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Introduction

Context: safety of nuclear structures du ring a seismic event

o The need for a better assessment of the floor spectra computation, 

o Considération of non-linear effects which hâve a great influence on the 
signal coming from the ground to the equipment.

o Concrète fractures resuit in energy dissipation and thus affect the éval­
uation of floor spectra.

o Large structures require a long and numerically expensive computation, 
so it is interesting to hâve generalized models able to take into account 
the non linearities.

Objectives

o Describing the non linear behavior of concrète within plate éléments, 

o Capacity to predict the cracks directions for concrète plates, 

o Considération of local effects in the overall response.
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Introduction

1ain purpose
The main purpose of the model is to simulate the behavior of a structure 
up to membrane or bending failure.

Plate Kinematic Hypothesis

o Kirchhoff Plate Theory: Shear effects are negligible.

o Mindlin-Reissner Plate Theory: It used for thick plates where the trans­
verse shear deformation is important.
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Crack Modeling Strategies

Handling of strain softening
Strategies for modeling strain softening phenomena that occur during 
crack initiation prior to element failure.

Three crack modeling strategies
o Smeared Crack Strategy: the crack is represented by an équivalent 

inelastic strain.

o Discrète Crack Strategy: the strain softening is modeled by means of 
kinematic enhancement between éléments, 

o Discontinuity Modeling Strategy: the crack is represented by a discon­
tinuité meaning a displacement jump, independently of the mesh size.

o eXtended Finite Element Method (X-FEM); 
o Embedded Finite Element Method (E-FEM).
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Embedded Finite Elément Method

The advantages of E-FEM
E-FEM allows to détermine the enhancement variables at the local level by 
the static condensation technique and to keep the architecture of the 
software unchanged. The main features of this approach:

o Determining the displacement discontinuities at the local level of the 
element;

o Static condensation technique.

Plate Kinematic Enhancement
Introduction of two strong discontinuities:

o The first one is associated with the membrane displacement field and 
allows to describe the failure of the membrane;

o The second one is introduced in the rotation field to describe the bend- 
ing failure.
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Kinematic équations

The displacement field:

"ux(x, z)' Ux (x)' ' 0 1 0 0x(x)
u(x, z) = vy(x, z ) = Vy(x) + z -1 0 0 0y(x) (1)

Wz(x, z)_ Wz (x) 0 0 0 0

R

Thus,
u(x, z ) = U(x) + z R0(x)

The 3D strain field:
Taking into account the small strain hypothesis, e is written as: 

e(x, z) = 2 (Vu(x, z) + VTu(x, z)) 

where V is the gradient operator and (^)T denotes the transpose.

(2)

(3)
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Strain components of the plate

Membrane components:

ex -- UX ,x

e = ey = Vy ,y

_2eXy = Ux ,y + Vy ,x

(4)

Shear components:

Kx = ©y ,x

K = Ky = ©x,y (5)

_2Kxy — ©y ,y ©x,x_

Bending components:

7x = Wz ,x + Oy
(6)Y = Yy = Wz,y - ©x

where (•),a denotes the spatial derivative of • with respect to coordinate
a = (x,y, z\.
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Principle of Virtual Work (PVW)

The PVW is written at the elementary level as follows:

Wint Oe

h
2

h
2

5e*T (x, z )a(x, z )dzd Qe

where a is the stress vector.

(7)

Wnt = 5e*T (x)F(x)d Qe (8)
Oe

with e* the plate generalized strains1 such that e*T = [e* k* y*] and 
F = [N M T]t the plate generalized forces defined as follows:

N=
h
2

-h
2

S p dz M=
h
2

-h
2

z S p dz , T

h

Sz dz
—

(9)

1 Note that the symbol e is different than e.
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Kinematic enhancement with two discontinuities

o The elementary discontinuity vector de = [Ue ©e]T is represented by 
a thick black line designated Yd in Fig.l.

o The discontinuity line is generally inclined by an angle a with respect 
to the vertical axis and having n = [cosce since]T as a normal vector.

o The line divides the element into two domains: and Q~.

The components of the two discontinuities in the global System of axes.

x

©f

Ibrahim BITAR (IRSN) Enhanced plate element April 5, 2022 11/32



Enhanced kinematic fields IRSN]
The enhanced displacement field:

d(x, t) = N(x)de(t) + [<?(x) + H(xd)] de(t) (10)

xd the position of discontinuity line in the element;
H(xd) the Heaviside function at xd;
<p an appropriate function requires that the enhanced component of 
the displacement field to be equal to zero at the element nodes.
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Enhanced kinematic fields

The enhanced displacement field:

d(x, t) = N(x)de(t) + [<?(x) + H(xd)] de(t)

Xd the position of discontinuity line in the element;
H(xd) the Heaviside function at xd;
<p an appropriate function requires that the enhanced component of 
the displacement field to be equal to zero at the element nodes.

Therefore, the generalized strain field becomes:

e(x, t) = B(x)de(t) + Gr(x, xd)de(t) + <5(xd)de(t) .

Ë(x,t) ^(xd ,t)

S(xd) the Dirac function at xd
Gr(x, xd) = dtxxd) the compatibility operators associated with 

real enhancement variables.

(10)
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Variational formulation

The principle of virtual works is written as:

Efwn, (t ) - we, (t )} = 0

e

O «d;,rT (t )(F£b (t ) - F" (t )) + Ë ^ T (t )Ff„, ,G (t) = 0
(12)

with n the total number of plate finite elements and n the number of plate 
elements with, at least, one active discontinuity.
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Variational formulation

The principle of virtual works is written as:

n
£ (wn, (t ) - w*t (t )} = 0

=*T
(12)

« Sd.t,T(t)(F£,B(t) - F£(t)) + £ Sd. (t)FJ,t,G(t) = 0

with n the total number of plate finite elements and n the number of plate 
elements with, at least, one active discontinuity.
Therefore, the following system is obtained:

f snr ,b (t) - fz (t ) = 0

Ve e{1,2,..., n} F en, ,G (t ) = 0
(13)

The first equation of this system represents the structure equilibrium at a 
global level. The second equation represents the elementary equilibrium at 
local level. □ a - = * -ocu
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Generalized cohesive behavior

The material behavior at the level of the membrane and rotation discon­
tinuités needs now to be defined: a generalized traction séparation 
law is considered.

For quasi-brittle materials, discrete cracking can be modeled by either
a damage model or a plasticity model.
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Generalized cohesive behavior

The material behavior at the level of the membrane and rotation discon­
tinuités needs now to be defined: a generalized traction séparation 
law is considered.

For quasi-brittle materials, discrete cracking can be modeled by either
a damage model or a plasticity model.

Discontinuity initiation is assumed to be defined by a Rankine’s failure 
criterion, i.e. when the maximum principal stress overcomes the tensile 
strength.

For the membrane component, the membrane discontinuity is likely 
to develop only in tension beyond a certain stress threshold.

o For the bending component, the rotational discontinuity can develop 
in either tension or compression since a symmetrical behavior is con­
sidered to represent the concrete cross-section.
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Enhancement operators

Compatibility operators Gr(x,xc/)
Two conditions must be fulfilled in order to détermine these operators: 

o the presence of discontinuity must not affect nodal compatibility be- 
tween the éléments;

o the cracked element must be able to reproduce a zéro strain State when 
the discontinuities are fully opened.

Equilibrium operators Ge(x,xc/)
These operators must:

o verify the stress continuity between the continuous model and the co­
hésive model;

o pass the patch test to ensure the possibility of representing a constant 
stress State per element.
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Description of the numerical setting

A square-shaped plate with a size of 1 x 1m2 is considered.

Young’s modulus Poisson’s ratio Fracture energy Threshold limit

E v Gm & Gf Nu
3 x 1010 0.2 103 & 5 x 103 2.8 x 106
N.m-2 - N.m-1 N

Table 1: Material parameters.
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Pure membrane under cyclic loading

Horizontal imposed displacement in traction.

0 1 2 3 4 5

Figure 2: (a) Figure 3: (b) Figure 4: (c)

2 -1 0 1 2 3 4 5 6104 10

[à The time evolution of the loading.

T Global response: reaction force vs. imposed displacement.
[ç) Cohesive response: cohesive force vs. discontinuity. The arrows in the 

figure (in blue) with the associated numbers allow to clarify the loading 
path.
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Simultaneous activation of both discontinuities (V2)djlh
Parallel loading is applied as shown in Fig.5.

Figure 5: Time évolution of the loading history.

Ibrahim BITAR (IRSN) Enhanced plate element April 5, 2022 19/32

Im
po

se
d r

ot
at

io
n



The

A
xi

al
 re

ac
tio

n f
or

ce
 (N

)
Simultaneous activation of both discontinuities (2/2)dÜh

plate model can develop two discontinuities simultaneously without any 
lerical instabilities.

. x10o . x1Q6

Figure 6: Membrane response. Figure 7: Bending response.

5

0
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Mesh sensitivity (1/2)

A localization band of width L is defined in the middle of the plate repre- 
sented by the light blue area. The localization band refers to the position 
where discontinuities are activated. Outside of this zone, the material be- 
havior remains linear elastic.
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Mesh sensitivity (2/2)

Pure membrane responses ac- 
cording to mesh size. The first group con- 
sists in imposing an axial displacement ac- 
cording to Ux in order to study the mem­
brane response with respect to mesh size

Pure bending responses accord- 
ing to mesh size. he second group con- 
sists in imposing a rotation according to 
©y in order to study the bending response 
as a function of the mesh size.

Remark
These results show that the proposée! mode! is free of mesh-dependency 
effects.

Ibrahim BITAR (IRSN) Enhanced plate element April 5, 2022 22 / 32



Notched beam - three points bending test

o Vertical descending displacement is applied at midspan. 
o Elastic linear behavior for STI and ST3. 
o Discontinuities are allowed to occur only in the ST2.

Material properties

Young’s modulus (GPa) 30
Fracture energy (N/m.m) 6.2
Tensile strength(N/m2.m) 1.665 x 105



Notched beam - three points bending test

o Numerical results are compared to the experimental ones represented 
in the hatched area.

o The exponential cohesive law leads to an overall response that belongs 
to this area.
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Imposed displacement (m) xi0-4

■ Experimental range
------ Numerical result - exponential cohesive law
------ Numerical result - empirical law with hysteresis loops

Numerical result - linear law - maximum discontinuity of 5e-4 mm
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Notched beam - three points bending test

Crack opening value can be calculated.
Crack openings are close to the experimental ones.

0.08

0 1 2 3 4 5 6
Crack opening (m) x 10

60% Pre-Peak

100% Peak

----------- Numerical result - 100% Peak

----------- Experimental result - 100% Peak

----------- Numerical result - 60% Pre-Peak

Experimental result - 60% Pre-Peak

----------- Numerical result - 60% Post-Peak

Experimental result - 60% Post-Peak
60% Post-Peak
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Double notched plate

The plate is subjected to an imposed displacement in its upper part. 
Test the capability of the model to reproduce multiple cracks in one 
plate geometry.
Exponential expression is adopted for the cohesive law.
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Double notched plate

Global numerical and experimental results for different eccentricity 
values: 0mm, 5mm, 10mm, and 15mm.

(c)

Imposed dlsplacemerrt (m)

(e)

(d)

(f)
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jf&lDouble notched plate

Ability of the model to find the cracking path for different limited 
eccentricities.
Need to improve the model for the case where the eccentricity is large.

(g) (h)

B
r:

Iz

(i)

(j)
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□ ► AS ► 4 E ► < E ► E ’OAO'
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Summary
o Enhanced Mindlin-Reissner plate model using E-FEM is applied within 

triangular element.

o Discontinuities are described using generalized cohesive laws with dif­
ferent forms.

o Ability of the model to predict the crack opening and the crack path.

Perspective
o Development of a cohesive law formulated in a thermodynamic frame- 

work that takes into account more dissipation mechanisms, i.e. dégra­
dation of the steel/concrete interface.

o Considération of the coupling between membrane behavior and bending 
behavior: coupling between the two types of membrane and rotational 
discontinuities.

o Transition to a multi-layer reinforced concrète plate model.
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The End
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