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Cryptographic key exchange protocols traditionally rely on computational conjectures such as
the hardness of prime factorisation® to provide security against eavesdropping attacks. Remark-
ably, quantum key distribution protocols like the one proposed by Bennett and Brassard?® provide
information-theoretic security against such attacks, a much stronger form of security unreachable by
classical means. However, quantum protocols realised so far are subject to a new class of attacks
exploiting a mismatch between the quantum states or measurements implemented and their theo-
retical modelling, as demonstrated in numerous experiments® ®. Here, we present the experimental
realisation of a complete quantum key distribution protocol immune to these vulnerabilities, following
Ekert’s pioneering proposal” to use entanglement to bound an adversary’s information from Bell’s
theorem®. By combining theoretical developments with an improved optical fibre link generating
entanglement between two trapped-ion qubits, we obtain 95628 key bits with device-independent
security® 12 from 1.5 million Bell pairs created during eight hours of run time. We take steps to ensure
that information on the measurement results is inaccessible to an eavesdropper. These measurements
are performed without space-like separation. Our result shows that provably secure cryptography
under general assumptions is possible with real-world devices, and paves the way for further quantum

information applications based on the device-independence principle.

Private communication over shared network infrastructure
is of fundamental importance to the modern world. Clas-
sically, shared secrets cannot be created with information-
theoretic security; real-world key exchange protocols rely
on unproven conjectures regarding the computational
intractability of certain operations. Quantum theory,
however, promises that measurements on two correlated
quantum systems can yield identical outcomes that are
fundamentally unpredictable to any third party. This
possibility of generating secret correlated outcomes at a
distance forms the basic idea of quantum key distribu-
tion (QKD)*¥1°. Importantly, the security guarantees
provided by QKD are unique in that they do not rely on
the assumption that the adversary has limited compu-
tational power. Instead, the only required assumptions
are that: (i) quantum theory is correct, (ii) the parties
can isolate their systems to prevent information leaking
to an adversary, (iii) they can privately choose random
classical inputs to their quantum devices, and (iv) they
can process classical information on trusted computers.

Existing QKD systems rely on an additional assump-
tion that is hard to satisfy in practice: they require the
quantum states and measurements used to distribute the
key to be accurately characterised (e.g. including their
dimension)**16. In other words, the quantum devices
are assumed to be trusted and to maintain perfect cali-
bration. Deviations from the expected behaviour can be
difficult to detect, which has been exploited in a num-
ber of demonstrations where real-world QKD systems

were compromised®®. So-called measurement-device-
independent QKD protocols allow untrusted measure-
ments to be used as part of the system but still require
well-characterised sources!” 2!,

Device-independent QKD (DIQKD) protocols® 12 make
no additional assumptions about the physical apparatus.
According to Bell’s theorem, one can guarantee that two
systems produce outcomes sharing exclusive correlations —
preventing a third party from knowing these results — with-
out assuming how these outcomes are produced??. This
remarkable fact can be used to construct key distribution
protocols with security guarantees independent of any
assumption about the states measured and measurements
performed. Rather, the underlying state and measure-
ments are certified in the process®. Imperfections that
might lead to key leakage in conventional QKD due to an
inappropriate description of the internal quantum state or
measurement instead just result in the protocol aborting.
However, this enhanced security comes at the cost of far
more stringent experimental requirements. The certifiable
amount of private information directly depends on the
size of a Bell inequality violation, necessitating a plat-
form capable of distributing and measuring high-quality
entangled states while closing the detection loophole. To
successfully extract a shared key using state-of-the-art
devices, a tight theoretical analysis and an efficient clas-
sical post-processing pipeline are needed, in particular
regarding finite-size effects resulting from practical limits
on the number of measurements. Despite significant the-
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Fig. 1: DIQKD with trapped ions. a, Alice and Bob each operate independent ion-trap nodes, here separated by about
2m, where one %8Sr* qubit is confined in a vacuum chamber. To establish entanglement the ions are simultaneously excited to
an electronic state which spontaneously decays, during which a single photon each is emitted whose polarisation is entangled
with the ion’s internal state. These photons are collected into optical fibres using free-space optics and sent to a central station,
where a probabilistic Bell-basis measurement is performed. This projects the ions into a maximally entangled state, heralded by
the coincident detection of a pair of photons. On success, the ions are each transported to a different location in the trap to
disconnect the photonic link such that local projective measurements can be applied without either the measurement basis
settings X;, Y; or the outcomes A;, B; € {0,1} leaking into the environment. The state is then reset and the link reconnected,
and the process is repeated for a large number of rounds. b, In the device-independent security proof, no further assumptions are
made about the internal workings of the quantum devices; they are modelled as “black boxes” with classical inputs and outputs.
By randomly alternating between measurement settings realising a Bell test and settings which lead to highly correlated outputs,
the output bit strings can be certified to originate from appropriate measurements on a quantum state that is close to being
maximally entangled, ensuring secrecy.

10-12,23-31 X;,Y; € {0,1} for their measurements, which are imple-

mented so that the outcomes A;, B; € {0, 1} maximise the
probability of winning the Clauser-Horne-Shimony-Holt
(CHSH) game®? A; ® B; = X;-Y;. A high winning proba-
bility w, customarily expressed in terms of the CHSH score
S = 4(2w — 1), tightly bounds the information any adver-
sary can have about the outcomes. For so-called key gen-
eration rounds, the inputs are fixed to X; =0 and Y; = 2,
maximising output correlations as quantified by a low
quantum bit error rate Q = P(A; # B;|X; =0,Y; = 2).
Bob randomly chooses between the round types after the
heralding signal is received and the links are disconnected,
choosing Bell test rounds with probability ~, and com-
municates this choice to Alice, which avoids sifting (dis-
carding of rounds with mismatched measurement bases).
The parties keep private records of their measurement
settings X = X7 X5...and Y = Y1Y5... as well as the
outcomes A = A1As5 ... and B = B1By.... After the n
measurement rounds are complete, Alice and Bob need to
verify the CHSH score and extract a shared key from the
noisy output correlations. Alice openly sends her inputs
X to Bob, along with a shorter error-correction syndrome
string M which allows Bob to reconstruct a copy A of
Alice’s outcomes A. Now holding XYAB, Bob is able

oretical progress a practical demonstration of
these protocols has remained out of reach.

Here we report the first experimental distribution of a
key with device-independent security guarantees. Using
a hybrid system where heralded entanglement between
stationary trapped ion qubits is established via flying
photonic qubits (see Fig. 1), we are able to generate high-
quality entangled states between two ions separated by
about 2m, resulting in a record-high detection-loophole-
free Bell inequality violation with isolated systems. We
propose a concrete, practical DIQKD protocol, design a
universal capacity-approaching error-correction code opti-
mised for this context, use extractors and authentication
schemes that are frugal in their randomness consump-
tion, and provide a detailed finite-statistics security proof.
Combining these theoretical and experimental advances,
we successfully obtain a key whose length is more than two
orders of magnitude greater than the amount of private
shared randomness consumed by the protocol.

Our DIQKD protocol is illustrated in Fig. 2. All pa-
rameters are chosen before the start of the protocol. The
data acquisition phase of our protocol consists of n se-
quential rounds. At the start of each, Alice and Bob wait

for a valid heralding signal from the central heralding sta-
tion indicating the creation of remote entanglement. For
Bell test rounds, Alice and Bob randomly select inputs

to verify whether the CHSH score achieved during the
Bell test rounds exceeds a pre-agreed threshold. If this
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Bob holds Y = (Y;);with P(Y;=0) =P(Y;=1) = y/2and P(Y;=2) =1 -7.

everyroundi€ {1, ..., nk

Alice and Bob wait for the heralding signal, then disconnect the link.
Bob computes T; = x(Y; # 2) and sends T; to Alice.

If T, = O, Alice overrides X; and sets it to O.

Alice and Bob apply settings X;and Y; and record the

measurement results as A; and B;.

Alice sends X to Bob.

Alice computes syndrome M of A (length m) and sends it to Bob.
Bob reconstructs a guess A of A.

Alice computes an encrypted hash G of A using K, and sends it to Bob.
Bob computes the hash Gg.of A. If G # Ggc, the protocol aborts.

If Bob, considering only rounds i with T; = 1, finds that
XA ® B #X; - Y) > nvy (1 - wy), the protocol aborts.

Alice and Bob apply a strong randomness extractor with a seed from K,
to Aand A to obtain K, and K.

Bob computes an encrypted tag G for T using K, and an unconditionally

ure message authentication code and sends it to Alice.

Alice verifies the tag and sends C = 1 to Bob if it matches the earlier
communication, C = O if it does not.

Alice similarly computes a tag G, for (X, G, C) and sends it to Bob.
Bob defines F = 1 if the tag matches and C = 1, F = O otherwise.

Bob sends F to Alice.

Bob computes a tag G; for F using K, and sends it to Alice.
Alice verifies the tag; if it does not match or F = O, the protocol aborts.

Alice removes the used bits from K, and defines K}, by appending K,.
Bob does the same to get Kf.

Fig. 2: DIQKD protocol structure. Before the protocol starts, the number of rounds n, the probability v of each round

being chosen to be Bell test round, an acceptance threshold

wenr for the CHSH winning probability, and the length m of the

error correction syndrome are fixed. An initial key Ko, mostly reusable, is required to seed the privacy amplification and
authentication algorithms, and as a one-time pad to encrypt a few short messages (indicated using a key symbol). Arrows
indicate the classical messages exchanged between the parties, bold letters strings consisting of multiple bits, x the indicator

function with x(P) = 1 if P is true and 0 otherwise.

it not the case, or if the reconstruction of A fails, the

security might be compromised so the protocol aborts.

Otherwise, the parties locally process the outcomes A
and A to extract identical final keys, with a guaranteed,
arbitrarily low, bound on the information leaked to any
adversary.

A crucial step in the security analysis is to infer an
upper bound on the knowledge an adversary can have
about Alice’s outcomes. In the device-independent setting,
where quantum states and measurements are a priori
uncharacterised and where we allow memory effects to
correlate successive measurement rounds, obtaining a
precise bound is nontrivial. A recent breakthrough in this

respect is the entropy accumulation theorem (EAT)!2:33,

It shows that in an n-round protocol characterised by
a CHSH score S, the amount of randomness generated
by both parties, with respect to an adversary limited
by quantum theory, is lower-bounded by n h(S) up to a
correction of order y/n, where h(S) is the worst-case von
Neumann entropy of the outcomes for an individual round
of the protocol compatible with the score S. Using this
result, we derive a bound on Alice’s private randomness
from the CHSH winning probability threshold wyy,, chosen
before start of the protocol'?. We use a recent version
of the EAT3* for its improved statistical performance,
proving security against the most general types of attacks
(as detailed in the Supplementary Material).

The length of the final key is given by the difference
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Fig. 3: Quantum link performance. A separate charac-
terisation run of 1920000 total Bell pairs shows stable link
performance. Inputs and outputs from both nodes were col-
lected to compute a moving average for CHSH score and
quantum bit error rate (window length: 100000 rounds; test
round fraction: v = 1/2). Shaded bands indicate 95 % confi-
dence intervals from binomial statistics in each window. The
bottom panel shows the acquisition timestamp for each Bell
pair during the 8.5h experiment duration. The vertical steps,
where time passed without heralds, correspond to ion loss and
recalibration events.

between the amount of entropy certified by the EAT and
the amount of information revealed through the classical
messages exchanged by the parties as part of the protocol.
To obtain a positive key rate it is therefore crucial to rec-
oncile Alice and Bob’s outcomes with an error correction
syndrome that is as short as possible. Asymptotically, the
cost of reconciliation per round is given by H(A|XYB),
the entropy of Alice’s outcomes conditioned on the knowl-
edge of inputs and Bob’s outcomes. Reconciliation in
presence of finite statistics however comes at a higher
price and the best algorithms are often not realisable in
practice. In fact, all finite-statistics DIQKD analyses so
far have assumed computationally intractable error cor-
rection schemes with decodings involving hash pre-image
computations!12:3536  We address this challenge using
a custom error correction solution based on spatially-
coupled low-density parity-check (SC-LDPC) encoding.
Our scheme admits an efficient decoding algorithm and
requires less overhead than some previously considered
impractical codes (see Supplementary Material).

In our experiment, Alice and Bob each control a
trapped-ion quantum network node®”-3® holding a single
88Gr* ion qubit each. Dissipative and coherent opera-
tions are implemented using resonant laser fields, which
each node derives from a shared set of laser sources. En-
tanglement between the ion and the polarisation of a

0.6

0.5
§$=2.64,Q=1.8%

Key rate
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10° 108 107 108 10° 10'°

Number of rounds n

Fig. 4: Finite-statistics key rate. Certified key rate as
a function of the number of rounds for S = 2.64, Q@ = 1.8%,
v = 13/256 and esa = 107°. We operate the DIQKD
protocol at the point n = 1.5x 10° on this curve, corresponding
to a threshold winning probability of winy ~ 0.825538 and
a key rate of 95884 /n ~ 6.39%. Two key rate curves for
alternate parameter choices illustrate its sensitivity to the link
performance.

spontaneously emitted 422 nm photon is locally created
at each node by excitation to a short-lived state with
two decay paths to the Zeeman-split qubit states in the
ground level. The photons are coupled into single-mode
optical fibres connecting the nodes to a central heralding
station, where a linear optics setup and four avalanche
photodetectors implement a Bell-basis measurement (see
Fig. 1a and Supplementary Material). The overall de-
tection efficiency for each spontaneous decay photon is
~ 2%, necessitating many attempts to observe a two-
photon coincidence heralding the successful creation of
entanglement between Alice’s and Bob’s ion qubits. We
perform state tomography to characterise the ion-ion en-
tanglement, measuring a fidelity to the closest maximally
entangled state of 96.0(1) %, which exceeds previously
reported measurements for remote entanglement between
matter qubits3® 43,

To implement the “black box” primitives for DIQKD,
each node first disconnects the qubit from the optical link
following a herald event by shuttling it away from the
focus of the fibre-coupling objective lens, which ensures
the basis choices and measurement results do not leak to
a third party (see Methods). Bob decides between Bell
test and key generation rounds using private randomness
obtained from a commercial quantum random number
generator, sending the result to Alice in real time. In
case of a Bell test round, both nodes then similarly use
a private random string to choose between the coher-
ent operations defining the measurement bases, i.e. the
inputs X; and Y;. As each DIQKD round only starts
after a heralding success, this approach is intrinsically
detection-loophole-free; losses in the optical links and lim-
ited detector quantum efficiencies, which pose a challenge



Protocol step HConsumed‘Used (reusable)‘Generated

Valldatlont?f 64 0
€rror correction
1280 I—
Authentication 128 0
Key activation 64 0
Privacy 0 1201886 95 884
amplification
Total || 256 1203 166 95884

Table I: Secret key balance sheet. The experiment re-
quires an initial 1203 422-bits long key Ko shared between
Alice and Bob. 256 of these bits are consumed by the protocol
while generating 95 884 new secret shared bits. This results in
the creation of a longer 1299 050-bits long shared secret key
K; = K/, between Alice and Bob, effectively extending the
initial key by 95628 bits.

for DIQKD on photonic platforms®®, affect the heralding
rate, but not S or Q. The measurements of one party are
not space-like separated from the choice of measurements
of the other party. We characterise the link performance
by measuring the probabilities P(A;B;|X;Y;) in a sep-
arate experiment. A representative dataset, shown in
Fig. 3, results in a CHSH score of S = 2.677(6) and a
quantum bit error rate of Q = 1.44(2) %.

We now implement the complete protocol as described
in Fig. 2, using Trevisan’s quantum-proof construction
as a strong randomness extractor and short tags based
on a strongly universal hash family for classical message
authentication. The two nodes are operated completely
independently: they have independent control systems,
and the input and output data is only exchanged over a
classical network link as prescribed by the protocol (see
Methods). In order to guarantee a high success probability
of the protocol, we conservatively choose n = 1.5 x 109,
v~ 5.1%, wine &~ 0.825538, and an error correction code
with syndrome length m = 296 517 based on the previous
link characterisation (see Supplementary Material for
more details). We acquire data over 7.9h of wall-clock
time (with one pause of 4.4h due to a laser failure),
and successfully extract a secret key of 95884 bits with
soundness error €¢,q = 10710, with a post-processing time
of 5min (see table I). This greatly exceeds the 256 bits
of private randomness consumed during the protocol,
thus marking the first demonstration of a fully device-
independent QKD.

The resulting key is secure under very general assump-
tions, including attacks where the adversary can act arbi-
trarily on the quantum side information from all rounds.
Moreover, the measurement devices can have memory
and operate according to the results of previous rounds,
and the security of the protocol is composable with other
cryptographic protocols using different devices*#4>. Out
of the remaining assumptions (i)-(iv), isolation is ar-
guably the most critical one from a practical perspec-
tive. Space-like separation between measurement events

could exclude some types of leakage but does not guar-
antee isolation3®4648 (see Methods). We envision that a
stronger confidence in the isolation of the nodes will be
possible when all quantum systems can be distributed and
stored in advance®®, thereby avoiding the necessity for
quantum communication during the protocol. The present
apparatus could potentially be adapted to span building-
scale local-area networks, with optical fibre losses at the
422 nm wavelength reducing the rate by approximately a
factor of two every hundred metres. Key distribution over
kilometres is in principle possible with downconversion
to the telecom band®?, or through free-space optics. Im-
proved key-generation rates might be achievable through
improvements to the photon collection efficiency, for in-
stance through the use of optical cavities®’. Combining
multiple instances of telecom and cavity-enhanced links
into a quantum repeater architecture®? might enable fully
quantum-secure long distance communication.

METHODS

Loopholes. In the context of Bell experiments seek-
ing to disprove local causality, several “loopholes” have
been discussed??, referring to requirements in the theo-
retical analysis not met in experimental realisations (con-
sequently permitting a locally causal explanation for the
observations even in the presence of a Bell inequality
violation). One of them, known as the “locality loop-
hole”, is the requirement that no information about the
input of one party be known by the device of the other
party before it produces an outcome. In a fundamental
test of local causality, information transfer of any kind
must be excluded, even that potentially described by
an as-yet-unknown theory. Under the assumption that
measurement choices are made locally in a truly random
manner so that no information about them is available in
advance, it is generally admitted that this loophole can
be closed through space-like separation by requiring that
the measurements of both parties are space-like separated
from the events defining the other party’s setting choice.
The condition that the inputs of one party be unknown
to the other party upon measurement is also necessary for
DIQKD (see Supplementary Material for more details).
Space-like separation between the parties’ measurement
events is advantageous for this and can possibly already
eliminate specific attacks by itself. However, the crypto-
graphic context is more demanding. Not only must the
input choices be unknown at other locations but also, even
more obviously, the output results. Moreover, no crypto-
graphic security can be achieved if information is allowed
to travel to another party (e.g. the adversary), even if the
speed of that transfer is limited to that of light. There-
fore, space-like separation is not sufficient for DIQKD and
instead, the parties must be well isolated*”#8. Isolation
of each node, i.e. control over the flow of information from



and to the outside, is thus an unavoidable assumption in
any key exchange protocol and must be achieved through
separate means. The locality condition being a conse-
quence of the isolation assumption, no further conditions
such as space-like separation are needed: if local infor-
mation can be kept locally, then it is not available to a
distant device. The isolation assumption has however no
consequence on the “detection loophole”, implying that a
similar treatment of this loophole is needed in the context
of DIQKD as for conventional Bell tests.

Link disconnection and isolation. By design, the
trapped-ion quantum bits are well-coupled to the optical
fibre linking the nodes during the entanglement generation
phase. To meet the isolation assumption, the ions in each
node are shuttled 3pm from the focus of the imaging
system after a successful herald by modifying the trapping
potential. This way, the coupling from Alice’s and Bob’s
qubits to the outside of their laboratories is reduced by a
factor of > 10* before the basis choices are applied and
the states are read out. Similarly, the qubit state left after
readout is scrambled by applying deshelving and cooling
lasers for 100 ps (> 10 time constants) before reconnecting
the link. The information that could possibly leak through
the remaining weak coupling is insufficient to compromise
our conclusion of a positive key rate. If desired, one
could arbitrarily reduce the amount of leaked information
by shuttling the ion a further distance from the focus
(> 1mm is accessible in the trap chips used here), or
by adding a macroscopic mechanism to disconnect the
optical fibre, e.g. a fast micro-electromechanical fibre
switch. The laser control fields for both nodes were derived
from the same set of sources. An independent set of laser
sources could be used instead, as the only synchronisation
requirements are for the qubit frequencies to be matched
and for the single-photon wave packets at the heralding
station to be well-aligned compared to their 7 ns duration.

Data handling. We make extensive efforts to per-
form our experiments in a fashion representative of a
real deployment and compatible with the security and
isolation assumptions throughout. Each node is driven
by an independent instance of the Advanced Real-Time
Infrastructure for Quantum physics (ARTIQ) open-source
real-time control system®?; the combination of personal
computer (PC) and Field Programmable Gate Arrays
(FPGA) makes up the trusted local classical computation
hardware as per the assumptions. The random bit strings
for the CHSH basis and round type choices are derived
from a commercial quantum random number generator
and stored in computer memory before the start of the
experiment. No post-selection takes place; a heralding
event always results in a bit added to the final A and B
strings. The outcome strings, along with other private
data, neither leave the respective node PCs, nor are they
manually inspected. A classical network link connects the
two nodes, used to exchange the public messages required
by the protocol (e.g. the error correction syndrome data),

and to coordinate the overall experiment schedule (e.g. for
periodic calibrations, or to remedy ion loss events).

DATA AVAILABILITY

The datasets generated during the current study are
available from DPN and CJB on reasonable request.

CODE AVAILABILITY

The custom code generated during the current study is
available from the corresponding authors on reasonable
request.
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S1. NOTATION

Symbol Description

QKD Quantum key distribution

DIQKD Device-independent quantum key distribution

CPTP Completely positive and trace preserving

CP Completely positive

CcQ Classical-quantum

BSC Binary symmetric channel

LDPC Low-density parity-check

SC-LDPC | Spatially-coupled low-density parity-check

ML Maximum likelihood

BP Belief propagation

EAT Entropy accumulation theorem

cg-state classical-quantum state

x(U; =0) | Indicator function returning 1 if U; = 0 is true, 0 otherwise
S—(H) The set of normalized quantum states

S<(H) The set of sub-normalized quantum states

log Binary logarithm

In Natural logarithm

p, T, O Density matrices

D(p, ) Trace distance between p and 7

Plp,T) Purified distance between p and 7

F(p,7) Generalized fidelity between p and 7

[1O||1 Trace norm of the operator O

P(Q) Probability for the event Q to be true

Pl Normalized state conditioned on the event €2 being true
PrQ Subnormalized state conditioned on the event Q being true (pra = P(2)pja)
A; A variable indexed by an integer 4

A A string of variables, i.e. A = (A1, As, ..., An)

Table S1: List of commonly used acronyms, symbols and expressions.

S2. EXPERIMENTAL DETAILS

Alice and Bob each control one of a pair of nominally identical room-temperature trapped-ion nodes, as first described
in ref. [1]. We have made extensive technical improvements to the experiment since, leading to higher-fidelity, more
stable remote entanglement (e.g. through beam power and magnetic field stabilisation), and improved capabilities
for autonomous calibration and coordination between the nodes. In this section, we give a brief description of the
setup before discussing the entanglement performance and some details relevant for the DIQKD implementation not
described in the Methods. We finally discuss some considerations regarding the isolation assumption made in the
DIQKD setting.

Compared to ref. [1], the system names (Alice/Bob) have been swapped throughout this manuscript in order for the
node roles (set by an arbitrary choice in the real-time coordination logic) to match the protocol analysis.
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Fig. S1: High-level sketch of the experimental apparatus. The points of connection between Alice’s and Bob’s nodes
(indicated by the shaded areas) as well as the central heralding station are shown explicitly. The laser beams are
derived from a common set of sources, but switched separately for each node using acousto-optical modulators
(AOMs). The agile radio-frequency (RF) sources used for this, which are programmed on the fly from the
FPGA-based real-time control systems, are shown explicitly for the 674 nm qubit manipulation laser to illustrate how
the measurement bases choices are physically implemented. The digital-to-analogue converters (DACs) set the trap
electrode voltages and are used to disconnect the photonic link by changing the ion position.

A. The two-node ion trap network

Each node is centred around a “High Optical Access 2” surface-electrode Paul trap (Sandia National Laboratories [2]),
which confines one 33Sr* ion each. We use standard techniques to implement dissipative and coherent operations
using resonant laser radiation. Lasers at 422nm and 1092nm address the 55 51,2 <> 5p P1 /o <> 4d D35 transition
cycle for Doppler cooling, state preparation and readout; a static magnetic field of 0.500 mT lifts state degeneracies.
For readout shelving and coherent operations, a narrow-linewidth 674nm laser addresses pairs of 55 51,2 <+ 3d D52
Zeeman sublevels, implementing arbitrary rotations of the form R, (6, ) = exp(—i%(cos e X +sinpY)).

Ion-photon entanglement is generated in each node by coherent excitation to the short-lived | P, /o, my = 1/2) state
using a ~ 5 ps 422 nm laser pulse. Photons emitted into free space during spontaneous decay, entangled in polarisation
with the resulting Sy /5 Zeeman state according to the dipole selection rules, are collected by lens objectives (numerical
aperture 0.6) perpendicular to the magnetic field. The trap nodes are connected to a central heralding station using
2 x 1.75m fused silica single-mode fibres, which also avoids polarisation mixing errors. There, a 50 : 50 beam splitter
and two polarising beam splitters implement a partial Bell-basis measurement. The orientation of a pair of quarter-
and half-wave plates at each input is calibrated daily to compensate birefringence in the input fibres. The output
of four avalanche photodiode single-photon detectors is connected to heralding logic implemented in the node-local
FPGA control systems. Entanglement generation is repeatedly attempted at a rate of 1 MHz until coincident detection
of two photons of opposite polarisation heralds the creation of an entangled state (see Fig. S2 for the detailed sequence
during DIQKD experiments).

A high-level block diagram of the relevant components is shown in Fig. S1. Alice’s and Bob’s nodes each have
their own, independent copy of the required experimental control system. The connections between the nodes are
explicitly indicated in the figure: A classical network link (Ethernet) between the node PCs is used for high-level
coordination, e.g. to handle periodic recalibrations or interruptions due to ion-loss events, as well as to exchange the
messages required for the DIQKD post-processing steps. The PCs, together with the FPGA-based real-time control
systems also connected via Ethernet, make up the trusted classical processing systems available to Alice and Bob as
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(a) Flow diagram of the experimental sequence (left Bob, right Alice; separated by the dashed line). Execution starts on both
systems with private random strings X; and Y;. After a period of cooling, the state machines synchronise using an acknowledged
trigger pulse. Subsequently, the attempt cycle is repeated until either a successful herald is received from the external heralding
station, or a set attempt duration limit has elapsed after which the ions are re-cooled. When a successful herald is received,
both systems disconnect from the link by shuttling the ion away from the focus of the high-NA lens. Only then, Bob announces
whether he is going to perform a key generation round or a test round and executes the corresponding local analysis. Alice
follows suit upon receipt of the key-round signal. Both parties store the outcome of their measurement, B; and A;, locally.

repeat until success

(b) Timing diagram of ion position zjon and the experimental pulse sequence (not to scale). The ions are Doppler-cooled prior to

the entanglement attempt loop, during which tightly timed state preparation and pulsed excitation pulses create single photons

to be probabilistically collected by the photonic link. If a coincidence event heralds the successful creation of a remote entangled
state, the local analysis sequence is executed locally on each system.

Fig. S2: Experimental sequence. The flow diagram Fig. S2a shows the basic logic implemented in the state machine
driving the remote entanglement generation scheme. The timing diagram Fig. S2b complements this picture with the
concrete laser pulses issued at different stages of the protocol.
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Fig. S3: Maximum-likelihood density matrix estimates for the joint ion-ion state after each of the heralding detector
click patterns (a-d). The fully entangled fractions, i.e. fidelities to the closest maximally entangled state, are 96.1(3) %,
96.4(1) %, 95.8(2) % and 95.8(2) %, respectively, for an average fidelity of 96.0(1) % (1o statistical errors from
parametric bootstrapping). For the 180000 successful heralds in this dataset a total of 1133526 525 entanglement
attempts were made, corresponding to an average success probability of 1.6 x 10~4. With an attempt rate of 1 MHz,
interrupted by 300 ps of cooling every 500 ps, this results in a heralding rate of 100s~*.

per DIQKD assumption (iv).

For this demonstration, the two nodes are located in the same room; it is thus convenient to derive all the required
laser beams from the same set of sources. As indicated in Fig. S1, the actual switching and routing optics are kept
separate and local to the nodes. A separate set of lasers could easily be used for each (e.g. in an application with
a larger distance between nodes), as we do not rely on any optical phase coherence between the nodes. The only
synchronisation requirement is for the entanglement-carrying photons to be well-matched in frequency and arrival
time at the heralding station compared to their 7ns duration. In particular, we do not require the phases of the
422 nm picosecond pulses or the absolute phase of the coherent 674 nm pulses to be stable; the relative phase between
projective measurements at each node is determined solely by the 14 MHz RF beat note between the two 674 nm
pulses.

The 674 nm Ti:Sapphire laser is stabilised to a high-finesse cavity using a multi-stage closed-loop feedback controller,
which occasionally loses lock (~once per day). To enable autonomous operation of long-running experiments, a
real-time signal is forwarded to the control systems of Alice and Bob if this occurs, who then pause protocol execution
until the lock is established again. The nodes also negotiate an interruption if any of a number of rare issues with the
experimental hardware is detected (e.g. insufficient power in one of the laser beams); such an issue, which required
manual intervention, was responsible for the ~4h interruption during the final DIQKD data run presented in the
main text. Since the total number of rounds is fixed before the start of the protocol and the timing of the round is
free, pauses between the rounds have no impact on the final security.

B. Entanglement characterisation

Remote entanglement is produced in the ground state S;/, manifold. For laser-based manipulation, it is mapped
to an “optical” qubit using a 7 pulse on the 674nm [S; /2, ms = 1/2) — |D5/2,my = —3/2) transition, followed by
coherent manipulation on the |Sy /3, m; = —1/2) ¢+ |D5/5,m7 = —3/2) transition to select the measurement basis, or,
for measurements in the computational basis, an additional S}/, ms = 1/2) — |D5/2,m; = 3/2) 7 pulse to reduce
shelving errors.

To characterise the experimental platform in detail, we perform quantum state tomography on the joint ion-ion
state observed after each of the four heralding detector coincidence patterns. For this, we optionally apply a 7/2
pulse, Ry, (7/2,¢) for ¢ € {0,7/2,m,3w/2}, after a successful herald and apply fluorescence detection, such that
ion bright/dark results correspond to a projective measurement onto the +1/ — 1 eigenstates of the Pauli operators
{£X,+Y, Z}. This over-complete set of measurement bases is chosen to mitigate any systematic bias in the xy plane
due to imperfect analysis pulses. The joint outcomes for all combinations are recorded for a number of repetitions.

A dataset collected one day prior to the DIQKD link characterisation and key generation experiments is given in
table S2. These outcome counts represent the complete set of input data for a diluted fixed-point iteration procedure [3]
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Z -Y | 543 674 521 575 Z
7 7 82 2415 2378 17 Z

(a) Number of observations per Pauli eigenstate for detector
pattern 0011, for a total of 43182 clicks.

Oa Op|+a+B +aA—B —a+B —a—B Oa Op|+a+B +A—B —a+B —A—B
X X 357 242 310 368 X X 229 358 408 305
XY 588 21 14 658 X Y 36 553 667 16
X X | 247 338 346 357 X -X| 363 229 322 417
X -Y 19 571 658 29 X -Y | 558 35 34 698
X Z 596 608 683 659 X Z 581 631 774 669
Y X 19 603 680 26 Y X 589 28 32 646
Y Y 284 267 277 375 Y Y 286 343 470 259
Y -X| 604 18 28 643 Y -X 20 593 679 26
Y -Y| 289 284 408 273 Y -Y| 346 284 255 447
Y Z 506 716 695 658 Y Z 560 681 731 620
X X 345 359 329 251 -X X 409 327 235 354
XY 20 674 565 27 XY 759 26 29 551
-X =X | 352 340 292 325 -X -X | 283 433 370 236
-X -Y| 637 17 26 573 -X -Y 23 662 594 31
X Z 694 668 562 562 X Z 773 755 580 643
Y X 685 20 28 560 Y X 39 645 582 22
Y Y 237 383 335 300 Y Y 411 271 288 351
Y -X 28 623 604 15 Y -X| 691 33 28 609
Y -Y | 372 298 287 343 Y -Y | 277 461 301 282
Y Z 723 629 534 735 Y 7Z 707 674 556 587
Z X 797 573 556 659 Z X 640 713 620 605
Z Y 608 727 629 642 Z Y 735 568 668 605
7 -X| 548 785 697 524 Z -X| 679 653 609 604
Z -Y| 667 623 657 569 Z -Y | 550 828 671 662
7 7 50 2489 2513 24 7Z 7 69 2603 2517 13

(¢) Number of observations per Pauli eigenstate for detector
pattern 1010, for a total of 46016 clicks.

-X
-Y
/

337
571
195
35
564
31
341
556
230
464
242
23
365
618
622
618
246
41
370
762
708
526
481
706
60

201
40
373
548
575
562
257
29
356
662
356
608
248
19
622
30
410
579
236
537
515
704
736
545
2284

296
22
343
633
664
589
208
50
396
681
365
525
204
23
556
22
330
541
224
560
583
588
691
597
2459

369
596
285
23
638
32
418
575
254
540
192
29
387
532
555
561
229
19
335
580
666
647
529
612
27

S6

(b) Number of observations per Pauli eigenstate for detector
pattern 0101, for a total of 43524 clicks.

(d) Number of observations per Pauli eigenstate for detector
pattern 1100, for a total of 47278 clicks.

Table S2: Number of observations of each eigenstate for tensor product combinations O4 ® Op of Pauli operators in
the Alice-Bob state tomography experiment, for each of the four detector click patterns.
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to obtain the ML estimate; no additional corrections (such as for readout errors) are applied. The resulting density
matrices are shown in Fig. S3. The average state fidelity to the closest maximally entangled state was 96.0(2) % with a
heralding probability of 1.6 x 10™%, equivalent to an effective rate of 100s~! including periodic recooling. (The average
rate quoted in main text Figure 3 is significantly lower than this as it also includes the time necessary for frequent
reloading of the ion trap in Alice due to a vacuum leak at the time the experiment was performed.)

The fidelity estimates are roughly consistent with the results from ion-photon tomography, but a detailed model
accounting for the error sources has yet to be established. We currently suspect an uncharacterised source of polarisation
mixing, for instance in the high-NA free-space optics, to be the primary contribution. Errors from local ion qubit
state manipulation are not significant at the current fidelity level; randomised benchmarking indicates gate fidelities of
~5x107* per Clifford group element on either of the 674 nm transitions involved, and the readout state discrimination
error is < 1073,

To stabilise the magnetic fields at the ion location, we use high-precision feedback controllers acting onto the
quantisation coil currents (including active feed-forward to compensate for ambient fields generated by 50 Hz power
mains), resulting in magnetic field noise amplitudes on the nT level. Typical coherence times observed on the 674 nm
qubit transitions without any dynamical decoupling techniques are quoted in table S3, showing that ion coherence
times will not significantly limit the experiment performance even for longer speed-of-light delays between the nodes
(not before 422 nm fibre loss becomes significant).

Transition magnetic Coherence time

L bit stat
OWeE qublt state field sensitivity Alice Bob

|S1/2,my = —1/2) —11.2MHz/mT 42ms  7.5ms
|S1/2,my = +1/2) —39.2MHz/mT 1.0ms 1.7ms
Table S3: Measured 1/e coherence times on optical transitions with |D5 /o, my = —3/2) as the upper qubit state,

extracted from a Gaussian fit to the contrast decay in a Ramsey experiment with varying wait duration, without any
dynamical decoupling pulses. The [S; /2, my = —1/2) ¢ |D5/2,m5 = —3/2) qubit is used to store the remote
entanglement between heralding and measurement basis choice.

C. DIQKD primitives

To obtain a high CHSH winning probability, a set of measurement angles widely known to be optimal for pure Bell
states is chosen: Alice measures in the computational basis for X = 0 and applies Ry, (7/2,0) prior to measuring
for X = 1. Bob applies R,y (£m/4,¢) for Y =0 and Y = 1, respectively, with the phase ¢ calibrated independently
for each heralding click pattern to absorb the differing phases between the |01) and |10) components. For the key
generation rounds, where Y = 2, both nodes measure in the computational basis. Alice inverts her classical outcome
throughout to match the usual theoretical convention where the Bell state is taken to be maximally correlated along
the Z axis.

To characterise the quality of the resulting correlations, we perform 1920000 DIQKD data acquisition rounds,
but immediately recombine the inputs X,Y and outputs A, B for analysis. The resulting empirical probabilities
P(A;B;|X,Y;) are given in table S4. Figure S4 shows the outcomes of each individual round.

Y;
X 0 1 2
0 0.415(1) 0.0688(5) 0.439(1) 0.0805(6) \ (0.5017(5) 0.00339(6)
<0.0961(6) 0.420(1)) 0.0735(5) 0.4068(10) (0.0110(1) 0.4839(5))

. (0.3928(10) 0.0916(6)) 0.0820(6)  0.437(1)

0.0851(6) 0.431(1) ) \0.3970(10) 0.0841(6)

Table S4: Empirical probabilities to observe classical outcome (A;, B;) for measurements settings (X;, Y;). Matrix
rows represent Alice’s outcomes, columns that of Bob. The probabilities are estimated from the 1920000 total
characterisation rounds also shown in main text Figure 3 and Fig. S4, with the multinomial standard errors given in
parentheses. Alice’s classical outcomes were inverted (such that 0 corresponds to finding the ion in the S; /» manifold
after shelving), giving maximum correlations for the key generation settings X = 0,Y = 2, and maximising the
probability that A; & B; = X, - Y; in Bell test rounds.
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Numerical optimisation of the measurement angles based on maximum-likelihood estimates for the joint ion-ion
state, such as the data in Fig. S3, predicts a statistically significant improvement in quantum bit error rate for a
slightly tilted choice of measurement axes (and similarly for the CHSH score). Thus far, we were neither able to
observe these improvements in practice, nor to conclusively trace the prediction back to any tomography bias.

The required random strings for the setting choices, X and Y, (as well as the initial shared secret key Ky) directly
originate from a commercial random number generator (model: ID Quantique Quantis QRNG 4M USB). A cursory
inspection of 232 — 1 bytes (~ 3 x 100 bits) using two widely used suites of randomness tests (dieharder version 3.31.1
[4], and the “Rabbit” and “Alphabit” batteries from TestUOI version 1.2.3 [5]) revealed no obvious defects in the
quality of the outputs. We choose a power-of-two fraction for the test round probability (y = 13/2%) and implement
the round type choice in a straightforward fashion by consuming eight random source bits to avoid any unintended
bias between experiment and security analysis.

D. Shuttling-based link isolation

As discussed in the main text and Methods, private data on the nodes is assumed to be isolated from any adversary
in DIQKD, which is intrinsically in tension with the requirement for the qubits to be well-coupled to the optical
fibre link during the heralded entanglement generation step for any matter-based remote entanglement experiment.
For the isolation assumption to be valid, the link thus needs to be disconnected every round while the node systems
could leak information about the private inputs or outputs. In a real deployment, this isolation could be established
to an effectively arbitrary degree through a variety of technical means, e.g. through free-space shutters, fast micro-
electromechanical fibre switches, shuttling of the ions from the imaging system focus by a macroscopic distance, or
transfer of the entanglement to another ion species in combination with spectral filtering.

In this demonstration, we isolate the ions by displacing them relative to the focus of the high-NA objective coupling
the lens to the fibre through modulation of the trapping potential. While the axial potential minimum can be moved
in our traps by ~1mm through modulation of many electrodes, here, we only modify the potentials of the four
second-nearest-neighbour electrodes (Q15, Q16, Q23 and Q24) due to technical limitations in the DAC system. In the
disconnected configuration, the ion is moved 3 um from the centre. We keep the nearest-neighbour electrodes fixed
to maintain the motional mode structure of the trap; resolved-sideband measurements indicate no shuttle-induced
heating within the measurement uncertainty An ~ 0.1.

The precise timing sequence is shown in Fig. S2: After the heralding logic signals the successful creation of remote
entanglement, both systems first map the Zeeman qubit into the less magnetic field-sensitive optical qubit using a
|S1/2,my = +1/2) = | D5/, my = —3/2) 7 pulse, independent of the later measurement basis. Then, the DAC voltages
are switched and a delay of 30 ps (~ time constant of electrode low-pass filter) ensures the link is fully disconnected
before Bob sends the round type signal (7;) to Alice and continues with local analysis and readout. Alice waits to
receive T; from Bob before proceeding with her local operations, incurring an additional 25 ps delay due to processing
latencies. Due to the non-demolition nature of the ion qubit measurements, the state also needs to be scrambled before
reconnecting the link. For this, the 1033 nm deshelving laser is applied together with the cooling lasers for 100 ps
before the ion is shuttled back into the focus of the high-NA objective. The typical dynamics of these processes are
shown in Fig. S5.

We stress that isolation is an assumption in DIQKD that cannot be verified using device-independent techniques,
and should thus be unambiguously established through independent technical means. This is the reason for the active
measures described above that we took to limit possible information leakage. Although essential for cryptography,
the isolation assumption can be partially relaxed: if the amount of information possibly leaked to the adversary can
be upper bounded, the key can remain secure at the expense of shortening its length accordingly. In our case, some
amount of information may still possibly leak despite the measures taken, but not to the point of compromising the
extraction of a secret key. To see this, we monitor the detectors at the central heralding station during qubit readout
in the DIQKD link characterisation run; the count totals listed in table S5. From this, we estimate the probability of a
photon leaking from Alice during a bright measurement (classical outcome 1) to 6 x 10~%, that from Bob to 4.4 x 1073,
(Here, we have factored in the ~ 25 % coupling loss and ~ 70 % quantum efficiency of the single-photon detectors
used, as well as their dark count rate, which accounts for most of the background.) Combined with the marginal
probability 1/2 for a bright measurement on one side, the probability of a photon leaking from either system during
a measurement is 2.5 x 1073, The information leaked by this channel is thus upper bounded by the binary entropy
h(2.5 x 1072) = 0.025, which is significantly lower than the key rate of 0.064 obtained in the DIQKD demonstration
run. We also emphasize that this bound could be made arbitrarily small in a real deployment by the various means
mentioned in the beginning of this section.
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Fig. S5: Link isolation and state scrambling dynamics; top Alice, bottom Bob. Left: Suppression of photon collection
via the remote fibre link while shuttling the ion away from the focus of the high-NA objective. The dashed line at
30 ps (55ps) marks the start of the analysis pulse and subsequent readout. Circles mark the mode of the
background-subtracted posterior distribution of the signal and shaded areas span the 95% confidence interval. Right:
Population in the S,/ ground level after deshelving population initially prepared in the | Ds J2;my = —3 /2) state
vs. duration. An exponential fit and the resulting time constant is shown. The link is reconnected by shuttling the ion

back after deshelving for 100 ps.

Ton state _
k=0 k=1k=2k=3k>3 k
Alice Bob
dark dark 141506 3864 80 2 0 0.0277
dark bright 656728 19770 378 6 0 0.0304
bright dark 670039 18685 322 7 0 0.0281
bright bright 141707 4347 76 3 0 0.0308

Table S5: Leakage after shuttling-based link isolation during the DIQKD link characterisation run. The columns give
the numbers of rounds during which k& photons were registered at the central heralding station detectors and the
respective means k, conditioned on the classical outcomes measured on both sides. The background counts measured
for the dark classical outcome 00 are, to within the statistical uncertainty, entirely due to detector dark counts.

S3. DEFINITION AND ASSUMPTIONS OF DIQKD

A. General setting of QKD

QKD is a cryptographic protocol which allows (upon success) two separated users sharing a classical and a quantum
channel to expand a secret key, i.e. a bit string unknown to an adversary. These legitimate parties are commonly
referred to as Alice and Bob. In addition to knowing the protocol, the adversary may have complete knowledge of
the functioning of Alice and Bob’s devices, it may have unlimited computational power and it may fully control the
channels outside of Alice and Bob’s labs. The information-theoretic security of the key, i.e. the mathematical claim
that the adversary gains virtually no information about the key produced by the QKD protocol, relies on the following

physical assumptions:
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(i) Quantum theory: The operations performed by the users and by the adversary admit a description in terms of
quantum states, operations and measurements. In particular, the statistics observed by the legitimate parties admit a
quantum description.

(ii) Isolation: The parties can prevent information leaking to the adversary. The users’ systems can be shielded so
that classical and quantum information only leave Alice’s (Bob’s) lab under her (his) control.

(iii) Input randomness: Alice and Bob’s input choices are truly random, i.e. they are not correlated with their other
devices nor the adversary.

(iv) Trusted information processing: The computers processing Alice and Bob’s classical information perform the
expected computations.

(v) Trusted quantum operations: Alice and Bob’s quantum devices perform the expected quantum operations. In
particular, quantum devices are accurately characterized and they maintain perfect calibration: sources of quantum
states produce the expected quantum states and quantum measurements are performed according to their specifications.

QKD is often presented with the additional assumption that the classical channel between Alice and Bob is
authenticated, i.e. so that the adversary cannot alter the content of messages transiting on it [6]. QKD is then often
considered a key generation protocol rather than a key expansion one. However, fulfilling this assumption still requires
the consumption of an initial secret of some sort [7]. In order to demonstrate clearly that our experiment produces
more secrecy than what is required to authenticate its classical communication (it would be trivial to produce a key
shorter than the initial secret seed), we include an explicit authentication step into our protocol. Authentication is
then not an assumption anymore.

As a cryptographic protocol, QKD is subject to the specific assumption of isolation (ii), thereby differentiating QKD
from other quantum tasks which do not take place in an adversarial setting. It is indeed a fundamental assumption of
cryptography that information can be kept from exiting the user’s labs: without this assumption, no cryptography is
possible. This assumption allows the outcomes of each round, as well as the settings and initial shared key Ky, to
be safely stored locally. Since no law of physics forbids information from flowing in space a priori, this assumption
deserves special attention in any practical context and should be clearly stated [8].

Another critical assumption of conventional QKD is that of trusted quantum operations (v). In the BB84 protocol [9]
for instance, this assumption requires Alice’s device to prepare at each round one of the following four possible qubit
states and to send it to Bob: | £ 2z) or | £ ). It then requires Bob to perform a measurement that is a projection onto
either | + z) or | £ z). Unfortunately, numerous attacks have shown that it is difficult to gain confidence that this
assumption holds in practice. For instance, attacks on the protocol may be successful because the calibration of the
quantum devices is imperfect [10], or because the devices can be brought to operate outside their intended regime,
thereby drastically changing their response [11-13]. The aim of device-independent QKD is to improve the security of
QKD by lifting this last, often problematic, assumption.

B. DIQKD assumptions

Device-independent QKD takes place in the same context as QKD. It is also a cryptographic protocol, with the same
purpose as QKD, but with an improved security obtained by relying only on the first four assumptions above [14].
In other words, security of DIQKD is guaranteed when the protocol succeeds even if assumption (v) is not satisfied.
DIQKD can thus be understood as a QKD protocol with partially characterized and partially trusted devices. Quantum
devices producing prescribed states and performing prescribed measurements shall be used to ensure that the protocol
succeeds, but the security of the key produced in the case of success is provable without trusting that quantum
operations were performed as expected (in this sense, they could even have been chosen by the adversary). Below,
we describe more precisely the part of the devices which does not need to be characterized. Clearly, relying on
fewer assumptions means that DIQKD is both more secure than conventional QKD and more demanding to realize
experimentally.

It is worth noting that DIQKD only relaxes assumption (v) above. In particular, the scope of DIQKD is not to relax
the isolation assumption (ii). This assumption, although often tricky to guarantee in practice, is treated identically
in DIQKD as it is in standard QKD. In particular, this means that DIQKD remains susceptible to attacks breaking
this assumption, such as if Alice or Bob’s labs happen to contain an emitter broadcasting secret information to the
adversary through a means that is not properly shielded. Ultimately, it is thus the responsibility of the users to gain
confidence about the proper isolation of their systems by independent means than those provided by the protocol. We
comment below on possible ways to improve confidence on the proper isolation of devices in the context of DIQKD.
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C. From assumptions to security

Assumptions (ii) and (iv) set the stage for a security claim: parties are well-identified and we can trust that the
computational steps of the protocol happen as expected. Security of the key produced by the DIQKD protocol then
reduces to the existence of a security proof. Our security proof, given in Sec. S11, is a mathematical consequence of
two conditions. As we show now, these two conditions themselves are direct implications of the DIQKD assumptions.

The first condition is the Markov chain condition needed in the application of the entropy accumulation theorem
(see Eq. (97) and below). This condition is directly granted by assumption (iii).

The second condition plays a central role in device-independent security proofs. We derive it now from assumptions
(i)-(iii). Assumptions (i) together with the isolation assumption (ii) imply that the Hilbert space describing the two
devices factorizes as a tensor product H = Ha ® Hp (the same condition is also a direct consequence of assumption
(i) together with the simple fact that Alice and Bob are separated parties). The fact that the measurement settings
are uncorrelated with the setup (assumption (iii)) implies that the quantum state measured in the i*" round of the
protocol does not depend on the inputs X; and Y;: it can be written simply p; € H. The same condition (iii) together
with the isolation assumption (ii) directly imply that Alice’s (Bob’s) measurement in the i*" round of the protocol
does not depend on Y; (X;): it can be written as a set of POVM elements M4, x, (Mp,y,). Therefore, the probability
of observing the outcomes (A;, B;) can be written, through (i) again, following Born’s rule as

P(A;, Bi|X;,Y;) =Tr (/Ji My, 1x, ® MB,,.,\Y,,.,) . (1)

This condition is used in the security proof when deriving the entropy bound 7n(w) as a function of the winning
probability w of the CHSH game [15].

Note that p; in Eq. (1) is the state measured at round ¢ and in practice this state could be different from the one
distributed by the users’ devices (e.g. if the adversary tampers with it). It is precisely one of the advantages offered by
the device-independent approach that the security proof holds as long as Eq. (1) is correct for some state p; and some
measurements My, x,, Mp,|y,, i-e. even if these are not the intended state and measurements.

Condition (1) identifies precisely the parts of Alice and Bob’s devices which need not be trusted (in contrast with
the parts requiring independent assessement to guarantee the validity of the remaining assumptions, such as the proper
isolation of the systems). Since both the state and measurements are untrusted, one often refers to this part of the
parties’ devices as “black boxes” receiving classical inputs X; and Y;, and producing outcomes A; and B; [16]. These
black boxes are described by Eq. (1), i.e. they are quantum, but otherwise fully untrusted. The fact that the security
is independent of the description of this part of the users’ devices is what the term device-independent refers to [17].

D. The DIQKD assumptions in the experiment

We see no reason to doubt the validity of assumptions (i) and (iv) in the present experiment and therefore take them
for granted. Similarly, we have no reason to believe that the QRNG we use is correlated to the rest of the setup. We
checked that the numbers produced by this generator pass common randomness test suites (see Sec. S2 C). Therefore,
we take assumption (iii) for granted. Note that if needed, established measurement dependence methods could in
principle allow to relax assumption (iii) to deal with deviations from the ideal case [18]. As mentioned before, the
isolation assumption (ii) requires more appreciation.

In our case, Alice and Bob’s “labs” are physically separated, well identified in space, and connected to a central
station by two 1.75m-long optical fibres. Therefore, it is clear that their Hilbert space factorizes into a tensor product.
Each “lab” includes a trapped ion, individual laser modes, optics, electronics (FPGA) and computer (see Fig. S1).
The PCs allow for trusted storage and processing of classical information locally, including the initial key Kg, the
settings X and Y and the outcomes A, B. The lasers are used to cool the ions, excite and manipulate them, and
detect their internal state.

As the user’s lasers are obtained from common laser sources, it is worth emphasizing that each user only has access
to its own laser mode which contain just half of the initial laser light. These beams can thus be seen as two independent
laser beams, possibly only correlated in frequency and intensity (a laser beam impinging on a beam splitter gives rise
to two independent laser beams). Therefore, laser light essentially plays here the role of a power supply, similarly to
the electric power grid to which all equipment is connected. Since no fluctuations or actual signal on these power
supplies may depend on the choice of settings X;, Y; of a given round — by assumption (iii) — their effect on the actual
measured quantum state and measurement operators can always be cast into the form of Eq. (1) by including in p;
the state of the lasers. Shared lasers and power supplies are thus entirely compatible with the device-independent
framework of DIQKD. It is in fact a genuinely device-independent guarantee that any fluctuations in shared equipment
do not compromise the security of the resulting key.
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In the current experiment, each lab has a “hatch” to the outside that allows photons produced upon excitation of
the ions to exit the labs and be combined at a central station, resulting ideally in a shared entangled ion-ion state in a
heralded way. This hatch is then closed by moving the position of the ions while preserving entanglement. Specifically,
the ions are displaced relative to the focus of the high-NA objective coupling the lens to the fibre through modulation
of the trapping potential. The qubit state left after readout is also scrambled by applying deshelving and cooling lasers
before reconnecting the link. Moving ions while preserving entanglement and scrambling the ion state are efficient
procedures and well developed features of the trapped ion platform, which we use here as a novel method of isolation.

E. Possible improvements

Assumption (ii) could be further enforced by additional measures. The use of independent laser sources for example
could facilitate the shielding of the devices as it would become sufficient to guarantee that no unwanted optical signal
exits the devices through the fibre link. Currently, we did not take any special measure to avoid information from
leaking through the laser modes. The labs have been designed to favour the coupling of the ions with the fibres
rather than with the laser modes, but ultimately other couplings should not be neglected. Alternatively, the incoming
laser could be passed through an optical isolator with appropriately characterised extinction, or the qubits could be
manipulated via RF instead of laser light.

Similarly, one could arbitrarily reduce the amount of information leaked through the fibre link by shuttling the ion a
further distance from the focus of the fibre interface, or by adding a separate, macroscopic mechanism to disconnect the
optical fibre, e.g. a fast shutter or micro-electromechanical fibre switch. As discussed in Sec. S2 D, the extinction ratio
of the fibre “hatches” is currently limited to ~ 10~%. Importantly, the correct operation of such additional isolation
devices applied to the fibre could be verified completely independently of the ion trap hardware.

In the context of improving isolation, space-like separation between Alice’s and Bob’s measurements could also have
a positive impact. For instance, it could rule out certain attacks without further isolation considerations. The impact of
space-like separation for DIQKD is however fundamentally limited since space-like separation only forbids information
from reaching certain points in space during very short intervals — at most for about 40 ms for any two locations on the
earth’s surface. Compared to other possible improvements mentioned here, space-like separation is also considerably
more difficult to achieve. Additionally, space-like separation does not help to solve concrete isolation issues such as the
isolation of the ion-fibre link: a leakage of photons through a fibre is entirely compatible with the constraints imposed
by the speed of light. In fact, if all isolation issues are properly taken care of, then space-like separation becomes
unnecessary [14, 15, 17, 19]. In other words, all attacks that can be ruled out by invoking space-like separation are
also ruled out by isolation. It is also worth noting that the notion of space-like separation that should be used here
fundamentally differs from that used in the context of loophole-free Bell tests: in a QKD experiment all settings can
be stored in advance locally because classical information can be held locally (otherwise there is no point in doing
cryptography in the first place). In contrast, storing of measurement settings in advance is generally not accepted in
the context of loophole-free Bell tests, where space-like separation tends to be defined between the measurement event
of one party and the settings generation event of the other one, imposing that settings should be freshly generated on
the fly [20-23]. DIQKD experiments are thus clearly distinct from loophole-free Bell tests (see also Methods).

We envision that a significantly stronger confidence in the devices’ isolation, i.e. in assumption (ii), will be reached
when quantum memories are able to store reliably ~ 10° qubits [24]. This will allow for all entangled systems to be
distributed before the DIQKD protocol begins. Contrary to all existing setups which require opening Alice and Bob’s
devices on a regular basis to distribute new entangled resources, no quantum “hatch” will be required, thus allowing
for strong shielding to be applied on both parties without interruption throughout the whole protocol and improving
the confidence in the absence of information leakage: the protocol will only require classical communication exchange.
Ultimately, such a demonstration will however still rely on the same four assumptions defined above.

S4. DIQKD PROTOCOL

Here we describe our DIQKD protocol in detail. It follows a similar general structure as most DIQKD protocols
proposed thus far [15, 25, 26]. The protocol involves two distant parties, Alice and Bob, who initially share a secret
key Ky. The aim of the protocol is to create a shared secret key K; that is longer than Ky by performing n € N
successive measurements on distributed quantum systems followed by post-processing steps, see Fig. S6. The protocol
is successful when both parties are confident that their copy of K; is sound.
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Fig. S6: Schematic representation of the key distribution setup and protocol. Alice’s input X; = 0 is chosen both for
the key and test generation rounds while Bob’s input Y; = 2 is exclusively used for the key generation rounds.
Classical communications happening during the DIQKD protocol are represented by arrows.

a. Parameters. The protocol depends on the following parameters: the testing probability v € (0, 1), the total

3 1+1/\f
4

number of rounds n € N, the threshold CHSH winning probability win, € ( } and the syndrome length m.

These parameters are fixed before the protocol starts.

b. Preparation. At the beginning of the protocol, both parties share a secret key Kg. This key contains the
variables Styev, Svuasa, Dec, Da, Dp and Dp, see Fig. S7. Each party also holds a set of (non-shared) secret
random variables [27]. Namely, Alice holds a string X = (X3,...,X,,) with X; € {0, 1} of measurement settings chosen
uniformly, i.e. with distribution

P(X;=0)=P(X;=1)=1/2. (2)
Bob holds a string Y = (Y1,...,Y,,) with Y; € {0,1,2} that are sampled from the following distribution:
P, =0) = P(Yi=1) =/2, P(Y,=2)=1—7. 3)

From this string, Bob also defines the test variables T; = x(Y; # 2), x being the indicator function.

c¢.  Protocol steps. The quantum steps of the protocol are repeated n times; each round is indexed by i = 1,... . n.
Repeat n times:

1. [State preparation] The parties wait for the heralding logic signal announcing that their respective ions have
been prepared in an entangled state.

2. [Sampling] Bob sends the value of T; to Alice. If T; = 0, Alice overrides X;: she sets X; = 0.

3. [Measurement] Alice and Bob measure their quantum systems in the bases defined by X; and Y; respectively,
and store their results in the variable A; and B; respectively (A;, B; € {0,1}).

Once these steps are performed, the parties proceed with the following classical post-processing steps.
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Fig. S7: Secret key expansion (not to scale) : A secret key Ky is used to create a longer secret key K. The part of

the initial key used for one-time pads during the protocol needs to be discarded. The rest of the initial key can be

reused. If the length of the key K 4 is larger than the part of Ky consumed for one-time pad, the new key is longer
than the initial one.

4. [Basis revelation] Alice publicly announces her measurement settings X.

5. [Error correction] Alice computes a m-bit long syndrome M € {0,1}™ for her string of outcomes A =
(A1,...,A,) and sends it to Bob. Bob reconstructs a guess A of A from X,Y,B and M.

6. [Parameter estimation] Bob computes the score
L ifT; =0

for each round i =1,...,n.

7 [Validation of error correction] Alice computes a short encrypted almost-universal hash Ggc of A with
seed Syuasu and one-time pad Dgc and sends it to Bob. Bob computes the short hash GEQ of A with
seed Syuasu and one-time pad Dgc and checks that it matches with Alice’s hash Ggc. If Ggc # Ggc,
the protocol aborts.

8 [Validation of Bell violation] Bob checks the condition

D x(U:=0) <ny (1 - wa). (5)

If the condition is violated, the protocol aborts.

9. [Privacy amplification] Using seed Styey, Alice applies a strong extractor to A to obtain K 4. Bob uses the
same seed and extractor to create Kg from A.

10. [Authentication] Using the seed Sypasp and one-time pad Dp, and an unconditionally-secure message
authentication code, Bob computes a tag Gp for T. He sends the tag to Alice. Alice checks whether the
tag matches the one she computes with the same part of Ky and the communication she received from Bob
earlier. If it is the case, she defines C' = 1, otherwise she sets C' = 0. Alice sends C' to Bob. Alice then
similarly computes a tag G4 for (X, Ggc, C), using the seed Sypasu and a one-time pad D 4, and sends
it to Bob. Bob checks that the tag matches the one he computes from the corresponding information he
received from Alice. If the tags don’t match, or if C' = 0, Bob defines F' = 0. Otherwise he sets F' = 1.

11. [Key activation] Bob sends F to Alice together with a tag G computed for F using the seed Sypasn and
a one-time pad Dp. Alice checks that the tag matches the one she computes from the information she
received from Bob. If the tags don’t match or if F' = 0, the protocol aborts.

12. [Key concatenation] Define K{; as Ko with Dgc, D4, Dp and Dy removed. Alice defines her new shared
secret key K, as the concatenation of K{, and K 4, see Fig. S7. Similarly, Bob defines his new shared secret
K/; as the concatenation of K{, together with Kp.

At the end of the protocol, the keys K’y and K’ are identical and secret with high probability, in the sense defined
below. Alice sets K1 = K/y. If |K;| > |Ko|, the protocol extended a secret key between Alice and Bob.

S5. MODEL OF THE STATISTICS

To define the expected honest behaviour of the system, e.g. when tuning the protocol parameters to match our
experimental setup, we condense the observed statistics from section S2 C into a simplified model with two parameters
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S and @, respectively corresponding to the CHSH Bell violation and quantum bit error rate (QBER). The security of
our demonstration does not depend on the validity of this model.
More precisely, we assume that the statistics in the test rounds satisfy

_1\A®B
P(A,B10.0) = P(4. B0.1) = P(4,B1.0) = P(4,1 - BJ1,1) = - CDZ9/ ©

and that the statistics in the key rounds are sampled according to

P(A, B|0,2) = A8~ (gl)AGBBQ )

We conservatively set S = 2.64 and Q = 0.018, since we expect the setup to hold these parameters for a time sufficient
for the experiment to run (cf. Figure 3 of the main text). Note that this model does not assume that the underlying
state is a Werner state — that would impose the relation

S =2v2(1 -2Q). (8)

S6. ERROR CORRECTION

In a DIQKD protocol, the violation of a Bell inequality generally guarantees the secrecy of the outcomes that Alice
observes during the key rounds. These outcomes can then be considered as a raw key. But this key is not shared with
Bob unless Bob holds a copy of it. Unfortunately, Bob’s measurements generally do not create an exact copy of Alice’s
outcomes. In particular, Bob’s outcomes observed during the test rounds are not expected to be strongly correlated
with Alice’s. Some amount of communication is thus needed to allow Bob to reconstruct Alice’s outcomes in the key
and test rounds.

Here, we consider the simple case in which this reconstruction is realized by having Alice send a single message M
of length m to Bob. While a message of arbitrary length is always sufficient in this context (Alice could simply set
M = A), any information revealed in this way reduces the secrecy of Alice’s key: all information revealed between
the parties is public. Therefore, the length m of the communicated message should be as small as possible to reduce
information leakage. In fact, the ability to correct errors with minimal message length is crucial to the feasibility of
DIQKD: larger messages must be compensated by larger Bell violations and additional measurement rounds. This
calls for error correction codes operating as close to the Shannon limit in the finite size regime as possible.

However, the fact that the error correction scheme should succeed with a small message length m is not the only
constraint it should fulfill. It is equally desirable that the error correction code would be relatively insensitive to noise
specificities, and that its algorithm would admit an efficient implementation. Here we describe an error correction code
fulfilling all of these requirements.

In general, the setting for error correction is equivalent to a Slepian-Wolf scheme with asymmetric coding, as
depicted in Fig. S8. In this setting, a correlated source described by the joint probability distribution P(A, B) is
sampled n times. Alice computes a syndrome M from her variable A and sends it to Bob over a noiseless channel.
Bob then reconstructs a copy A of Alice’s outcomes A from B and M. In this setting, the overhead n = m/n can be
asymptotically as small as H(A|B) with the following scheme [28]. Consider a noisy channel transforming A into B

described by the conditional distribution P(B|A) = PI(;?A])B). Consider an optimal (capacity-achieving) binary linear

code of length n with code rate R = 1 —m/n for this channel. Take the m x n parity-check matrix H of this code and
compute the syndrome M = HA (mod 2). Then A can be recovered from (B, M). While the standard formulation
corresponds to the symmetric channel with uniform input distribution P(A), it was recently shown [29] that the
H(BJ|A) limit is also achievable in a general setting where the input distribution is not uniform.

A. Minimum syndrome length for a binary symmetric channel

In the case where A and B have the same statistics as the input and output of a Binary Symmetric Channel (BSC)
with error parameter ¢, i.e. of a channel which flips each input bit with probability §, we can compute the smallest
possible syndrome length m in presence of a finite number of samples n and assuming that the error correction scheme
fails with probability . Following Eq. (289) of [30], the effective finite-size channel capacity is given by C(n,d) with

n-Cn,8) =n(1 — h(5)) — /nd(1 —9) log, %5@*1(5)

1 o
+ 3 log,(n) + O(1),
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Alice Bob

A=A
Fig. S8: Overall error correction setting: asymmetric Slepian-Wolf coding. Strings A and B are jointly sampled from a

distribution P(A, B) and given to two distinct parties Alice and Bob. The aim is for Bob to end up with a copy of
Alice’s string A, while only exchanging a ‘short’ message M.

where n is the length of the “transmitted” bit string (which in our model is B), h(z) is the binary entropy function,

e is the error correction failure probability and Q(z) = [.° \/%e_ﬁ/ 2dt = 1 (1— erf(z/V/2)). For example, when

considering that the error correction scheme might fail with a probability of ¢ = 1073, we have Q7(¢) ~ 3. The
minimum length of the syndrome is then

mpsc(n,d) =n(l — C(n,?d)). (10)

B. Concrete setting

As discussed in Sec. S5, the honest model for our setup includes 5 sources of outcomes for Alice and Bob, corresponding
to each choice of measurement setting. The corresponding distributions P(A, B|X,Y) are parametrised in terms
of the Bell value S and the QBER @ only. More precisely, the first four distributions correspond to a BSC with
error 01 = g = 03 = 04 = % = ¢’ (with a bit flip in the fourth case). These first sources are on average sampled
ny = ng = ng = ng = yn/4 times each. The last source is also a BSC but with a different error: d5 = Q = ¢”, which is
sampled (1 — 7)n times on average. Therefore, we need to deal here with the transmission of yn samples of a BSC
with bit flip probability ¢’ and (1 — v)n samples of a BSC with bit flip probability §”.

Note that the true statistics differ from this model (see Sec. S2 C). We rely on the universality of our code to deal
with these deviations.

Assuming an error-correcting code performing close to the finite-length limits, we have in principle two options:
encode each string on its own or encode all of them in one block. From (9) it follows that the larger the block length
the smaller the required overhead for error-free performance. Hence it is preferable to encode the data from all channels

together. In this case, we also need a joint decoding procedure.

C. Practical coding approaches

For practical application, we need an error-correcting code which is capacity-achieving under low-complexity decoding
algorithm. Since we are operating in the finite-length regime, we would also like to get the finite-length performance
close to theoretical limits. Simplicity of the code construction is an additional advantage due to the possible changes
in the experimental setting. There are three reasonable choices that we can use: low-density parity-check (LDPC)
codes, spatially-coupled LDPC (SC-LDPC) codes and polar codes.
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Fig. S9: (2,3)-regular protograph. Three vertices are connected to two check nodes.

Polar codes [31] have low-complexity encoding and decoding procedures but have several issues. Perhaps most
importantly, the code is channel-dependent, i.e. any change in v, @ or S will require a separate optimization step,
which in case of BSC can only be done through costly Monte-Carlo simulations. Another problem is that whereas
the optimal code has gap to the asymptotic value that scales as 6(%) (it follows from (9)), for polar codes it is of

order @(nl/%ﬁ) [32], which is significantly worse and implies that their finite-length performance is rather far from

theoretical limits.

LDPC codes were introduced in the early 1960s [33]. They are described as dual spaces of some sparse matrices,
which typically have a simple structure. Sparsity of this matrix gives rise to low-complexity iterative belief propagation
(BP) decoding algorithm. It is possible to compute the asymptotic performance of LDPC codes under BP decoding
[34]. Although LDPC codes can achieve capacity of BSC under computationally unfeasible maximum likelihood (ML)
decoding [35], their BP thresholds, i.e., the largest channel error probability that can be corrected by BP decoder with
infinite number of iterations, are typically not capacity-achieving. There exist some code constructions that come
close to the asymptotic limits [36] but the optimization for certain channels (such as mixture of two BSCs in our
setting) might be nontrivial. In case of the binary erasure channel (the receiver either gets the transmitted bit correctly
with probability 1 — e or receives an erasure symbol 77" with probability ¢) LDPC codes achieve capacity with linear
decoding complexity [37-39]. The optimal scaling behavior of LDPC codes is established for the erasure channel and
conjectured for the general channels [40].

SC-LDPC codes are constructed as a chain of LDPC codes that are coupled together. It was observed numerically in
[41] and proved in [42] that BP threshold of SC-LDPC codes converges to the ML threshold of the underlying LDPC
code. Moreover, they achieve capacity universally, i.e., a code of rate R allows the error-free transmission through any
channel with capacity greater than R when the code length grows to infinity. Another advantage of SC-LDPC codes is
the simplicity of the code construction since it is much easier to find LDPC codes which are capacity achieving under
ML decoding than to optimize LDPC codes so that their BP threshold is close to capacity. Since SC-LDPC codes
build on LDPC codes, in what follows, we start by describing LDPC codes and then proceed to describe the SC-LDPC
codes we use.

1. LDPC codes

An LDPC code of length n and dimension k is defined as a dual space of (n — k) x n full-rank parity-check matrix
H, which needs to be sparse. A code is called (dy,d.)-regular if each row of H contains exactly d. ones and each
column exactly d, ones and irregular otherwise. The matrix H is typically represented as a Tanner graph, which is a
bipartite graph that consists of check and variable nodes, which correspond to the rows and columns of H. If H; ; =1,
then check node ¢ and variable node j are connected by an edge. In Tanner graph representation, d,, and d. become
the degrees of variable and check nodes.

One way to construct good LDPC codes of variable length is to use a protograph construction [43]. A protograph
with design rate R =1 — n./n, is a small bipartite graph with partitions of size n. and n, that correspond to check
and variable nodes, respectively. A code of length n = Mn,, is obtained by applying a lifting procedure with lifting
factor M. This procedure can be described as follows. Take the n. x n, biadjacency matrix B of the protograph and
replace its zeros with M x M all-zero matrices and ones with random M x M permutation matrices II; ;. The resulting
code has length Mn, and rate R > 1 —n./n,. In practice, for random matrices II; ; there is almost always an equality
[43]. The advantage of protograph-based LDPC codes is that their properties, such as BP decoding threshold, can be
derived directly from protographs [43].

example 1. Consider the (2,3)-reqular LDPC code. The corresponding protograph is given at Figure S9 and its

1l 1). The lifting process for M = 3 is given at figures S10a-S10b.

biadjacency matriz can be written as B = (1 11
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(b) Tanner graph of lifted (2, 3)-regular LDPC code. The mapping between check and variable nodes, within connections
compatible with the protograph, is random.

Vo

U1

Fig. S11: Uncoupled (3,6)-regular protographs. Each variable node has degree 3 and each check node has degree 6.
Although there are duplicate edges in the protograph, there will be none in the code after the coupling and lifting
steps.

2. SC-LDPC codes

A spatially coupled protograph is obtained by chaining together L copies of LDPC protographs, where L is called
the coupling factor. We assign time index ¢ to each of these copies. Suppose a check node ¢; and a variable node v; in
a protograph are connected with B; ; edges (with B; ; > 1 possibly). Then we spread these edges forward, i.e., we
connect B; ; edges from node v; at time ¢ to check nodes ¢; at time ¢,¢t+1,...,¢t 4w, where w is called coupling width.
For a regular protograph it is reasonable to take w = d,, — 1 (typically, d, << L). Figures S11 and S12 illustrate the
process for a (3,6)-regular protograph. A SC-LDPC code is then obtained by applying the lifting procedure described
earlier to a spatially-coupled protograph.

Let us now compute the rate of the obtained SC-LDPC code. We take L copies of the original protograph and chain
them together. The number of variable nodes is now fixed and therefore the code length is Ln,. A coupling width w
means that variable nodes of the protograph at position ¢ are also connected to the check nodes of protographs at
positions ¢t 4+ 1,...,t 4+ w and therefore we need to add extra wn, check nodes in addition to Ln. that we already have.
Therefore, the resulting SC-LDPC code has rate

ro1- Erwne o, (4 = D/Lne (11)
an Ty
Vo
Co
U1

Fig. S12: Spatially coupled (3,6)-regular LDPC ensemble, w = 2
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8. Belief propagation decoding

Assume that we have a parity check matrix H of some LDPC code C. In our setting, Bob has the string
B = (By,...,B,) and wants to reconstruct the string A = (Ay,..., A,) from the knowledge of B, the syndrome
M = (My,...,M;,) = HA and the joint distribution P(A, B). Therefore, the goal of the decoder is to find

A =arg max HPA A;, B = Bi|X,,Y;). (12)
A: HA=M;

The straightforward procedure is to check all possible codewords of C' and return the most probable. However, the
number of codewords grows as 2%, where k is the code dimension, which quickly makes such procedure unfeasible,
hence the need for low-complexity algorithms.

Belief propagation is an iterative algorithm which makes use of the sparsity of the parity-check matrix H and for
constant (d,, d.) has running time O(Nj; - n), where Ny is a number of decoding iterations performed. Let

P(A;=0,B))

:(117...’ln), l,,zlnm

(13)
be the logarithmic reliability ratios vector corresponding to the vector B. The prior knowledge of which bits have error
probability ¢’ and which have error probability ¢” is incorporated in /; by appropriately setting the corresponding
probabilities P(A; = 0, B;) and P(A; = 1, B;). The recovery of A can be performed by an iterative exchange of
messages between variable and check nodes of the Tanner graph of the code. The messages at iteration i are defined as
follows [28, 44]:

’u(i) _ by, i=0 (14)
i, =2tanh ™" | ()M [T tanh(u{7))/2) |, (15)
v eV \{v}

where the set C, contains indices of check nodes, incident to variable node v, and V. contains indices of variable nodes,

incident to check node c. After Ny, iterations we can obtain the string A= (Al, . ,A ) as follows:
e 1—az,
A, = 5= =sgn(l, + EZC ufﬁ;{}) ), (16)
c v

where z,, are the hard-decision values obtained by converting the corresponding log-likelihood ratios into {—1,+1}.
For SC-LDPC codes with underlying (d,, d.)-regular LDPC codes the error probability is expected to decrease doubly
exponentially with decoding iterations if d, > 3 [43]. There exists various improvements of this algorithm in the
literature for general LDPC codes [45, 46] as well as for SC-LDPC codes [47, 48]. However, in the literature there is
no analysis of the behaviour of SC-LDPC codes under such decoders for non-erasure channels, hence the use of the
standard BP algorithm, which is provably good, for our experiments. The similar lack of theoretical analysis exists
with early termination schemes, which seek to find a criterion when the decoding process can be stopped.

D. Simulations

Although the existing theory predicts good asymptotic behaviour of SC-LDPC codes, their finite-length performance
is well studied only for the case of the erasure channel. Furthermore, our setting with the transmission through two
BSCs makes the analysis even more complicated. In the asymptotic setting with infinite block length, the smallest
achievable overhead is

1™ =yH(A'|B') + (1 - y)H(A"|B"), (17)

where P(A’, B") and P(A”, B”) are the probability distributions from Eq. (6) and Eq. (7), determined by S and @
respectively. For the finite-length setting, to get an estimate of the best-possible overhead, we can assume the case of
independent decoding of BSC(¢’) and BSC(4”) and use Eq. (10) to get the estimated syndrome length

m(n) = mpsc(yn, §') + mesc((1 — v)n, 8"). (18)
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Fig. S13: Performance of the error-correction scheme: probability of a successful error correction as a function of the
ratio between the syndrome and block length for various block length. Here we have v = 13/256, .5 = 2.6507 and
@ = 0.0239. The threshold for error-free correction approaches the asymptotic bound as the block length n increases.

The estimated overhead is then naturally

. m(n)

i) = . (19)

For the mixture of two BSCs the threshold might be better but we don’t know a priori where it is exactly. Also
there might be some loss due to the length and overhead adaptation of the code construction. Therefore, we resort to
numeric simulations to locate the threshold.

The simulation setting for the error correction part can be described as follows. Assume that the length n and the
error correction overhead 77 = m/n are fixed. Then we choose the base protograph with the design rate close to 1 — 1,
which is then followed by the coupling and lifting process, where the coupling factor is L = 80 (SC-LDPC codes are
optimal for L — oo, but in practice we just pick a sufficiently big number). Note that the resulting code has slightly
larger length n’ (since it is a multiple of the lifting factor) and overhead 1’ (due to coupling). Hence, to finish the
code construction we need to remove some variable and check nodes from the Tanner graph in a way that keeps the
spatial coupling advantage (which comes from low-degree check nodes at the sides of the chain). The simple and rather
efficient strategy can be described as follows:

1. Remove n’ — n variable nodes with the smallest degrees (the node is less reliable if it has smaller degree)

2. Pick two sets of (7" —n)n checks with the largest degrees and perform pairwise merging, i.e. replace every pair of
nodes ¢, ¢’ with a new node ¢” s.t. adj(¢”) = adj(c) U adj(c).

Before the decoding process, the string is shuffled so that noisier bits become more evenly distributed in the codeword,
which helps the decoding process. Note that the shuffling pattern is known to the decoder so it can correctly assign
the reliabilities.

Figure S13 demonstrates how the probability of successful string recovery changes with coding overhead for different
values of block length n. In this setting, v = 13/256, .S = 2.6507, Q = 0.0239. It can be seen that for larger lengths the
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curves become smoother and sharper. Furthermore, for n = 5e6 the corresponding curve is almost a vertical line and
it follows that the string is always recovered for overheads larger than n* = 0.196, which is only 6% larger than the
asymptotic value 7°° ~ 0.1847 given by Eq. (17) and 3.7% larger than 7(5e6) ~ 0.189 given by Eq. (19). Note that if
we only assume the global symmetric error § = 4’ + (1 —)¢" =~ 0.032, the corresponding asymptotic overhead is
h(é) ~ 0.204. From Fig. S13 it follows that the knowledge of exact bit reliabilities allows an error-free transmission
with this overhead in the finite size regime for n > 1¢6.

Let us now demonstrate the threshold performance of the considered code construction, i.e., how much “extra”
overhead we need in addition to the asymptotic value for the string reconstruction for finite block length n and how it
decreases with n. Since we are in the finite length setting, we define the threshold as the smallest overhead 7 s.t. the
probability of successful recovery is larger than some fixed value p*. Let us denote the gap function as

gn) =n—1q>. (20)

The performance of our scheme for p* = 0.9 is demonstrated at Fig. S14. Two of the experimental plots correspond
to v = 0.08,S = 2.6192 and Q € {0.015,0.02} and the third to v = 13/256 and the probabilities defined by
Tab. S6, which roughly correspond to S = 2.6507,Q = 0.0239. All regimes demonstrate a similar convergence, which
confirms the universality of the code construction. Curves corresponding to Eq. (19) and Eq. (23) for the setting
v =13/256,5 = 2.6507,Q = 0.0239, are also present. They essentially provide lower and upper bounds.

The curve corresponding to using only global symmetric error 5 is also provided as a reference in Fig. S14. For the
sake of comparison with Eq. (19), we take the same value of 71°°. In this case, the convergence to the asymptotic value
is faster since we don’t have a small block anymore. However, the best-possible overhead is much higher than when we
are allowed to distinguish different bit reliabilities, and in fact, bit reliabilities allow to lower the threshold for any
finite size n.

In Fig. S14, we also compare our construction to some error-correction schemes previously considered for DIQKD
which do not admit a known efficient decoding algorithm and are thus not suited for practical purpose. Namely, we
consider the bound from [19, 49]:

- . 8 8 2 1
MAFRV =N -1 + Og;l/r%g 410g(2\/§+ 1)4/2nlog (?) + log (Ef? + ﬁ) + log (:) (21)
and the one from [50]:
— i+ min 2log(5)y | nlog [ = ) +21 L)y (22)
MTSBSRSL =T " 1] Oglsl,l%a 0g g\ 2 8\ & .

We notice that our construction achieves smaller overhead than the AFRV bound, and a comparable overhead compared
to the TSBSRSL bound.

Finally, we note that the results of our simulations in Fig. S14 yield a critical threshold that is systematically shifted
from the bound given in Eq. (19). This can be attributed to the fact that scaling depends more on the lifting factor M
than on the total block length n.

One straightforward benefit from using one big block of data compared to treating separately more and less noisy
bits is that we only need to design one code instead of two. Another advantage becomes clear assuming the similar
behaviour of the gap function for the case of single BSC (which is confirmed by experiments). Joint decoding gives us
g(n(n)), which is smaller compared to v - g(7(yn)) + (1 — ) - g(7((1 — v)n)) for the independent decoding.

E. Practical implementation of the coding scheme

Given the result of our numerical experiments, we choose the syndrome length as a function of the parameters S, @
~ and n with the following formula:

m =n((1=7h(Q) +yh((4 = 5)/8)) + 50V/n. (23)

This choice guarantees a proper error correction in all simulations (see Fig. S14). It also includes some margin to
guarantee successful decoding with a probability larger than 90%, as well as in the case where the experimental
statistics would differ from the expected ones (our construction would work seamlessly in such a case, but only provided
that sufficient information is available in the syndrome).
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Fig. S14: Convergence of the code performance: gap to the asymptotic limit as a function of the block length. The
success probability here is fixed to be p* = 0.9. Blue, orange and green dots are the result of simulations. The green
full line corresponds to the ideal convergence. The dashed green curve correspond to the best convergence possible
when treating the channel as a single BSC. For comparison, the convergence of two error-correction schemes previously
considered for DIQKD which do not admit a known efficient decoding algorithm are given by the red and blue curves.
The choice of the syndrome length for our implementation of DIQKD is represented by the dotted green line. It is
chosen above the simulation results curve on purpose to allow for a decoding success probability larger than 90%.

/v (0.4210 0.0807 n oy (0.5017 0.0034
P4, B) = (0.0847 0.4136) P(A%, BY) = (0.0110 0.4839)

Table S6: Channel statistics assumed for the test rounds (left) and key generating rounds (right) for error correction:

these probabilities define the decoder priors. The matrices give the expected correlations between each bit in Alice’s

and Bob’s strings (4;);, (B;): (after flipping Bob’s result for the X; = Y; = 1 case), with rows corresponding to Alice’s
outcomes and columns to Bob’s.

Finally, we need to define the prior probabilities for the decoder. Given our knowledge of the setup ahead of the
DIQKD experiment (see Sec. S2 C), we choose decoding prior probabilities according to Tab. S6.

In the case of the statistics given by Tab. S6 with v = 13/256 and n = 1.5 x 105, eq. (23) gives an overhead
of n = m/n ~ 0.229, for which we expect a high success probability according to Fig. S13. This is confirmed by
Monte-Carlo simulations: we observe 5 failures out of 15000 samples for this case when m = 337500. Similarly, in the
case S = 2.64, Q = 1.8%, v = 13/256, n = 1.5 x 10%, which corresponds to the parameters reported in the main text,
we observe 3 failure out of 15000 samples when m = 296 517. Therefore, in both cases the choice of syndrome length
given by eq. (23) yields a success probability p* > 99.9%.

For the actual DIQKD demonstration, we run a BP decoder on Bob’s node using an Intel Core i7-9700 CPU
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(3.00 GHz), which took 250s to converge for n = 1.5 x 106.

S7. PROTOCOL FEASIBILITY AND COMPLETENESS

For a DIQKD protocol to be practical, we would want it to accept with high probability when the setup behaves as
expected. To achieve this, the protocol parameters should be chosen according to details of the experimental setup.
We discuss this point here and how it leads to specific choices of parameters.

The condition that the expected behaviour is accepted with high probability is usually formalized as follows:

Definition 1. A protocol is said to be ecom-complete if the honest implementation aborts with probability at most

Ecom .

Upon examination of our protocol, we find that the abort probability .om of the expected behaviour can be made
arbitrarily small by choosing appropriate protocol parameters and having enough rounds. More specifically, we do so
by considering the three points where the protocol may abort, and ensuring that the expected behaviour is accepted
with high probability at each step. ~

First, we need to consider the error-correction step, which accepts if the hashes Ggc and Ggc match. These hashes
always match in a honest implementation if the reconstructed string A is equal to A (see Sec. S9A), so it suffices
to ensure that this occurs with high probability. Following the analysis presented in Sec. S6, we deduce that a safe
boundary for our regime of parameters ensuring proper error correction is given by the syndrome length given in
Eq. (23). Our simulations show that the contribution of the error correction to the error probability is then smaller
than < 0.1%.

Second, the authentication and activation steps accept if the authentication tags match. For the honest implementa-
tion, this is trivially satisfied (i.e. as long as all messages are received without errors, which is ensured by the reliability
of classical communication).

Finally, we need to ensure that the number of test rounds in which the CHSH game is lost (i.e. cases for which
A ®B; + X, - Y;) should pass the Bell-test verification: one must have >, x(U; = 0) < ny(1 — weny) with high
probability. To ensure this, we consider the random variable W; = x(U; = 0) that corresponds to the i*" round being a
test round losing the CHSH game. For the honest implementation, each of these is an independent Bernoulli variable
with parameter ¢ = P(W; = 1) = v(1 — w), where w = £ is the CHSH winning probability we expect to achieve. We
can thus expect the condition to be verified with high probability by accepting whenever the fraction of rounds with
W; =1 is at most

1—
Qe =g+ k l-q) - q)7 (24)

for some suitable k (this describes how much “allowance” we give between the expected behaviour and the threshold
the protocol accepts). For definiteness, we choose here k = 3, which essentially corresponds to allowing 3 standard
deviations of tolerance, contributing to an error probability well below 1% [51]. Altogether, this guarantees that the
protocol is complete with e.om < 0.01.

In terms of the protocol parameter wyp,, Eq. (24) means taking

Gine
Y

Eq. (25) sets a relation between wyp, and v which guarantees that the inequality (5) of the validation step can be
satisfied with high probability. We then choose the value of the remaining parameters, such as -, in order to maximize
the key rate.

Wthr = 1-— (25)

S8. BASIC DEFINITIONS AND NOTIONS OF SECURITY

This section presents the notions of distances, entropies and security on which this work relies.

A. Trace distance

To establish the security of the reported protocol, we need to compare the state obtained at the end of the protocol
with a uniformly random state, i.e. with the state expected in an ideal scenario in which Eve has no information about
the final key. The relevant distance in this case is the trace distance [52], which we discuss quickly in this subsection.
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We recall first that the trace norm of an operator O is defined as
0]l = T (VOT0) . (26)

In addition to being non-negative definite ||O||; > 0, the trace norm satisfies homogeneity ||cO||1 = |¢|||O]]1 for any
complex number ¢ and the triangle inequality ||O + O'||; < ||O]]1 + ||O'|]1-

Since we need to consider sub-normalized states, we define the corresponding notation. Let S<(#) denote the set of
‘sub-normalized’ quantum states on H, i.e. the set of all linear operators p on H satisfying p > 0 and Tr (p) < 1. This
set includes in particular the set of normalized quantum states, which we refer to as S—(H).

Definition 2. Let p,7 € S<(H). The trace distance between p and 7 is given by (see [53], section 3.2)

D(p,7) = gllo—7lls + 1 Tr(o— 7)) (21)

Note that for normalized states, the trace distance reduces to the first term in the right hand side of Eq. (27).

B. Smooth min and max entropies

The quantum conditional min and max entropies of sub-normalized states are defined below, following the definitions
in [53].

Definition 3. Let pap € S<(H). The min-entropy of A conditioned on B of pap is defined as

Hnin(A|B), = sup sup{)\E]R:pAB < 27’\_71,4@05»}7 (28)
oB€ES<(HpB)

where the operator inequality here is to be understood in semi-definite terms.

Definition 4. Let pap € S<(H). The maz-entropy of A conditioned on B of pap is defined as

Hunox(A|B), = max log||,/pAB\/ﬂA®UB||%. (29)

op€S<(Ms)

Without loss of generality, the optimization over o in either of the above definitions can be restricted to normalized
states [54].

In order to discuss min and max entropies in the neighborhood of a quantum state, we need to rely on a metric for
quantum states. Following [53, 55], we do this with the help of the purified distance, whose definition we recall below.

Definition 5. Let p,7 € S<(H). The generalized fidelity between p and T is given by

F(p7 T) = Sup sup ||\/ﬁ\/5||17 (30)
HOH PTES_(w)
p=IIpIl,T=II7II
where the first supremum runs over all embeddings of H into larger spaces H, and II is the projection from H to H.

It can be shown that the generalized fidelity can be equivalently computed as

Fip.r) =T (Vo7 vB) + VL= T @)1~ T () (31)
Definition 6. Let p,7 € S<(H). The purified distance between p and T is given by (see [53], section 3.4)

Plp,7)=+/1—F(p,7)2. (32)

Note that the purified distance is contractive with respect to trace non-increasing CP maps (see [55], lemma 7),
ie. for p,7 € S<(H) and £ a trace non-increasing CP map,

P(E(p),&(1)) <P(p, 7). (33)
Note also the relationship between trace distance and purified distance (see [55], lemma 6):
D(p,7) < P(p,7) (34)

where p,7 € S<(#). Finally, The purified distance is a metric on the set of sub-normalized states (see [55], lemma 5).
This allows one to define balls in the neighborhood of a sub-normalized states.
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Definition 7. Let p € S<(H) and 0 < e < /Tr(p). The e-ball in H around p is given by
B(p) ={r € S<(H) : P(p,7) <&} (35)
Note that from Inegs. (33), (34) and the definition of the trace distance in Eq. (27), the following inequalities hold
for any state 7 € S<(H) in the e-ball around p € S<(H)

1
e 2P(p,7) 2 P(E(p), (7)) =2 D(E(p), E(7)) = SI€(p) — E(T))I]x (36)
where £ is a trace non-increasing CP map.

We can now define the smooth conditional min and max entropies respectively as the maximum min entropy and
the minimum max entropy within the neighborhood of a state.

Definition 8. Let pap € S<(H) and 0 < e < \/Tr(pap). The e-smooth min- and maz-entropy of A conditioned on
B of pap are given by

Hrenin(A‘B)P = max Hmin(A|B)l3' (37)
pPAaBEB(panr)

H:..(AB), = min  Hpax(A|B);. (38)
pPABEBS(paB)

C. Security definitions

In a DIQKD protocol, the two parties Alice and Bob either accept the data produced during the protocol, or abort
the protocol. We denote the event in which Alice and Bob accept the result of the protocol by 2. In case the parties
accept, which happens with some a priori unknown probability P(Q2), keys K4 and Kp are produced for Alice and
Bob respectively. Following [49], we say that our protocol is €cor-correct if the keys K4 and Kp are produced and
are different with probability at most ecoyy, i-€.

P(KA 7é KB A Q) S Ecorr- (39)

We say that our protocol is eg..-secret if

1
P(Q)§H(P|Q)KAE - Uk, @ (p0)glh < &secs (40)

where p is the state at the end of the protocol, and the conditioning in p|o indicates that the state is normalized,

conditioned on the protocol accepting. The subscripts K4 and F indicate the subsystems which are not traced out.
Uk, is the fully mixed state on register K4 and £ is Eve’s full side information. Finally, we say that our protocol is
esng-sound if it is both e.op-correct and eqoc-secret with

Ecorr T Esec < Esnd (41)

for all possible implementations of the devices.

We establish the correctness of our key through the choice of an e-almost-universal hashing function, and its secrecy
through Trevisan privacy amplification as described below. This together guarantees the soundness of the key.

S9. CLASSICAL CRYPTOGRAPHIC ALGORITHMS

Several classical processing algorithms are necessary to run a DIQKD protocol. Sec. S6 describes our choice of error
correction algorithm. Here, we define and describe the cryptographic algorithms which play a role in the security of
our final key.
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A. Strongly universal hashing

We consider families of functions H with h € H, h: {0,1}" — {0, 1} for n,l € N. Denote hPH the probability of an
€

event when the function A is chosen randomly from the family H.

Definition 9 (Epsilon-almost-universal (AU) hashing [56]). H is an ep,-almost-universal family of hash functions if
for all two strings A # A we have the guarantee that

b (M(A) =h(A)) < en. (42)

Definition 10 (Epsilon-almost-A-universal (AAU) hashing [57]). H is an ep,-almost-A-universal family of hash
functions if for all two strings A # A and for all t € {0,1} we have the guarantee that

B (h(A) ©h(A) =1) <ep. (43)

Definition 11 (Epsilon-almost-strongly-universal (ASU) hashing [56]). H is an ep-almost-strongly-universal family of
hash functions if for all two strings A # A and all t,t € {0,1} we have the guarantee that
~ - €h

P (h(A) =t h(A) =) < . (44)

In this work, we use the VHASH hashing family Hypasu with an output of size I = 64 bits [58]. For messages of
length up to 262 = 4,194,304 TiB, this is a e,-AAU family of hash functions with a seed of length ~ 1280 and a
collision probability e, = 2761 ~4.3.1071° [58]. This implies in particular that Hypasny is a €,-AU family of hash
functions.

Following Wegman and Carter [59], we protect the VHASH seed by systematically encrypting hashes with a fresh
one-time-pad. This way, for every exchange of a hash between the parties, the information revealed to the adversary
reduces to that which can be inferred in any case from knowning whether a message is accepted or not [60]. Effectively,
this defines a new family of hash functions G:

9(A) = h(A) ® kotp, (45)

where h is chosen from Hypasn and kot is chosen uniformly in {0, 1}
Since kotp is chosen uniformly, it is clear that the tags created by G are uniform:

1
LA =1) =5 (46)

Therefore, G is a £,-ASU family of hash functions:

P (9(A) =t g(A) =1)

L eA) =tga)egA)=tet)

geG
= P (9(A) =1) P (s(A) ®g(A) = t&lg(A) = 1) (47)
€h
=2

for all two strings A # A and all tags t,%. In particular, this also implies the following relation for A # A:

L 9(A) =tlg(A) =) < en. (48)

We use this family of hash functions at several stages of our protocol. In steps 5 and 7 of the protocol, we use it to
ensure the correctness of the error correction, see Sec. S11 C. What is crucial here, is that VHASH is a AU family of
hash functions. We then encrypt the hash with a one-time-pad to protect the VHASH seed, allowing us to reuse the
same seed later. Effectively, this is done by simply sampling from the G family directly. In step 10 of the protocol, we
then use the same family G to authenticate classical communication. This time, the crucial property is that G is a
ASU hashing family, see S11 D. UVMAC, our implementation of the G hashing family [61], is based on the reference
implementation of the VHASH family [62].
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B. Privacy amplification

The reduction of the eavesdropper’s information about the key is obtained by mean of a quantum-proof strong
(k,)-extractor that we define now. An extractor Ext: {0,1}"™ x {0,1}* — {0,1}¢ is a function which takes a weak
source of n random bits and a uniformly random, short s-bit long seed, and produces some output made with /¢
bits, which is almost uniform. An extractor is said to be strong if the output is approximately independent of the
seed. In our case, the randomness of the source is measured relative to a quantum side information. We denote the
classical-quantum state (cg-state) describing the source and adversary’s registers by pcg. In such a state, C is a
classical register and @@ a quantum register. The state of the n-bit classical register of the source alone is given by
pc = Trg(pcg) and the state of the quantum side information by pg = Tre(pcq)-

Definition 12 (Quantum-proof strong extractor). A function Ext : {0,1}"™ x {0,1}* — {0,1}* is a quantum-proof
(k,e)-strong extractor, if for all cq-states pcq with Hmin(C|Q), > k, we have

1
3 ll€exi(pcq ® Us) = Uk ® po ® Us|s <. (49)

Here, Egpyt is the map associated to Ext, Ug is the fully mixed state on register K, i.e. for a system of dimension 2¢,
and Ug is a fully mixed state on register S, i.e. for a system of dimension 2°.

We consider Trevisan’s construction of randomness extractors. Trevisan extractors produce large outputs by
concatenating the output of several small extractors. A weak design is used to define the seed of each individual
extractor from an initial larger seed in such a way as to minimize mutual overlap between seeds. Thanks to this
mechanism, Trevisan extractors only require a remarkably short initial seed. Moreover, when constructed with 1-bit
extractors, the resulting Trevisan construction is quantum-proof [63]. Let us formally introduce Trevisan’s construction.

Definition 13 (Weak design). A family of sets S1,...,5¢ C [s] is a weak (£,t,r,s)-design if
e Forall i, |S;| =t
e For all i, 215i0Sil <y,

¢ is thus the number of elements in the family of sets {S;}¢_,, ¢ is the number of elements in each set and r bounds
the overlap between the sets. Let us consider a long seed S € {0,1}* and Sg, the string formed by the bits of S at the
position speficied by the elements of S; — a string of length ¢.

Definition 14 (Trevisan extractor). Given a weak ({,t,r,s)-design {S;}{_, and a one-bit extractor Exty: {0,1}" x
{0,1}* — {0,1}, Trevisan’s construction is defined as Ext(C,S) := (Ext{(C,Sg,),...,Exti(C,Sg,)).

As an example, Trevisan’s construction applied onto a quantum-proof (k, £)-strong one-bit extractor and a weak
(4, t,r, s)-design gives a quantum proof (k + r¢, fz)-strong extractor [64].

In our case, we use the block weak design construction proposed in [64], section III B 2, together with the polynomial
hashing one-bit extractor presented in [64], section III C 3, which is based on a composition of two hash functions
— a Reed-Salomon code and a Hadamard code. The block weak design has r = 1. This leads to a quantum-proof

(( +6+4log é7 451)—strong extractor with a seed of length

o= (o[ e | 1) &

with ¢4 the first prime number larger or equal to

2
t=2 [logn—}—Qlog——‘ . (51)
€1

Here, e characterizes the distance to a random bit of the output of the one-bit extractor (it is the security parameter
of the underlying Reed-Solomon-Hadamard code) and £ is the length of the extracted string. Here, we take into account
the bound on the overlap of the block weak design given in [65], see also [66]. An open-source code implementation of
this Trevisan extractor is available in [67].
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Proposition 1 (Trevisan extraction with block weak design and polynomial hashing). Let pcg € S<(C*" @ H) be a
(possibly subnormalized) cq-state and let S be an s-bit classical register. We write Eryey : {0,137 x {0,1}° — {0,1}
the Trevisan extractor with block weak design constructed on top of 1-bit polynomial hashing as defined in [64]. Define
the function

Ty(z) =bW (eb> (52)

where W is the principal branch of the Lambert function and b = ﬁ ~ 5.77. Then for any es,epa > 0, if

1
1<0<T, (H;;sm(cm)p —6—>5log (—)) : (53)
EPA
then implementing the extractor with e1 = epa /¢ yields
1
1€ty (poq ® Us) — Uk @ pq ® Us|ly < epa + 2¢s. (54)

Moreover, the seed length is given by Eq. (50).

Here, Etvev (pcg ® Ug) is the state in SS(CZZ ® H ® C?") obtained after applying the Trevisan extractor onto the
register C' of pcq with a uniformly random seed S. Note that this map does not act on register @), and it does not
modify the register S: it only affects the C register.

In essence, this proposition states that secrecy can be guaranteed simply by quantifying the conditional smooth
min-entropy H:3 (C]Q) on the state left at the end of the protocol. Bounding this smooth min-entropy then becomes
the main focus of the security analysis.

We emphasize that the extractor considered here is a quantum-proof strong randomness extractor. Furthermore,
note that YTp(x) for b > 0 can be equivalently defined as the inverse of the function f(y) = y+ bln(y) (i.e. To(z) is the
unique value y satisfying = y + bln(y)), and it is strictly increasing because f is strictly increasing. This implies that
for z > 1 we have

x —bln(x) < Tp(z) <z, (55)

because for the value y = Yy(x), we have y > 1 as well (since T is strictly increasing and T(1) = 1) and thus
x=y+bln(y) > y = Tp(x). This in turn implies bIn(z) > bln(y) and thus Tp(z) = y = z — bln(y) > = — bln(z).
Hence, this extractor extracts the whole entropy of the string up to a logarithmic correction (and the function Yy (z) can
be safely replaced by x — bln(x) = z — 4log(z) in the key rate evaluation). Finally, we note that the seed requirement
for this extractor only grows polylogarithmically with n, as shown by Eq. (50).

Proof. Since the state pcg has smooth min-entropy H:s |

a purified distance P(pcq, pcg) bounded by e, with identical min-entropy: Humin(C|Q)s = Hyj,
triangle inequality twice, we have:

(C|@Q),, there exist a neighboring state pc € B (pcq) at
(C]Q),. Using the
1 1 _
SlErev(poq ®Us) = Uk ® pg @ Us|l < Sl|€Trev (poq @ Us) — Emvev(Poq @ Us)|h (56)
1 _ _
+ §||5Trev(pCQ ®Us) - Uk X pg ® Us|1
1
+ 5||IUK ®pg ®Us — Uk ® pg @ Us||1.
Applying Ineq. (36) to the first term in the right hand side of the above inequality by considering a map £ taking

states Tgc and returning Emyeyv (Tgo ® Ug), we conclude that this first term is bounded by e5. Applying the same
argument to the third term by considering a map £ taking states 7gc and returning Ux ® 79 ® Ug, we deduce that

1 1
§||8Trev (pcq@Us) — Uk ® pg @ Ugl|1 < §||5Trev (Pog ®Us) — Uk ® pg @ Us||y + 2. (67)

In order to bound the first term on the RHS of the above expression, we consider two cases [68]: Tr (ECQ) < epa
and Tr (ﬁCQ) > epa. For the first case, that term is immediately upper bounded by epa, and we are done. For the
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second case, note that since Y, '(¢) = £+ bIn(¢) is a strictly increasing function, the upper inequality in condition (53)
is equivalent to

1
£+ 4log(t) < H, (CIQ), — 6 — 5log ——. (59)
EPA
Let poq be the normalized version of pe, i.e. so we have pog = Tr (ECQ) pcqg- Since Hyin(C1Q)p = Hmin(C|Q)5 —
log(1/Tr (pog)) (this follows straightforwardly from the definition of the min-entropy; see Eq. (28)) and keeping in
mind that Huin(C|Q)7 = H 3, (C|Q),, we have

min

€s 1
Hmin(C‘Q)ﬁ = Hrr:in(C‘Q)/J — log Tr (2)

(Poq)
1 1
> {+4log(f) + 6+ 5log — — log ——
epa Tr (Peq)
y4
> 4log . +6+¢, since Tr (ECQ) > EpPA. (59)
PA

From [64], we know that the Trevisan extractor ey with block weak design and polynomial hashing is a quantum-proof
(41og i + 6 + ¢, leq)-strong extractor in the sense of Definition 12. Hence the bound (59) implies that implementing
the extractor with &1 = epp /¢ gives

1 . ~
§H5Trev(,OCQ®US) — Uk ® pg @ Ugl|1 < leq = epa, (60)

which yields the desired bound (recalling that p = Tr (p) p and Tr (p) < 1). O

S10. SECURITY STATEMENT

Here, we give an expression for the secure key length produced by our DIQKD protocol. For this, we define a family
of linear lower bounds

ge(w) = n(t) + (w =)0 (t) (61)
on the CHSH-based entropy bound [15]
0 ifl<w<?
14+4/16w(w—1)+3 . ~
nw)=¢1—h <+> elseif w € Q (62)
undefined else,
where Q = [Wmin,Wmax), and wWmin = 1_12/ \/E, Wmax = LQ/\/E are the minimum and maximum quantum winning

probabilities for the CHSH game.
We also define the functions f; on ternary probability distributions p: {0,1, L} — R as

fep) = D p(u)fuldu), (63)
u=0,1,L
i.e. as the affine extension of
ff(6 ): %gt(o)“f’(l*%)gt(l) lfu:0 (64)
o g:(1) ifu=1oru=1,

where §,, are the three delta distributions over {0,1, L}. It is convenient to denote p by the triple p = (p(0), p(1), p(L)).
Then, 6, = (x(v=0), x(u = 1), x(u =1)).
Recall that the variance of f; over a distributions p is given by

Var,(f) = > p(w)fu(6.)® = filp)*. (65)

u=0,1,1
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Finally, we define:

1
e =1 <1 66
e A e (%)
A(fr,w) = n(w) — filg(w)) (68)
In2 2
V(fi.p) = =~ | log33 + /2 + Vary () (69)
1 /
Ko (f) = 90 =1)(2+g: (1) =gt (wmin)) |3 (22+gt<1>fgt(wmm> 2) _ 70
o (f1) 6(2—a’)3n2 . te (70)
We can now formulate the secure key length of our protocol.
Proposition 2 (Secure key length). Define the following parameters
n € N the number of measurement rounds
v € (0,1) the testing probability
winr  the threshold CHSH winning probability
m  the length of the error correction syndrome
3 1+1v2
te (4, %ﬁ a CHSH winning probability
(71)
ep > 0 the hashing collision probability
epa > 0 the privacy amplification parameter
ega > 0 the entropy accumulation parameter
o’ €(1,2) a Renyi parameter
1
o ¢ (1, 1+ —) another Renyi parameter
log 5
Define also three smoothing parameters eg,e5’,e5"” > 0 satisfying the condition
e +2e," < e, (72)

and let b = %. A key K of length

L="Ty|ng (W) +n inf A(fr,w)— (o' = 1)V (fi, q(w))

weR
—n(a' = 1)*Ka () = ny — n(a” — 1)log?(5)

1 1 1 1 73
- ! <’[9€S/ * O/ log <7)> I <’L9€s” * a” log (7>> ( )
o —1 EEA a"—1 €EA

1
_ 31955755’7255” - 510g <7> —m — 264

EPA

produced by the protocol described in Sec. S4 is (max(ega,epa + 2€5) + 4ep)-sound.

The parameters £,n,v,wiy and m are explicit parameters in the DIQKD protocol, while the parameters
t,€h, EPA, EEA, O, 0" e5,6s’ and e,” are more abstract quantities that appear in the derivation of the theorem.
For a given choice of n, 7, m and wyy,, the remaining parameters can be optimized in order to maximize the final key
length £ — in general, we would simply perform this optimization heuristically. In our case, we express m and wip,
through Equations (23) to (25), fix n and +y, and optimize all other parameters, except £, = 2% which is fixed by
our use of the VHASH algorithm. Proposition 2 is proven in the next Section. General properties of the key length
certified by Proposition 2 are illustrated in Fig S15 and S16.
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Fig. S15: Secure key for various physical models. Here, the soundness is fixed to 5,9 = 10719, the completeness
error is estimated to be ecom < 0.01, and all free parameters are numerically optimized over. a, Key rate r = ¢/n in
the depolarizing model as a function of the visibility V, i.e. with S = 2v/2V and Q = (1 — V)/2. A positive key rate is
found starting from n ~ 2.6 x 10° rounds. b, Minimal number of round n needed to obtain a positive key length as a
function of S and @. All points lying above a line present a positive key length for the corresponding number of

rounds n.
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Fig. S16: Parameter dependence of the key length. Here we focus on the case presented in the main text with
S =2.64, Q = 0.018 and ecom < 0.01. a, Dependency of the key rate on the soundness parameter when v = 13/256.
b, Optimal testing probability v as a function of the number of rounds for e5,q = 10710,

S11. SECURITY ANALYSIS - PROOF OF PROPOSITION 2

In order to assess the security of our DIQKD protocol, we consider a modified protocol including additional quantities
and which slightly rearranges some of the steps. Importantly, while the additional quantities that are defined in this
new protocol are not present in the original protocol, all variables of the original protocol are still defined in this new
protocol and their statistics are strictly identical (e.g. they are not affected by the step rearrangement). Hence, security
in this new protocol implies security in the original protocol. We thus focus from now on this modified protocol, whose
security is easier to analyze thanks to its additional variables. Our analysis borrows several steps from earlier security
proofs and in particular [50]. To our knowledge, this is the first proof of DIQKD directly applicable to a Trevisan
extractor.
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A. Modified protocol

The starting point of the modified protocol is similar to that of the DIQKD protocol in that the two parties share a
secret key Kg. The variables X,Y and T are however sampled during the protocol. Also, all the quantum systems are
distributed in one shot:

1. [State preparation] The parties receive their shares of n entangled quantum states, which can be seen as one
initial global bipartite state p°.

The parties then proceed with the following steps repeated n times; each round is indexed by ¢ = 1,...,n.
Repeat n times:

2. [Sampling] Alice chooses X; uniformly, Bob sample Y; from (2) and computes T; = x(Y; # 2). Bob sends
the value of T; to Alice. If T; = 0, Alice overrides X;: she sets X; = 0.

3A [Measurement of Alice] Alice measures her quantum system in the basis defined by X;, and stores the result
in the variable A;.

3B [Measurement of Bob] Bob measures his quantum system in the basis defined by Y;, and stores the result in
the variable B;.

4. [Basis revelation] Alice announces her measurement settings X;;.

{& T =1

4%, [Erasure] Bob sets B, = )
0 ifT;=0.

4%+, [Virtual parameter estimation] Define the score

x(A;i+ Bl = X;Y;) ifT; =1
L if T, =0.

After these steps are performed, the parties proceed with the following classical post-processing steps.

5. [Error correction] Alice computes a m-bit long syndrome M € {0,1}™ for her string of outcomes A = (A, ..., A,)
and sends it to Bob. Bob reconstructs a guess A of A from X,Y,B and M.

6. [Parameter estimation] Bob computes the score

U, =

YA @B =X, Y) ifTi=1
1 ifT; =0

for each round i = 1,...,n.
7-12. Steps 7 to 12 are unchanged compared to the initial protocol.

In the modified protocol, variables X,Y, T and the basis revelation are created/performed round by round instead
of all at once in the DIQKD protocol. On the other hand, the quantum state is distributed at once in the beginning of
the protocol, instead of being generated round by round in the DIQKD protocol. The modified protocol also defines
two new registers: B’ and U’. The parameter estimation is then done with B’ instead of B. Note however that this
does not change the estimation statistics since B’ only differs from B in the key-generating rounds. In the same way,
one directly checks that none of these modifications affect the statistics that can be observed in the original protocol,
nor the underlying states.

We write p the state on registers AABB'XYMUU'E at the end of the modified protocol. Here, M = (M, Ggc),

and M = (M, Gp,C, Gy, F,Gp) is all the classical information revealed during the protocol in addition to X and T,
see Fig. S6. The reduced state on AABB'XYMUE after step 6 of the modified protocol is identical to the state at
the end of step 6 of the original protocol. Since the Validation and Privacy amplification steps happen after step 6 and
they only depend on these registers, the security of the original protocol can be assessed by analysing the modified
protocol only up to this step, which is what we do now.
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B. Events

It is useful to define the following events on p:

Qy: A= A, i.e. Bob reconstructed Alice’s outcomes correctly
Qn: Ggc = Gge, i.e. the error correction hashes match

Qpp - Z X(U! =0) < ny(1 — winyr), i-e. the test on the virtual parameters passes

3
Qpg : Zx(Ui =0) < nvy(1l — wnr), 6. the test passes
i (76)
All communication is received without modification
The authentication tags G4 Gp and Gr match

Qo A Qp A Qpg, i.e. the protocol does not abort
Qe AQg AQg A Y,
9 A Qpgr

o o oo &R

We write p(2) the probability associated with an event € on the state p. paq is the (typically subnormalized)
branch of p on which Q is true. pjq = % is the state of the setup conditioned on the event (2 being true.

C. Correctness

Since the keys K4 and Kp are obtained with identical deterministic operations applied to A and A respectively,
PKAs#KpAQ) < PA#ANQ) (77)

and it suffices to bound the probability that A and A differ when the protocol does not abort. Moreover, since hashes
matching is necessary for the protocol to succeed, we can further bound
P(Ks#KpAQ) < P(A#AAGgc = Gge)
< P(Ggc = Ggc|A # A)
= P(Hgc = Hgc|A # A)
< €h;

(78)

where we use the fact that Ggc = Hgc @ kotp for some ko, and unencrypted hash Hge (similarly for Gpc with the
same kotp) and Eq. (42). Hence, comparing to Eq. (39), we have correctness with eqop = €.

D. Secrecy

Following Eq. (40), our protocol is egec-secret if
1 1
PQ)5[|Emev (Pio)k ;7 — Uka @ (Pro)zlh = 5l1Emev (pro)k, 7 — Uka @ (pro)zll < esec, (79)

where Eve’s full side information consists of E = (X, T,ﬁ, E). By noticing that prq = prana, + praaqe, where we
denote by Q¢ the complement of event 2, and that Eryey is a linear operator, we can bound the LHS using the triangle
inequality

1
§HgTrev(p/\Q)KAE — Uk, ® (pre)E |l
1 1
SEHE’I‘reV(pAQ/\QC)KAE - UKA ® (P/\Q/\QC )E Hl + QHgTrev(p/\Q/\Qg)KAE - UKA & (l)/\Q/\Qg)F Hl (80)

1
<SETrev(Prona )k, & — Uka @ (prane )z |11 + 3en.



S35

In the last line, we use the fact that the trace distance between normalized states is bounded by one and hence the
trace distances between subnormalized states (with the same norm) is bounded by their norm. This allows us to bound
the right-most trace distance by the norm of the state proaqe, i-e. by the probability

P(QAQE)

P(Qa AQp AQpr A )
(Qa A O)

P

P (90 A0 A Q@ A (90 A Q2 A o®)")

P (Qgp A Q@ A Q) A (Qg”)c) +P (le) A QD A QB A (le> A (99)6))
+P (9D A 2P A 0@ A (2D A0 A (ng)c))

<P (oW A (le))c) +P (0@ A (99>)C) +P (2 A (Qf’))c)

< (o (7)) (00 (07)) o £ (01 (7))

< 3Eh7

IN

where we splitted the events €2, = o A A0 and Q.= o’ A QP A 0% into the relevant parts corresponding
to each of the three authentication checks (the one to authenticate the communications related to T, the one related to
(X, Ggc, C), and the one related to F'). Concretely, P (le)\ (le)) ) is the probability that a third party, knowing
the message and tag pair (T, ¢ = Gp(T)), chooses another valid pair (T’,f) # (T, ) for Alice, i.e. such that Gp(T') = t.
Since the new pair is valid, we must have T” # T (otherwise either (T',t) = (T,t), or Gg(T’) # t). Hence it is enough
to consider the case where T # T’, then the probability

P (le>| (Qg1>) ) = P (Gp(T) ={|G(T) =t) <& (82)
is bounded by Eq. (48) since we use an authentication scheme based on a ASU family of hash functions (see Sec. S9 A

for more details).
Similarly, noting that prorq, = PAQAQAQ, T PAQAQ.AQ:, WE Can further bound the quantity

1
SlErev(Pro)i 7 — Uk @ (Pre)z [y

1
§§\|5Trev (Prar2orey )k, B — Uk © (Prona.na, )5l

1 (83)
+ §||5Trev(p/\QAQ,;AQS)KAE - Uk, ® (PAQ/\QC/\Qg)E‘h + 3ep
S%HgTrev(p/\Q/\Qc/\Qg)KAE — Uk, ® (pranaone,)g Il + 4en
because
P(QA QA QS) = P(Q0 A A Qpp A Qe AQS) < P(Qy AQS) < PQ]05) < e, (84)

Writing 0= Qe AQg AQg AQp, Q=0n Qpg’ and noticing that Q4 A Qpg = Q4 A Qpgy, we can rewrite this bound as

1
§||5Trev(PAQ)KAf - Uk, ® (pre)glh

1

< 5“8Trev(p/\ﬁ/\QPE/)KAf -Uk, ® (pAﬁ/\QPE,)EHl +4ep (85)
1

— EHSTrev(p/\ﬁ)KAE — UKA %) (p/\ﬁ)E Hl + 45h

It remains to bound the first term on the RHS of the above expression. To do so, we consider critical values on
the unknown probabilities P(Q|Qpgr’) and P(Qpg), and analyse the situation differently depending on how these
probabilities compare to these critical values. Namely, consider three cases for the quantum state p:

Case 1: P(Q|Qpp) < 52
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Case 2: P(Qpr') < epa
Case 3: Neither of the above are true

These cases may overlap, but at least one of them must always be true. It is thus sufficient to bound Eq. (85) in each
of the three cases individually.
In case 1, we have

1

Sl (Prali .7 — Uka @ (Pra)pll < P(Q) = P(QQpr ) P(Qpp) < &,°. (86)

In case 2, we have
1 _ N
SlEtrev(Pralam — Uka @ (Prg)p |l < P(Q) = P(Qlpe ) P(Qpr/) < ca. (87)

We now focus on case 3, for which P(Q|QPE’) > ¢,2 and P(Qpg’) > epa. In this case, we use Proposition 1 to
bound the trace distance via a condition on a smooth min-entropy: according to Proposition 1, as long as the length of
the extracted string ¢ = |[K4| > 1 is smaller than

— 1
£<Ty/m2 (Hﬁﬂsin(A|E)(manv>m —6—5log (E)) ; (88)
we have the guarantee that
1
§|\5Trcv((ﬂ\ssz,)m)KA§ — Uk, @ ((Pjaps ) na) g 1 < epa + 2¢, (89)
which implies (since p, 5 = P(Qpre’)(P|0ps ) ag and P(Qpp) < 1)
1
5||5Trev(P/\§)KAE -Uk, ® (p/\ﬁ)EHl < epa + 2¢;. (90)

Under the condition (88), we thus obtain secrecy for our key by grouping all three cases together and setting
Esec = MaX(ERA, EpA + 265) + 4ep,. (91)

This last expression follows from noting that €, < e, < epa + 2¢5 since 1 > &, epp > 0. We are thus left with the task

of lower-bounding HZ3 (A|E) . Here, Eve’s information is given by F = (X, T, M, E), where T is a function

min (Plopg ) ra -
of Y, so it suffices to bound fofin(A|XYME)(pmpE<)m.

Since the probability of the event Q on the conditional normalized state P|Qpy 18 greater than €52, we can apply
Lemma 10 of [69] to obtain

H:. (A|IXYME) > H% (A|XYME)

min (meE/)/\Q = ““min PlQpg, (92)
> Hrensin(A|XYE)ﬂmpE, - ‘ML

where in the second line we have applied a chain rule for smoothed min-entropy (see for example lemma 11 in the

Supplementary Material of Ref [70]). Here, \ﬁ| is the total amount of classical information exchanged between Alice
and Bob during the protocol, measured in bit units, including the error correction syndrome being sent by Alice to
Bob in Step 5 of the protocol:

IM| = [M| + |G| + |Gp| +[C| +|Ga| + |F| + |G|
m+64+64+1+64+1+64 (93)
= m + 258

We are thus left with bounding H:% (A|XYE) Plorpy Given the registers that appear here, we can do this on the state

after step 4T of the modified protocol. From now on, we thus focus on the state Py, at this stage, conditioned on
Qpp» being fulfilled, and omit the subscript in the remaining of this section.
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Following the approach of [49], we use the chain rule given in Eq. (6.57) of [53], to express the min entropy of Alice’s
outcomes in terms of a joint entropy and an entropy on Bob’s outcomes only:

(AB'|XYE) — HZ:. (B'|AXYE) — 30, _c._9e.n 00
> HE:, (AB'|XYE) — He: (B'|XYE) — 30, _c.i_ge.r

max

(AIXYE) > H=

min

HE

min

where e,/ + 2e,” < €5 and
1
1—vV1I—¢2

We are then left with bounding two entropy terms. We do this for each term individually, each time with an application
of (a different version of) the Entropy Accumulation Theorem (EAT).

9. = log (95)

’

1. Lower-bounding HZ% (AB'|XYE)

min

We first introduce the concepts of EAT channels and tradeoff functions, which are involved in applying the EAT.

Definition 15. A sequence of EAT channels is a sequence My, Ms, ..., M,, where each M; is a channel from a
register R;_1 to registers D;S;SiR;, which satisfies the following properties:

e All D; are classical registers with a common alphabet D, and all S; have the same finite dimension.

e For each M;, the value of D; is determined from the registers S;S] alone. Formally, this means M; is of the
form P; o M}, where M, is a channel from R;_1 to S;S.R;, and P; is a channel from S;S. to D;S;S. of the form

Pilpsis;) =, (s, ® g 0)ps,s;(ls,s @ gy o) @ |d(s, ")) (d(s, )| b, (96)
seS,s’'eS’

where {Ilg, s}ses and {Ils: o }ses are families of orthogonal projectors on S; and S; respectively, and d :
S x 8" — D is a deterministic function.

e For any normalized state pOROE, the state p = (Myo---o M1 ®Lg) (p%UE) satisfies the Markov conditions [71]
I(SlSZ_1$Z’|S{ z{flE)P:O Vi:1,2,...,n. (97)

Definition 16. Let fuin be a real-valued affine function defined on probability distributions over the alphabet D. It is
called a min-tradeoff function for a sequence of EAT channels {M;} if for any distribution q¢ on D, we have

fmin(q) < inf H(S;|SIR), Vi=1,2,...,n, (98)
oe€Xi(q)

where ¥;(q) denotes the set of states of the form (M; ® Igr)(wr,_,r) such that the reduced state on D; has distribution
q. Analogously, a real-valued affine function fuax defined on probability distributions over D is called a max-tradeoff
function if

fmax(q) > sup H(S;|S/R), Vi=1,2,...,n. (99)
o€%;(q)

The infimum and supremum of an empty set are defined as +00 and —oo respectively.

We now follow the analysis of [72]. Here, we notice that steps 2, 3, 47 and 4%+ of our modified protocol correspond
to a standard CHSH test protocol as studied in [72, 73]. Hence, they can be modelled as an infrequent-sampling
bipartite EAT channel (see [72, 73]), which is to say each iteration of those steps corresponds to an EAT channel
M : Ri_1 — A;B/X,;Y;U;R; of the form

Mlp] =y M*[p] + (1 = 1) M= p] @ | L)(L [v,, (100)

where Mt R, — A;BIX;Y,U;R;, with (L [M"**[p]] L) = 0 and M&" : R;_; — A;B.X,Y;R;. (In terms of
Definition 15 above, we are implicitly identifying A; B} with S; and X,;Y; with S]. Note that these channels indeed
satisfy the Markov conditions (97) under this identification, hence they are valid EAT channels.) As shown in [72], one
can construct a min-tradeoff function for these channels using the function g; defined in (61). This yields the following
bound on the conditional smooth min-entropy H.5, (AB'|XYE), app

min
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Theorem 1 (Theorem 3 of [72]). For the quantities defined above, the following bound [74] holds:

HE:, (AB'XYE),, > ng (W)

_ e o lo ( ! )
o1 o -1 8\ POQpp) (101)
+n IIGIEA (ft,UJ) — (Oél - 1)V (ftaQ(w))

- n(a/ - 1)2Ka’(ft)
where

qw) = (1 —w),yw,1-7)

- |1-1/V2 1+1/V2
@= 2 2
Afe,w) = n(w) = fi(g(w)) (102)
2
V(fe,p) = hl72 <log33—|— 2+Varp(ft)>
_ 1 (o' 1) (24+Max(f)~Ming_ (/) |3 (o2+Max(fi)—Ming_ (f1) | 2
K/(ft)_G(Z—a’)3ln22 In ( +e)'

Here, we used definitions Equations (61) to (65). Notice that n(w) is an increasing function on w € (2, wyax], and

g¢(w) is a lower bound on n(w) tangent at t. Therefore, we have g;(61) > g:(6) for ¢t € (2, wmax]. Focusing on this
domain, we can compute the maximum of f; over all dlstrlbutlons

Max(f¢) = g:(1). (103)

The minimum of f; over all distributions Q7 = {g(w)|w € Q} compatible with the sampling probability v and with
quantum theory is then given by

Mln (ft) 9¢(Wmin), (104)

where wyin = # is the lowest CHSH winning probability compatible with quantum theory.

2. Upper-bounding Hf,f;; (B'|XYE)

We define a sequence of EAT channels M; that apply steps 2, 3B, 4 and 41 of the modified protocol (note that
this means they do not produce the registers A;). As above, these maps indeed satisfy the Markov conditions (97),
identifying B} with S; and X;Y; with S!. However, we cannot apply the EAT directly to bound HS;. (B'|XYE),
because of a technical issue that the EAT would require the conditioning event Q2pgs to be determined by the registers
B’XYE alone, which is not the case here. Hence we instead apply some intermediate results from [75], in a slightly
different order as compared to the derivation of the EAT. We first list the relevant results — in these statements, H,
denotes a particular form of quantum conditional Rényi entropy (see e.g. [53, 75] for explanations of other versions),

namely:

1 l-a
p?o’ 2a

‘2 (105)

6%
Ha(A[B), = ~Da(pas|lLs @ pp), where Da(pllor) i= —— log’

205.

Lemma 1 (Prop. 4.5 in [75]). Consider a sequence of EAT channels {M;} and a state of the form p = (M, o

o M; ®ZE) (pR E) for some normalized p RoE- Lel fmax be a maz-tradeoff function for {M;}, and consider any
h eR,e€(0,1),a € (1,1 4+2/V"), where V' = 2[||V fmax||oo | + 210g(1 + 2dg) with dg being the dimension of the
systems S;. Then for any event Q on D that implies fmax(freqq) < h for all d € Q, we have

-1
(S|S'E),, < nh+ nE Sy 4 (106)

Hi
o

7110gP(Q)'
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Lemma 2 (Lemma B.6 of [75]). Let pap be a normalized state of the form Y pzpap). where {pz} is a probability
distribution over X. Then for any x € X and any « € (1,2], we have

1
Hi(AB),, < Hi(A|B),+ ﬁlogp—. (107)

Lemma 3 (Lemma B.10 of [75]). For any normalized state pap and any € € (0,1),a € (1,2], we have

Ve

H;ox(AB), < HL(A|B), + —.

(108)

To apply these lemmas, we first note that since the register B} is set to a deterministic value whenever Y; = 2 (which
happens with probability 1 — ), the following bound always holds, without needing to consider the conditioning event
Qpgy:

H(Bé\XiYiR)(M@IR)(wRHR) <. (109)

This means that by choosing a max-tradeoff function that simply takes the constant value vy, we can first apply
Lemma 1 without conditioning on any event, to conclude that the unconditioned state p in our above analysis satisfies

o’ —1

12
V7 (110)

H. (B'XYE), <ny+n

for any o’ € (1,14 2/V"), with V' = 2log5 (notice that [||V fimax|loo] = 0 since fmax is a constant function). Only
now do we condition on Qpg/ by applying Lemma 2 [76], which yields

"_1q "
/ 12
Hﬁ(B |XYE)”\QPE/ <ny+n 1 Ve + ] log P (111)
Finally, applying Lemma 3, we get the bound
1" 1"
S ’ o’ —1 2 '1955'/ «
H . (B |XYE’)meE/ <ny+n 1 Ve + o1 + o1 log Pl (112)

3. Bringing the pieces together

To conclude the analysis of case 3, we remember that P(Qpg/) > ega. Using this bound in Equations (101) and (112),
and merging the result together with Equations (88) and (91) to (94), we obtain Proposition 2 for this case, which
concludes the proof.
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