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Abstract

We prove that K5 and some of its extensions which do not contain K4 are of
unification type 1.
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1 Introduction

It is well-known that owing to its structural completeness, Classical Propositional
Logic has a decidable admissibility problem!. It was only after the results of Ry-
bakov [32, 33] that it has been known that Intuitionistic Logic and transitive modal
logics like K4 and S4 have a decidable admissibility problem too. As noticed by Ghi-
lardi [20, 21], these decidability results are also consequences of the following results
about the unification problem: the above-mentioned propositional logics are decidable;
they are of unification type w; they give rise to type conformal unification algorithms.
The unification problem in a consistent propositional logic L is to determine, given a
formula ¢, whether there exists a substitution ¢ such that o(y) is in L. In that case,
o is L-unifiable and o is an L-unifier of . When an L-unifiable formula has min-
imal complete sets of L-unifiers, it is either of type 1, or of type w, or of type oo,
depending on the cardinality of these sets. Otherwise, it is of type 0. The types 1, w,
oo and 0 being ordered by 1<w<00<0, the unification type of L is the greatest type
among the types of all L-unifiable formulas. Since the rule of inference “"1"1'1)'""" is

!n a propositional logic L, the rule of inference

£1 ";LJ'“P" is admissible if and only if for all substitutions

o,ifo(p1),...,0(pn) are in L then o(¢)) is in L.



L-admissible if and only if, when L is either of type 1, or of type w, every maximal L-
unifier of the formula ¢1 A ... A ¢, is also an L-unifier of the formula v, we can turn,
when L is decidable, any type conformal L-unification algorithm into an algorithm
deciding L-admissibility?. As a result, for those who interest in algorithms deciding
L-admissibility, it is of the utmost importance to determine the unification type of L.

Being essential to the design of logical systems that capture elements of reasoning
about knowledge, extensions of K5 are omnipresent in applications [16, 19]. In these
modal logics, every variable-free formula is equivalent either to 1, orto T, or to [J_L,
or to O'T. Therefore, their unification problem is NP-complete. As for their unifica-
tion types, it is only known that extensions of K5 which contain K4 are of unification
type 1 [13, 27]. Indeed, results about unification types in modal logics are scarce?:
Alt;e0" L is of type 1 when n>2 [10]; K®™ L is of type w when n>2 [10]; Alt,
is of type 0 [12]; extensions of S4.3 are of unification type 1 [18]; transitive modal lo-
gics like K4 and S4 are of unification type w [21, 24]; K4.27 is of type 1 [22, 25]; K
is of type 0 [26]; extensions of K4D1 are of unification type 1 [27]. And one observes
that, while trying to determine the unification types of modal logics, little, if anything,
from standard tools and techniques such as canonical models and filtrations is helpful®.

As mentioned above, it is known that extensions of K5 which contain K4 are of uni-
fication type 1. We prove in this paper that K5 and some of its extensions which do
not contain K4 are of unification type 1. In our proof, we proceed as follows. Firstly,
we prove (Proposition 16) in Section 2 that if L contains K45 then every formula has
the small update property in L°. Secondly, generalizing some results obtained in [8],
we prove (Proposition 20) in Section 4 that if L contains K5 then every L-unifiable
formula is L-filtering. Thirdly, we prove (Proposition 27) in Section 5 that if L con-
tains K5 then every L-unifiable formula having the small update property in L is L-
projective. Fourthly, we prove in (Proposition 28) Section 6 that if L contains K5 and
L is global® then for all substitutions ¢, every formula L-unified by ¢ is implied in K
by an L-projective formula based on the variables of the given formula and having o
as one of its L-unifiers.

2Reciprocally, since a formula ¢ is L-unifiable if and only if the associated rule of inference £ is not

L-admissible, we can turn any algorithm deciding L-admissibility into an algorithm deciding L-unifiability.

3For instance, the types of KD, KT, KB, KDB and KTB are not known. Indeed, the modal logics
KD, KT, KB, KDB and KTB have been proved to be of type 0 within the context of unification with
parameters [6, 7, 9, 31]. The difference between elementary unification — as considered in this paper —
and unification with parameters is that in elementary unification, all variables are likely to be replaced by
formulas when one applies a substitution whereas in unification with parameters, some variables — called
parameters — remain unchanged.

4Witness, the fact that the type of a simple modal logic such as DAt is not known.

5The small update property is a property concerning models. It is defined in Section 2.8.

6Globality is defined in Section 2.7.



2 Modal logics

2.1 Formulas

Let VAR be a countably infinite set of variables (with typical members denoted z,
y, etc). The set FOR of all formulas (with typical members denoted ¢, 1, etc) is
inductively defined by

e p:=x|L|=p|(pVy)|Op.

We adopt the standard rules for omission of parentheses. The Boolean connectives T,
A, — and <> and the modal connective ) are defined as usual. For all p€ FOR, let
var(ip) be the set of all variables occurring in . For all finite X CVAR, let FOR x
be the set of all 9 FOR such that var(p)CX.

2.2 Substitutions

A substitution is a triple (X,Y, o) where X, YCVAR are finite and o is a homo-
morphism from FOR x to FORy’. The sets X and Y are respectively the domain
and the codomain of the substitution (X,Y,c). Let SUB be the set of all substitu-
tions. We say that (X, Y, 0)eSUB is variable-free if Y=(). Substitutions being ho-
momorphisms, it is possible to compose two substitutions if the codomain of the first
is equal to the domain of the second. The composition of (X,Y,0), (Y, Z,7)eSUB
(in symbols (X,Y, o) o (Y, Z, 7)) is the substitution (X, Z, v) such that for all z€X,
v(z)=7(o(x)). When the domain and the codomain can be guessed from the context of
the discussion, the substitution (X, Y, o) will be simply indicated by o. However, when
we write that two substitutions are equal, this will imply in any case that their domains
are equal and their codomains are equal. For all finite X,YCVAR, let SUBx y be
the set of all e SUB such that the domain of ¢ is X and the codomain of o is Y.

2.3 Normal modal logics
We say that LCFOR is a modal logic if the following conditions hold®:
e L contains all tautologies,

e L contains the formula O(z — y) — (Ox — Oy),

L is closed for modus ponens: if ¢ — €L and p€L then ¢ €L,

o L is closed for generalization: if o€L then p€eL,

L is closed for uniform substitution: if €L then for all substitutions (X, Y, o),
if var(p)CX then o(p)€L.

7Substitutions have also been defined as functions from VAR to FOR. almost everywhere equal to the
identity function [4, Section 2]. In this paper, we follow the definition of substitutions used, for example, by
Babenyshev and Rybakov [5], Dzik [17] and Ghilardi [20, 21].

8The modal logics considered in this paper are exactly the normal modal logics considered in standard
textbooks such as [14, 15, 28].



For all modal logics L and for all p€ FOR, we write L& for the least modal logic
containing L and ¢. K denoting the least modal logic, the following modal logics are
considered in this paper:

o K®lUlxr — Olx (denoted K4),

K®Oxr — OOz (denoted K5),

Kolr — O0zd0xr — OOx (denoted K45),

KoL (denoted Ver),

KaOTaOxr — OOz (denoted KD5),
e Kpr — xdOx — OOz (denoted S5).

Obviously, K45 contains K4 and K5 whereas KDb5 contains K5. Moreover, as is
well-known [23, Chapter 3], Ver contains K45 whereas S5 contains K45 and KD5.
For all positive integers [, let

o \i=N\{00zk : 0<k<I} — V{00 (zi Aay) : 0<i<j<l},

° X%:/\{(}Oxk 2 0<k<i} = {0z : 0K}V V{0O0(zi Axjy) : 0<i<j<
1}.

The following modal logics are also considered in this paper:
o K5y},
o K5dx2,
e KD5ay},
o KD5@&x?,

where [ ranges over the set of all positive integers. We say that a modal logic L is
consistent if LZFOR. From now on in this paper,

] let L be a consistent modal logic.

Let =y, be the equivalence relation on FOR defined by
e o=y if and only if ¢ <> YeL.

We say that L is locally tabular if for all finite X CVAR, =y, possesses finitely many
equivalence classes on FOR x.

Proposition 1 If L contains K5 then L is locally tabular.
Proof: This is a standard result, see [30, Corollary 5].
We say that p€ FOR is L-derivable from I'CFOR (in symbols I' -, () if there exists

n>1 and there exists @1, . . ., p, €EFOR such that ¢, =y and for all k€{1,...,n}, at
least one of the following conditions holds:



vreL,

o prel,

there exists 4, je{1,...,n} such that 4, j<k and p;=p; — ¢y,

there exists ¢€{1,...,n} such that i<k and ¢, =0p;.

Proposition 2 For all n>1, for all p1,...,p,€FOR and for all YcFOR, if for all
ke{l,...,n}, pr — Opr€L then the following conditions are equivalent:

L4 {9017"'79011} '_L 'l,/);

o o1 A... N\ py, = YEL.

Proof: This is a standard result, see [15, Theorem 3.51]°. -

Substitutions being completely defined by the restrictions to their domains, it is pos-
sible to compare two substitutions by means of these restrictions if their domains are
equal. Let ~y, be the equivalence relation on SUB defined by

o (X,Y,0)~L(X,Z,7)if and only if for all z€ X, o(x) <> 7(z)€L.

Obviously, if (X, Y, o)~ (X, Z, 7) then for all pc FORx, o(¢) + 7(p)€L. Let 1,
be the quasi-order on SUB defined by

e (X\Y,0)=xL(X,Z,7) if and only if there exists (Z, T, v)eSUB such that for
all ze X, o(x) <> v(7(z))€L.

Obviously, if (X,Y, o)< (X, Z, 7) then there exists (Z,T,v)€SUB such that for all
weFORx, o(p) <> v(7(p))€L. Moreover, if (X,Y, o)~ (X, Z,7) then (X,Y, o)
#L(X, Z, T).

Proposition 3 If L is locally tabular then for all finite X, Y CVAR, ~j, possesses
finitely many equivalence classes on SUB x y.

Proof: Suppose L is locally tabular. Let X, Y CVAR be finite. For all z€X, let ~f
be the equivalence relation on SUB x y defined by

e o~{rif and only if o(z) > 7(z)€L.

Since L is locally tabular and Y is finite, for all x€X, ~7 possesses finitely many
equivalence classes on SUBx y. Since X is finite and the restriction of ~j, to
SUBx y is equal to (|{~f: x€X}, ~y, possesses finitely many equivalence classes
on SUBX7y. =

9In their Theorem 3.51, Chagrov and Zakharyaschev [15] only considers the least modal logic K. How-
ever, their proof can be easily adapted to all modal logics.



2.4 Relational semantics

We assume the reader is at home with the relational semantics of modal logics. For
more on this, see [14, 15, 28]. A frame is a couple (W, R) where W is a non-
empty set and R is a binary relation on W. In a frame (W, R), for all s€W, let
R(s)={teW : sRt} and for all UCW, let R(U)={teW : there exists s€U such
that sRt}. We say that a frame (W, R) is transitive if for all s,t,ucW, if sRt and
tRu then sRu. We say that a frame (W, R) is Euclidean if for all s,t,ueW, if sRt
and sRu then tRu. A dead-end is a frame (W, R) such that for all seW, R(s)=0.
We say that a frame (W, R) is serial if for all seW, R(s)#0. We say that a frame
(W, R) is reflexive if for all seW, sRs. We say that a frame (W, R) is symmetric if
for all s,t€W, if sRt then tRs. A partition is a reflexive symmetric transitive frame.
Notice that every partition is Euclidean whereas every Euclidean reflexive frame is a
partition. For all positive integers [, we say that a frame (W, R) is strongly l-bounded
if for all seW, Card(R(R(s)))<lI. For all positive integers [, we say that a frame
(W, R) is weakly l-bounded if for all seW, Card(R(R(s)) \ R(s))<I. We say that a
frame (W, R) is generated from s€W if for all t€W , there exists n>0 and there exists
ugs - - -, Up EW such that ug=s, u, =t and for all i€{1,...,n}, u;—1 Ru;. A valuation
on a frame (W, R) is a function assigning to each variable a subset of W. Given a
frame (W, R) and a valuation V on (W, R), the satisfiability of p€c FOR. at s€W (in
symbols (W, R), V, sk=¢) is inductively defined as follows:

V, sE=x if and only if seV (z),

V,shEL,

W, R),
W, R),
W, R),V, s=— if and only if (W, R),V, sf=ep,
W, R),

(
(
(
( V, sk= V1 if and only if either (W, R), V, s=¢, or (W, R), V, sk=1),
(

W, R),V, s=0¢ if and only if for all teW, if sRt then (W, R),V, tE=p.

For all finite X CVAR, for all finite frames (W, R), for all valuations V on (W, R) and
for all seW, let forx (W, R),s,V) = {x€FORx : (W, R),V, sk=x}. Obviously,
forx ((W,R),s, V) is an infinite subset of FOR x. Nevertheless, when L is locally
tabular, we will treat forx ((W, R),s, V') as if it is a finite subset of FOR x. In that
case, forx ((W, R), s, V') will also denote the conjunction of all formulas in this finite
subset.

Proposition 4 If L contains K5 then for all pc FOR, if p&L then there exists a finite
frame (W, R), there exists a valuation V' on (W, R) and there exists sSEW such that
(W, R)EL, (W, R) is generated from s and (W, R), V, sl=.

Proof: Suppose L contains K5. Let o€ FOR be such that ¢¢L. Since L contains
K5, by [30, Theorem 3], let (W, R) be a finite frame, V' be a valuation on (W, R) and
s€W be such that (W, R) =L and (W, R), V, sk~¢. Without loss of generality, by [14,
Proposition 2.6 and Theorem 3.14], we can suppose (W, R) is generated from s. -

For all frames (W, R), for all substitutions (X, Y, o) and for all valuations V" on (W,



R), let V7 be the valuation on (W, R) such that for all te VAR, if z€ X then V7 (x)=
{seW : (W, R),V, sk=o(z)} else VO (2)=V ().

Proposition 5 Ler (W, R) be a frame, (X,Y,0) be a substitution and V be a valu-
ation on (W, R). For all p€FOR x and for all seW, the following conditions are
equivalent:

o (W,R), V7, sko,
o (W,R),V,s=0(p).
Proof: By induction on p€ FOR x. -

We say that a formula ¢ is valid in a frame (W, R) (in symbols (W, R)=) if for
all valuations V' on (W, R) and for all seW, (W, R),V, sl=p. We say that a set I" of
formulas is valid in a frame (W, R) (in symbols (W, R)[=T) if for all €T, (W, R)=.

Proposition 6 For all frames (W, R),
o (W, R)E=K4 if and only if (W, R) is transitive,

EKS5 if and only if (W, R) is Euclidean,

W, R)E=K45 if and only if (W, R) is transitive and Euclidean,

o (W, R)=KDS5 if and only if (W, R) is serial and Euclidean,

(W, R)
(W, R)
(W, R)=Ver if and only if (W, R) is a dead-end,
(W, R)
(W, R)

=S5 if and only if (W, R) is a partition.

Proof: This is a standard result, see [14, Theorem 3.54]'".

Proposition 7 For all positive integers | and for all frames (W, R),
o (W, R)l=x} if and only if (W, R) is strongly l-bounded,
o (W, R)=x? if and only if (W, R) is weakly l-bounded.
Proof: See [14, Theorem 3.54]'%.

10Such definition is standard within the context of the problem of determining the unification types of
modal logics [5, 17, 20, 21]

Undeed, Oz — OO0z, ¢z — OOz, 0L, OT and Oz — « are Sahlqvist formulas and Proposition 6 is
a routine consequence of Sahlqvist Correspondence Theorem.

2Indeed, for all positive integers I, xll and X12 are Sahlqvist formulas and Proposition 7 is a routine
consequence of Sahlqvist Correspondence Theorem.



2.5 Some specific extensions of K5

The logic of a class C of frames is the set (denoted Log(C)) of all formulas ¢ such that
for all frames (W, R) in C, (W, R)=¢. We say that L is complete with respect to a
class C of frames if L=Log(C).

Proposition 8 o K4 is complete with respect to the class of all transitive frames,
o K5 is complete with respect to the class of all Euclidean frames,
o K45 is complete with respect to the class of all Euclidean transitive frames,
e Ver is complete with respect to the class of all dead-ends,
o KD5 is complete with respect to the class of all serial Euclidean frames,
o S5 is complete with respect to the class of all partitions.

Proof: This is a standard result, see [14, Theorem 4.42]'3.

Proposition 9 For all positive integers |,

o K5@®] is complete with respect to the class of all strongly l-bounded Euclidean
frames,

° K5@Xl2 is complete with respect to the class of all weakly l-bounded Euclidean
frames,

° KD5@X51 is complete with respect to the class of all serial strongly l-bounded
Euclidean frames,

) KD569Xl2 is complete with respect to the class of all serial weakly l-bounded
Euclidean frames.

Proof: See [14, Theorem 4.42]'4.

Proposition 10 For all positive integers |,
e K5dy ! DK5@x?7,
e KD5&x; DKD5®x7,
e if 1>2 then K5@ x| 2KA4,
e if1>2 then KD5@ ! 2KA.

Bindeed, Oz — 00z, Oz — OO0z, 0L, OT and Oz — z are Sahlqvist formulas and Proposition 8 is
a routine consequence of Sahlqvist Completeness Theorem.

4“Indeed, for all positive integers I, xll and X12 are Sahlqvist formulas and Proposition 9 is a routine
consequence of Sahlqvist Completeness Theorem.




Proof: Let [ be a positive integer.
Obviously, x7 is in K5@x; . Hence, K5@®x; DK5®x7 and KD5®x; DKD5d 7.

In order to show that K5&x] ZK5®x? and KD5®y] #KD5®x7, it suffices to show
that y; ZKD5@®x7. Let (W, R) be the serial Euclidean frame such that W={0, ..., [+
1} and R={(0,1)}U({1,...,l1+1}x{1,...,I+1}). Obviously, (W, R) is not strongly
I-bounded and (W, R) is weakly I-bounded. Thus, by Proposition 7, (W, R)F~x; and
(W, R)E=x?. Consequently, by Proposition 9, x; ZKD5®x7.

Suppose [>2. In order to show that K5@®y] 2K4 and KD5@x; 2K4, it suffices
to show that Or — OOz¢KD5®x;. Let (W, R) be the serial Euclidean frame
such that W={0,1,2} and R={(0,1)} U ({1,2} x {1,2}). Obviously, (W, R) is
strongly [-bounded (seeing that {>2) and non-transitive. Thus, by Propositions 6
and 7, (W, R)E=x{ and (W, R)~0xz — OOz, Consequently, by Proposition 9, Oz —
O0z¢KD5®y;.

Proposition 11 For all positive integers 1,1', if I<l’ then
o K50\ DK5@x7,
e K50x?OK5@x?7,
e KD5@®x} DKD5@x7,,
e KD5@x7DKD5®x7.

Proof: Let [, !’ be positive integers such that [<l’.

Obviously, x} is in K5&x; and x7 is in K5@®x7 (seeing that [<!). Hence, K5@®x; 2
K5®x}, Kb@x?2K5@ x5, KD5@y! DKD5@®y;, and KD5&y? DKD5@ 7.

In order to show that K5@x! #K5®x1, Ksadx?#K5@x7, KD5@x; ZKD5dx ),
and KD5@y?#KD5@x7, it suffices to show that y; ZKD5® 7, and x? ¢KD5@ 7.
Firstly, let (W, R) be the serial Euclidean frame such that W={0,...,l + 1} and
R={(0,1)} U ({1,...,1+ 1} x {1,...,1 + 1}). Obviously, (W, R) is not strongly
I-bounded and (W, R) is strongly !’-bounded (seeing that [<!’). Thus, by Proposi-
tion 7, (W, R)}£x; and (W, R)E=x},. Consequently, by Proposition 9, x; ZKD5&x .
Secondly, let (W, R) be the serial Euclidean frame such that W={0,...,l + 2} and
R={(0,1)} U ({1,...,1+2} x {1,...,1 +2}). Obviously, (W, R) is not weakly (-
bounded and (W, R) is weakly {’-bounded (seeing that [<!’). Hence, by Proposition 7,
(W, R)l~x? and (W, R)E=x3. Thus, by Proposition 9, x?¢KD5®x?%. -

2.6 Well-known properties of extensions of K5

Let S be a frame (W, R) such that Card(W)=1 and R=(). For all m>1, let 7, be a
frame (W, R) such that Card(W)=m and R=W x W. For all m>1 and for all n>0,



let Uy, ) be a frame (W, R) such that there exists s€V and there exists A, BCW
such that A#), ACB, s¢B, W={s} U B, R=({s} x A) U (B x B), Card(4)=m
and Card(B)=m + n. These frames have been introduced in their relationships with
the extensions of K5 considered in [29].

Proposition 12 Ler (W, R) be a frame such that (W, R)|=L. If L contains K5 then for
all seW, if (W, R) is generated from s then exactly one of the following 3 conditions
holds:

e W={s} and R=0),
o R=W x W,

o there exists A, BCW such that A#0, ACB, s¢B, W={s} U B and R=({s} x
A)U (B x B).

If L contains K45 then for all s€W, if (W, R) is generated from s then exactly one of
the following 3 conditions holds:

e W={s} and R=0),

e R=W x W,

o there exists ACW such that A#0, s¢ A, W={s}UA and R=({s} x A)J(AxA).
Proof: See [29, Sections 2 and 3]. -

Proposition 13 If L contains K5 then exactly one of the following conditions holds:
e forallm>1, T,,=L and SEL,
o forallm>1, 7,,}=L and SFL,
e there exists m>1 such that T, EL, there exists n>1 such that T, ~L and SE=L,
e there exists m>1 such that T, [EL, there exists n>1 such that T, ~L and SI~L,
e forallm>1, T, ~L.

Proof: See [29, Sections 2 and 3]. -

2.7 Globality

We say that L is global if for all m,m’>1 and for all n’>0, if m=m’ +n’ and 7, EL
then u(m’,n’) ':L

Proposition 14 [f either L=K35, or L=KD)5, or L=K569Xl1 for some positive integer
l, or L:KDB@X} for some positive integer [, or L=Ver then L is global.

10



Proof: Suppose either L=K5, or L=KD?5, or L=K5®Y; for some positive integer [,
or L=KD5@®y} for some positive integer [, or L=Ver.

Case “L=K5": Hence, for all m’>1 and for all n'>0, U, ,,-y =L. Thus, L is global.

Case “L=KD5”: Consequently, for all m'>1 and for all n'>0, U, /) =L. Hence,
L is global.

Case “L=K5®; for some positive integer I’: Let m, m’'>1 and n'>0 be arbitrary.
Suppose m=m' + n’ and 7, EL. Thus, by Proposition 7, m<I. Since m=m' + n/,
U(m nryEL. Since m, m'>1 and n'>0 were arbitrary, L is global.

Case “L=KD5®y, for some positive integer [”: Let m,m’>1 and n'>0 be ar-
bitrary. Suppose m=m’+n' and T, =L. Consequently, by Proposition 7, m<l. Since
m=m' +n', U n)FL. Since m, m'>1 and n’>0 were arbitrary, L is global.

Case “L=Ver”: Hence, for all m>1, T,,~£L. Thus, L is global. -

Proposition 15 If L contains K5 and L is global then either L=Kb5, or L=KDJ), or
L=Kb5®x] for some positive integer |, or L=KD5® x| for some positive integer I, or
L=Ver.

Proof: Suppose L contains K5 and L is global. For the sake of the contradiction,
suppose neither L=K5, nor L=K D5, nor L=K5®y for some positive integer /, nor
L=KD5@&Y] for some positive integer I, nor L=Ver. By Proposition 13, we have to
consider the following 5 cases.

Case “for all m>1, 7,, =L and SE=L”: Since L contains K5 and L is global, L=K5:
a contradiction.

Case “for all m>1, 7,,=L and S}L”: Since L contains K5 and L is global,
L=KD5: a contradiction.

Case “there exists m>1 such that 7, =L, there exists n>1 such that 7, }~L and
SEL”: Thus, let [ be the greatest positive integer such that 7;=L. Since L contains
K5, L is global and S|=L, L:KSEBxll: a contradiction.

Case “there exists m>1 such that 7, =L, there exists n>1 such that 7, L and
SHL”: Consequently, let [ be the greatest positive integer such that 7;=L. Since L
contains K5, L is global and S}£L, L:KD5€9X}: a contradiction.

Case “for all m>1, 7,,,~L”: Hence, L=Ver: a contradiction.

By Propositions 10, 11, 14 and 15, it immediately follows that there exists countably
many global extensions of K5 — the modal logics K5®y] and KD5&; for each
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positive integer [ — and countably many non-global extensions of K5 — the modal
logics K5@x7 and KD5&7 for each positive integer [.

2.8 Small update property

For all finite frames (W, R), for all valuations V" on (W, R), for all se W and for all
finite X CVAR, we say that a valuation V' on (W, R) is a variant of V' with respect to
sand X if forall ze X, V'(x) \ {s}=V(z) \ {s}. We say that o€ FOR has the small
update property in L if for all finite frames (W, R), for all valuations V on (W, R) and
for all seW, if (W, R)[=L and (W, R) is generated from s then there exists a variant
V' of V' with respect to s and var(e) such that (W, R), V', s=00p — ¢.

Proposition 16 If L contains K45 then for all pc FOR, ¢ has the small update pro-
perty in L.

Proof: Suppose L contains K45. Let o€ FOR. Let (W, R) be a finite frame, V be a
valuation on (W, R) and s€W be such that (W, R)[=L and (W, R) is generated from
s. Since L contains K45, by Proposition 12, we have to consider the following 3 cases.

Case “W={s} and R=(: Obviously, V is a variant of V with respect to s and
var(yp). Moreover, (W, R),V, s=00p — .

Case “R=W x W?”: Obviously, V is a variant of V' with respect to s and var(y).
Moreover, (W, R),V, sE=00¢ — .

Case “there exists ACW such that A#(), s¢ A, W={s}UAand R=({s} x A)U(Ax
A)”: Let t€ A. Obviously, (W, R),V,t=00p — ¢. Let V' be a valuation on (W, R)
such that for all z€var(p), if teV () then V' (2)=V (z)U{s} else V' (x)=V (z)\ {s}.
Obviously, V' is a variant of V' with respect to s and var(p). Moreover, by induction
on YEFOR . (), the reader may easily verify that

e forall ue A, (W, R),V,ul= if and only if (W, R), V', ul=1).

In other respect, by induction on €FOR. the reader may easily verify that

var(p)»
e (W,R),V,t=y if and only if (W, R), V', s=1.
Since (W, R), V, t=00p — ¢, (W, R), V', sE=00p — .

3 Unification

An L-unifier of p€ FOR is a substitution (var(y), X, o) such that o(p)€L. We write
YL(®) to mean the set of all L-unifiers of pcFOR. We say that p€FOR is L-
unifiable if 31,(p)#£0. Since L is closed for uniform substitution, for all L-unifiable
p€eFOR, ¥y1,(¢) contains variable-free substitutions. We say that an L-unifier o of
p€eFOR is a most general L-unifier of ¢ if for all L-unifiers 7 of ¢, 7<1,0. We say
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that a set X of L-unifiers of an L-unifiable p€FOR is complete if for all L-unifiers o
of , there exists €Y such that o<1, 7. Obviously, for all L-unifiable o€ FOR, 3y, ()
is a complete set of L-unifiers of ¢. We say that a complete set X of L-unifiers of an L-
unifiable p€ FOR is a basis for ¢ if for all o, 7€3, if o<, 7 then c=7. Obviously, for
all complete sets 3 of L-unifiers of an L-unifiable p€c FOR, the following conditions
are equivalent:

e > is a basis for ¢,

e Y is a minimal complete set of L-unifiers of ¢, i.e. for all ACY, if A is a
complete set of L-unifiers of ¢ then A=3..

Proposition 17 For all L-unifiable p€FOR and for all bases ¥, A for ¢, 3 and A
have the same cardinality.

Proof: This is a standard result, although we have not been able to find a published
proof of it. Let p€ FOR be L-unifiable and 3, A be bases for ¢. Hence, ¥ and A are
minimal complete sets of L-unifiers of ¢. By the completeness of ¥ and A, one can
readily define functions f : ¥ — Aand g : A — ¥ such that o<r, f (o) for each
o€X and 0<1,g(d) for each 6€A. By the minimality of 3 and A, it easily follows that
f and g are injective. Thus, 3 and A have the same cardinality.

As a consequence of Proposition 17, an important question is the following: when
peFOR is L-unifiable, is there a basis for ¢? When the answer is “yes”, how large is
this basis? For all L-unifiable pc FOR, we say that:

e s of type 1 if there exists a basis for ¢ with cardinality 1,

e (s of type w if there exists a basis for ¢ with finite cardinality >2,
e ¢ is of type oo if there exists a basis for ¢ with infinite cardinality,
e o is of type 0 if there exists no basis for ¢.

Obviously, the types 1, w, co and 0 constitute a set of jointly exhaustive and pairwise
distinct situations for each L-unifiable o€ FOR. The types 1, w, co and 0 being or-
dered by 1<w<00<0, the unification type of L is the greatest one among the types of
its unifiable formulas, i.e.

e L is of type 1 if every L-unifiable formula is of type 1,

e L is of type w if every L-unifiable formula is either of type 1, or of type w and
there exists an L-unifiable formula of type w,

e L is of type o if every L-unifiable formula is either of type 1, or of type w, or of
type oo and there exists an L-unifiable formula of type oo,

e L is of type 0 if there exists an L-unifiable formula of type 0.
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4 Filtering formulas

For all L-unifiable pc FOR, we say that ¢ is L-filtering if for all L-unifiers o, 7 of ¢,
there exists an L-unifier v of ¢ such that o<y,v and 7<pv.

Proposition 18 Let o€ FOR be L-unifiable. If p is L-filtering then o is either of type
1, or of type 0.

Proof: This is a standard result, although we have not been able to find a published
proof of it. Suppose ¢ is L-filtering. For the sake of the contradiction, suppose ¢ is
neither of type 1, nor of type 0. Hence, ¢ is either of type w, or of type co. Thus, let
3. be a basis for ¢ either with finite cardinality >2, or with infinite cardinality. Conse-
quently, let o, 7€X be such that o#7. Since ¢ is L-filtering, there exists an L-unifier v
of ¢ such that c<xp,v and 7<1,v. Since ¥ is a basis for ¢, let v’ €3 be such that v<1,v’.
Since oxrv and T<pv, o< v’ and 7<1,v’. Since ¥ is a basis for ¢, c=v’ and 7=0".
Hence, c=7: a contradiction. -

We say that L has filtering unification if for all L-unifiable o€ FOR, ¢ is L-filtering.
Proposition 19 [f L has filtering unification then L is either of type 1, or of type 0.
Proof: By Proposition 18. -

Proposition 20 If L contains K5 then for all L-unifiable pcFOR, ¢ is L-filtering.

Proof: This result generalizes some results obtained in [8]. Suppose L contains K5.
Let o€ FOR be L-unifiable. Let (var(y), X, o), (var(y),Y, ) be L-unifiers of ¢.
Hence, o(p)€L and 7(p)€L. Let (var(yp), X UY U{z}, v) be the substitution defined
for all zevar(p), by v(z)=((OO2A(2VOT))Ac(z))V((00—2V(—zAOL))AT(x))
where z is a new variable, i.e. neither z€var(y), nor z€ X UY. Let AT and A+ be
substitutions with domain X U Y U {2} and such that for all t€X U Y, AT (¢)=t
and A\ (t)=t and AT (2)=T and A*(z)=L1. Obviously, for all zEvar(p), o(z) +
A (v(z))€L and 7(z) +> At (v(x))€L. Thus, o<y and T<1,v. Moreover, by in-
duction on YEFORy4; (4, using the facts that (O0z A (2 V OT)) — OO0z A (2 V
0T))eKS, (00—zV (mzA0L)) —» O(00—2V (-zAD0L))eKb5 and L contains K5,
the reader may easily verify that

o (OOzA(2VOT)) = (v(¥) + o(¥))€L,
o (OO—zV (mzAD0L)) = (v(¥) <> T(¥))€L.

Since o(p)€L and 7(p)€L, v(¢)€L. Consequently, v is an L-unifier of ¢. Hence, ¢
is L-filtering. —

5 Projective formulas

For all p€FOR, a substitution (var(y),var(y),o) is L-projective for ¢ if for all
xevar(yp), p bL © < o(z).
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Proposition 21 Ler o€ FOR. Let (W, R) be a finite frame, V be a valuation on
(W, R) and s€W be such that (W, R)EL, (W, R) is generated from s and (W, R),V, s
EO0Ow. If L contains K5 then for all L-projective substitutions v for o, V¥ is a va-
riant of V with respect to s and var(p).

Proof: Suppose L contains K5. Let v be an L-projective substitution for ¢. Hence,
for all zevar(yp), ¢ b1, © <> v(z). Let z€var(yp). Thus, ¢ i, x <> v(x). Let teW.
Suppose teV¥(x) \ {s}. Consequently, t#s and by Proposition 5, (W, R), V. tk=v(x).
Since (W, R)EL, (W, R) is generated from s, (W, R),V, sE=00p, L contains K5
and ¢ k1, x < v(z), (W,R),V,tl=x. Since t#£s, t€V(x) \ {s}. Reciprocally,
suppose teV (x) \ {s}. Consequently, t#s and (W, R),V,t=x. Since (W, R)EL,
(W, R) is generated from s, (W, R), V, si=00¢p, L contains K5 and ¢ Fr, © <> v(x),
(W, R),V,tl=v(z). Since t+s, by Proposition 5, teV?(x) \ {s}. Hence, V" is a va-
riant of V' with respect to s and var(y). -

The proofs of Propositions 22, 23 and 24 can be found in the references [1] and [17].

Proposition 22 Let ocFOR. and o be an L-projective substitution for . For all
¢€FORvar(ga)x ¥ FL ’l/) A 0(7/1)

Proposition 23 Let ocFOR. and o be an L-projective substitution for . For all
L-projective substitutions T for ¢, o o T is Li-projective for .

Proposition 24 Let ocFOR. and o be an L-projective substitution for . For all
L-unifiers T of ¢, T<LO.

For all L-unifiable o€ FOR, we say that ¢ is L-projective if there exists an L-projecti-
ve L-unifier of .

Proposition 25 Let pcFOR be L-unifiable. If ¢ is L-projective then o is of type 1.

Proof: By Proposition 24.

We say that L has projective unification if for all L-unifiable p€c FOR, ¢ is L-projecti-
ve.

Proposition 26 If L has projective unification then L is of type 1.

Proof: By Proposition 25.

Proposition 27 IfL contains K5 then for all L-unifiable pcFOR, the following con-
ditions are equivalent:

1. ¢ is L-projective,

2. @ has the small update property in L.
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Proof: Suppose L contains K5. Let o€ FOR be L-unifiable.

(1 = 2) Suppose ¢ is L-projective. For the sake of the contradiction, suppose ¢ has
not the small update property in L. Since ¢ is L-projective, let v be an L-projective
L-unifier of . Since ¢ has not the small update property in L, let (W, R) be a finite
frame, V' be a valuation on (W, R) and s€ W be such that

e (W,R)L,
e (W, R) is generated from s,
e for all variants V' of V with respect to s and var(p), (W, R), V', si=000 — .

Obviously, V' is a variant of V' with respect to s and var(yp). Hence, (W, R),V, sl
O0¢ — . Thus, (W, R),V,sE=00p. Since v is an L-projective L-unifier of ¢,
v(p)€eL. Moreover, since L contains K5, (W, R)=L, (W, R) is generated from s
and (W, R),V, sE=00, by Proposition 21, V¥ is a variant of V' with respect to s and
var(p). Consequently, (W, R), V¥, si=00p — . Hence, (W, R), VY, sl¢. Thus,
by Proposition 5, (W, R), V, sf=v(¢p). Since (W, R)[=L, v(p)¢L: a contradiction.

(2 = 1) Suppose ¢ has the small update property in L. For the sake of the con-
tradiction, suppose ¢ is not L-projective. Since ¢€FOR is L-unifiable, let o be a
variable-free L-unifier of . Consequently, o(¢)€L. Let (var(p), ), 7) be a variable-
free substitution. Let (var(y), var(y), €, ) be the substitution such that

e for all zevar(yp), e;(2)=((p AODp) Az) V ((-p V O0—p) A T(x)).

Notice that pHxs50 AOOp. Since L contains Kb, o1, ACOw and the following fact
can be easily proved: for all z€var(y), ¢ FL x <> €-(x). Hence, ¢, is L-projective
for ¢. Moreover, p AOOp Fr, <> €, (z) and ~p V OO—p Fr, 7(z) <> €, (x) for each
xevar(p). Therefore, by induction on YeFOR. the reader may easily verify
that

o o ANOOp1Y <> €,.(¢),
o 2V OO-pbLT () < €, (V).

Thus, p AOOpFLe <> €-(p) and 00—k, 7(¢) <> (). Notice that (o ADOp) —
O(e A O0p)eK5 and OO—¢ — O0O—peKb5. Since L contains K5, by Pro-
position 2, ¢ A0y — (¢ < € (p))€L and 00—~¢ — (7(¢) < €-(v))€L.
Now, suppose for a while that 7(¢)€L. Therefore, OCp — (¢ — €,(p))€L and
00— — e-(p)€L. In that case, ¢ — €-(p)€L and OOp V €, (p)€L — which im-
plies that OO, (¢)€L. Consequently, we have shown that for all variable-free substi-
tutions (var(p), 0, ), if 7(p)€L then OUe,(p)€L. Since o(p)€L, O, (p)€L.
Let [>1 and ((var(y),®,71),..., (var(p), D, 7)) be an enumeration of the set of all
variable-free substitutions (var(y), @), 7) such that for all z€var(y), either 7(z)=T,
or 7(z)=1". Lete=¢, 0 €, 0 ... 0 €, 0 €,. Since O0e, (p)€L, O0e(p)€L. More-
over, since €., €., ..., €, are L-projective for ¢, by Proposition 23, € is L-projective

var(p)»

150bviously, [=2Card(var(#))
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for ¢. Since ¢ is not L-projective, €(¢)¢L. Since L contains K5, by Proposition 4, let
(W, R) be a finite frame, V' be a valuation on (W, R) and s€ W be such that (W, R)|=L,
(W, R) is generated from s and (W, R), V, st=e(ip). Since O0e(p)€L and (W, R)[EL,
(W, R),V, s=00e(p). Since (W, R),V, sl=e(v), RAW x W. Since L contains K5,
(W, R)EEL and (W, R) is generated from s, by Proposition 12, we have to consider the
following 2 cases.

Case “W={s} and R=(: By induction on {)€FOR (), the reader may easily
verify that

o o AOOpk1,1 < €().

Hence, p AOOpkrp <> €(p). Since (W, R)EL and (W, R),V, sl-e(¢), (W, R),V, s

~¢. By induction on Y€FOR,; (), the reader may easily verify that

o~V OOmphLo(Y) < ex ().

Thus, —¢ V OO—phro(¢) < €,(p). Since o(p)€L, (W, R)=L and (W, R), V, sk,
(W, R),V, sk=e, (). Hence, by Proposition 5, (W, R), V¢, s=¢. By induction on
PYEFORy4r (o), the reader may easily verify that

e p ANOOpFLtY <> €7, (... €7, (€5 (W)) .. .).

Consequently, p AOOpFLp <> €4, (... €r,(€5(¢)) - . .). Since (W, R)EL and (W, R),
Ve, s=p, (W, R), Ve sker (... e(e-(¢)) . ..). Hence, by Proposition 5, (W, R),
V, sk=e(p): a contradiction.

Case “there exists A, BCW such that A#(), ACB, s¢B, W={s}UB and R=({s} x
A)U(BxB)”: Forall i<l,lete;=¢,, 0...0€,, 0€,. Thus, for all i<[, if i=0 then ¢;=¢,,
else €;=¢,, o ¢;_1. Since O0e, ()€L and (W, R) =L, (W, R), V, sk=00e, (¢). Con-
sequently, by Proposition 5, (W, R),V° , s=000¢. Hence, (W, R), Ve, s=00.
Since ¢ has the small update property in L, (W, R)=L and (W, R) is generated from s,
let V' be a variant of V= with respect to s and var(y) such that (W, R), V', s=000¢
— . Since (W, R), Ve, s=00p, let t€ A be such that (W, R), Ve t=0p. By
induction on YEFOR . (), the reader may easily verify that

o forall uc A, (W, R), V< ul=1) if and only if (W, R), V', ul=1.

Since t€ A and (W, R), Ve tE=0¢p, (W, R), V' t=Op. Since te A, (W, R), V', s=
O0p. Since (W, R), V', s=00¢ — ¢, (W, R), V' sEp. Let je{1,...,1} be such
that for all z€var(yp),

o if (W,R),V’, sk=x then 7 (x
o if (W,R),V’, skx then 7;(x

()=T
(z)=L
Since (W, R),V, siEe(p), (W, R),V,sfEe;_1(ex, (... €x(€5(9))...)). Thus, by Pro-
position 5, (W, R), V-t sbéen( .€r,(€5(¢)) . ..). By induction on Y€EFOR oz (),
the reader may easily verify that
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o o NOOpLY <+ €7, (... e (e5(1)) .. ).

Consequently, p ACOpbL@ <+ €7, (... €5, (e5(¢)) . . .). Since (W, R)[=L and (W, R),
Vet sier, (o eq(ea(@)) . ..), (W, R), V-1, s=p A OCp. By induction on i<I,
the reader may easily verify that

o forall Y€FOR,.;(,) and for all ue B, (W, R), V<, ul=1 if and only if (W, R),
Ve uE.

By induction on )€ FOR. the reader may easily verify that

var(p)»
e (W,R), V< sk if and only if (W, R), V', sE=1.

Since (W, R), V' sE=00p and (W, R), V', s=p, (W, R), V<, sE=00¢ and (W, R),
Ve, s=p. Since L contains K5 and (W, R)[=L, (W, R), V<, sk=p A OOp. By in-
duction on YEFOR,;(,), the reader may easily verify that

o o ANOOpLY > €7y, (- € (0 (¥)) . .0).

Hence, o AODpkLp <+ €7, , (.. €5, (65()) - . .). Since (W, R)=L and (W, R), V',
sl AODg, (W, R), V<, sl=er, (... €r,(e5(¢)) . ..). Thus, by Proposition 5, (W,
R),V, sl=e(): a contradiction.

Proposition 28 If L contains K5 and L is global then for all L-unifiable pc FOR

and for all L-unifiers o of o, there exists YEFOR oz () such that

1. o(y)€L,
2. — peK,
3. v is L-projective.

Proof: Suppose L contains K5 and L is global. Let o€ FOR be L-unifiable and
(var(y), X, o) be an L-unifier of . Hence, o(¢)€L. Let I'yar(y) (o) be the set of all
sets of formulas of the form fory..(,)((W, R),s, V) where (W, R) is a finite frame,
V is a valuation on (W, R) and s€W are such that (W, R)=L and (W, R) is generated
from s. Obviously, I'yar(,) () is a set of infinite subsets of FOR,..(,). Nevertheless,
since L contains K5, by Proposition 1, L is locally tabular and we will treat I'y.z(,,) (o)
as if it is a finite set of finite subsets of FOR,.(,). Indeed, knowing that for all finite
frames (W, R), for all valuations V' on (W, R) and for all scW, if (W, R)[=L and
(W, R) is generated from s then fora.(,) (W, R), s, V7) also denotes the conjunction
of the formulas that for,..(,)((W, R),s,V7) contains, we will treat 'y, () (o) as if
itis a finite subset of FOR,.(,). Let 9 be the disjunction of all formulas in this finite
subset, that is to say 1=\/{foryar(,)((W, R),s,V) : (W, R) is a finite frame, V is a
valuation on (W, R) and s€W are such that (W, R)[=L and (W, R) is generated from
s}. Obviously,

(*) for all finite frames (W, R), for all valuations V' on (W, R) and for all se W, if
(W, R)EL and (W, R) is generated from s then (W, R), V7, s=1).
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(1) Suppose o(¢)¢L. Since L contains K5, by Proposition 4, let (W, R) be a finite
frame, V be a valuation on (W, R) and s€W be such that (W, R)=L, (W, R) is gene-
rated from s and (W, R), V, skeo (). Thus, by (x), (W, R), V7, s=1. Consequently,
by Proposition 5, (W, R),V, sf=0(1): a contradiction.

(2) Suppose ¥ — @¢K. Hence, let (W', R') be a frame, V' be a valuation on
(W', R") and s'€eW’ be such that (W', R"), V' s'=¢ and (W', R"), V', s'F~p. Thus,
there exists a finite frame (W, R), there exists a valuation V' on (W, R) and there ex-
ists sc W such that (W, R)=L and (W', R'), V', s'=foTyar (o) (W, R), s, V7). Since
(W', RN, V', s'p, (W, R), V7, slp. Consequently, by Proposition 5, (W, R),V, s
Ko (p). Since (W, R)=L, o(p)¢L: a contradiction.

(3) Suppose ¢ is not L-projective. Since L contains K5, by Proposition 27, ¢ has
not the small update property in L. Hence, let (W', R’) be a finite frame, V' be a
valuation on (W', R’) and '€ W’ be such that

o (W, R)EL,
e (W' R') is generated from s/,

e for all variants V" of V' with respect to s" and var(y), (W', R’), V", s'E=00
— .

Obviously, V" is a variant of V’ with respect to s’ and var(y). Thus, (W', R"), V', st~
OOy — 1. Consequently, (W', R'), V', ' =00 and (W', R), V', s'F~1. Hence,
neither R'=0, nor " = W’ x W'. Since L contains K5, (W', R')EL and (W', R) is
generated from s’, by Proposition 12, there exists A’, B’CW’ such that A'#(), A’CB’,
s'@B', W'={s'"YUB’ and R'=({s'} x A')U(B' x B'). Since (W', R'), V", s' =0,
let t'€ A’ be such that (W', R'), V', ¢’ E0Ow. Thus, (W', R"), V', t'=1. Consequently,
there exists a finite frame (W, R), there exists a valuation V' on (W, R) and there exists
teW such that

e (W, R)FL,
e (W, R) is generated from ¢,
o (W', R, V' t'Eforya (W, R),t,V).

Obviously, (B’, B’ x B’) is the subframe of (W', R’) generated from t'. Let V}, be
the restriction of Vg, to B’. Since (W', R'), V', t'=foryar () (W, R),t,V7), by [14,
Proposition 2.6], (B, B'xB'), Vi, , ' Eforyar () (W, R),t, V7). Since (B', B'x B')
and (W, R) are finite, by [14, Theorem 2.24], let ZC B’ x W be a bisimulation between
(B’, B’ x B') and (W, R) such that

o t'Jt,

o for all v € B’ and for all ue W, if v’ Zu then for all zevar(p), v’ €V}, (x) if and
only if ueV7(z).
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Hence, R#(). Since L contains K5, (W, R)EL and (W, R) is generated from t, by
Proposition 12, we have to consider the following 2 cases.

Case “R=W x W”: Let A={ucW: there exists u'€ A’ such that v’ Zu} and B=W.
Obviously, A#D and ACB. Moreover, since (W, R)=L, (B, B x B)EL. Let (W7,
R;) be a finite frame, V; be a valuation on (W7, R;) and s; €W, be such that s;¢B,
Wi={s1}UB, Ri1=({s1} x A)U(B x B) and for all zevar(yp), V1 (z)=V (z). Since
L is global and (B, B x B)EL, (W1, Ry)[EL. Thus, by (%), (W1, Ry), V{7, s1=.
Let V" be a valuation on (W', R') such that for all z€var(p), if s;€V7(x) then
V" (x)=V"(z) U {s'} else V"' (x)=V"(x) \ {s'}. Obviously, V" is a variant of V’
with respect to s’ and var(y). Consequently, (W', R’), V", s'=00¢ — 1. Hence,
(W', R), V", s~ By induction on x €FOR,., (), the reader may easily verify that

e (W' R, V" ¢'=xifandonlyif (Wi, Ry), V¥, s1E=x.

Since (W', R"), V", s'tE, (W, Ry), V7, s1l£4: a contradiction.

Case “there exists A, BCW such that A#£(), ACB, t¢B, W={t}UB and R=({t} x
A) U (B x B)”: Hence, let to€ A be such that t' Zty. Let Z; be the restriction of Z to
W' x B and Vj be the restriction of V to B. Since (W, R)=L, by [14, Theorem 3.14],
(B, B x B)EL. Since ZCW’ x W is a bisimulation between (W', R') and (W, R)
such that ¢’ Zt, and for all '€W’ and for all ueW, if «’' Zu then for all z€var(yp),
w' €V’ (z) if and only if ueV(z), ZoCW’ x B is a bisimulation between (W', R')
and (B, B x B) such that t' Zyto and for all w'€ W’ and for all u€B, if v’ Zyu then

for all zevar(yp), v'€Vj(x) if and only if ueVJ (x). Then, proceed as in the case
“R=W x W”.

6 Extensions of K5

Firstly, let us consider the extensions of K45.
Proposition 29 IfL contains K45 then for all L-unifiable pc FOR, ¢ is L-projective.

Proof: This is a well-known result [27, Theorem 4.3]. Notice that an alternative proof
of it can be based on Propositions 16 and 27.

Proposition 30 If L contains K45 then L has projective unification.

Proof: By Proposition 29. -

Secondly, let us consider the extensions of K5.

Proposition 31 If L contains K5 and L is global then for all L-unifiable pc FOR, ¢
is of type 1.
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Proof: Suppose L contains K5 and L is global. Let o€ FOR be L-unifiable. Let
o be an L-unifier of ¢. Since L contains K5 and L is global, by Proposition 28, let
15 EFORy4r () be such that o(1)5)€L, o — €K and 9, is L-projective. Hence,
let €, be an L-projective L-unifier of ¢,. Let ¥ = {¢, : o is an L-unifier of ¢}. By
Propositions 24 and 28, X is a complete set of L-unifiers of . Let ¥/ be the set of
substitutions obtained from X by keeping only one representative of each equivalence
class modulo ~7,. Since X is a complete set of L-unifiers of ¢, ¥’ is a complete set
of L-unifiers of . Moreover, since L is locally tabular, by Proposition 3, ' is finite.
Thus, ¢ is either of type 1, or of type w. Since L contains K5, by Propositions 18
and 20, ¢ is of type 1.

Proposition 32 If L contains K5 and L is global then L is of type 1.

Proof: By Proposition 31. -

By Propositions 10, 11 and 14, it follows that there exists countably many extensions of
K5 of type 1: the modal logics K5@y; and KD5@Y; for each positive integer [>2 —
which by Proposition 10, do not contain K4. We leave open the question whether for
all positive integers [>2, the modal logics K5@®y7 and KD5@®y? — which by Propo-
sition 10, do not contain K4 either — are of unification type 1 too.

7 Conclusion

In this paper, we have proved that K5, KID5 and some of their extensions — the modal
logics K5@x; and KD5®Y; for each positive integer [>2 — which do not contain
K4 are of unification type 1. We have also seen that if a logic has projective unification
then it is of unification type 1. However, the converse is not true, seeing that there exists
non-projective logics — for instance, De Morgan intermediate logic — of unification
type 1 [20, Theorem 3 and Example 2]. Hence, the question remains unsettled whether
K5, KD5 and the modal logics K5®y} and KD5&; for each positive integer 1>2
have projective unification.

Recently, Balbiani et al. [10, 11] have proved that for all positive integers d>2, the
modal logic Alt; @ 0L is of unification type 1 and the modal logic K & 091 is
of unification type w'®. K5, KD5, the modal logics K5@y; and KD5®x; for each
positive integer [>2 and the modal logics Alt; @ 0%1 and K @ 091 for each posi-
tive integer d>2 are locally tabular. Since there exists no known example of a locally
tabular logic either of unification type oo, or of unification type 0, our result immedi-
ately gives rise to the question whether every locally tabular modal logic is either of
unification type 1, or of unification type w.

16See also [2, 3] for variants of this result in the context of the description logics F L and £L.
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