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Abstract

It is already known that unifiable formulas in normal modal logic K +
2L are either finitary, or unitary and unifiable formulas in normal modal
logic Alt; + %L are unitary. In this paper, we prove that for all d>3,
unifiable formulas in normal modal logic K + (0% L are either finitary, or
unitary and unifiable formulas in normal modal logic Alt; + 091 are
unitary.

Keywords: Normal modal logics K+ 091 and Alt; +0?L. Unification types.

1 Introduction

The unification problem in a propositional logic is to determine, given a for-
mula ¢, whether there exists a substitution o such that o(y) is in that logic.
In that case, o is a unifier of ¢. A set of unifiers of a unifiable formula ¢ is
complete if for all unifiers o of ¢, there exists a unifier 7 of ¢ in that set such
that 7 is more general than o!. Now, an important question is the following:
determine whether a given unifiable formula has minimal complete sets of uni-
fiers [3]. When such sets exist, it is well-known that they all have the same

*Email address: philippe.balbiani@irit.fr.

TEmail addresses: cigdem.gencer@irit.fr and cigdemgencer@aydin.edu.tr.

fEmail address: maryam.rostamigiv@irit.fr.

$Email address: tinko@fmi.uni-sofia.bg.

LA substitution ¢ is more general than a substitution 7 in a propositional logic if there
exists a substitution v such that for all variables z, v(o(z)) <> 7(x) is in that logic.



cardinality. In that case, a unifiable formula is either infinitary, or finitary, or
unitary, depending whether its complete sets of unifiers are either infinite, or
with finite cardinality >2, or with cardinality 1, respectively. Otherwise, the
formula is said to be nullary. To be nullary is considered to be the worst situ-
ation for a unifiable formula whereas to be unitary is considered to be better
than to be finitary which is itself considered to be better than to be infinitary.
The unification type of a propositional logic is the worst unification type of its
unifiable formulas.

The importance of the unification problem lies in its connection with the admis-
sibility problem. In a consistent propositional logic L, unification is reducible to
non-admissibility, seeing that the unifiability in L of a formula ¢ is equivalent
to the non-admissibility in L of the inference rule £. As observed in [18, 19, 21]
within the context of intermediate logics and transitive normal modal logics,
when L has a decidable membership problem and L is either finitary, or uni-
tary, algorithms for computing minimal complete sets of unifiers in L can be
used as a key component of algorithms for solving the admissibility problem in
L, seeing that the admissibility in L of an inference rule W is equivalent
to the inclusion in L of the set {o(¢)) : c€X}, where ¥ is an arbitrary minimal
complete set of unifiers of o1 A ... A, in L.

About the unification type of normal modal logics, it is known that extensions
of normal modal logic K5 such as K45, KD45 and S5 are unitary [7, 11, 14, 15,
20, 22], non-transitive normal modal logics like K and Alt; are nullary [10, 23],
transitive normal modal logics such as K4 and S4 are finitary [18, 19, 21] and
normal modal logics characterized by transitive frames with a form of no branch-
ing to the right like K4D1 and S4.3 are unitary [16, 17, 24]%. In this review,
the nullary modal logics are the non-transitive ones: K and Alt;. Therefore,
it is natural to ask the question of the unification type of other non-transitive
normal modal logics and to see whether they also have a tendency to be nullary.
Hence, one may interest for all d>2, in the normal modal logics K + (0% L (the
least normal modal logic containing (0% 1) and Alt; + 0L (the least normal
modal logic containing Alt; and (09 1). The normal modal logics K 4+ 12 1 and
Alt; + 021 are transitive and one may expect that unifiable formulas in these
normal modal logics are either finitary, or unitary. Indeed, unifiable formulas
in normal modal logic K + 0% are either finitary, or unitary and unifiable
formulas in normal modal logic Alt; + [J? L are unitary [8, 9]. However, when
d>3, the normal modal logics K + 0?1 and Alt; +0%1 are non-transitive and
one may expect that they have the worst unification type (nullary). We prove
in this paper that, surprisingly, for all d>3, unifiable formulas in normal modal

2In this paper, we follow the same conventions as in [12, 13, 25] for talking about normal
modal logics: S5 is the least normal modal logic containing the formulas usually denoted T, 4
and 5, KD is the least normal modal logic containing the formula usually denoted D, etc. In
particular, Alt; is the least normal modal logic containing ¢ — Oz and K4DL1 is the least
normal modal logic containing K4 and O(0z — y) VO(0y — x). As usual, K is the least
normal modal logic.



logic K + (%L are either finitary, or unitary and unifiable formulas in normal
modal logic Alt; + 0L are unitary.

2 Preliminaries

For all sets S, ||.S|| will denote the cardinality of S. For all nonempty sets S, for
all equivalence relations ~ on S and for all TCS, T'/~ will denote the quotient
set of T' modulo ~. For all nonempty sets .S, for all equivalence relations ~ on
S and for all a€S, [a] will denote the equivalence class modulo ~ with « as its
representative. Notice that for all nonempty sets S, for all equivalence relations
~ on S and for all o, B€S, a~p if and only if a€[f] if and only if [a] N [B]#£0.
Proposition 1 will be useful in Sections 6 and 7 for the proofs of Lemmas 6
and 16.

Proposition 1 Let S,T be non-empty finite sets. Let ~ be an equivalence re-
lation on S. If ||S/~||<||T||<||S|| then there exists a surjective function f from
S to T such that for all o, BES, if f(a)=F(B) then a~p3.

Proof: Suppose ||S/~||<||T||<||S]|. Let h be a function from S/~ to S such
that for all «€S, h([a])€]a]. Notice that h is injective. Let Sy be the range of
h. Since h is injective, [|S/~||=|So||. Since ||S/~||<|T||, [|Soll<||T||- Let To
be a subset of T such that ||Tp||=|/So||- Let fo be a one-to-one correspondence
between Sy and Ty. Let T7=T\Ty. Notice that T, and T} make a partition of
T. Since ||T)|<[|S|| and | To||=]1Soll, |T1]|<||S\Sol|. Let S1 be a subset of S\Sy
such that ||S1||=||T1]|. Let fi1 be a one-to-one correspondence between S; and
T1. Let So=(S\S0)\S1. Notice that Sy, S; and Sy make a partition of S. Let
f2 be the function from Sy to T" defined by

o fa(a)=fo(h([a])).
Let f be the function from S to T such that for all a€S,
o if aeSy then f(a)=fo(a),
o if a€S; then f(a)=f1(a),
o if @Sy then f(a)=fa(a).

It is a routine exercise to demonstrate that f is surjective and for all o, €S, if
f(a)=f(B) then a~p3.

A binary relation R on a nonempty set W is irrefiezive if for all se W, not sRs.

31t is fairly easy to prove that if there exists a surjective function f from S to T such
that for all «,B€S, if f(a)=f(B) then a~p then ||S/~||<||T||<||S||. Indeed, let f be a
surjective function from S to T such that for all a, B€S, if f(a)=f(B) then a~j. Since f is
surjective, ||T||<||S||. Let h be a function from S/~ to S such that for all a€S, h([a])€[a].
Obviously, for all a, B€S, if h([a])~h([f]) then [a]=[B]. Let g be a function from S/~ to T
such that for all a€S, g([a])=f(h([a])). Since for all o, B€S, if f(a)=F(B) then a~8 and for
all o, B€S, if h([a])~h([B]) then [a]=[F], g is injective. Hence, ||S/~||<||T||. Since ||T||<]||S]|,
1S/~I<ITI<IS].



A binary relation R on a nonempty set W is deterministic if for all s,t,ueW,
if sRt and sRu then t=u. A tree is a structure of the form (W, R) where W is
a nonempty finite set and R is a binary relation on W such that WCN and

e there exists €W (called the root of (W, R)) such that for all seW, rR*s,
e RT is irreflexive,
e R7!is deterministic,

where R* denotes the reflexive transitive closure of R, Rt denotes the transitive
closure of R and R~! denotes the converse of R. In a tree (W, R), for all scW, let
R(s)={t: teW and sRt} and for all SCW, let 15={s: s€W and R(s)CS}. In
atree (W, R), for all eeN, an R-branch of length e is a finite sequence (s1, ..., S¢)
such that for all ke{1,...,e}, syeW and if k<e then sy Rsyy1. For all eeN, a
tree (W, R) is e-bounded if W contains no R-branch of length >e. A tree (W, R)
is deterministic if R is deterministic.

3 Normal modal logics

3.1 Formulas

Let VAR be a countably infinite set of variables (with typical members denoted
x, y, etc). The set FOR of all formulas (with typical members denoted ¢, 1,
etc) is inductively defined as follows:

e pu=x|L|-p|(pVe) | Op,

where x ranges over VAR. We adopt the standard rules for omission of the
parentheses. For all formulas ¢, the modal degree of ¢ (denoted deg(y)) is
defined as usual [12, Definition 2.28]. For all formulas ¢, let var(yp) be the set
of all variables occurring in . For all finite subsets  of VAR, a formula ¢ is
an Z-formula if var(¢)Cz. For all finite subsets Z of VAR, let FOR; be the
set of all z-formulas.

3.2 Substitutions

A substitution is a triple (Z, g, o) where T and g are finite subsets of VAR and o
is a homomorphism from (FORg, L, -, V,0) to (FORy, L, —,V,0)%. Let SUB
be the set of all substitutions.

3.3 Abbreviations

The Boolean connectives T, A, — and < are defined by the usual abbreviations.
The modal connective ¢ is defined by

4That is, o is a function from FORz to FORy such that for all ¢, »€FORgz, o(L)=L1,
o (~p)=0(), 7l V ¥)=0(¢) V o(t) and o(Op)=Clor(p).



o Oy = -,

For all k€N, the modal connective [J* is inductively defined as follows:
e if k=0 then ¥y ::= ¢,
e otherwise, Fy = OOF 1.

For all k€N, the modal connective O¥ is defined by

o OFp = —F-p.

3.4 Syntactic presentation

A normal modal logic is a set L of formulas such that
e L contains all tautologies,
e L contains all formulas of the form O(z — y) — (Oz — Oy),

e L is closed under modus ponens (for all formulas ¢, v, if p€L and ¢ —
Y€EL then eL),

e L is closed under generalization (for all formulas ¢, if ¢€L then Ogp€L),

e L is closed under uniform substitution (for all formulas ¢, 1, if €L and
1 is obtained from ¢ by uniformly replacing variables in ¢ by arbitrary
formulas then ¢€L).

For all normal modal logics L and for all p€ FOR, let L + ¢ be the least normal
modal logic containing L and ¢. For all normal modal logics L, the equivalence
relation =y, on FOR is defined by

o o=p if and only if ¢ < PeL,

where ¢, 1 range over FOR.. We shall say that a normal modal logic L is locally
tabular if for all finite subsets  of VAR, FOR; /=g, is finite’.

4 Unification in normal modal logics

From now on in this section, let L. be a normal modal logic.

5Locally tabular normal modal logics are also said to be locally finite. For details about
local finiteness in normal modal logics, see [13, Chapter 12] and [26, 27, 28].



4.1 Comparing substitutions
The equivalence relation ~y, on SUB is defined by
e (%,9,0)~L(Z,y,7) if and only if for all z€Z, o(x)=L7(x),

where (Z,7, 0), (Z, 7, 7) range over SUB. That is, for all (%, 7, 0), (%, 7, 7)eSUB,
(Z,9,0)~1(Z,7,7) if and only if for all z€Z, o(z) <+ 7(x)€L. The preorder <y,
on SUB is defined by

e (Z,7,0)<L(Z, z,7) if and only if there exists a substitution (g, z,v) such
that for all z€z, v(o(z))=L7(),

where (Z,7,0), ( z,z,7) range over SUB. That is, for all (z,y,0), (7, Z,7)eSUB,
(Z,9,0)<s1(Z, z,7) if and only if there exists a substitution (g, z,v) such that
for all zez, ( ( )) > 7(z)€eL

4.2 Unifiers

An L-unifier of o€ FOR is a substitution (var(y),y,o) such that o(p)€L.
A formula ¢ is L-unifiable if there exists an L-unifier of ¢. A set ¥ of L-
unifiers of an L-unifiable o€ FOR is complete if for all L-unifiers (var(y),y, o)
of ¢, there exists (var(yp), zZ, 7)€Y such that (var(y), z, 7)sL(var(p),g,0). A
complete set ¥ of L-unifiers of an L-unifiable ¢€FOR is a basis if for all
(var(p),v,0), (var(p), z, 7)€Y, if (var(y),y,0)<w(var(p),z,7) then y=2z and
o=T5.

Proposition 2 Let pcFOR. If ¢ is L-unifiable then for all bases ¥, A of
L-unifiers of o, |I|= Al

Proof: This is a standard result. -

4.3 Type of L-unifiable formulas
For all L-unifiable o€ FOR,

e ¢ is L-nullary if there exists no basis of L-unifiers of ¢,
e ¢ is L-infinitary if there exists an infinite basis of L-unifiers of ¢,

o ¢ is L-finitary if there exists a basis of L-unifiers of ¢ with finite cardinality
>2,

e o is L-unitary if there exists a basis of L-unifiers of ¢ with cardinality 1.

For all L-unifiable o€ FOR,

61t is a routine exercise to demonstrate that for all complete sets ¥ of L-unifiers of an
L-unifiable p€FOR, X is a basis for ¢ if and only if ¥ is a minimal complete set of L-unifiers
of .



e o is L-filtering if for all L-unifiers (var(y), 7, 0), (var(y), z,7) of ¢, there
exists an L-unifier (var(y),?,v) of ¢ such that (var(y),t,v)<wL(var(p),y,
o) and (var(y), t,v)<r(var(p), z,7)7,

e ¢ is L-reasonable if for all L-unifiers (var(y), g, o) of ¢, if |[var(p)|<||y||
then there exists an L-unifier (var(y),var(p),7) of ¢ such that (var(yp),

var(¢), 7)1 (var(), 7, 0)%.

Proposition 3 Let peFOR be L-unifiable. If ¢ is L-unitary then ¢ is L-
filtering.

Proof: This is a standard result. -

Proposition 4 Let o€ FOR. be L-unifiable. If ¢ is L-filtering then ¢ is either
L-nullary, or L-unitary.

Proof: This is a standard result. -

Proposition 5 Let p€ FOR be L-unifiable. If L is locally tabular and ¢ is
L-reasonable then ¢ is either L-finitary, or L-unitary.

Proof: By the fact that if L is locally tabular then the quotient of the set of
all substitutions of the form (var(y),var(y), o) modulo ~y, is finite.

4.4 Type of L
We shall say that®

e L is nullary if there exists an L-nullary L-unifiable formula,

e L is infinitary if every L-unifiable formula is either L-infinitary, or L-
finitary, or L-unitary and there exists an L-infinitary L-unifiable formula,

e L is finitary if every L-unifiable formula is either L-finitary, or L-unitary
and there exists an L-finitary L-unifiable formula,

e L is unitary if every L-unifiable formula is L-unitary.
We shall say that

e L is filtering if every L-unifiable formula is L-filtering,

"Filtering unifiable formulas are also said to be directed. For details about directedness of
unifiable formulas, see [20, 23].

8Reasonability of unifiable formulas has been introduced for the normal modal logics K +
021 and Alt; + 021 in [8, 9].

9Nullary (respectively, infinitary, finitary, unitary) normal modal logics are also said to be
of type 0 (respectively, of type oo, of type w, of type 1). For details about the unification types
of normal modal logics, see [15].



e L is reasonable if every L-unifiable formula is L-reasonable.
Proposition 6 If L is unitary then L is filtering.

Proof: By Proposition 3. -

Proposition 7 If L is filtering then L is either nullary, or unitary.

Proof: By Proposition 4. -

Proposition 8 If L is locally tabular and reasonable then L is either finitary,
or unitary.

Proof: By Proposition 5. -

5 Some locally tabular normal modal logics

From now on until the end of Section 7, let d>3 be fixed. From now on in
this section, let T be a finite subset of VAR.

5.1 Trees and models

A Z-model is a structure of the form (W, R,V) where (W, R) is a tree and
V is a homomorphism from (FORg, L,—,Vv,0) to (2V,0,\,u,D!. In a z-
model M=(W, R, V), let V(®) denote (\{V(¢) : ped} for each PCFOR;.
In a Z-model M=(W, R, V), rm will denote the root of (W, R), Wyp will de-
note W, Ry will denote R and Vi will denote V. In a Z-model M, for all
s€Wm, let My be the submodel of M generated from s. For all Z-models M,
let for(M)={0eFOR; : rm€Vm(¢)}. Notice that for all Z-models M and
for all seWy, s€eVm(for(My)). For all (Z,7,0)eSUB and for all g-models
M, let M!? be the Z-model such that Wale=Wwm, Rppo =Rnm and for all zez,
Ve (2)=Vm(o(x)). Proposition 9 states a standard result connecting substitu-
tions and models. In particular, see [18, Proposition 2] and [19, Proposition 1.3].

Proposition 9 Let (Z,7,0)€SUB and M be a g§-model. For all p€FOR;,
Ve (9)=Vm(o(¥)).

Proof: By induction on ¢. -

10That is, V is a function from FORz to 2" such that for all ¢, y€FORz, V(L)=0,
V(=)=W\V(p), V(e V)=V (e) UV (¢) and V(Oe)=1V ().



5.2 Bisimulations

The Z-models M and M’ are bisimilar (in symbols Mi<xM') if there exists
ZCWwm X W such that rypZryve and for all seWyy and for all s'eWyyy, if
sZs' then

o for all z€Z, seVp(x) if and only if s'eVp (),

e for all teWyy, if sRyt then there exists €Wy such that tZt’ and
S/RM/t/,

e for all €Wy, if s’ Ryvpt’ then there exists t€Wpy such that tZ¢ and
SRMt.

In that case, Z is a bisimulation between M and M’. As is well-known, < is
an equivalence relation on the set of all Z-models'!. The set of all Z-models
equivalent modulo & to a Z-model M is denoted [M].

Proposition 10 For all T-models M, M’, for all seWy and for all s'eWnp,
the following conditions are equivalent:

1. Mg<ML,,
2. seVm(for(ML))).
Proof: By [12, Theorems 2.20 and 2.24]. -

Proposition 11 For all (z,y,0)eSUB and for all g-models M, M, if M<xM’
then MIosaM/17 .

Proof: By Proposition 10. -

5.3 The normal modal logics K + (0?1 and Alt; + 9L

The following normal modal logics are considered in this paper:
o K=K+ 091,
o A =Alt; +071,

Obviously, A4 contains Ky. For all ec{1,...,d}, let BT? be the set of all z-
models based on e-bounded trees. For all e€{1,...,d}, let DBT; be the set of
all z-models based on deterministic e-bounded trees.

Proposition 12 For all pcFORg,
1. peKy if and only if for all MEBTY, rmeVm(e),

HModels considered in this paper are based on finite relational structures. For this reason,
they constitute a set.



2. €A if and only if for all MEDBTY, ramaeVan(yp).

Proof: This is a standard result. -

Proposition 13 1. OO411eKy,

2. ﬁQQd_lTEKd,

3. V{O!OL : 0<i<d}eKy,

4. ~N{OOT : 0<l<d}eKy,

5 NO(—uvOT): 0<i<d} - OA{O(~u Vv OT): 0<i<d}eKy,
6. V{0 (uAOL): 0<i<d} — OV{0(uADOL): 0<I<d}eAy,

7. V{0 uAOL) : 0<i<d} — OV{0'(unDOL): 0<I<d}¢Ky,

8. 0411 — ¢4 1TgA,.

Proof: It is a routine exercise to demonstrate that for all MEBT%7 rME
VM(DDd_lL), TMEVM(ﬁOOd_lT), TMEVM(\/{OZDL : 0§l<d}) and rpmE
Vm(= A{TOT : 0<i<d}), for all MEBT ™, rpeVag(A{DH(—u Vv OT) : 0<i<
d} - OAN{O (~u v OT) : 0<l<d}) and for all MEDBT ™, rypeVar (V0! (u A
O1) : 0<i<d} — OV{0'(u AOL) : 0<i<d}). Hence, by Proposition 12,
0041 LeKy, =00 1TeKy, V{0!OL : 0<i<d}eKy, ~A{OOT : 0<i<d}e
K, AM{O(-u Vv OT) : 0<l<d} — OA{O'(—u Vv OT) : 0<Ii<d}cK, and
V{0 (uADL) : 0<i<d} — OV{0'(uADL): 0<i<d}€A,. In other respect,
it is a routine exercise to demonstrate that rae@Var (V{0 (uADL) : 0<l<d} —
OV{0(uADOL) : 0<l<d}) where MEBTdu} is such that Wym={0,1,2, 3},
Rv={(0,1),(0,2),(2,3)} and Vag(u)={1}. Thus, by Proposition 12, \/{{*(u A
O1): 0<i<d} — OV{0(u AOL) : 0<i<d}¢K,. Finally, it is a routine ex-
ercise to demonstrate that ryp@ Vi (O4 1L — 041T) where MeDBT? is such
that Wy={0} and Ry=0. Thus, by Proposition 12, 0411 — 041 T¢A,. -

Proposition 14 For all formulas o, if O — Op€Ky then either 0411 —
0eKy, or ¢ — 041 TeK,.

Proof: Let ¢ be a formula. Suppose O — OpeK, and neither (9711 —
0eKy, nor ¢ — O 1TEK,. Let § be a finite subset of VAR such that
var(y)Cy. Since neither 0411 — peKy, nor ¢ — O 1TeKy, by Proposi-
tion 12, let M/, M"”€BTY be such that ryp @Var (0971 L — ) and ravr €V (¢
— QdilT). Hence, ’I"1\/[/EV1\/[/(|:|(171J_)7 TM/QVM/(QO), v €V ((p) and T’M//€
Varr (O971T). Thus, let MEBTY be such that the following conditions hold:

e for all seWhyy, if rapRas, either My is isomorphic to M/, or My is iso-
morphic to M”,

10



e there exists seWy;, such that ryyRyvs and My is isomorphic to M/,
e there exists seWy;, such that ryyRyvs and My is isomorphic to M”.

Since rvr €V (@) and rav €V (¢), rmEVm (O — Op). Consequently, by
Proposition 12, 0 — Op¢Ky: a contradiction. -

Proposition 15 1. Ky is locally tabular,
2. Ay is locally tabular.

Proof: It is a routine exercise to demonstrate that for all finite subsets § of
VAR and for all pcFORy, there exists 1y € FORj such that deg(y)<d, for all
MeBTY, rmeVm(p < ¢) and for all MeDBTY, rmeVm(e > ¢). Hence,
by [12, Proposition 2.29] and Proposition 12, K, is locally tabular and A, is
locally tabular. -

Proposition 16 1. K is not filtering,
2. Ay is filtering.

Proof: (1) Let p=0x — Oz. We demonstrate ¢ is Kg4-unifiable and not Kg4-
filtering. Let ({z},{x},0) and ({},{z},7) be the substitutions defined by:

e o(x)=09"11Vux,
o 7(z)=01"1T A

Since by Proposition 13, 009! 1 €K4 and =009 1 TeKy, o(p)€Ky and 7(p)€
K. Hence, ({z},{z},0) and ({z}, {z}, ) are K4-unifiers of ¢. Thus, ¢ is Kg4-
unifiable. In order to prove that ¢ is not Ky-filtering, it suffices to prove that
{{z},{z},0),({z},{z},7)} is a basis of Ky-unifiers of ¢. This objective is
addressed in Lemmas 1 and 2.

Lemma 1 {({z},{z},0), {z},{z},7)} is a Ks-complete set of Kq-unifiers of
®.

Proof: Let ({z}, 7, v) be a Kg-unifier of ¢. Consequently, v(¢)€K,. Hence, by
Proposition 14, either 4! 1 — v(x)€Ky, or v(z) — 041 T€K,. In the former
case, it follows immediately that v(o(z))=k, v(z). Thus, ({z}, {z}, o)<k, ({z},
g,v). In the latter case, it follows immediately that v(7(z))=k, v(z). Conse-
quently, ({z}, {z}, 7)<k, ({z},7,v). Since ({z}, 7, v) is an arbitrary Kg-unifier
of o, {({z}, {x},0), {z},{z},7)} is a K4-complete set of Kg-unifiers of ¢.

Lemma 2 {({z},{z},0), {z},{z},7)} is a basis of Kq-unifiers of ¢.
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Proof: For the sake of the contradiction, suppose {({z}, {z}, o), ({z},{z},7)}
is not a basis of Kg-unifiers of . Hence, either ({z}, {z}, o)<k, ({z}, {z},7),
or ({z},{z}, ")=xk,({z}, {z}, o). In the former case, there exists a substitution
({z},Z,v) such that v(o(z))=k,7(z). Thus, 0911V u(z)=k, 0 T Az. In
the latter case, there exists a substitution ({z}, Z, v) such that v(7(z))=k, 0 (z).
Consequently, 01T A v(2)=k,091 L V2. In both cases, 091 L — 04=1Te
K : a contradiction with Proposition 13. -

Consequently, K, is not filtering.

(2) Let pcFOR be Ag-unifiable. We demonstrate ¢ is Ag-filtering. Let
(var(y),y,0), (var(p),z,7) be Ag-unifiers of ¢. Let =y U z U {u} where u
is a new variable!?. Let (var(p),t, 1) be the substitution defined by

o u(z)=(\V{0 (unOL) : 0<i<d}Ac(z))V(A{O(—~uVvOT) : 0<I<d}nT(z)),

where x ranges over var(y). Let (¢,7, A1) and (f,z, A1) be the substitutions
defined by

e if vey then At (v)=v else At(v)=T,
e if v€Z then Ay (v)=v else A\| (v)=L1,

where v ranges over £. Since by Proposition 13, \/{0!OL : 0<I<d}€K, and
SA{OOT : 0<l<d}eKy, for all zevar(p), A\t(u(z))=a,0(x) and A\j (u(x))
EAdT(‘T)' Hence, (var(cp),f, /L)%Ad (var(go),gj, U) and (Var(@)va N)<Ad (var(gp),
Z,7). Moreover, by induction on Y€FORy.;(,), the reader may easily ver-
ify that \/{O'(u A OL) : 0<i<d} — (u() + o(¥))eAy and A{O'(—u Vv
OT) : 0<l<d} — (u(¥) < 7())€A4. Thus, V{0 (u AOL) : 0<i<d} —
pw(e)eAg and A{OH(—u Vv OT) : 0<i<d} — p(p)€A4. Consequently, pu(p)EA .
Hence, (var(yp),t, 1) is an A g-unifier of . Since (var(p),t, p)<a,(var(y),y, o)
and (var(p),t, p)<a,(var(p),z,7), ¢ is Ag-filtering. Since the A j-unifiable
p€FOR was arbitrary, Ay is filtering.

This finishes the proof of Proposition 16.

5.4 Valuable functions

Let (z,7,0)eSUB. For all e€{l,...,d}, a function f : BTY/0q — BT¢ /i
is valuable if for all MeBTY and for all M'eBT%, if f([M])=[M’'] then the
following conditions hold:

12That is, neither u€var(y), nor u€y, nor ucz.

13This proof by induction uses the fact — see Proposition 13 — that A{O'(-u Vv OT) :
0<i<d} — OA{OH(~uVvOT) : 0<i<d}eKy and V{0 (uAOL) : 0<i<d} — OV{0H(uAOL) :
0<l<d}€A,. By the way, the fact — see Proposition 13 — that \/{0!(u AOL) : 0<i<d} —
OV{0'(uAOL) : 0<l<d}¢K, explains — if it is still needed — why our argument cannot
be repeated for K .
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o for all s Rpvi(rm), there exists s’€ Ry (v ) such that f([M])=[M'y],
o for all '€ Ry (ravr ), there exists s€ Ryvi(rm) such that f([Ms])=[M'y].

Of course, in the above items, Rn(rm) and R (rmr) are finite.  For all
ec{l,...,d}, let f¢ : BTY/x — BT, /p< be the function such that for all
MEeBTY, f¢([M])=[M7]™.

Proposition 17 For all ec{1,...,d}, for all MEBTY and for all s€Wy,
fE (M) =2 ([M]).

Proof: By [12, Proposition 2.6].

Proposition 18 For all ee{1,...,d}, the function fZ is valuable.

Proof: By Proposition 17. -

Let (Z,7,0)eSUB. For all ee{1,...,d}, a function f : DBTY /0t — DBT? /i<
is valuable if for all MeDBTY and for all M'eDBTY, if f([M])=[M’] then the
following conditions hold:

o for all s€ Ryvi(rm), there exists s’€ Ry (v ) such that f([M])=[M'y],
o for all 'Ry (rvr ), there exists s€ Ryvi(rm) such that f([M,])=[M'y].

Of course, in the above items, Ryi(rm) and Ry (rvr) are with cardinality <1.
For all e€{l,...,d}, let f¢ : DBTY />t — DBT, /> be the function such that
for all MEDBTY, f7([M])=[Ml7]'5.

Proposition 19 For all ec{1,...,d}, for all MEDBTY and for all s€Wy,
JE(IM])s=1Z ([Ms]).

Proof: By [12, Proposition 2.6].

Proposition 20 For all e€{1,...,d}, the function f¢ is valuable.

Proof: By Proposition 19. -

6 About the unification type of A,

In this section, we prove that A, is unitary'®. For all e€{1,...,d}, the surjective
valuable function f. : DBTY/>1 — DBT? /i< associated in Proposition 21
to each (Z,y,0)eSUB such that ||Z||<]||g]| be crucially used in the proof of
Proposition 22.

14 Notice that for all e€{1,...,d}, by Proposition 11, the function fZ is well-defined.
15Notice that for all e€{1,...,d}, by Proposition 11, the function f¢ is well-defined.
16By Propositions 7 and 16, we know that A, is either nullary, or unitary.
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Proposition 21 Let (Z,9,0)eSUB. Let ec{1,...,d}. If ||z|[<||y|| then there
exists a surjective valuable function f.: DBTY/>x — DBT /> such that for
all M,NeDBTY, if fe([M])=fc([N]) then fZ([M])=f([N]).

Proof: Suppose [|Z||<[|7[. By induction on e, we define a surjective valu-
able function f. : DBTY/>x — DBT, /> such that for all M, NeDBTY, if
fe(IM])=fc([N]) then fZ([M])=fZ([N]). We consider the following 2 cases.

Case e=1: Let U={f{([M]) : MeDBT7}}. Notice that UCDBT7Y /. Let h be
a function from U to DBTY /> such that for all MeDBTY, f7(h(f{([M])))=
f7(IM]). Notice that h is injective. Hence, ||U||=[{h(f{([M])) : MeDBTT{}|.
Since [17]1<|lg], [DBT? /o<\U|I< [ DBT? /o<t {h(f¢ (M])) : MEDBTT}|. Let S
be a subset of DBTY />a\ {h(f7([M])) : MeDBTY} such that ||S||=|DBTT /x\
U||. Let f; be a one-to-one correspondence between S and PBTT /< \ U. Now,
we define the function f;. Let f; be the function from DBTY /<1 to DBTY /i<
such that

o if [M]€S then fi([M])=f7([M]) else f1([M])=f7 ((M]),

where M ranges over DBT/‘LE. Notice that f; is valuable. In Lemmas 3 and 4,
we show that fi possesses the required properties.

Lemma 3 f; is surjective.

Proof: Let NeDBT7. We consider the following 2 cases.

Case [N]eU: Hence, let MeDBTY be such that f7([M])=[N]. Thus,

I
h(f7 (M]))=h([N]). Consequently, h([N])ZS. Hence, fi(h([N]))=f7 (h([N])).
Since A(f7 ([M]))=h([N]), f1( (IN)=/7 (h(F7(IM))).  Thus, f2(h([N)))=
7 (IM]). Since f7([M])=[N], fi(h([N]))=[N].

Case [N]eDBT7 /< \ U: Since f; is one-to-one, let [M]€S be such that
&%[M_]'):[N]. Consequently, f1([M])=f([M]). Since f7([M])=[N], fi([M])=
Lemma 4 For all M,NeDBTY, if fi(IM])=f1(IN]) then f{([M])=£{([N]).

Proof: Let M, NeDBT?Y. Suppose f1([M])=f1([N]). We consider the follo-
wing 3 cases.

Case [M]eS and [N]eS: Since f1([M])=f1([N]), fi([M])=f;([N]). Since
[T is one-to-one, [M]=[N]. Hence, f{([M])=f7([N]).

Case [M]€S and [N]eDBTY /><\S: Since f1([M])=/1([N]), f7 ([M])=/{ ([N)).
Thus (DBT7 /< \ U) N €U#D: a contradiction.

Case [M]eDBTY/>\ S and [N]€DBTY/ = \S: Since fi([M])=f([N]),
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fT(IM])=f7 (IN]). -
Case e>2: By induction hypothesis, let f._1 be a surjective valuable function

from DBTY_, /b to DBTE_, /> such that for all M, NeDBTY_,, if f._1([M])=
fe—1([N]) then f7 ([M])=f2_,([N]). For all M'EDBT"K,l \DBTE,Q, let

e S([M’]) be the set of all [M] such that MeDBTY and there exists s€
Rpp(rm) such that fe_i ([Mg])=[M].

Notice that for all M'eDBTZ_, \ DBT*_,, S(IM'|)CDBTY/ = \DBT?_,/ .
For all M'eDBT?_, \ DBT%_,, let ~m be the equivalence relation on S([M’])
defined by

* [M]~p[N] if and only if f7 ([M])=f¢ ([N]).

where [M], [N] range over S([M']). In Lemmas 5 and 6, we compare
1S(IM])/ ~par || and [[S([M])|| with 2/Zll for each M'eDBTZ_, \ DBTL_,

Lemma 5 For all M'eDBTL_, \ DBTL 5, [|S(IM])/ ~par [l <2171

Proof: Let M'eDBTZ_, \ DBT?_,. For the sake of the contradiction, sup-
pose |[S([M'])/ ~pal|>2I71. Let peN and [My],...,[MpleS([M']) be such
that p>2/7l and for all ¢,re{l,...,p}, if g#r then [Mgq]7m[M;]. Hence,
My, ...,MpeDBTY and there exists si€Rm,(T™M,), - -, SpE€RM, (rMm,) such
that fo_1([Mag,])=[M'], ..., fe—1([Mp, ])=[M]. Thus let M”GDBTI 1\
DBT?_, be such that f7 (Mg, ))=M"], ..., fo_,(IM })*[M”} Conse-
quently, by Proposition 20, let MY, ..., MJeDBT; and s/ ERMH (rny), -5 8p€
RMg(rMn) be such that fZ([M;j])= [M”] o fO(IM ]) [M"] and [M{,,]=
M"], ..., M7 _,]=[M"]. Since for all ¢,r€{1,...,p}, if ¢#r then [Mgq]# /]

Psy

[M,], for all g, 7“6{1, ..., b}, if g#r then fZ([Mq])#£fZ ([M;]). Since f7([My])=
M7, ..., fE(Mp])=[Mg], for all ¢,re{l,... p}, if g#r then [Mg]#[M].
Since M, ]=[M"], ..., [MZ, ]=[M"], p<2I7l: a contradiction. -

p//

Lemma 6 For all M'eDBT*_; \ DBT*_,, 217l <||S(IM"])|.

Proof: Let M'eDBT*_, \ DBTZ_,. Since f._; is surjective, ||S([M’])[|>2/I7!l.
Since ||z <|7ll, 2I=I< | S(M])].

For all M'eDBT~_, \ DBT*_,, let

e T([M']) be the set of all [N’] such that N’eDBT? and there exists s'€
Rn/(rnv) such that [N ]=[M'].

Notice that for all M'eDBTL_, \ DBT¢_,, T(IM'))CDBTE/ x \DBT2_,/ <.

Moreover, notice that for all M'eDBT;_, \ DBT:_,, ||T([M’])H:2”f”. Conse-

quently, by Lemmas 5 and 6, for all M'€DBT:_; \DBT:_,, [|S(IM])/ ~mlI<
1T(IMD)[|<[IS(IM’])||. Hence, by Proposition 1, for all M’€DBT?_,\DBT~_,,

let gLM/] be a surjective function from S([M']) to T([M’]) such that for all
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M, [(NJes (M), if g™ (M) =™ (N]) then [M]~png[N]Y7. Now, we de-
fine the function f.. Let f. : DBTY/sxxt — DBT, /<1 be the function such
that

o if MEDBTY_; then f.(IM])=f._1(IM]) else f.(IM])=g~* ™D ([m]),

where M ranges over DBTY and s€ Rp(ram). Notice that f. is valuable. In
Lemmas 7 and 8, we show that f. possesses the required properties.

Lemma 7 f. is surjective.

Proof: Let NeDBTE. We consider the following 2 cases.

Case [N|eDBT?Z_, /> Since f._; is surjective, let [M]€DBTY_, /< be such
that fefl([MD:[N]' Hence, fe([M]):fefl([M]) Since fefl([M]):[N]a
fe(IM])=[N].

Case [N]eDBTZ /o \ DBTE_, /< Let s€ Rn(rn). Thus, [N§]€DBTE_ /o< \
DBT?Y_, /. Moreover, [N]€T([N]). Since 9N is surjective, let [M']eS([Ns])

be such that gLNS]([M’]):[N]. Let '€ Ry (rwrr) be such that fe_q ([ML])=[Ng].

Since o< (M) =[N], g ™D ((M'])=[N]. Comsequently, f.([M'])=[N].

Lemma 8 For all M, NeDBTY, if fe([M])=f.([N]) then f¢([M])=f([N]).

Proof: Let M,NeDBTY. Suppose f.([M])=f.([N]). We consider the follo-
wing 3 cases.

Case [M|cDBTY />t and [N]eDBTY ,/>a:  Since fo([M])=f.(IN]),
fe—1(IM)=fe—1(IN]). Hence, fZ_,([M])=/Z_,([N]) Thus, f7([M])=f7([N])

Case [M|eDBTY /> and [N]eDBTY /0 \ DBTY /> Since f.([M])=
F(ND,  foor(IM])=gs™ND(IN]) where se€Rn(rn). Consequently,
DBTZ_, />N (DBTE /> \ DBTE_, /<1)#0: a contradiction.

Case [M|cDBTY/a\ DBTY_ /< and [N]eDBTY /> \ DBTY_, /> Since
Fe(IMD=f(IN]), gl =D (M))=gl* D (IN)) where s€Rp(rm) and te
Rn(rn). Consequently, fe—1([Ms])=fc—1([N¢]). Let [O]eDBT:_, /> be such
that fo_1([Mc))=[0] and fo_1([Ne))=[0].  Since gl ™D (M))=
gl D (IND), [M] (o) [N]. Hence, f7(IM])=/ (IN).

This finishes the proof of Proposition 21. -

Proposition 22 Let pcFOR;. If (Z,y,0)eSUB is an Ag-unifier of ¢ then
there exists an Ag-unifier (Z,z,7)eSUB of ¢ such that (Z,Z,7)<a,(Z,7,0).

I7Notice that this is the only place in this section where we use Proposition 1.
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Proof: Suppose (z,y,0)eSUB is an A j-unifier of . Hence, for all MEDBT‘Z,
rMEVM(a(p))-

Case ||Z]|>||7]]: Let (z,z,7)eSUB be such that for all €z, 7(x)=A(o(x))
for some injective (7,Z, )GSUB such that A(§)Cz. Notice that since for all
MeDBTY, rmeVa(a()), for all MEDBTY, rmeVa(T(p)). Thus, (z,7,7) is
an A g-unifier of . Let (Z,7, \')€SUB be such that for all z€Z, if there exists
y€y such that A\(y)=z then X (x)=y. Notice that for all x€Z, X' (7(z))=a, 0(x).
Consequently, (Z,Z,7)<a,(Z,,0).

Case |z|<|g||: By Proposition 21, let f; : DBTY/0x — DBT%/p< be a
surjective valuable function such that for all M, NeDBTY, if fq([M])=/fq([N])
then f7([M])=fJ(IN]). Let (%, %,7), (Z,,v)eSUB be such that for all z€z,

o 7(x)=\/{for(M’) : MEeDBTY and M'€DBT? are such that rve
Vaa(o(z)) and fo((M])=[M"]},

e v(x)=\/{for(M) : MEDBTZ and M'€DBT? are such that ryp €V ()
and fa([M])=[M]}.

Lemmas 9, 10, 11 and 12 state results connecting the substitutions (7, Z, 7) and
(z,y,v) with the models in DBTy and DBTY.

Lemma 9 Let ocFOR;. For all M'eDBTY, the following conditions are
equivalent:

1. there exists MEDBTY such that fo([M])=[M’] and raa€Va(a(p)),
2. for all MEDBTY, if f4([M])=[M'] then rmeVa(o(p)),
3. rmr €V (’T((p))

Proof: By induction on ¢.
Case p=1: Let MeDBTY,.

(1 = 2) Suppose M'€DBTY is such that fu([M'])=[M] and rv €Viw (o(z)).
Let M"eDBT?, be such that fy([M"])=[M]. Since fq([M'])=[M], fa(IM'])=
fa(IM”]).  Hence, fo(IM'])=£7(IM"]). Thus, [M'I?]=[M"!"]. Since rn€
Vi (o(2)), rvr €Vpio (). Since [M"_U]:[M”‘U], rvr €Vagrie (). Consequent-
ly, rvr €V (o(2)). Since M”eDBT?Y such that f4([M”])=[M] is arbitrary, for
all MNEDBTZ, if fd([M”]):[M] then ryg. GVMH(O'(.’E)).

(2 = 3) Suppose for all M'€DBTY, if f4([M’])=[M] then ry €Var (o(z)). Sin-
ce fq is surjective, let M"€DBT? be such that fy([M"”])=[M]. Since for all
M/GDB’TZ, if fd([ ]) [M} then TM/€VM/( ( )), TM//GVMH(J({E)). Hence,
for(M) is a disjunct in 7(z). Since by Proposition 10, rm€E
Vm(for(M)), rveVa(r(x)).
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(3 = 1) Suppose rMEVa(7(z)). Let M'€DBT?Y and M”e€DBTY, be such that
rvm €V (0(x)), fa((M'])=[M"] and rmeVm(for(M”)). Thus, fq([M'])=[M].
Consequently, there exists M/€DBTY such that fu([M'])=[M] and ry€
VM/(O'(I'))

Case ¢=1: Left to the reader.
Case p=—1): Left to the reader.
Case p=1 V x: Left to the reader.
Case p=[y:

(1 = 2) Suppose M’'eDBTY is such that f;([M'])=[M] and ray€Var (Oo ().
Let M"eDBT? be such that fq([M"])=[M]. Let s”€Rnmw(rmr). Since fq is
valuable and f4([M"])=[M], let s€ Rnp(rm) be such that fq([MZ,])=[Ms]. Since
fa is valuable and fq([M'])=[M], let s’€ Ry (rvr) be such that fi([ML])=[Ms].
Since fa([MZ])=[Ms], fa(IMg])=/a([MZ,]). Hence, f([Mg])=/7(IMZ/]).
Thus, [M.]=[M%,!°].  Since rypeVa(Oo(1h)) and s'€Rpy(rar), '€
Vmr (o()). Consequently, s'€Vyp10 (). Since [M;,lﬂ]:[M;’,,la], s"eVanio (V).
Hence, s”"€Va (0(¢)). Since s”€Ry (rmr) is arbitrary, ryvpr €V (Do (v)).

Since M"”eDBT?, such that f;([M"])=[M] is arbitrary, for all M"eDBT?, if
fd([MH]):[M] then rapr €V (DU(’lb»

(2 = 3) Suppose for all M'eDBTY, if f4([M'])=[M] then rvy€Var (Oo(¥)).
Let secRm(rm). Since fy is surjective, let M”e€DBTY be such that fu([M"])=
[M]. Since fy4 is valuable and s€Rn(rm), let s”€Rmr (rvr) be such that
fa((MZ))=[Mg].  Since for all M'e€DBTY, if fi([M'])=[M] then rype
Va (Co () and fq([M"])=[M], rve €V (o (). Since s”€ Ry (rwrr), s”€
Vamr ((1)). Since fq([MZ,])=[Ms], by induction hypothesis, s€Va(7(¢)). Sin-
ce sERn(rm) is arbitrary, rpp €V (O7(W)).

(3 = 1) Suppose rm V(D7 (). Since f4 is surjective, let M/€DBTY, be such
that f4([M'])=[M]. Let s'€Rm(rmr). Since fq is valuable and fq([M'])=[M],
let seRm(rm) be such that fq([ML])=[Mg]. Since rmeVm(Or(v)), s€
VM (7(2)). Since fq([ML])=[Ms], by induction hypothesis, s'€Vamr (o (¢)). Sin-
ce s'€Rpnp(rmr) is arbitrary, vy €V (Oo(v)).  Consequently, there exists
M'eDBTY such that fy([M'])=[M] and rv €V (Do (1)) A

Lemma 10 For all MEDBTY and for all M'€DBTY, if fa((M])=[M'] then
for all xeZ, the following conditions are equivalent:

1. rmeVm(v(z)),

2. rmv €V (x) .
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Proof: Let MEDBTY and M'€DBT?. Suppose fq([M])=[M’]. Let z€z.

(1 = 2) Suppose rmEVam(v(z)). Let M”€DBT?Y and M €DBT7 be such that
g €V (1), fa([M"))=[00"] and raseVag(For(M")). Since f([M])=[M'],
[M/]:[Mm]. Since ryvpr €V (1’), v €V (:L')

(2 = 1) Suppose rm €V (x). Since fy([M])=[M'], for(M) is a disjunct in
v(x). Since by Proposition 10, rpp€Vam (for(M)), rmeVam (v(x)).

Lemma 11 Let ec{l,...,d}. For all MEDBTY and for all M'€DBT?Z,
fe(IM])=[M] if and only if rama€Vam (v(for(M'))).

Proof: By induction on e.

Case e=1: Let MeDBTY and M'eDBT}. Suppose fi([M])=[M']. Hence,
by Lemma 10, for all zez, rmeVm(v(x)) if and only if ryp €V (). Since by
Proposition 10, ryy €V (for(M')), rmeVm(v(for(M'))). Reciprocally, sup-
pose rvEVM(v(for(M'))). Thus, for all €z, rveVm(v(z)) if and only if
v €V (7). Let M”€DBTT be such that fi([M])=[M"]. Consequently, by
Lemma 10, for all z€z, rmeVam(v(x)) if and only if ryvr €Varr (). Since for all
z€Z, rmeVm(v(z)) if and only if ryv €V (), for all zez, rvy €V (2) if and
only if ryer €V (x). Hence, [M/]=[M"]. Since f1([M])=[M"], f1([M])=[M'].

Case e>2: Let MeDBTY and M'eDBTZ. Suppose f.([M])=[M']. Thus,
by Lemma 10, for all z€Z, rppeVm(v(z)) if and only if v €V (x). Moreover,
since f, is valuable, for all s€ Ryi(rm), there exists '€ Ry (rmr) such that
fe—1([Mg])=[ML,] and for all s’€ Rz (rmr), there exists s€ Ry(rv) such that
fe—1([M;])=[ML,]. Consequently, by induction hypothesis, for all s€ Ry (rm),
there exists s'€Rm(rmy) such that seVar(v(for(ML))) and for all s'e
Ry (rwr ), there exists s€e Rm(rm) such that seVy(v(for(MYL,))). Since for
all zez, rmeVm(v(z)) if and only if rypy €V (), rme€VMm(v(for(M'))). Re-
ciprocally, suppose rm€Vm (v(for(M'))). Hence, for all €z, rmeVm(v(z)) if
and only if v €V (). Moreover, for all s€ Ry (rwm ), there exists s'€ Ry (rwr)
such that seVam(v(for(ML,))) and for all s'€ Ry (rwm/), there exists s€ Ry (rm)
such that seVam(v(for(ML))). Thus, by induction hypothesis, for all se
Rm(rm), there exists s’€ Ry (rvr) such that fe_1([M;])=[ML,] and for all
s'€ Ry (rwrr), there exists s€ Ryp(rav) such that fe—1([M;])=[ML]. Let M"¢€
DBT? be such that f.([M])=[M"]. Consequently, by Lemma 10, for all z€z,
rvmE€VMm(v(2)) if and only if v €Varr (z). Moreover, since f. is valuable, for
all s€e Rv(rm), there exists s” € Ravr (rvr) such that fe_q ([Ms])=[MZ,] and for
all s”€Rnv (ravr), there exists s€ Ryvi(rm) such that fo_1([M,])=[MLZ,]. Since
for all z€z, rmeVm(v(x)) if and only if rv €V (), for all z€z, rvr €V ()
if and only if v €V (x). Moreover, since for all se Ryvi(rm), there exists
s'€ Ry (rvr) such that fe_1([M;])=[ML/] and for all s’€Rmy(rmr), there ex-
ists s€ Rm(rm) such that fe_q1([M,])=[ML/], for all '€ Ry (rmy), there exists
s"€Rm (rvr) such that [ML,]=[M.,] and for all s”€Rnm~ (rmr), there exists
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s'€ Ry (rar) such that [ML,]=[M,

".,]. Hence, [M'|=[M"]. Since f.([M])=[M"],
fe(IM])=[M'].

Lemma 12 For all MEDBTZ and for all €T, the following conditions are
equivalent:

1. rmeVm(v(r(x))),

2. TMEVM(U(x)).
Proof: Let MEDBTY and r€7.
(1 = 2) Suppose rm€Vam(v(7(x))). Let M'eDBTY and M”€DBT?, be such
that rve €V (o(2)), fa([M'])=[M"] and rmeVMm(v(for(M”))). Hence, by
Lemma 11, fy([M])=[M"]. Since fq([M'])=[M"], fa([M'])=fa([M]). Thus,

]
FI([M'])=f3([M]). Consequently, [M'U]:[M"U]. Since rvr €V (o(x)), v €
Varrto (7). Since [M“’]:[M’lo], rME€Vmie (z). Hence, rmeVm(o(z)).

(2 = 1) Suppose rmEVMm(o(x)). Thus, for(f;([M])) is a disjunct in 7(x). Since
by Lemma 11, rpeVm(v(for(fa([M))))), rm€Vam(v(7(2))). 4

Since for all MEDBTY, rmeVa(o(¢)), by Lemma 9, for all M'€DBTY, ryp €
Vamr (7()). Hence, (Z,Z,7) is an Ag-unifier of ¢. Moreover, by Lemma 12, for
all zez, v(7(z)) > o(x)€A4S. Thus, (z,7,7)<a,(Z, 7, 0).

This finishes the proof of Proposition 22. -

Proposition 23 A, is reasonable.

Proof: By Proposition 22. -

Proposition 24 A, is unitary.

Proof: By Propositions 15, 7, 8, 16 and 23. -

7 About the unification type of K,

In this section, we prove that K is finitary'®. For all e€{1, ..., d}, the surjective
valuable function f. : BTY/x1 — BT/ associated in Proposition 25 to
each (Z,7,0)€SUB such that ||Z||<||g|| will be crucially used in the proof of
Proposition 26.

18Lemmas 10 and 11 are used in the proof of Lemma 12.
19By Propositions 6 and 16, we know that K, is not unitary.
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Proposition 25 Let (Z,9,0)€SUB. Let ec{1,...,d}. If |z|[<||y|l then there
exists a surjective valuable function f. : BTY/0a — BT, /> such that for all
M, NeBTY, if fe(IM])=fc(IN]) then fg([M])=Ff ([N]).

Proof: Suppose ||Z||<||y]|. By induction on e, we define a surjective valuable
function f. : BTY/xt — BT /> such that for all M, NeBTY, if f.([M])=
fe(IN]) then fZ(IM])=f2([N]). We consider the following 2 cases.

Case e=1: Let U={f{([M]) : MeBT7}}. Notice that UCBTT /<. Let h be a
function from U to BT /< such that for all MeBTY, f7(h(f{([M])))=/{ ([M]).

Notice that h is injective. Hence, |U||=[{h(f7([M])) : MeBT{}||. Since
2l <lgll, [IBTZ /o0 \ UI<IBTY /o \ {A(f7(M])) : MEBTY}. Let S be a
subset of BTY /b \ {h(f7([M])) : MeBT{} such that ||S||=|BT7/>x\U||. Let
fi be a one-to-one correspondence between S and BT7/>a1\ U. Now, we define
the function fi. Let fi be the function from BTY /< to BTY /< such that

o if [M]€S then fi([M])=f7([M]) else f1([M])=/7 ([M]),

where M ranges over B’Tﬂ‘l7 . Notice that f; is valuable. In Lemmas 13 and 14,
we show that fi possesses the required properties.

Lemma 13 f; is surjective.
Proof: Let NeBT7. We consider the following 2 cases.
Case [N]eU: Hence, let MEBTY be such that f7([M])=[N]. Thus, k(£ ([M]))

S,
=h([N]). Consequently, h([N])¢S. Hence, fi(h([N]))=f7(h(IN])). Since

h(f7 (IM]))=h([N]), f1(A(IN]))=/T (h(f7 ([M]))). Thus, fi(h([N]))=/7 ([M]).
Since f7 ([M])=[N], fi(h([N]))=[N].

Case [N]|eBT7 /<x\U: Since f; is one-to-one, let [M]€S be such that f; ([M])=
[N]. Consequently, fi([M])=f7([M]). Since fi([M])=[N], fi([M])=[N].

Lemma 14 For all M,NeBTY, if f1([M])=/1([N]) then f{ ([M])=f{ ([N]).
Proof: Let M, NeBT?Y. Suppose fi([M])=f1([N]). We consider the following

3 cases.

Case [M]eS and [N]eS: Since fi1([M])=f1([N]), fi((M])=f7([N]). Since
/1 is one-to-one, [M]=[N]. Hence, f{([M])=f7 ([N]).

Case [M]€S and [N]eBTY/>a\ S Since f1([M])=/1([N]), fi ([M])=/7 ([N]).
Thus, (BT7/><\ U) NU#P: a contradiction.

Case [M]eBTY />\S and [N]eBTY/ >a\S: Since fi([M])=f1([N]), £ ([M])=
JT(IN]). A

Case e>2: By induction hypothesis, let f._1 be a surjective valuable func-
tion from BTY_, /< to BT ¢_ /< such that for all M, NeBTY_, | if fo_1([M])=
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fe=1([N]) then f¢_,([M])=f7_,([N]). For all M'CBT¢_y, if M' N (BT¢
BT?_,)#0 then let

o S(M'/p)={[M]: MeBTY and {f._1([Ms]) : s€Rpm(rm)}=M'/>a}.

Notice that for all M'CBTZ_, if M0 (BT?_; \ BTZ_5)#0 then S(M'’/>1)C
BTY/ e \BTY_,/ <. For all M'CBT?_,,if M'N(BTZ_;\ BT7_5)#0 then let
~ M /¢ De the equivalence relation on S(M’/=1) defined by

* [M]~rtea[NJ if and only if f7 ([M])=fZ ([N]).

where [M],[N] range over S(M'/>). In Lemmas 15 and 16, we compare
[S(M' /1) / ~ apr sl and || S(M /<1)|| with 2171 for each M'CBT?E_; such that
M N (BT 1 \ BT (o) #0.

Lemma 15 For all M'CBT:_y, if M' N (BTi_y \ BT:_5)#0 then
[S(M 50) ] ~ ppr poal| <2171

Proof: Let M'CBT%_,. Suppose M' N (BTZ_, \ BT?_,)#0. For the sake of
the contradiction, suppose [|S(M'/x)/ ~ap ssal|>2171. Let peN and [My],. ..,
[M,]€S(M' /<) be such that p>2I#l and for all ¢,re{1,...,p}, if g#r then
[Mq]’%//\/l//le[Mr] Hencea Mlv e 7MP€BT2 and {fefl([Mls]) : SGRM1 (TM1)}
=M [o<, oo {fem1(Mp]) © s€RMm,, (rm,, ) }=M' /<. Thus, let M"CBT7_; be
such that M"N(BTo_{\BT:_5)#0 and {f7_1([M14]) : s€Rm, (rm, ) }=M" /<,
v {1 ([Mpy]) - s€Rm,, (1M, ) }=M" /0. Consequently, by Proposition 18,
let M7,...,MpeBT¢ be such that f7([Ma])=[M7], ..., fZ([Mp])=[Mp] and
{[M’lls] : SERM/I/(TM/II)}:M”/N, cee {[Mgs] : SGRM;)/ (TM;)/)}:M”/IXI. Since
for all ¢,re{l,...,p}, if ¢g7#r then [Mgq]#pp /oa[Me], for all g,re{l,...,p}, if
q7#r then fZ([Mq])#fZ ([My]). Since f¢([My])=[M7], ..., f¢([Mp])=[My], for
all g,re{l,...,p}, if ¢#r then [M{]#[M[]. Since {[M7,] : s€Rmy(rmy)}=
MN/DQ, ceny {[Mgs] : SERMS (7“1\/[;)/)}2./\/1///D<17 pSQHiH; a contradiction. -

Lemma 16 For all M'CBTZ_,, if M' 0 (BTZ_; \ BTZ_,)#0 then 2/7lI<
[S(M/pa)]|.
Proof: Let M'CBT%_;. Suppose M’ N (BTZ_; \ BT?_,)#0. Since fo_; is
surjective, ||S(M’/>)[|>2191. Since ||z||<||g]|, 2171 <[ S(M'/)|.
For all M/CBT?_,, if M' N (BTE_; \ BTZ_,)#0 then let

o T(M'/<)={[N']: N'eBT? and {|N,]: s'€Rn(rn/)}=M'/>}.
Notice that for all M'CBT?_;, if M' N (BTt_; \ BTt_5)#0 then T(M’ /x<)C
BT?E/ > \BT%_,/ <. Moreover, notice that for all M'CBT%_,, it M'N(BT%_,\
BTE_,)#0 then | T(M’ /<)||=2/Il. Consequently, by Lemmas 15 and 16, for all

MCBT_y, if M' 0 (BT;_y \ BTe_)#0 then [|S(M'/)/ ~ppjoall <
I T(M /) ||<||S(M'/<)||. Hence, by Proposition 1, for all M'CBTE_,, if

M'N(BTE_\BT?_5)#0 then let g™ be a surjective function from S(M’ /<)
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to T'(M’ /<) such that for all [M], [N]€S(M' /=), if gé\A//N([M]):gé\Ai/M([ND
then [M]~ g /0a[N]?°. Now, we define the function f.. Let fo : BTY/bx —
BT% /i< be the function such that

o if MEBTY_, then fo([M])=f._1([M]) else f.([M])=g2"/~(M]),

where M ranges over BTY and M'/x={f._1([Ms]) : s€ Rm(rm)}. Notice that
fe is valuable. In Lemmas 17 and 18, we show that f. possesses the required
properties.

Lemma 17 f. is surjective.

Proof: Let NeBTZ. We consider the following 2 cases.

Case [N]eBT*_, /o< Since f._; is surjective, let [M]€BT?Y_, /> be such that
{;iﬂl([M]):[Nl Hence, fe([M])=fc-1([M]). Since fe_1([M])=[N], fe([M])=

Case [N|eBTZ/0a\ BT /i: Let NCBTZ_, be such that A/ox={[Ng] :
s€RN(rn)}. Thus, NN (BTL_; \ BTt_,)#0. Moreover, [N]€T (N /). Since
gé\//m is surjective, let [M']€S(N /<) be such that gé\//N([M’]):[N]. Conse-
quently, {fo1([ML]) : s€Rnp(rar)}=A /o< Since g2'/™(IM'])=[N], f.([M'])
=[N]. A

Lemma 18 For all M, NeBTY, if f.(IM])=f.(IN]) then f([M])=f2(IN]).

Proof: Let M, NeBT?Y. Suppose f.([M])=f.(IN]). We consider the following
3 cases.

Case [M|eBTY_, /< and [N]JEBTY_, /o<: Since fe([M])=fc(IN]), fe-1([M])=
fe—1(IN]). Hence, f¢_,([M])=f7_,([N]) Thus, fZ([M])=/¢ ([N])

Case [M]eBTY_, /> and [N]eBTY /0 \ BTY_,/x: Since f.([M])=f.(IN]),
fe,l([M]):gé\//Ni([N]) where N /x={f._1([Ng]) : s€eRN(rn)}. Consequently,
BTi_i />0 (BT, /pa\ BT ._1/>)#0: a contradiction.

Case [M]eBTY/>a\ BTY_, /> and [N]eBTY/0x\ BTY_, /o< Since f.([M])=
Fe(IN), g2/>([M)=g2"/*([N]) where M/sa={fo—1([My]) : s€Rm(rm)} and
N/<i={fe—1([Ns]) : s€Rn(rn)}. Consequently, M/x=N /<. Since
g7 (M) =gt " (IN]), [M]~ ptjoa[N] and [M] v o[N]. Hence, f([M])=
fE(IND).

This finishes the proof of Proposition 25. -

20Notice that this is the only place in this section where we use Proposition 1.
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Proposition 26 Let o€ FOR;. If (Z,7,0)eSUB is a Kq-unifier of ¢ then
there exists a Kgq-unifier (Z,Z,7)€SUB of ¢ such that (Z,Z, 7)<k, (T, §,0).

Proof: Suppose (Z,y,0)eSUB is a Kg-unifier of ¢. Hence, for all MEBTZ,
TMEVM(U(QO)).

Case ||Z]|>||g]]: Let (z,z,7)eSUB be such that for all €z, 7(x)=A(c(x))
for some injective (7,7, \)eSUB such that A\(7)CZ. Notice that since for all
MeBTY, rmeVam(o(y)), for all MeBTS, rmeVm(T(¢)). Thus, (7,7,7) is a
Kg-unifier of ¢. Let (Z,7,\')eSUB be such that for all z€z, if there exists
y€y such that A(y)=z then X (x)=y. Notice that for all z€z, X (7(z))=k 0(x).
Consequently, (Z, Z, 7)<k, (Z, ¥, 0).

Case ||z||<||g|l: By Proposition 25, let fy : BTY/sx — BT75 /> be a sur-
jective valuable function such that for all M, NeBTY, if fq([M])=f4([N]) then
fS(M])=f3([N]). Let (z,z, ), (Z,y,v)eSUB be such that for all z€z,

o 7(x)=\/{for(M’) : MeBTY and M'€BT7 are such that ry€Va(o(z))
and f4([M])=[M]},

o v(z)=\/{for(M): MeBT?Y and M'eBT7 are such that ryr € Vi () and
fa(IM])=[M']}.

Lemmas 19, 20, 21 and 22 state results connecting the substitutions (z, 7, 7)
and (Z, g, v) with the models in BT and BTY.

Lemma 19 Let pcFOR;. For all M'€BTY, the following conditions are equi-
valent:

1. there exists MEBTY such that fa([M])=[M'] and rameVm(o(p)),
2. for all MeBTY, if fa(IM])=[M'] then raa€Va(a(p)),
3. rv €V (T((p))

Proof: By induction on ¢.
Case p=1: Let MEBT?.

(1= 2) Suppose M'€BTY is such that f;([M'])=[M] and rv €V (o(z)).
Let M"eBTY be such that fq([M"])=[M]. Since fq([M'])=[M], fa([M'])=
f4(M7]). Hence, fg([M/])=f7(IM”]). Thus, [M'"7]=[M"!"]. Since rype
Vi (o(2)), ravr €Vapio (). Since [Mf‘g]:[M”‘U], rv €Vagiie (). Consequent-
ly, rvr €V (o(x)). Since M”eBTY such that fq([M”])=[M] is arbitrary, for
all M"eBTY, if fq([M"])=[M] then rye €V (o(x)).

(2 = 3) Suppose for all M'eBTY, if f4([M'])=[M] then rp €V (o(x)). Since
fa is surjective, let M"”€BT? be such that f4([M"])=[M]. Since for all M'e BT,
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if fo([IM']))=[M] then rvp €V (o(2)), rmr €V (o(x)). Hence, for(M) is a dis-
junct in 7(z). Since by Proposition 10, rpp€Va(for(M)), rvm eV (T(x)).

(3 = 1) Suppose rmeVm(7(z)). Let M'e€BTY and M”€BT7 be such that
rv €V (o)), fa((M'])=[M"] and rmeVm(for(M”)). Thus, fq([M'])=[M].
Consequently, there exists M'€BTY such that fo([M'])=[M] and ryp€
Vi (0(2)).

Case ¢=1: Left to the reader.
Case p=-1): Left to the reader.
Case ¢=1 V x: Left to the reader.
Case p=[:

(1 = 2) Suppose M’€BTY is such that f4([M'])=[M] and ryy€Var (Do (¥)).
Let M"”e€BT? be such that f4([M"])=[M]. Let s”"€Rm» (rmr). Since fq is valu-
able and fy([M"])=[M], let s€ Rm(rm) be such that fq([MZ,])=[Ms]. Since fy
is valuable and f4([M'])=[M], let s’€ Ry (rmr) be such that fq([MYL])=[Msg].
Since fa([MZ/])=[Ms], fa(IMg])=fa([MZ.]). Hence, fg([Mg])=f7([MZ/]).
Thus, [Mg,lg]_[M;’,,lo]. Since €V (Oo(v)) and s'€Ryp(rmy), S'€
Var (o(19)). Consequently, s'€Vyy1-(10). Since [M,7]=[M”, 7], s” €Vygn 1o ().
Hence, s”e€Vap (0(¢)). Since s”€Rm (rvr) is arbitrary, ryvpr €V (Do (v)).
Since M"”eBT? such that fq([M"])=[M] is arbitrary, for all M"eBTY, if

fa(IM"))=[M] then ryg €Vagr (Do ().

(2 = 3) Suppose for all M'eBTY, if f4([M'])=[M] then ryp €V (o (v)). Let
s€RMm(rMm). Since fy is surjective, let M”€BTY be such that fy([M"])= [ ].
Since fq is valuable and s€ Ryvi(ram), let s” € Ry (TMH) be such that f4([MZ,])=

[Mg]. Since for all M'eBTY, if f4([M'])=[M] then TM/EVM/(DU( )) and
fa((IM")=[M], rmr €V (0o (v)). Since s”€ Ry (rvr), 8" €V (o(1)). Sin-
ce fa([ML,])=[Ms], by induction hypothesis, s€Vm(7(¢)). Since s€ Rap(rm) is

s/

arbitrary, rar€Var(O7(0)).

(3 = 1) Suppose rv €V (O7(1)). Since fy is surjective, let M/€BTY be such
that fq([M'])=[M]. Let s'€ Ry (rm). Since fg is valuable and fy([M'])=[M],
let s€eRm(rm) be such that fq([ML])=[Mg]. Since rmeVm(Or(v)), s€
VM (7 (). Since fq([ML])=[Msg], by induction hypothesis, s'€Var (o (¢)). Sin-
ce s'€Rwy(rmr) is arbitrary, rap €V (Oo(9)). Consequently, there exists
M'eBT? such that fq([M'])=[M] and rv €V (Oo ().

Lemma 20 For all MEBTY, and for all M'€BTY, if f4([M])=[M'] then for all
TET, the following conditions are equivalent:
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1. r;vaeVm(v(z)),
2. rve €V (.’L’)

Proof: Let M€BTY and M'€BT?. Suppose f4([M])=[M']. Let z€z.

(1 = 2) Suppose rvEVm(v(x)). Let M"€BTY and M €BT7 be such that
v €V (), fa([M"])=[M""] and ryeVa(for(M”)). Since fq([M])=[M'],
[M/]:[MW]. Since ryp €V (f), v €V (:c)

(2 = 1) Suppose rm €V (x). Since fy([M])=[M’'], for(M) is a disjunct in
v(x). Since by Proposition 10, rpp€Va (for(M)), rmeVam (v(x)). A

Lemma 21 Let e€{l,...,d}. For all MeBTY and for all M'eBTZ, f.([M])=
[M'] if and only if rasa€Vm(v(for(M'))).

Proof: By induction on e.

Case e=1: Let MeBTY and M'eBT7. Suppose fi([M])=[M']. Hence, by
Lemma 20, for all z€z, rmeVm(r(z)) if and only if rmv €V (x). Since by
Proposition 10, ryv €V (for(M')), rveVm(v(for(M'))). Reciprocally, sup-
pose rmm€VMm(v(for(M'))).  Thus, for all €z, rmaeVm(v(z)) if and only if
vy €V (7). Let M”€BTT be such that fi([M])=[M"]. Consequently, by
Lemma 20, for all z€z, rmeVm(v(x)) if and only if ravr €V (). Since for all
z€Z, rmeVm(v(z)) if and only if ryv €V (), for all zeZ, rv €V () if and
only if rypr €V (x). Hence, [M']=[M"]. Since f;([M])=[M"], f1([M])=[M'].

Case e>2: Let MeBTY and M'eBTE. Suppose f.([M])=[M']. Thus, by
Lemma 20, for all z€z, rmeVm(v(x)) if and only if rv €V (x). Moreover,
since f. is valuable, for all s€ Ryi(rm), there exists s'€Rpypy(rmr) such that
fe—1([M;])=[ML,] and for all s'€Rmpv(rmr), there exists se Rp(rm) such that
fe—1([M;])=[ML,]. Consequently, by induction hypothesis, for all s€ Ry (rm),
there exists s'€Rm(rmy) such that seVam(v(for(ML))) and for all s'e
Ry (ryvr ), there exists s€ Rv(ram) such that seVy(v(for(ML,))). Since for
all xez, rmeVm(v(z)) if and only if rv €V (), rmeVm(v(for(M'))). Re-
ciprocally, suppose rm €V (v(for(M'))). Hence, for all €z, rmpeVm(v(x)) if
and only if ryp €V (z). Moreover, for all s€ Ry (ra ), there exists '€ Ry (1w )
such that seVam(v(for(ML,))) and for all s'€ Ry (rwr), there exists s€ Ry (rm)
such that seVam(v(for(ML,))). Thus, by induction hypothesis, for all se
Rm(rm), there exists s'€ Ry (rvr) such that fe1([M;])=[ML/] and for all
s'€Rm (rwy), there exists s€ Ryvi(rm) such that fo_q([M,])=[ML/]. Let M"¢e
BT? be such that f.([M])=[M"]. Consequently, by Lemma 20, for all z€Z,
rME€VMm(v(x)) if and only if ryvr€Varr (z). Moreover, since f. is valuable, for
all se Rm(rm), there exists s” € Ravr (rver) such that fe_q ([Mg])=[MY, ] and for
all s”€Rnp (ravir), there exists s€ Ryvp(rm) such that fe—1([M,])=[ML,]. Since

for all z€Z, rmeVm(v(x)) if and only if ryey €V (), for all z€Z, rv €V (2)
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if and only if rvr €V (z). Moreover, since for all s€ Ry(rm), there exists
s'€Rw (rvr) such that fe_1([M;])=[ML] and for all s'€ Ry (rmr), there ex-
ists se Rm(rm) such that fe_q1([M])=[ML/], for all '€ Ry (rmr), there exists
s € Ry (TM//) such that [M/S,]:[MH ] and for all s”€ Ry (’I"M//), there exists

s/’

s'€ Ry (rwr) such that [ML,]=[MZ,]. Hence, [M']=[M"]. Since f.([M])=[M"],
fe(IM])=[M'].

Lemma 22 For allMEBTZ and for all €T, the following conditions are equiv-
alent:

1. rmeVm(v(r(x))),
2. rm€Vm(o(x)).

Proof: Let MeBT? and z€z.

(1 = 2) Suppose rm€Va(v(7(x))). Let M/€BTY and M”€BT7 be such that
rvm €V (0(x)), fa([M']))=[M"] and rvmeVm(v(for(M”))). Hence, by Lem-
ma 21, fq([M]))=[M"]. Since fq([M'))=[M"], fa([M']))=fa([M]). Thus,
FI([M'))=f3([M]). Consequently, [M'U]:[M"U]. Since rvr €V (0(x)), rwr €
V- (). Since [MI7]=[M'!], ryi€Vig- (2). Hence, ryeVi(o(z)).

(2 = 1) Suppose rmEVMm(o(z)). Thus, for(f;([M])) is a disjunct in 7(x). Since
by Lemma 21, rpeVm(v(for(fa([M))))), rm€VMm(v(r(x))).

Since for all MeBTY, rmeVam(o(p)), by Lemma 19, for all M'eBTE, rwr €
Vamr (T(p)). Hence, (Z,z,7) is an Kg-unifier of ¢. Moreover, by Lemma 22, for
all r€z, v(7(z)) < o(x)eKy?t. Thus, (7,7, 7)<k, (T, 7,0).

This finishes the proof of Proposition 26. -

Proposition 27 K, is reasonable.

Proof: By Proposition 26. -

Proposition 28 K, is finitary.
Proof: By Propositions 15, 6, 8, 16 and 27. -

8 Last words

Recently, the question of the unification type has been considered within the
context of a semantic restriction of description logic FLy. The formulas of

21Lemmas 20 and 21 are used in the proof of Lemma 22.
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FLy are constructed by means of the connectives T, A and [0, — where a
ranges over a countably infinite set ACT [4, 6]. The unification problem in
FLy is to determine, given a couple (¢, 1) of formulas, whether there exists a
substitution ¢ such that o(¢) and o() are logically equivalent in the class of
all ACT-frames, i.e. Kripke frames of the form (W, R) where W is a nonempty
set and R, is a binary relation on W for each a€ ACT. As is well-known, the
unification type of FLg is nullary [5]. Restricting the discussion to the class of
all 2-bounded ACT-frames, Baader et al. [2] have proved that the unification
type of FLy is unitary. This leads us to the following open questions:

e for all d>2, interpreting the formulas constructed by means of the con-
nectives L, =, V and O, — where a ranges over ACT — in the class of
all d-bounded ACT-frames (W, R) such that (J{R, : a€ACT} is deter-
ministic, determine the unification type of unifiable formulas,

e for all d>2, interpreting the formulas constructed by means of the con-
nectives L, =, V and [0, — where a ranges over ACT — in the class
of all d-bounded ACT-frames, determine the unification type of unifiable
formulas,

e determine the unification type of other locally tabular normal modal logics
like the ones studied in [26, 27, 28].

We conjecture that the normal modal logics mentioned in these open questions
are either finitary, or unitary.

On the side of computability and complexity, it is known that unification is
in PSPACE for Alt; [10]. As for KD and DAIlt;, the membership in NP of
their unification problem is a direct consequence of the fact that in these normal
modal logics, every variable-free formula is equivalent either to L, or to T. This
leads us to the following open questions??:

e determine for all d>2, the complexity of unification for the locally tabular
normal modal logics K + 091 and Alt; + 071,

e determine the complexity of unification for other locally tabular normal
modal logics like the ones studied in [26, 27, 28].

Following the line of reasoning developed in [1], we conjecture that for all d>2,
unification for Alt; + 0% 1 is NP-complete.
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