V'), ifl =2

We have:

(P1) 3C > 0s.t. [PIUIF < C|UJY, VYU € HY, Vs € S,
(P2) lim,,; |PIU)* = |UJ', VU € H},

(P3) Elgi 8—13 /‘E a® [e‘g (Pl u) — Ej] . [es (Pl u) — Ej} dx® =0,
with EZ(x%) := ¢E,(x) a.e. x°* = n°x € Q°, Yu € U.
’;I:(sg)*l(o, v) iflp =1,
ii. Ply =vel .= P
’;h (S,) "1 i1 = 2.

Proof. Choosing ' = ¢ := Py and v = P*'v in (4.8) and (4.9), respectively, Cauchy—Schwarz
inequality and (4.3) imply

¢* (Pofu. Pilu) < p(u,u) 4.10)
kS (Pstv, Pylv) < kM (v, v) '

Combining these two inequalities gives (P1) straightforwardly.
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Because of (4.10), the sequence e(e, S, £°) is bounded in L%(£2, S?) so that Korn inequality and & < 1
yield:

C’S£§S|?{1(Q,R3) < ’€<Safs) ’%2(9,83) < ‘9(8, Se fs)‘%z(g’gq <C.
Therefore there exist a not relabeled subsequence and (€%, ) in 4% x L2(€), S?) such that:

(S.&, e(e,S - £)) weakly converges in H'(Q, R?) x L*(Q,S?) toward (£°,x),
“4.11)

Similarly to periodic homogenization problems treated by two-scale convergence [1, 12], we will show
that the limit in L?(€2,S?) of the scaled strain e(&, S .PS'u) will involve two fields of displacement: the
physical field %ee(fs ) "3d-2d converges" toward E, (see Appendix). There exists &' in 2! such that

= 038" @, e3

where &l =

= (£%.€").

Now we choose ' = & + (§1 €€}) in (4.8), with ¢ arbitrary in U and ¢! arbitrary in (U N
H'(—1,1;C (w, R?))/L*(w, R3)), which is obviously dense in ¢!, and obtain:

J%(2 — 6;3)ki3(X, 7) dt with 6;; the Kronecker symbol. Hence k = k + k- = E; with

Eel; /aEf-Egdx:/aEu-Egdx, VEeU,

which implies € = u and the whole sequence satisfies (4.11).

Next choosing ¥’ = &5 in (4.8) yields:

lim [ ae(e,S:&%) e(e,S:&)dx = / aE,-E,dx.
S—>S Q Q

Therefore e(s, S . £°) converges strongly in L? (€2, S?) toward E,,, that is to say (P3)i and lim ¢* (PS'u, PS'u)
S—rS
o(u,u).
Lastly (P3)ii being obvious, one has k*(Plv, PSlv) = k'1(v,v) by due account of (4.4).
O

Property (P2) states that any element U of H! has a representative P*'U in H® whose energy
(PS'U, PSIU)* is arbitrarily close to the square of the norm of U in H!, ensuring that H' is appropri-
ate to describe the asymptotic behavior. Keep also in mind that through (4.7) the "abstract velocities"
living in the space V" involve their sole transverse component when Iy = 1.

To complete guessing the asymptotic behavior, according to Proposition 1, it remains to consider se-
quences z° with uniformly bounded global frictional and viscous pseudo-potentials of dissipation Dj(z°),
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DS (z*) and “total energy functional" [|(z*,z*)|*]> which will permit to define the space Z" of "admissi-
ble virtual generalized velocities" and the limit global potentials of dissipation D} and D!. Note that
from a strictly mathematical point of view, such previous sequences stem from sequences X'* such that
X* + A*X? are uniformly bounded in H*. We set:

Zhi={zel; ()3 =0if; =2, (4.12)
(%)3=00nTcifl; =2,2°=00nTcifly =3,z =0if I3 = 2}

21" [ tp(B) dHy,  ifly =1,

~

Di(z) := { 22 [ #p(22) dHa,  if1r =2, vz € 21, (4.13)
0, if I, = 3,
b [ Dy(E,)dx, ifl3=1,

Die) =1, JoDu(E) . ifls - Vze 2. (4.14)
{O} (Z), if I3 = 2,

Thus a simple argument of lower semicontinuity implies:

Proposition 4. For all sequence z° in U* such that [|(z%,z*)|*]* + D§(z*) + DS(z*) < C, there exists a not
relabeled subsequence and z in Z! such that e(e, S z*) weakly converges in L?(€2, S?) toward E. and

@l + 2t + o) <t ([0 + 2t + 22
with

)'= ("3, if; =1, () = if[; =2, forall z = (2°,z}) in 4. (4.15)

We are now in a position to establish a convergence result for the solution U* to (P*) by using a non

linear version of Trotter theory of approximation of semi-groups acting on variable spaces, as developed

in the Appendix of [4], which is very efficient in many problems where the functional spaces have to
depend on physical parameter(s) as it is the case here (see [9]).

4.2. Trotter theory of operators acting on variable Hilbert spaces

Let H,, H be Hilbert spaces with norms | - |, | - |5 respectively for each positive integer n and P, a
sequence of linear operators from H into H, satisfying:

(T1) 3C > 0 such that |P,X|y, < C|X|g VX € H,Vn €N,
(T2) limy_yo0 |[PuX|s, = |X|# VX € H.
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A sequence (X, ),en With X, in H,, for all n in N is said to converge in the sense of Trotter toward X in
H if

lim |P,X — X[, = 0.

n—0o0
One has the following convergence result (see [7]):

Theorem 2. Let A,: H, = H,, A : H = H be multivalued maximal monotone operators, F, €
LY(0,T;H,), F € L'(0,T; H), X? € D(A,), X € D(A) and let X,,, X be the weak solution to

dx, dXx
4+ AX, D F,, — +AX 3 F,
dt dt
X,(0) = XY, X(0) = XV,

If

i) lim |(I—A,) Pz —P,(I—A) Y2y, =0 Vz€H,

n—00

T
i) lim |P, X" — X%y, =0, lim / |P,F(t) — Fy(t)|n, dt = 0,
n—oo n—oo 0

where [ denotes the identity operator in both spaces H,, and H, then X, converges in the sense of Trotter
toward X uniformly on [0,T], namely:

lim sup |P,X(7) — Xu(t)|m, =0
n—09 110,

with moreover:

lim sup |[X,(1)|m, — [X(1)|u| = 0.
n—o0 tG[O,T]

4.3. Convergence results

We can now use the Trotter theory because of Propositions 2 and 3, and we get:

Proposition 5. The sequence X* = (X, X;) in H* converges in the sense of Trotter toward X =

(X,, X,) in H!if and only if both limits are satisfied:

i) lim is / o (f(x;) _ EX> : (ea(;c;) . EX> dx® = 0,

s—s &£

i) HimA* (X — VE, x5 —VE) =0.
S5 v v
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So this notion of convergence is the appropriate one from the mechanical point of view: a convergence
result of relative energetic gaps measured on the physical plate (the only one which has a meaning
because the total mechanical energies are going to zero!) between the state X*° and the image on the
genuine physical configuration )¢ of the limit state X.

As for U?, we consider U' := (1", 0) such that u is the solution to:
W cud; o, w) =Lw) :=L°((S,) W), vw = (W', wh) e . (4.16)

Assumption (H4) therefore implies that U belongs to BV!(0, T; H').
Taking advantage of the concept of multivalued operators, we introduce the following operator A':
e When I3 = 1:

D(A") = { U= (uv)eH,;

DIve Zlst. M) =v,
i) Iw e Vst ((u,w), (z. (2)))' + Dz + ) — DL(¥) }
+DY(z+7v) —DL(¥) = 0, Vz € Z!

—A'U = { (¥, w) satisfying i) and ii)}.

e When I3 = 2:
{D(AI) :=U x {0},

—A'U = {0} x V"

Regarding this operator Al, it is straightforward to check:

Proposition 6. Operator A' is maximal monotone and for all ¢ = (,,,%,) in H!, when I3 = 1:

(@) = (e v ),

Ul — (ﬁl, ‘—}1) - where Z is the unique minimizer on Zlof JI;
0! + AT 3 = L e e
v 7@ =5 ([N + () (2. 0))

+Di(z) + D(z), Vz € 2!
when I3 = 2: Ul + AU' 5 ¢ < (d!, V') = (¢,,,0).

So we have:

Theorem 3. Under assumptions (H1)-(H4) and
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(H5) U € U'(0) + D(AY)

the differential inclusion

d 1
() d—(i +AU'-U") >0
U'(0) = u"

has a unique solution U' belonging to W°°(0, T; H') and the first line of (P") is satisfied almost every-
where in (0, T].

Note that for the singular case (i.e. when I3 = 2) the problem (P!) reduces to

U'(r) =0", U"=(u"0).

To affirm the Trotter convergence of U*(t) toward U'(¢) uniformly on [0, T], according to Theorem 2,
the definitions (3.1) and (4.16) of #** and u' and their time regularities, it suffices to make the additional
assumption:

(H6) U € U(0) + D(A");  lim [PTUT — U0 =0
S—>S

and to establish
Proposition 7. There hold:
i) limy s [PH(I+ AN~ Hy — ([+A) TP =0 Vi = (Y. 4) € ',
i) lim,_; |PIU(t) — U*(2)]* =0 Vi€ [0,T).
Proof. i) According to Proposition 1, U* = (i, v*) := (I + A*)~'P*!y is such that #* = ¥* + P!y, and
v* is the unique minimizer on U* of J* defined by:

Jv) = =][|(v, v)|5]2 + / aEy, -e(e,S.v)dx+ kh(—l//V,SgV) +Di(v) + Di(v), Vv e U°.
Q

Hence V* is bounded in &/* and V*. According to Proposition 4, there exist v* in Z! and a not relabeled
subsequence such that e(, S, v*) weakly converges in L?(, S?) toward E,~ and:

J'(v*) < lim J* (7).
s—S

To prove that the entire sequence converges toward E; with 7 the unique minimizer of J! on Z! and:

JU(Z) = lim J*(v*), ’(Z, @" ‘I = lim}(f}s, )|

s—§ s—>S

, (4.17)
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it remains to show that for all z in Z! there exists z* in H%D (€2, R3) such that e(e, S , z*) weakly converges
in L2(£2,S?) toward E, with:

1o s _S Y< 1

}Yl_r)r§|(z,z)} < @ @Y,

lim Dy (z*) < Di(z).

- 1 (4.18)
limDy(z°) < Dy(2),

T IS5 < 1

lim J (%) < J(z)

To accomplish this, we use a classical construction in mathematical modeling of thin plates [5, 7] which

in fact consists in smoothing z!. As there exists g, in C5°(€2,S?) such that | a(g;—E.)- (¢, — E,) dx <
Q
Ce?, the field defined by:

oo =26 [ ((a0®0) =5 [ Oula)m(®o)de) dr. (sl = & [ lgom(r)ar
(4.19)

belongs to Hy (2, R?). Because le(e, 2" + wy) — ¢sl12(0g9) < Cs, we can see that e(e, 2 + w,)
converges strongly in L2(€2,S?) toward E, and the four inequalities of (4.18) are satisfied with:

2= (S,) 71" + wy). (4.20)

Eventually, as

' (Pz — VP - ) = (P2, Pll7) — 2 /Q QE:-e(e,5,7) dx + o' (V. 7°),

Propositions 2 and 3 and (4.17) imply that (u*, v*) converges in the sense of Trotter toward (ﬁl, 171).

i) As U*(r) and U"(t) are the unique minimizers of % [| (-, -)ﬂ2 — L*(f) and & U ((n),") H g L(1),

respectively, it suffices to use the preceding result i) by simply replacing the linear forms [ aEy, -
Q
e(e,S¢ ) dx, (Y, ) by L?(1), L(t), respectively, and make p = u = 0,4, = 0. O

This leads us to our key convergence result:

Theorem 4. Under assumptions (H1)-(H6), the solution U* to (P*) converges to the solution U' to
(P') in the sense that lim,_,; [P'U'(¢) — U*(¢)|* = 0 uniformly on [0, T]. In addition, lim,_,; |U*(¢)|* =
|U'(¢)|" uniformly on [0, T].
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5. Conclusive remarks and proposal of an asymptotic model

First, according to each value of I'in {1,2} x {1, 2,3} x {1, 2}, we give a more explicit way of writing
(P') in the form of variational equations. We recall that Z' is defined in (4.12) for each I and introduce
(6):= [ El 8(X, x3)/2 dxs. For the sake of simplicity, we write («°, u') instead of (u'°, u"'). Denoting the
time derivative by an upper dot and considering the following initial conditions:

u(0) = u® = (U, u™h), v(0) =Y, WI

the expression of the limit problem (P') is as follows:

I=(1,1,1): 3¢ € 0D, (E;) and 3¢ € d¢, (49) s.t.
20" [, (0§23 dX + [ [a By +b'¢] - Ecdx+ 20" [, E3dHy = L(1)(2°), Vz = (,2") € 2,

[=(1,2,1):3¢ € 9D, (E;) and 3 € 99, ((iF))T) ..
20" [ (0)igz§ dx + [o [aE,+b'¢] - Ecdx+ 20 [, & DdHy = L(1)(), Vz € 2,
ud(r) = u3? on Te, Vr € [0, 7],

[=(131): 3¢€adD,(E) st
20" [ (0)iz§dx + [ [a Eu+ b'C] - E.dx = L(1)(2°), Vz € Z1,
u’(t) =u onT¢, Vt € [0,T),

I=(2,1,1): 3¢ €dD,(E;) st
(PY) < 2p% [ (8)ii0 - 20dx + [, [a Eu + D] - E.dx = L(1)(2°), Vz € 2!,
ud(r) = ud?, v € 0,77,

[=(22.1): 3¢€dD,(E;) and % € 99, ((EO)T> ..
267 [ ()i - D dF + [ [aEu+b'¢] - Ecdx+ 2% [, €D dHy = L(1)(2°), Vz € 2",
ud(r) = u3?, vt € 0,77,

I=(2,3,1): 3 e€dD,(E,) st
20?2 [ (0)it® - Vdx + [, [a E,+ b'] - E.dx = L(1)(2°), Vz € 2,
=u%%onT¢, Vre[0,T],
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Even if (P') involves abstract fields defined in an "abstract plate" occupying €2, we will use the lan-
guage of Mechanics to comment (P'). Except in the case b? = oo (very high viscosity) where the motion
is frozen in the initial state, the feature of the evolution is the same as in the elastic case: a juxtaposition
of a dynamic evolution for a part of the displacement and of a quasi-static (possibly static) for the other
part, depending on the relative magnitudes of the density and the thickness. Dynamic evolution concerns
the transverse component of the displacement for p of order £? and the in-plane component for p of or-
der 1. As in the elastic case, the friction involves the in-plane or transverse component of the tangential
velocity according to the relative magnitudes of the "viscosity coefficient" y and the thickness. As in
the case of a purely quasi-static evolution, Kelvin-Voigt viscosity highlights an additional state variable,
that we have chosen to be like a displacement, and allows to maintain this same short memory viscosity
character. Moreover, the viscosity prevents the decoupling between membrane and flexural motions and
problem (P?) is therefore three-dimensional.

Next we propose our simplified but accurate enough modeling not by considering (S )~ u'(¢) but by
taking into account our convergence result (see Theorem 4) and the crucial Proposition 5 which leads to:

lim % / a®(e®(u’) — E5) - (¢°(u') — E5) dx® = 0. (5.1)

Hence as denoted in [6, 9, 10, 14] E¥, is a good approximation of the strain tensor of u* in the sense that
the relative error made by replacing e®(u*) by E?; tends to zero! This shows that e®(u*) is not close to

¢ ((S) " u™®) but close to E%, the terms % (u*) and those of ¢*((S ;) ~'u') being of the same order of
magnitude.

As E?) is not necessarily the strain tensor of a field of I/*, we are led to use the construction (4.19)- (4.20)
which supplies a field #' in 2/* such that:

.1 , :
l%g /8 a® (eg(ub) — Ei]) : (eg(u“) - E;) dx® = 0. (5.2)
Thus " is our proposal of approximation for u°. It is obtained by first solving (P') which actually
corresponds to a three-dimensional problem yet set on a "reasonable" fixed domain {2 and second by

means of u'* which also involves the fixed domain €. It is therefore easy to implement a numerical
method of approximation.

Remark 1. Note, as mentioned in part ii) of the proof of Proposition 7, that this paper encompasses the
full treatment of a purely linearly elastic plate in the static case.

Remark 2. It is worthwhile to observe that in these problems concerning thin linearly elastic or non
linear Kelvin-Voigt viscoelastic plates, the field of displacement in the real plate which occupies €2° is
far from a Kirchhoff-Love field and even from a Reissner-Mindlin one because (Eil)ig depends on x3

even in the case of an homogeneous plate. It is the abstract field u'® which does satisfy e;3(u'°) = 0 in
Q!
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Remark 3. It is also possible to deal with the not too much realistic case 2 < p,g < +o0o by the same
method, the variant being that D, Ds, D% and D£ are only lower semicontinuous functions and some
trivial approximation processes are in order.

Remark 4. A more practical approach is when two other physical data concerning the magnitudes of
the stiffness and of the loading are taken into account and we refer the reader to the Remark 3 in [8] for
its mathematical treatment.

Appendix A. 3d-2d convergence and asymptotic modeling of thin plates

Let H be a finite dimensional space.

Definition 1. A sequence of functions u® in L?(Q?, H) is said to 3d-2d converge to a limit uy belonging
to L?($2, H) if, for any y in L?(2, H), we have:

1

;%mﬂmmwwwaﬂéwawmh (A1)

where we recall x° = (X%, x§) = 7n°x := (X, ex3) a.e. x € (.

. 1 .
Proposition 8. From each sequence «® in L?(Q?, H) such that o |uf |2, (=17) is bounded we can extract

a subsequence, and there exists a limit uq in L?(£2, H) such that this subsequence 3d-2d converges to ug
and
1 2 : 1 £12
@|MO|L2(Q,H) < %@h’ |L2(QS’H)' (A2)

Proof. As u, defined by

us(x) = u®(x%) ae.xeQ (A.3)
satisfies
i [P ar = 2 [ o ds (Ad)
1Q¢] Joe Q Jo° '

there exists a not relabeled subsequence such that u, weakly converges toward some uq in L?(€2, H)
with:

i L 85~x8x8:imi ux-xx:i ug(x) - Y(x)dx
lim [ w() p(x)d lm%fmde|mLm>wm (A5)

&—0 ’Qg‘ Qs e—0

and consequently (A.2). O

This 3d-2d limit g may give accurate informations on the behavior of u®:
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Proposition 9. Let u® be a sequence of functions in L2(92?, H) that 3d-2d converges to a limit ug be-
longing to L?(€2, H). Assume that

1 |
lim WW T2 (0e) = @\“OI%Z(Q,H)- (A.6)

Then, for any sequence v* that 3d-2d converges to a limit v belonging to L?($2, H) we have:

1 1

— u®(x%) v (x° dxsz/ugx'voxdx (A7)
g [ W) e = o [ ) v

tim = [ () — () P = 0 AS)
81—%]98\ qu X ug(x x° = .

with u§(x°) := ug(x) a.e. x* € Q°.

Proof. It is an obvious consequence of (A.3), which implies that u, converges strongly in L2(Q, H), v,
weakly, toward ug, v, respectively. O

The relation (A.8) expresses that ug is a rather good approximation of u® in the sense that the relative
|u® — u§| 1200 1) 0)
|u8 ‘ 12 (QS,H) e—0

gap in L?(Q?, H) tends to zero (i.e.
Application:
A standard problem of equilibrium of a linearly elastic thin plate occupying €2¢ with elasticity tensor

a® submitted to a given loading represented by a continuous linear form L? on H 1‘5 (22, R3) can be
formulated as:

Find u* in H%SD (€22, R3) such that

/ a®(x%)e®(u®) - e°(v) dx® = L*(v), Wve HIL%(QS,RB’). (A.9)
(953
Let S, defined by (S, v)(x) = (V(x)/e, v3(x?)) which implies:

& e\ _ _ éafﬁ l6(13

e“(v)(x°) = ee(e,S.v)(x), ele)= 1, 2633 (A.10)

and assuming

a®(xf) = a(x), etc.
L, € HY (L R3) s.t. Lf(v) = 3Ly (S ), (A.11)
L, strongly converges in H%D (2, R3) toward L
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(which corresponds to assumption (H4) for both a® and the loading (f?, g°)), the field
u; == S:(u) (A.12)
does satisfy:

Find u, in Hp, (€, R?) such that

/ a(x)e(e,u;) - e(e,v)dx = Lg(v), Yve€ H%D(Q, R3) (A.13)
Q

We can replicate the proof of Proposition 3 to show that there exists some u# = (u°,u') in U such that
e(&, u,) strongly converges toward E, := e(u’) 4 dzu' @, e3, with

uelu;
/aEu~Evdx—L(u), Ywel
Q

e—0 & “ "

lim 1 /8 a(e®(u’) — E5) - (e°(u®) — E5) dx® =0, E;(x°) := gE,(x)

1
that is to say —e®(u®) 3d-2d converges toward E, and the strain of the real field #° in the domain ©° is
e

close to E? in the sense that the relative energetic gap tends to zero which is the only significant notion
as the energy of #® tends to zero!

Eventually by replacing Q° by ew x (—1, 1) and 7° by x* = n°x := (&X, x3), we are in the situation of
slender beams so that in a forthcoming paper we will reproduce our present analysis in the framework of
the dynamics of viscoelastic slender beams in bilateral contact with Norton or Tresca friction. A crucial

1
point, which can be found in [6, 11, 13] will be the 3d-1d convergence of —e®(u®) toward some E, in
g

L2(€2, S?) involving three fields of displacements...
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