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Abstract

The Statistical modal Energy distribution Analysis (SmEdA) method predicts the power flow between
coupled subsystems excited by random excitations from a deterministic modal description of the uncoupled
subsystems. As the modes can be computed by Finite Element Method (FEM) for complex subsystems, it
can be seen as an extension of FEM to the mid frequency range where the modal densities of subsystems are
not too high. Conversely, the Statistical Energy Analysis (SEA) method is a statistical approach predicting
the mean power flow of a population of similar structures presenting manufacturing uncertainties. Assuming
a diffuse field within each subsystem, it is dedicated to the high frequency range where modal densities of
subsystems are high. However, in many applications, subsystems with low and high modal densities can
coexist in the mid frequency range and in that case neither SmEdA nor SEA is well adapted. The purpose of
this article is then to propose a hybrid SmEdA /SEA formulation allowing some subsystems with low modal
densities to be described by SmEdA and other ones by SEA. For the SEA-described subsystems, the vibratory
field of the statistical population is supposed to be diffuse. These subsystems are then characterized by sets
of natural frequencies and mode shapes constructed from the Gaussian Orthogonal Ensemble matrix and the
cross-spectrum density of a diffuse field, respectively. In another hand, the SmEdA-described subsystems
are represented by their modes that can be extracted by usual computer codes. In order to couple the
two models, Monte Carlo simulations are used for generating samples of the stochastic modes of the SEA-
described subsystems. From the distribution of the estimated energy response of the coupled subsystems,
the ensemble average and the confidence interval can finally be estimated. For validation purpose, the results
of the proposed hybrid SmEdA/SEA approach are compared to the numerical results computed with the
finite element method (FEM) on a population of plate-cavity systems having similar properties. A good
agreement is observed whereas the computation time of the proposed approach is much less important than
the one of the FEM which can be up to several days for each element of the population.

Keywords: statistical vibro-acoustic modeling; hybrid SmEdA /SEA; ensemble-averaged response; diffuse

field.
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1. Introduction

The vibroacoustic response of complex engineering systems under broadband sources of noise and vibra-
tion is of interest in many applications. Several methods have been developed including deterministic and
statistical approaches. In the low frequency domain, methods such as Finite Element Method (FEM) [1I] and
Boundary Element Method (BEM) [2] are well adapted for deterministic systems under pure tone excitation.
In the high frequency domain, uncertainties and randomnesses introduced by manufacturing and material
imperfections that widely exist in engineering structures can highly affect the vibration field [3], which makes
the deterministic modeling difficult and in some cases meaningless. Consequently, describing the vibrational
behavior of each subsystem statistically with averaged energy variables becomes more appropriate (e.g. the
averaged interior noise for a fleet of cars manufactured on the same production line). The most widely used
energy-based approach is the Statistical Energy Analysis (SEA).

SEA was developed for predicting the vibration and noise transmission in complex systems at high fre-
quency [4,[BL[6]. In classical SEA, a complex system is divided into subsystems and the power flow exchanged
between two coupled subsystems is related to the vibration energy of each subsystem via the Coupling Loss
Factor (CLF). The response is described in terms of the "mean" energy level in each subsystem. Strictly
speaking, the system is considered to have random properties and the output "mean" energy is interpreted
as the average taken over a population of systems which share similar characteristics but differ in details
to have randomly distributed parameters [7]. Sometimes, the "mean" energy can also be interpreted as a
frequency-averaged value taken on one particular deterministic realization of the system. In this case, the
output can be affected by its specific mode shapes and natural frequency distribution [8]. If the vibration
field is diffuse (constant energy density) and the studied frequency band is wide enough to encompass a
sufficient number of resonant modes in each subsystem, a frequency average taken on any particular de-
terministic realization of the system yields the same result as an ensemble average. The application of
energy power flow balance for one individual deterministic system is often termed as SEA-like [9] and this
terminology will be used in the present article.

To deal with the mid frequency range where neither SEA nor deterministic approaches are applicable,
alternative methods are developed over the past years, for example, the Statistical modal Energy distribution
Analysis (SmEdA)[10, 1T, 12]. SmEdA is developed as an extension of the classical SEA [I3] [I4]. It extends
the validity domain of SEA to lower frequency by removing the modal energy equipartition assumption
[15, 16]. In SmEdA, the vibration field of each coupled subsystem is characterized by uncoupled modes and
the power exchanged between two modes of the coupled subsystem is proportional to the difference of their

modal energies. Writing the power balance equation for all the modes in each subsystem produces a system
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of linear equations where the unknowns are the modal energies of subsystems. SmEdA is well adapted to the
mid frequency range where the studied subsystems are having low modal density so diffuse vibration field
is difficult to achieve. In addition, it requires much less computation time and resources than finite element
method. However, it only delivers a frequency averaged response of one particular realization, which is not
necessarily the same as an ensemble average. For a complex vibro-acoustic system that contains both low
modal density and high modal density subsystems (e.g. a structure/cavity system), the frequency averaged
responses show a large variability (demonstrated in sec|4.3)) as the frequency average of one specific realization
is affected by the mode shapes and natural frequency distribution, which is sensitive to the uncertainty and
randomness in the subsystems. In that case, the prediction of ensemble averaged response seems more
meaningful.

To study the vibro-acoustic system having different dynamic behavior in different subsystems, hybrid
approaches which use deterministic method to study the low modal density subsystem and SEA to study
the high modal density subsystem are developed. The hybrid finite element-statistical analysis is one of the
most representative ones which allows modeling small components (compared to a wavelength) using FEM
and large ones statistically by SEA (FE-SEA) [17, [18]. In FE-SEA, the coupling between the deterministic
and statistical subsystems is established by using the "diffuse field reciprocity relation", and the ensemble
averaged response of the system is solved at each frequency [I9]. Benefit from the FE, the hybrid FE-
SEA approach has strong applicability especially when the deterministic subsystems have complex shapes.
However, it should also be noted that FE-SEA can be time-consuming as it requires computing the inverse
of the total dynamic stiffness matrix at each frequency [20].

In this context, the present work proposes a hybrid SmEdA/SEA method for predicting the energy
response of a complex vibro-acoustic system that contains both low modal density subsystems and high
modal density subsystems. It allows computing the energy response of the system by describing low modal
density subsystems by their deterministic modes (as in SmEdA) and the high modal density subsystems
with a stochastic diffuse field (as in SEA). A stochastic diffuse field can be considered as a random field, with
which the effect of uncertainty and randomness induced by local scattering is considered without explicitly
indicating their source and detailed parameters. As frequency goes up, the probability distribution of the
normalized eigenvalue spacing for any diffuse vibro-acoustic subsystem conforms to that of the Gaussian
Orthogonal Ensemble (GOE), and its acoustic mode shapes are a zero-mean Gaussian random field [21] 22].
Then the modal frequencies of the subsystem exhibiting a diffused field can be estimated from the GOE
matrix whereas the mode shapes can be constructed in order to comply with the cross-spectrum density
of a diffuse field. Realizations of these modes shapes can be obtained by a spatial approach based on a
Cholesky decomposition [2I] or a wavenumber approach based on the UWPW (Uncorrelated wall plane
waves) decomposition [23]. A Monte Carlo simulation can be established with a set of hybrid SmEdA /SEA-
Like models. Each sample consists of one realization of the stochastic subsystem that is represented by a
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SEA-Like model whereas the deterministic subsystem is represented by SmEdA with its deterministic modes.
The proposed hybrid SmEdA /SEA formulation permits not only the computation of the ensemble-averaged
energy response but also the confidence interval generated by the uncertainties and randomness without
bringing in much computation.

The outline of this paper is as follows. For sake of conciseness and simplification, it is assumed in the
following that the low modal density deterministic subsystem is a thin structure whereas the high modal den-
sity stochastic subsystem is an uncertain acoustic cavity although the proposed approach can be generalized
to any type of system containing deterministic and stochastic subsystems. In section 2, the governing equa-
tions for a SmEdA model of a structure/cavity system are reminded before deriving the SmEdA /SEA-Like
model by relaxing the modal energy equipartition assumption. The relations between SmEdA, SEA-Like,
and hybrid SmEA-SEA are discussed. Section 3 describes the statistical model characterizing the stochastic
subsystem, namely the Gaussian Orthogonal Ensemble (GOE) and the Cross Spectral Density (CSD) of
a diffuse field. The process for generating realizations of the modal frequencies and the mode shapes are
then described as well as the Monte Carlo process leading to the hybrid SmEdA /SEA model. In section 4,
the accuracy of the proposed approach is studied by comparing its results with the ones obtained by finite

element simulations on an ensemble of plate-cavity systems.

2. Governing equations of SmEdA and SEA-Like methods

2.1. SmEdA description of subsystems

SmEdA was derived by Maxit and Guyader [24] from a Dual Modal Formulation (DMF). This latter
permits to represent the coupling between two subsystems from the uncoupled subsystem modes. Details
on the fundaments of DMF can be found in the section 3 of [15] as well as in the appendix A of [25].
One of the subsystems has to be described in term of displacements with its uncoupled-free modes whereas
the other one has to be described in term of stress with its uncoupled-blocked modes on the coupling
area. Moreover, when a mechanical impedance mismatch occurs at the coupling interface between the two
subsystems, the stiffer subsystem should be described by the uncoupled-free modes whereas the softer one
should be described by the uncoupled-blocked modes to ensure that the resonant subsystem modes are able
to represent the behaviour of the coupled subsystem in the considered frequency band of excitation (see the
numerical results of DMF in [16]).

Let us consider a plate - air cavity system. The plate being the stiffer part of the system, it should
be described in the DMF by its normal displacements and its (in-vacuo) modes (which correspond to the
uncoupled-free modes, the modes of the plate with null stresses applied on the coupling boundary with the
cavity) whereas the cavity is described in term of pressure (i.e. normal stress) and its modes with rigid

walls (which correspond to the uncoupled-blocked modes, the modes of the cavity with null displacements

4



101 applied on the coupling boundary with the plate). Details on the DMF on this case can be found in [26].
102 The coupling between the plate and the cavity can then be described by the interaction between two set of

10z modes as illustrated in Fig. [I]

Subsystem 1 Subsystem 2

Figure 1: Illustration of the modal interactions between the plate (subsystem 1) and the cavity (subsystem 2)

Assuming the coupling between subsystems is weak and that the external excitations are uncorrelated
white noises, the frequency average power flow 11, between mode p of subsystem 1 and mode ¢ of subsystem

2 is proportional to the difference in their frequency average modal energies as

Hpy = 51)(1 (Ep - Eq) ) (1)

where E, and E; are the modal energies of mode p of subsystem 1 and mode g of subsystem 2. The coupling

coefficient between mode p and mode q, fpq, can be expressed in terms of the modal information as [27]

(Why)?

[ npwpwg + nqwqwg
2
M, M, (w% - wg) + (Mpwp + Ngwq) (Mpwpw? + Nqwew?)

qu = ) (2)

where My, wp, np and My, wg, 1, are respectively the modal mass, natural frequency, and modal damping
loss factor of mode p of subsystem 1 and mode ¢ of subsystem 2. W, is the interaction modal works between
the p'" displacement mode shape wy, of the plate (with free boundary condition of the coupling area ) and

the ¢ pressure mode shape o4 of the cavity (with rigid walls),

W,y = / w, 74dS. 3)
3

For each mode of each subsystem, the principle of energy conservation yields the power balance as

Na

H?nj = Hﬁiss + ZHP(I’ vp € [1? Nl]a
q=1
Ny

Hiqnj = Hgiss - ZHPQ’ Vg € [17 N2]v
p=1
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(resp.Hiqnj) represents the frequency average power injected in the p mode of

resp. ¢
subsystem 1 (resp. subsystem 2). For a white noise point force applied on the plate at point M, the

injected powers in the cavity modes are null (i.e. Pil. = 0) whereas the injected powers in the plate modes

inj
are obtained by
m

_ 2
I, = 7 wy,(Me)SFF, (5)

where Spp is the power spectral density of the generalized force expressed in N?/rad/s and w,(M,) is the

P
diss

q

pt displacement mode shape at the excitation point M,. II diss

= npwpl, and II = newel)y are the

powers dissipated by the p*™ mode of subsystem 1 and ¢*" mode of subsystem 2. Zflvil 11,4 is the power
flow exchanged between the p'" mode of subsystem 1 and all the modes of subsystem 2, and E;V:ll IL,, is

1

the power flow exchanged between the ¢*' mode of subsystem 2 and all the modes of subsystem 1.

Substitution of Eq. into Eq. gives a system of linear equations

N> N>
I, = (npwp + Zﬁpq> E, - ZﬁpqEqa Vp € [1, V4],
q=1

q=1

Ny N1
H?nj = Zﬁpqu + <Z NqWq + 61?(1) Eq, Vg€ [1,Ns].
p=1 p=1

Finally, solving this system of equations gives modal energies E, and E, of both subsystems. The total
energy of each subsystem can be obtained by summing all the modal energies in the studied frequency band

as

Nl N2
Ey=Y E,, Ex=)» E, (7)
p=1 q=1

where Fq and FEs are the total energies of subsystems 1 and 2 averaged in the frequency band of interest.
One should also notice that the system of equations @ contains N7 + Ny modes. Consequently, in the high
frequency range and for some kind of subsystems (for example acoustic cavities), the system of equations to
solve can become time consuming as the number of modes quickly increases. For this kind of subsystems, a

SEA-like approach can become more adapted.

2.2. SEA-like description of subsystems

A SEA-like description of deterministic subsystems can be derived from SmEdA under the assumption of
modal energy equipartition. With this hypothesis, all the modes of a subsystem have an equal value defined

as,

= (8)
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Introducing this relation into Eq. @ and summing the modal energy conservation equation for each sub-

system yields the energy balance equations of a SEA-like method

Hilnj = wem B +we (m2FBr —n21Es) , o)
Hi2nj = wene o + we (21 B2 — 2 k) ,

where HllnJ = ZNI Hf)nJ7 inj ZN2 IT{ ; represent the total power injected into subsystem 1 and subsystem
2 respectively. The coupling loss factors 712 and 721 characterising the power flow between two subsystems

are calculated with
e =

ZZﬂpqa 21 = ZZﬂpq (10)
¢ p=1q=1 € p=1gq=1

When SEA-like is employed for one single system, the underlying assumption implies that energy equiparti-

tion is fulfilled for all the subsystems. In real applications, this can be difficult to fulfill as some subsystems

can exhibit a modal behavior not compatible with the modal energy equipartition assumption.

3. Derivation of a hybrid SmEdA /SEA formulation

3.1. Hybrid SmEdA/SEA-Like method

For applications where subsystems with low and high modal densities coexist, it is possible to mix a
SmEdA description for some subsystems and a SEA description for the others. This is done in a quite
straightforward way by assuming modal energy equipartition as done in section 2.2 but only for some
subsystems. For example, consider that subsystem 1 can be described by its deterministic modes (because
of a low modal density for example) while subsystem 2 can only be described by global quantities (because
of a too high modal density for example). In that case, the modal energy equipartition is only assumed for

subsystem 2

I = (mpwp + Navyp) Ep — vpEa, Vp € [1, Ny],

inj
N1 N1 (11)
H1211J Z NoypEp + Z'Yp + newe | Ea,
p=1 p=1
where
1 &
= N, Z ﬁpq (12)
2
represents the averaged modal coupling coefficient between mode p of subsystem 1 and all the modes of
subsystem 2 in the frequency band of interest.
In this hybrid formulation, the unknowns are either the modal energies (here for subsystem 1) or the global
energy (here for subsystem 2) of the coupled subsystems. However, the modal or global energy responses

from the above formulation are frequency averages taken from a single deterministic system. In addition,

7



126

127

128

129

130

133

134

135

136

137

138

144

145

146

147

148

155

156

157

158

computing Eq. still relies on modal coupling loss factor calculation and so on the modal information of
the cavity. Even if this formulation shows that mixing a SmEdA description for some subsystems to a SEA
description for the others, it is only a post-process of SmEdA formulation. The difficulty arises here from
the estimation of the average coupling loss factor 7, which depends on natural frequencies and mode shapes
of both subsystems (see Eq. ) In the next section, the concept of an equivalent stochastic subsystem is
introduced. In that approach, the deterministic natural frequencies and mode shapes of the SEA-described

subsystems are replaced by a theoretical diffuse field based on statistical information.

3.2. Equivalent stochastic subsystems

The SEA description of a subsystem implies the appearance of a diffuse field in the subsystem but also
that the global energy of the subsystem is the energy expectation over a population of nearly identical
subsystems and not the energy of a particular element of the population. Let us consider the example in
Fig. [2] a thin structure is excited by a random force F' of white-noise type at the position M, and coupled
with a cavity with uncertain boundaries and containing a rigid body located at a random position. Let
consider that a diffuse field and so the modal energy equipartition could never be reached for the structure
subsystem. In that case, a deterministic SmEdA description is well adapted. Conversely, even though the
cavity is only subject to surface excitation from the vibrating structure, homogeneity, and isotropy of the
acoustic field can be guaranteed from one hand by the shape of the cavity which can exhibit ergodicity
property [28] and for another hand by the random position of the rigid object and the small variations of
the cavity shapes from one system to another one. In this situation, the acoustic field in the cavity can
be reasonably supposed to be diffuse over the statistical population. It results that the subsystem can be
characterized by these properties of diffuseness of its acoustic field instead of describing it by the uncertain
geometrical and physical parameters. In the following, an equivalent stochastic subsystem will be defined as
a subsystem in which a diffuse field is assumed (as for the cavity in the present example). Therefore, for each
sample of this equivalent stochastic subsystem, the modal frequencies and the mode shapes on the coupling
surface used in Eq. should be estimated in order to construct a SmEdA /SEA-like model corresponding
to this sample. If the geometry of the stochastic subsystem does not exhibit symmetries, the probability
distribution of the local eigenvalue spacings tends to the one of the Gaussian Orthogonal Ensemble (GOE)
matrix, and its mode shapes can be considered as a zero-mean Gaussian random field and comply with
the cross-spectrum density function of a diffuse field. The process for generating the modal frequencies is
described in section 3.2.1 whereas those for the mode shapes are presented in the section 3.2.2. Finally, a
Monte Carlo process is applied to deduce the mean and the confidence interval of the energy responses from
the estimations with the SmEdA /SEA-like models. This process leads to the so-called hybrid SmEdA /SEA

model as resumed in section 3.3.
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Figure 2: Illustration of three samples of the uncertain vibroacoustic system characterized by a cavity with uncertain boundary

conditions and an internal rigid body at an arbitrary position.

3.2.1. Natural frequencies of the equivalent stochastic cavity
Let us considered the equivalent stochastic cavity of volume V and of the sound speed c¢. The modal
density of the cavity for the frequency band [w;,w,] of central frequency w. can be estimated from the
analytical expression, [5]:
2
_wiV
n{we) = 2m2e3”

The expected number of modes in the considered frequency band can then be deduced and expressed as:

(13)

Ne = n(we) (wy — wy). (14)

To construct the natural frequencies of the stochastic cavity, it is supposed that the probability distri-
bution of the local eigenvalue spacing of the equivalent stochastic cavity tends to the one of a GOE matrix

[21L 22]. This type of matrix is real and symmetric with random entries that can be written as El

G11 G12 . GlnG
G12 G22 s GQ"G

G (06) = . . . . ? (15)
Gln(; G2n(; e Gn(;n(;

where ng represents the number of rows and columns. Entries in the GOE matrix are independent Gaussian
random variables, the ones on the diagonal having a variance 202 and the off-diagonal ones having a variance
oé. Asmatrix G, (0g) is real and symmetric, it has ng eigenvalues Ag,, which are real and centered around
zero, and the density of the GOE eigenvalues, for ng > N, converges to

QTLG )\2
ng\;()\g):? 1775, —r<Ag <, (16)

with r := 20g/ng. In the following numerical calculation, ng is set to be ten times N,. The normalized

eigenvalue spacings sg, of the GOE are defined as,

sar =1y (Aao) Aar — Aqo) s (17)

1:= means that the item on the left-hand side is being defined to be what is on the right-hand side.
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where Agg is an arbitrary but fixed value for all the GOE eigenvalues g, (Ago = 0 is chosen in the following).

In another hand, for the equivalent stochastic cavity, the r*" normalized eigenvalue spacing is given by
sp =0 Ae) (A — ), (18)

where \; = wl2. n*(\.) represents the eigenvalue density of the equivalent stochastic cavity at the central

angular frequency w,. (A\. = w?) and it is related by the modal density n(w.) [21]

n*(Ae) = n? (w?) = %wz) (19)

The rt" acoustic eigenvalue A, of the equivalent stochastic cavity in the frequency band of interest can be
expressed as,
Sy

Ar 00 + X\ as long as A\, < A\, (20)

The realization of )\, can be related to the GOE matrix by imposing the normalized eigenvalue spacings s,
to be the same as those of the GOE matrix sg,. The " modal frequency w, of the equivalent stochastic

cavity can finally be obtained by:

SGr
Wy = 4 [ 2We———

+ w;? as long as w, < wy. (21)
n(we)

In conclusion, the synthesis of the modal frequencies of the cavity in the frequency band of interest can be

decomposed in 4 steps:

First, evaluation of the number of expected modes using Eq. ;

Second, construction of a GOE matrix of dimension ten times the number of expected modes;

Third, extraction of the eigenvalues of the GOE matrix and estimation of the eigenvalue spacings with
Eq. ;

Last, calculation of the modal frequencies with Eq. ;

3.2.2. Mode shapes of an equivalent stochastic cavity

Here, it is supposed that the mode shapes of the equivalent stochastic cavity can be considered as a
zero-mean Gaussian random field and that they comply to the cross-spectrum density function of a diffuse
field. The methods of mode shapes realization of the diffuse field has been studied by many researchers,
a brief review is presented here to introduce the mode shape realization with spatial approach [21] 22]
and wavenumber approach [29], [30]. The obtained mode shapes are required for the calculation of modal
interaction works Wy, (see Eq. (3)). The integral in the definition of W, will be estimated with the

rectangular rule. Hence, the coupling surface is discretized by a regular grid of © points x;,i € [1,0]. A

10
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mode shape vector containing the r*" realization of the modal pressure on the coupling surface is defined
as,

@, = [, (x1) ¢ (x2) ... or (x0)] (22)
considering statistical properties of an acoustic diffuse field. The Cross Spectrum Density (CSD) of the
modal pressure at two different positions is then given by

Gy,p, (xi,%;) = E[pr(x:)¢r(x)] = S, Gpar (xi — X;), (23)

where

- Se.e, is the Auto Spectrum Density (ASD) of the blocked pressure on the coupling surface which is

independent of the point x;,4 € [1, O] as the process is spatially homogeneous,

- Gpar (x; — x;) is the normalized CSD of a diffuse acoustic field defined by [31}, [32]

— sin (ko||Ax]|)
Gpar(Ax) = ———~, 24
(%) = = Tax] @

where kg = ‘j—; is the acoustic wavenumber at the central frequency of the considered frequency band.
The mass (or strain energy) of the random cavity mode for the 7" realization is defined by
M ! 2(x)d (25)
r=—7 | @i(x)dx.
POC% Q

Normalizing the mode shapes such that the expectation of the modal mass (i.e. ensemble averaged on
the different realizations) is equal to one (i.e. E[M,], =1 ) leads to the expression of the space average of

the expectation of the quadratic modal pressure

62
<ﬁ%=%AEwwmw:%§ (26)

According to Sabine’s assumptions [33], for a standard diffuse field, a ratio of 2 occurs between the ASD

of the blocked pressure and the space average of the quadratic pressure. It results that

g 2poch
Orpr — .
Vo

(27)

Eq. and Eq. define the CSD of the modal pressure such that the acoustic field is diffuse and the
mode shapes are normalized to one. In the following, two numerical processes to synthetize realizations of

these modal pressures complying with these two equations are presented:

- Spatial approach:

Consider an eigendecomposition of the cross spectral matrix of the modal pressure
T
Gyp, = [Gorp, (Xivxj)]@x@ =PI'P", (28)

11
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where T is a diagonal matrix containing the eigenvalues and P is a full matrix containing the eigen-

vectors. The blocked pressure vector of the r*! realization is then obtained by [21} 22]
@, = PT3(,, (29)

where I'z is a diagonal matrix containing the square root of the eigenvalues of I, and (. is a vector of

© standard normal random variables that can be realized with a Gaussian random number generator.

- Wavenumber approach:

The spatial Fourier transform of the normalized CSD of a diffuse field Gpar is [29]

- 2L if [k < ko,
Gpar(k) = ko \/k2— k|2 (30)

0, otherwise .
Only components inside the acoustic wavenumber domain (i.e.|| k|| < ko) are not null. Let discretise
this domain with a wavenumber, J; in both wavenumber directions. ®; represents the discretized
acoustic wavenumber domain. Taking into account the ASD of the blocked pressure given by Eq.,
the blocked pressure vector of the rth realization is then obtained by [23] [30]

_ V/Pocodk = i ikex
or(x) = AVer > \/Gpar (k)e'Sre >, x e, (31)

CED

where (¢ is the phase attributed to the ¢* wall plane wave for the 7" realization and corresponds to
a random value uniformly distributed in [0, 27]. The wavenumber approach avoids the eigendecompo-

sition of the spatial approach which can save computing time.

3.8. Hybrid SmEdA/SEA formulation

Subsystem 2 SmEdA/SEA-like

il Statistical realization 1 4 Sample 1
SmEdA/SEA
Subsystem 1
. Sl Statistical realization 2 &g Sample 2 Monte Carlo

alll Statistical realization Ny [Jisd Sample N

Figure 3: Flow chart of the hybrid SmEdA/SEA approach

The hybrid SmEdA/SEA formulation is developed using a Monte Carlo simulation as shown in the

flowchart of Fig. For the structure/cavity system, the deterministic modes of the structure (subsystem
1) can be computed using any available method (for example analytical solutions for academic structures or

finite element models for more complex cases) while for the cavity (subsystem 2) the realizations of natural
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frequencies and blocked mode shapes on the coupling surface can be obtained through the process detailed
in the section [3:2] This process is repeated N times to generate a set of different realizations for the
purpose of characterizing the randomness as much as possible. For each element of this set, a SmEdA /SEA-
Like analysis is performed. This set of SmEdA /SEA-Like analyses forms the samples for the Monte Carlo
simulation, upon which, the ensemble average response can be calculated along with the confidence interval
generated by the uncertainty and randomness.

As the modes of the equivalent stochastic cavity are constructed based on GOE matrix theory, the
number of modes in each statistical realization can slightly vary. Assuming the number of modes in the sth
realization is Ny (No ~ N,), the averaged modal coupling coefficient between mode p of structure and all

the N, modes of the cavity approximates to
1 &
Yy A N, Z Bpa- (32)
2 ;5

Then, for the s system sample (s € [1, N,]) consisting of the deterministic modes of subsystem 1 and the

s'h statistical realization of subsystem 2, the energy conservation equation of the SmEdA /SEA-like model

becomes
0. = (mpwp + Novg) By —v5Es,  Vpe[l,Ny],
N N1 (33)
My =—> Noy By + (Z 7+ 7)2%) E3,
p=1 p=1

in which Ej and E3 denote the modal energy of mode p of the structure and the total energy of the cavity
for the s*® sample. Then the frequency average total energy of the structure of the s sample and the
frequency average exchanged power between two subsystems can be calculated with

N1 Nl
Ef =) By,  T=) 7 (NEp - EBs). (34)
p=1 p=1

The database of the Monte Carlo simulation can be established with the total energy of subsystem 1
{Ell, e E{VS }, the total energy subsystem 2 {Ezl, e EéVS} and the exchanged power between two subsys-
tems {Hb, o T } The ensemble average of each output can be calculated with

1 &

Y:E;Xﬂ (35)

where X° represents one particular element of a dataset in Joule or Watt. The interval in which 95%
outputs are expected to fall within (referred as 95% confidence interval in the following) are defined as the
zone bounded by its 2.5% and 97.5% percentile. The results are expressed in dB with the reference value

Xref = 10712 J for the energies or Xref = 10712 W for the power exchanged.
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4. Numerical applications

4.1. Description of the test case

Figure 4: A simply supported plate excited by a point force and coupled to a cavity containing a rigid sphere at an uncertain

position.

The vibroacoustic system considered for the numerical applications is presented in Fig. [l It consists
in a simply supported plate of dimensions L, = 0.38 m and L, = 0.31 m and of thickness h = 1 mm
excited by a random point force F' of white-noise type at position (z.,y.) = (0.23,0.11) m. It is coupled
to a cavity of dimensions L, = 0.48 m, L, = 0.45 m and L, = 0.465 m. The left bottom corner of the
plate is located according to the left bottom corner of the cavity at Az = 0.068 m and Ay = 0.11 m. The
plate is made of steel whereas the cavity is filled of air. The Young’s modulus, the Poisson ratio and the
mass density of the steel are, respectively, E = 2.1 x 10!* Pa, v = 0.31 and p = 7800 kg/m3. The mass
density and the sound speed of the air are respectively pai; = 1.29 kg/m? and c,;; = 340 m/s. The damping
loss factor for both subsystems is supposed constant with frequency. It is set to n = 0.01 for the plate and
Nair = 0.001 for the cavity. A rigid sphere of radius » = 0.15 m is placed inside the cavity at an uncertain
position (zs,ys, zs) € [r; Ly — ] % [r; Ly, — 7] x [r; L, — r]. This sphere disrupts the neatly arranged modes
in the rectangular cavity and it is the source of uncertainty in the present system (like an object can be
a source of uncertainty inside a room of a building or a passenger cavity of an automotive). Its position
is chosen uniformly distributed in the 3 directions. A population of the uncertain vibroacoustic systems is
them considered. Each element of this population corresponds to the a given position of the sphere.

In the proposed hybrid SmEdA/SEA approach, the plate is described as a SmEdA subsystem with
its deterministic modes (calculated analytically) whereas the cavity is described as a SEA subsystem with
properties corresponding to an equivalent stochastic cavity as described in section 3.2. The results of the
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289

hybrid SmEdA /SEA results should be compared to the energy responses of the population of the considered
system. For this purpose, the energy response should be estimated for some element of the population.
Finite element simulations have been carried out with the ACTRAN software. For each element of the
population, a finite element mesh has been built and the frequency energy responses of the plate and the
cavity have been computed. The meshing size is set to be smaller than 1/8 of the shortest wavelength in each
subsystem respectively. For the third-octave band from 565 Hz to 3150 Hz, the meshing size is 3.2mm for the
plate and 8mm for the cavity. Consequently, there are about 895000 nodes in the cavity and 11500 nodes in
the plate. The frequency step is set to be smaller than 1/6 of the smallest damping bandwidth, which is 0.5
Hz. As a result, there are 5930 steps for the simulation from 565 Hz to 3150 Hz. Even if using a server with
strong computing power E| and setting parallel computing with 4 cores, it takes more than 1 week to compute
one element of the population of the uncertain system. The results of the hybrid SmEdA/SEA approach
will be compared in a first step to the results concerning three elements of the population chosen arbitrary:
Element 1: (zs,ys,2s) = (0.22,0.25,0.18) m, Element 2: (xg,ys,2s) = (0.28,0.18,0.17) m, Element 3:
(zs,Ys,2s) = (0.26,0.21,0.19) m.

As previously discussed, the equivalent stochastic cavity considered in the hybrid SmEdA /SEA approach
assumes a diffuse field. It can then be expected that the comparison between the hybrid SmEdA/SEA
approach and the FEM simulations are in accordance for a frequency above which a diffuse field is achieved
in the cavity. The boundary diffuse field index BDFI defined by Chazot et al. [33] is an indicator to evaluate
the degree of diffuseness of an acoustic field on a rigid surface. When BDFI is close to 2, the acoustic field
on the considered surface (i.e. the coupling surface) can be considered as diffuse. Fig. [5]illustrates the
boundary diffuse field index of the three elements of the population defined previously. It can be observed
for the 3 elements that the field can be considered as diffuse from the third-octave band centered on 1600

Hz.

22 processors Intel(R) Xeon(R) 2.20Ghz with 256 Go RAM
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Figure 5: Boundary diffuse field index of three elements of the population of the uncertain vibroacoustic systems.

4.2. Representativeness of the equivalent stochastic cavity

The equivalent stochastic cavity is considered to describe the SEA subsystem in the hybrid SmEdA /SEA
approach in order to generate the modal frequencies and modes shapes of this system. In the present section,
we are going to study the representativeness of these generated quantities by comparing them to the ones
corresponding to the three elements of the population of the system as described in the section [I.I} In each

simulation, the meshing size is set to be smaller than 1/8 of the wavelength in the cavity.

4.2.1. Modal frequencies

As shown in Fig. the probability density distributions of the local eigenvalue spacings in the
3150 Hz third-octave band for the three elements of the population follows a Wigner distribution instead
of a Poisson distribution. The corresponding equivalent natural frequencies generated by the equivalent
stochastic cavity produce the probability density distributions plotted in Fig. here for three different
realizations. They clearly produce natural frequencies that follow the same Wigner distribution. It can
be noticed that neither the three elements of the population of the real uncertain system nor the three
realizations of the equivalent stochastic cavity exhibit a fixed number of modes. The three elements of the
population have respectively 208, 207 and 209 modes while the three realizations of the equivalent stochastic
cavity generate 209, 206 and 204 modes. Nevertheless, the variability on the number of modes is small and
of the same magnitude for both approaches reinforcing the hypothesis that the natural frequencies generated

by the equivalent stochastic cavity are representative of the population of the real uncertain system.
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Figure 6: Probability density distributions of local eigenvalue spacing in the third-octave band of central frequency 3150Hz: (a-
¢), distributions for the elements #1 , #2, #3 respectively; (d-f): distributions of three realizations of the equivalent stochastic

cavity; dashed green curve: Wigner distribution; dash-dotted red curves: Poisson distribution.

4.2.2. Representativeness of the equivalent modes shapes

0.42

0.42 .
¥ ' - ). o ]
035 ‘ 0.35
1 1
03 03
g 0 £ 0
=025 =025
0.2 -1 02 ‘ 1
0.15 2 0.15
012 0.12 8 . A 2
%l
N NS N2 NI\
x(m)
(a) (b)

Figure 7: Examples of mode shape realizations of the equivalent stochastic cavity with: (a), the spatial approach; (b), the
wavenumber approach. Results on the coupling surface between the plate and the cavity for the third-octave band of central

frequency 3150 Hz.

Realizations of mode shapes for the equivalent stochastic cavity can be generated by both the spatial
approach and the wavenumber approach. The results are expected to be the same but the CPU time may be

different. To validate this, 100 mode shape realizations in the f. = 3150 Hz third-octave band are generated
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respectively by these two methods and one example of each method is illustrated in Fig. [ By comparing
Fig. and it can be seen that the mode shapes generated by spatial and wavenumber approaches
share similar wavelength and spatial variation features. In addition, generating 100 realizations by using
the spatial approach takes 95 s while it only takes about 1.27 s using the wavenumber approach. Therefore,
the results regarding the equivalent stochastic cavity in the following numerical simulations are computed

with mode shapes generated by the wavenumber approach.
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Figure 8: Examples of mode shapes for: (a-c), the elements #1 , #2, #3 of the uncertain cavity respectively; (d-f): three

realizations of the equivalent stochastic cavity. Results on the coupling surface for the third-octave band of central frequency:
(a,d), 2000 Hz; (b,e), 2500 Hz; (c,f), 4000 Hz.

Fig. [§|shows a mode shape on the coupling surface for each of the three elements of the population of the
real uncertain system (Fig. [@] (c)|for elements 1, 2, and 3, respectively) and three mode shape realizations
of the equivalent stochastic cavity (Fig. [8|[(d)H(f)) in the frequency bands centered on f. = 2000 Hz, 2500

Hz and 4000 Hz respectively. Again, it can be observed that the equivalent stochastic cavity generates mode

shapes showing similar wavelengths and amplitudes compared to the one observed in the population of the

real uncertain system.

4.2.83. Representativeness of the equivalent interaction modal works and modal coupling loss factors
In the hybrid SmEdA /SEA process, the interaction modal works have to be computed with the analytical
plate modes and the generated modes shapes with using Eq. . In Fig. El they are compared to those

obtained for element 1 of the population of the real uncertain system. In both computations, the deter-
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ministic modes of the plate remain the same, the only difference comes from the cavity mode shapes. Even
though there are more than 200 modes for both element #1 and the realization of the equivalent stochastic
cavity, Fig. [0 only shows the interaction modal works of cavity modes q ordered from 1th to 80th as they

are sufficient to illustrate their statistical feature.
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Figure 9: Interaction modal works between the rectangular plate and: (a), the element #1 of the uncertain cavity; (b) one

realization of the equivalent stochastic cavity. Results for the third-octave band of central frequency 3150 Hz.

Obviously, the two results are not expected to be the same. Indeed, a particular mode shape with a
particular order generated by the equivalent stochastic cavity can be very different from the corresponding
mode shape with the same order computed for element 1 of the population, leading to a different interac-
tion modal work. However, one has to remind that the equivalent stochastic cavity only generates modes
statistically equivalent to those of any subsystem with a diffuse field. Each draw of the equivalent stochastic
cavity is expected to be different from the real studied case but equivalent on average on several draws. This
point will be discussed in the next section. Nevertheless, one can distinguish some common characteristics
of the two computations plotted in Fig. Et some modes of the plate (for mode orders equal to 5, 6, 9, 13,
18, 19, 20, and 24) are less coupled to the cavity compared to the other ones, whatever the description of
the cavity modes. This expresses well that some plate modes are weakly coupled to the cavity modes due
to non spatial matching.

Introducing these interaction modal works in Eq. permits to compute the modal coupling presented
in Fig. Even if the natural frequencies and the modes shapes used in Eq. are generated statistically
and share only few features with the real studied system (here the cavity with a sphere inside), the two
results are similar. Again, here the comparison is done for only one particular realization of the equivalent
stochastic cavity while the process described in Fig. [3]is based on several draws to evaluate the ensemble
averages and the 95% confidence intervals. In the next section, the convergence of the approach with respect

to the number of draws is investigated.
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Figure 10: Modal coupling loss factors between the rectangular plate and: (a), the element #1 of the uncertain cavity; (b) one

realization of the equivalent stochastic cavity. Results for the third-octave band of central frequency 3150 Hz.

4.8. Convergence of hybrid SmEdA/SEA formulation

95% confidence interval(p=12)
—e—7%,(p=12)
[195% confidence interval(p=20)
——7,(p=20)
[107195% confidence interval(p=24)
—— 5y (p=24)

50 100 200 300 500
N

Figure 11: Convergence of the averaged modal coupling coefficient «, as a function of the number of samples N for the plate
mode p=12, 20 and 24: expectation, full line; confidence interval: colored area. Results for the third-octave band of central

frequency 3150 Hz in dB with v,y =1 s~1 as reference value.

As described in section [3.2] N, draws of the equivalent stochastic cavity are considered for estimating
the mean and the confidence interval of the energy response of the population of systems. The convergence
of the hybrid SmEdA/SEA results as a function of the number of draws, Ny is then studied here. The
expectation as well as the confidence interval of the averaged modal coupling coefficient 7, (calculated with
Eq. (32)) are plotted in Fig. for three different plate modes (p=12, 20 and 24) as a function of Nj.
For the three modes of the plate, the convergence of the averaged modal coupling coefficient is very fast
either for the expectation or the confidence intervals. Even if the results stabilize from 200 draws, only a
few variations appear for a much smaller number of draws. This point is important because the number of
draws directly conditions the computation time.
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Figure 12: Convergence of energy expectation and confidence interval of the cavity as a function of the number of samples Ny
for the third-octave band of central frequency (a,b) 1000 Hz, (c,d) 3150 Hz. (a) the expectation with E5(N¢) = 94.2 dB, (b)
the confidence interval with Hgs (NJ) = 10.6 dB. (c) the expectation with E3(N¢) = 94.4 dB, (d) the confidence interval with
HE§ (N§) = 1.7 dB, with the reference value X5 = 10—127J.

The final quantities of interest are the subsystem energies because physical quantities like the spatial
mean square velocity for the plate or the spatial mean square pressure for the cavity can be deduced from
them. As the plate is directly excited by the external mechanical force and that the coupling between the
plate and the air cavity is weak, the plate energy can be easily estimated and it is not highly sensitive to the
cavity uncertainties. On the contrary, the estimation of the cavity energy is more tricky and is sensitive to
the cavity uncertainties. Hence, let us focus on this last quantity. Fig. [[2] plots the predicted expectations
E3 and the width of 95% confidence interval H gy (bounded by 2.5% and 97.5% percentile) of the energy as
a function of the number of draws. As the values of these two quantities can vary from one set of draws to
another, the process is repeated 20 times. This allows studying the dispersion of the results of the proposed
model. For each number of draws, the 20 expectations and the 20 confidence intervals are illustrated in

the form of subtraction with reference values E5(N¢) and Hps(N¢), which are the results obtained with
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The investigation is proceeded for the third-octave band centered on 1000 Hz in Fig. @ and
on 3150 Hz in Fig. @ As expected, the variability of the predicted expectations (+Var,) and the
variability of confidence intervals (=Varay) decreases with the number of draws. In addition, the convergence
of expectation is much faster at 3150Hz than at 1000Hz. The variability at 3150Hz is very small. All the 20
values are between +/- 0.3 dB compared to the reference value with only 10 draws while they are between
+/- 0.1 dB with 200 draws. For the width of confidence intervals, the variability is more pronounced but
is still acceptable. Indeed, the variability at 1000Hz is larger than at 3150Hz but the reference value of the
confidence interval is larger at 1000 Hz than at 3150 Hz. For 200 draws, all the 20 values of the confidence
interval compared to the reference value are between +/-1.6 dB at 1000 Hz and +/- 0.3 dB at 3150 Hz
whereas the reference value is 10.6 dB at 1000 Hz and 1.7 dB at 3150 Hz. To study more in detail this
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Figure 13: Convergence of the confidence interval for the cavity energy as a function of frequency: (a), Variability Varay for
different number of draws; (b), Ratio between the variability and the reference value Varan/Hgg (N) for different number of

draws.

aspect, the variability Varag of the confidence interval for the cavity energy and the relative variability (the
ratio of its variability over the reference value) have been plotted in Fig. as a function of frequency. It
can be observed in Fig. @ that the variability of each frequency band can be reduced by employing
more draws (from 50 to 500). Meanwhile, the variability for each number of draws also decreases when the
frequency increases. In the lower part of the investigated frequency range, it can take significant values.
However, the relative variability does not vary significantly with the frequency. When taking more than 200
draws, the relative variability remains lower than 20% for all the frequency ranges which is satisfactory for
the practical applications. 200 draws seems then a good compromise between the accuracy of the calculation

and the computing time.
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4.4. Hybrid SmEdA/SEA

Focus now on the final results of the hybrid SmEdA/SEA model and their comparisons with the ones
obtained by finite element simulations for some elements of the population of uncertain systems. The results
plotted in Fig. [I4 have been obtained considering 200 draws of the equivalent stochastic cavity. In this
figure, it has shown the expectation and the confidence interval (95%) predicted by the hybrid SmEdA/SEA
approach as a function of frequency and for the two subsystems. Two main remarks can be made on these

results.

- First, the confidence interval of the plate is much narrower than the confidence interval of the cavity.
This can be explained by the fact that the plate is directly excited by the external force and that the
coupling between the plate and the cavity (filled with air) is weak. It results that the uncertainty of
the cavity does not affect significantly the response of the panel which is dominated by the external

force and the deterministic mode shapes.

- Second, the confidence interval of the cavity is wider in low frequency and becomes narrower as fre-
quency goes up. As the number of cavity modes and the modal overlap factor increase with frequency,
this behavior is expected. In the low frequency bands, the number of modes to be generated for the
equivalent stochastic cavity is really low: for instance, there are less than 10 modes in each of the first
three frequency bands. Obviously, with such a small number of modes, the variations from one draws
to another can be important leading to a large confidence interval. Conversely, in the mid to high
frequency bands, more than 60 modes have been generated for each frequency band above 2000 Hz.
In this case, the large number of modes leads to natural frequencies covering statistically the entire
frequency bands, resulting in less variation in energy predictions and thus a smaller confidence interval
(less than +/- 2dB in frequency bands above 2000 Hz). This is in agreement with the BDFI in Fig.
which indicates that the diffuse field condition is fulfilled for each element of the population above
1600 Hz.

Fig. shows the comparison between the 95% confidence interval of the exchanged power obtained by
the proposed hybrid SmEdA/SEA approach and the frequency average exchanged power computed for 10
elements of the population of the uncertain system (by randomly moving the sphere inside the cavity). The
curves for the 10 elements are limited to a maximum frequency of 3530 Hz (third-octave band centered on
3150 Hz) because the computation time became too important beyond this frequency. It is not appropriate
to compute the confidence interval with the present FEM results because the number of samples is not
sufficient. However, increasing the number of samples would have led to prohibitive computing times.

Nevertheless, one can notice that in Fig. the power exchanged predicted by FEM for the 10 elements of
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Figure 14: Subsystem energies predicated by the hybrid SmEdA/SEA approach as a function of frequency (dB, ref. 1012 J):

Expectation, dash-dotted line; confidence interval, colored area.

the population are well in the 95% confidence interval (excepted for one element in the third-octave 1000 Hz).
Moreover, the evolution of the width of the confidence interval as a function of frequency is in agreement
with the dispersion of the FEM results which decreases with the frequency. Above 1600 Hz, the confidence
intervals are representative of the dispersion of the power exchanged for the 10 elements of the considered
population. However, below this frequency, the confidence intervals are not completely consistent with the
dispersion of the FEM results. This can be explained by the fact that the uncertainties in the considered
population are not large enough to reach, at these frequencies, the state of diffuse field supposed in the hybrid
SmEdA /SEA model. Considering a smaller rigid sphere in the cavity would induce smaller variations of the
cavity energy in the low frequency whereas a larger sphere would lead to larger variations. As the proposed
hybrid SmEdA/SEA approach considers a non-parametric stochastic field, it is not able to describe the
effect of uncertainties on particular physical parameters like the sphere radius. However, it is able to give
an upper bound of the dispersion of the subsystem energies as long as the acoustic/vibratory field is diffuse
in the uncertain subsystem.

As a comparison, the total computation time for direct finite element analysis of the 10 elements of the
population of uncertain systems up to the 3150 Hz third-octave band was almost four weeks whereas the
total computation of the SmEdA /SEA model (with 200 draws of the equivalent stochastic cavity) up to the
5000 Hz third-octave band was less than 12 hours. Computing the confidence interval with FEM is evidently
not possible because its computation time becomes too important as the number of elements increases. By

contrast, the computation time for the SmEdA/SEA approach can be further reduced by considering a
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Figure 15: confidence interval of the exchanged power between the plate and the cavity (dB, ref. 1072 W) predicated by the
hybrid SmEdA/SEA model (confidence interval in blue) and by FEM for 10 elements of the population (dash-dotted line).

smaller number of draws without a significant modification of the results as seen in Sec.

5. Conclusion

The theoretical fundamentals of a hybrid SmEdA/SEA model of a vibroacoustic system have been
established in the present paper. Though the presented hybrid model is deduced for a system containing
only one deterministic and one statistical subsystem, it can be easily extended to vibroacoustic systems
containing more than two subsystems. In this hybrid model, the low modal density subsystem (typically
a vibrating structure) is represented deterministically by a SmEdA model and its modes whereas the high
modal density subsystem (typically an acoustic cavity) is represented statistically by a SEA model and
global physical quantities. For this latter, in addition to the SEA modal energy equipartition assumption, it
is supposed that two statistical properties are fulfilled: (a), the distribution of the modal frequency spacings
can be related to the distribution of the eigenvalue spacings of a Gaussian Orthogonal Ensemble matrix;
(b), the acoustic or vibratory field of the subsystem can be considered as diffuse. Under these assumptions,
draws of the modal frequencies and mode shapes of the uncertain subsystem can be easily generated by
dedicated processes. For each of these draws, a SmEdA /SEA-like model is then built and solved. Applying
a Monte Carlo process, the mean and confidence interval of the subsystem energies can be finally deduced
from the energy distribution of the different SmEdA /SEA-like models. This approach has been applied to a
test case composed of a plate coupled to a cavity containing a rigid sphere located at an uncertain position.
The results are compared to the ones obtained by finite element simulations for ten different positions of the
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rigid sphere inside the cavity. Some conclusions can be drawn from the numerical results and the comparison

with FEM:

- The mode shapes generated by the equivalent stochastic cavity are representative of those computed
by a finite element method. They share the same mode count, probability density distribution the
eigenvalue spacing as well as similar wavelengths and amplitudes. These mode shapes can be generated
by a spatial approach or a wavenumber approach but this latter is much less computationally expensive.
The resulting interaction modal works and modal coupling loss factor used in the SmEdA /SEA model

also share similar features compared to the real uncertain cavity with a sphere inside.

- The averaged modal coupling coefficients 7, as well as the mean and 95% confidence interval of the
predicted cavity energy converge very quickly. When the number of draws considered is larger than 200,
the mean and the confidence interval of the cavity energy become stable with the relative variability

of confidence interval lower than 20% for all the frequency ranges.

- The exchanged power results concerning 10 elements of a population of an uncertain system computed
by FEM are contained in the 95% confidence interval predicted by the hybrid SmEdA/SEA model.

This confirms the effectiveness of the proposed model.

- The proposed model can be used to predict the energy response of an uncertain vibroacoustic system
without the need to establish a detailed parameter model for the uncertainty characteristics. It results
that the computation time has been greatly reduced compared to a parametric model that can be built

from conventional FEM simulations.

The present approach is fully based on an energy representation of the coupling between a deterministic
subsystem to a stochastic subsystem. It can be seen as an alternative approach to the hybrid FE-SEA
approach which is based on the diffuse field reciprocity relation [I7, I8, [[9] and the dynamic stiffness
representation. These two approaches have similar objectives but with a different base. In the future, the

relations between the two approaches will deserve to be studied.
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