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A B S T R A C T

In linear vibration studies, the statistical description of multipoint random excitations is sufficient to calculate
the vibration response of a structure. For nonlinear vibrations, it is necessary to model each excitation point
separately, taking into account the correlation between each excitation point. The objective of this paper is to
show how to reduce the number of excitation terms while remaining in a formalism compatible with nonlinear
vibration studies.

The reduction of the number of stochastic excitation terms can be achieved by Galerkin methods (such as
the Karhunen–Loève decomposition). This paper presents an original method which consists of projecting the
excitation terms on the eigenmodes of the structure. These two methods are illustrated in the concrete case
of a benchmark structure developed by the Commissariat à l’Energie Atomique (CEA), i.e., the mechanical
beam system called the CEA-beam benchmark structure, previously studied in Talik et al. (2022), restrained
to its first vibration mode and seen as a Duffing oscillator. A random excitation, composed of a consequent
number of points of excitation distributed spatially along the structure (more exactly 101 points) and partially
correlated, is used to illustrate the effectiveness of the proposed methodology. The proposed method makes it
possible to reduce the number of random excitation signals to a single modal excitation term.
1. Introduction

Nonlinear vibration studies are becoming increasingly important
due to the growing complexity of current mechanical systems. Re-
searchers and engineers are now required to predict and guarantee
the nonlinear vibration response of a structure subjected to a specific
environment. The nonlinear vibration simulation of structures sub-
jected to single point excitations is now well-known and assimilated
by many researchers (Kerschen et al., 2006; Noël and Kerschen, 2017).
Before studying complex engineering structures, mainly in the field of
civil engineering and aerospace engineering, the potential of original
methodologies for the prediction of the nonlinear responses of mechan-
ical systems currently start with case studies of academic structures
such as beams. For these structures, the classical results in struc-
tural dynamics are well-known and can be fairly easily reproduced,
such as vibratory behavior under simple and controlled excitations.
These numerous beam system studies allow us to investigate, on one
hand, a different numerical approach and, on the other hand, increas-
ingly complex and realistic excitations, while remaining within an
acceptable numerical framework. In the case of advanced numerical

∗ Corresponding author at: Laboratoire de Tribologie et Dynamique des Systèmes UMR CNRS 5513, École Centrale de Lyon, France.
E-mail address: jean-jacques.sinou@ec-lyon.fr (J.-J. Sinou).

strategies, some authors investigate the prediction of the nonlinear
vibrations of beams thanks to perturbation methods (Nayfeh and Mook,
1979; Nayfeh, 1993). Other methods, such as the iteration perturbation
method (Eigoli and Ahmadian, 2011), shooting method (Ribeiro, 2004;
Ibrahim et al., 2009; Roncen et al., 2019a) or Harmonic Balance
Method (HBM) (Huang et al., 2011; Claeys et al., 2014; Ye et al., 2020)
have been investigated in order to predict the nonlinear vibrations of
beam systems. For the study of complex and realistic excitations, to the
best of our knowledge, most of the published studies only cover mono-
point excitations, which may be a harmonic excitation (Kandil, 2020;
Sayed et al., 2020) or random excitation (Fang et al., 1995; Huang
et al., 2020). Also, one of the major contributions of this work is to
focus on the case of a beam system subjected to a multipoint correlated
random excitation and more specifically to propose an efficient strategy
for predicting the associated nonlinear vibration behavior.

It is to be noted that the beam system under study, namely the CEA-
beam reference structure, has been previously considered for various
analyses based on experiments, modeling and numerical simulations.
vailable online 8 August 2022
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In order to take into account the nonlinear vibrations of this clamped–
clamped beam with non-ideal boundary conditions, Claeys et al. (2014)
proposed a method of simulating nonlinear vibrations under harmonic
or multi-harmonic excitation thanks to the HBM and the shooting
method. Roncen et al. (2019a) then adapted the HBM to the one-point
random excitation case. Both studies consider a beam model in which
non-ideal boundary conditions have been introduced and are represen-
tative of the CEA-beam benchmark structure. In Talik et al. (2022),
nonlinear vibrations of the CEA-beam subjected to two correlated or
uncorrelated broadband random excitations were also investigated.
In comparison with these previous works, one of the objectives of
the study presented here is therefore to propose a generalization of
the numerical strategy to simulate the nonlinear vibration behavior
of the CEA-beam system subjected to multipoint correlated random
excitation.

One of the major challenges for moving to an even more realistic
representation of real excitations is to consider the case of random
excitation. In such cases a more rational description of the vibratory
responses of mechanical systems requires the use of stochastic non-
linear dynamic model for which specific developments are needed
to predict the vibratory responses of mechanical system subjected to
random excitation (Bellizzi and Bouc, 1999; Poirel and Price, 2007;
Singh et al., 2016; Xu et al., 2016, 2017). For example, turbulent
flows are one of the most common source of vibrations in aeronautics.
This random excitation source is usually applied over a large surface
and spatially correlated. This can lead to difficulties when solving
this type of problem in an engineering context and the use of finite
element models, both from the point of view of calculation time and
the storage size required to solve such a problem. Indeed, applied to
a finite element model, there are as many excitation terms as nodes
concerned by the excitation. For many finite element models, especially
for industrial structures, it can correspond to thousands of excitation
terms. It is also worth noting that linear vibrations are well-adapted for
multipoint excitations since the statistical description of each excitation
term is sufficient to calculate the dynamical response of the structure,
but these resolution methods are no longer available in the case of
nonlinear structures. Also, the first contribution of this study is to
propose the modeling of a multipoint correlated random excitation
and a numerical methodology for predicting the nonlinear response
of a mechanical system subjected to such complex excitation. One of
the advantages of the proposed strategy is that it is based on the use
of a numerical method, the HBM, which is easily implemented for
finite element models and already used for industrial applications with
nonlinearities (Claeys et al., 2016a,b; Roncen et al., 2019c, 2021).
The second contribution of this study is to highlight and discuss the
possibility of reducting the number of excitation terms remaining in
a formalism compatible with nonlinear vibration studies. In the given
literature, the Karhunen–Loève (KL) decomposition (Loeve, 1977) is
one of the most popular methods and allows researchers to project a
random field partially correlated in space onto a reduced number of
specific vectors. In the following we propose an alternative method the
projection basis is frequency-independent. This characteristic makes it
possible to considerably reduce the number of calculations required.
As a result the proposed approach provides a promising view of how
to simulate the nonlinear vibrational behaviors of complex mechanical
systems subjected to multipoint random excitations, whose correlation
information depends on the frequency.

The following study is decomposed as follows. In the first part of
this paper, the modeling of both the nonlinear beam system and a
multipoint random excitation are described. In addition, the adaptation
of HBM is presented in the case of to the beam model subjected to a
multipoint random excitation with a high number of excitation terms.
The proposed numerical results of the nonlinear vibrations of the beam
subjected to 101 points’ partially correlated random excitation will
serve as a reference case to validate the proposed strategy in Section 3.
2

The second part of this paper focuses on the proposed original method e
Fig. 1. A diagram of the non-ideal clamped–clamped CEA-beam structure solicited by
𝑁𝑒 punctual correlated temporal forces.

to reduce the number of excitation terms. This approach consists of
projecting the excitation terms on the eigenmodes of the system. The
results of the non-linear vibration responses are compared with pre-
vious reference results as well as those obtained by applying the KL
decomposition (Loeve, 1977) coupled with the Shinozuka decomposi-
tion. This application demonstrates the ability of the proposed method
to compute the nonlinear response of a system to a multipoint random
excitation, with a reduced number of excitation terms, in order to keep
a convenient numerical cost.

2. Case under study and reference vibrational responses

2.1. Modeling of the beam with non-ideal boundary conditions and addi-
tional static pretension

The modeling of the beam system under study is based on the pre-
vious analysis of a nonlinear beam with non-ideal boundary conditions
introduced in Talik et al. (2022). The dynamical differential equation of
this nonlinear beam system subjected to a multipoint correlated random
excitation and a tensile force can be defined by (Nayfeh, 1973)

𝜌𝐴
𝜕2𝑤(𝑥, 𝑡)

𝜕𝑡2
+ 𝜇

𝜕𝑤(𝑥, 𝑡)
𝜕𝑡

+ 𝐸𝐼
𝜕4𝑤(𝑥, 𝑡)

𝜕𝑥4
= 𝐹 (𝑥, 𝑡) + 𝑇 (𝑡)

𝜕2𝑤(𝑥, 𝑡)
𝜕𝑥2

(1)

where 𝜌 and 𝐸 are the mass density and the Young modulus of the
beam, respectively. 𝐴 and 𝐼 are the cross-sectional area and moment of
inertia. 𝜇 corresponds to the linear viscous damping coefficient. 𝑤(𝑥, 𝑡)
defines the transverse displacement in the reference frame of the beam.
𝐹 (𝑥, 𝑡) is the multipoint correlated random excitation. Due to the low
thickness-length ratio 𝑒

𝐿 (with the thickness 𝑒 = 5 mm and the length
f the beam 𝐿 = 470 mm) it can be assumed to neglect the inertial
nd curvature nonlinear terms (see Nayfeh (1973) for more details).
(𝑡) corresponds to the tensile force. As indicated in Nayfeh and Mook

1979) (see pages 446–455 for a detailed explanation), this tensile force
an be assumed to be constant along the beam length due to the fact
hat the dimensionless quantity

√

𝐼
𝐴𝐿2 is very small (for the beam under

study we have
√

𝐼
𝐴𝐿2 = 0.003). This tensile force 𝑇 (𝑡) is given by

𝑇 (𝑡) = 𝑇0 + 𝐸𝐴
(

𝜕𝑢
𝜕𝑥

+ 1
2

( 𝜕𝑤
𝜕𝑥

)2)

(2)

where 𝑇0 is a static pretension and 𝑢(𝑥, 𝑡) corresponds to the displace-
ment along the beam axis.

𝑁𝑒 is defined as a positive integer which represents the number of
excitation points present on the beam at abscissa

(

𝑥𝑘
)

∀𝑘∈[[1,𝑁𝑒]]
such as

𝑥𝑘 = (𝑘 − 1) 𝐿
𝑁𝑒 − 1

∀ 𝑘 ∈ [[1, 𝑁𝑒]] (3)

here 𝐿 is the length of the beam. In other words, the clamped–
lamped beam is subjected to 𝑁𝑒 punctual correlated temporal forces
venly distributed along the beam as depicted in Fig. 1.
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Therefore, the dynamical differential equation (1) becomes

𝜌𝐴
𝜕2𝑤(𝑥, 𝑡)

𝜕𝑡2
+ 𝜇

𝜕𝑤(𝑥, 𝑡)
𝜕𝑡

+ 𝐸𝐼
𝜕4𝑤(𝑥, 𝑡)

𝜕𝑥4
=

𝑁𝑒
∑

𝑘=1
𝑓𝑘(𝑡)𝛿(𝑥, 𝑥𝑘) + 𝑇 (𝑡)

𝜕2𝑤(𝑥, 𝑡)
𝜕𝑥2

(4)

here 𝛿(𝑥, 𝑥𝑘) is a Dirac delta function which has the following property
or any function 𝑓

∫

𝐿

0
𝛿(𝑥, 𝑥𝑘)𝑓 (𝑥)𝑑𝑥 =

{

𝑓 (𝑥𝑘) if 𝑥𝑘 ∈ [0, 𝐿]
0 otherwise (5)

The non-ideal boundary conditions of the beam model are defined
s

(𝑡, 𝑥 = 0) = 𝑘𝑏𝑜𝑢𝑛𝑑𝑢(𝑡, 𝑥 = 0) = 𝑇 (𝑡, 𝑥 = 𝐿) = −𝑘𝑏𝑜𝑢𝑛𝑑𝑢(𝑡, 𝑥 = 𝐿) ∀𝑡

(6)

𝑤(𝑡, 𝑥 = 0) = 0 and 𝑤(𝑡, 𝑥 = 𝐿) = 0 ∀𝑡 (7)

𝐸𝐼
𝜕2𝑤(𝑡, 𝑥 = 0)

𝜕𝑥2
= 𝑘𝑟𝑜𝑡

𝜕𝑤(𝑡, 𝑥 = 0)
𝜕𝑥

and

𝐸𝐼
𝜕2𝑤(𝑡, 𝑥 = 𝐿)

𝜕𝑥2
= −𝑘𝑟𝑜𝑡

𝜕𝑤(𝑡, 𝑥 = 𝐿)
𝜕𝑥

∀𝑡

(8)

where the springs 𝑘𝑏𝑜𝑢𝑛𝑑 and 𝑘𝑟𝑜𝑡 are parameters related to the non-
ideal boundary conditions. For more details and explanations on the
process of achieving these parameters, the interested reader can refer
to Claeys et al. (2014) and Talik et al. (2022). By considering these
boundary conditions, as well as by integrating 𝑇 (𝑡) between 𝑥 = 0
and 𝑥 = 𝐿, the tensile force of the beam can be defined as a function
that depends only on the transverse displacement 𝑤(𝑥, 𝑡). It leads to the
following expression of the tensile force (Talik et al., 2022).

𝑇 (𝑡) =
(

1 + 2𝐸𝐴
𝐿𝑘𝑏𝑜𝑢𝑛𝑑

)−1 (

𝑇0 +
𝐸𝐴
2𝐿 ∫

𝐿

0

( 𝜕𝑤
𝜕𝑥

)2
𝑑𝑥

)

(9)

Considering the previous expressions (2) and (4), the dynamical
onlinear problem associated with the boundary conditions and the
tatic pretension can be defined by
𝜕2𝑤(𝑥, 𝑡)

𝜕𝑡2
+

𝜇
𝜌𝐴

𝜕𝑤(𝑥, 𝑡)
𝜕𝑡

+ 𝐸𝐼
𝜌𝐴

𝜕4𝑤(𝑥, 𝑡)
𝜕𝑥4

= 1
𝜌𝐴

𝑁𝑒
∑

𝑘=1
𝑓𝑘(𝑡)𝛿(𝑥, 𝑥𝑘) +

(

1 + 2𝐸𝐴
𝐿𝑘𝑏𝑜𝑢𝑛𝑑

)−1 𝑇0
𝜌𝐴

𝜕2𝑤(𝑥, 𝑡)
𝜕𝑥2

+
(

1 + 2𝐸𝐴
𝐿𝑘𝑏𝑜𝑢𝑛𝑑

)−1 𝐸
2𝐿𝜌 ∫

𝐿

0

(

𝜕𝑤(𝑥, 𝑡)
𝜕𝑥

)2
𝑑𝑥

𝜕2𝑤(𝑥, 𝑡)
𝜕𝑥2

(10)

In order to be able to apply the numerical simulation based on the
HBM process that is implemented later, Eq. (10) can be projected onto
the modal basis of its associated homogeneous equation (Talik et al.,
2022). The following explanations explain the steps and calculations
that lead to this projection of Eq. (10) into the final form given
in Eq. (20). First of all Eq. (10) is projected on the modal basis of
its associated homogeneous equation and the transverse displacement
𝑤(𝑥, 𝑡) is defined by the product of two one-dimensional functions
𝑤(𝑥, 𝑡) =

∑𝑁𝑚
𝑖=1 𝑎𝑖𝑤𝑖(𝑡)𝑌𝑖(𝑥), where 𝑁𝑚 is the number of modes 𝑌𝑖(𝑥)

retained in the modal projection and 𝑎𝑖 are normalization constants
defined below by Eq. (23). 𝑤𝑖(𝑡) are the unknown functions to be
determined (see Section 2.3.2 for the calculation of 𝑤𝑖(𝑡) using the
HBM). The 𝑖th normal mode of the beam 𝑌𝑖(𝑥) can be expressed as

𝑌𝑖(𝑥) = 𝛼𝑖 sin
(

𝜏1,𝑖𝑥
)

+ 𝛽𝑖 cos
(

𝜏1,𝑖𝑥
)

+ 𝛾𝑖 sinh
(

𝜏2,𝑖𝑥
)

+ 𝛿𝑖 cosh
(

𝜏2,𝑖𝑥
)

(11)

The determination of the four variables 𝛼𝑖, 𝛽𝑖, 𝛾𝑖, 𝛿𝑖 can be performed
by considering the non-ideal boundary conditions. This leads to the
following system to solve

⎡

⎢

⎢

⎢

⎢

0 1 0 1
𝜏1,𝑖 𝜂𝜏21,𝑖 𝜏2,𝑖 −𝜂𝜏22,𝑖

sin
(

𝜏1,𝑖𝐿
)

cos
(

𝜏1,𝑖𝐿
)

sinh
(

𝜏2,𝑖𝐿
)

cosh
(

𝜏2,𝑖𝐿
)

( ) ( ) ( ) ( )

⎤

⎥

⎥

⎥

⎥

⎡

⎢

⎢

⎢

⎢

𝛼𝑖
𝛽𝑖
𝛾𝑖

⎤

⎥

⎥

⎥

⎥

=

⎡

⎢

⎢

⎢

⎢

0
0
0

⎤

⎥

⎥

⎥

⎥

(12)
3

⎣

𝑓1 𝜏1,𝑖, 𝜂 𝑓2 𝜏1,𝑖, 𝜂 𝑓3 𝜏2,𝑖, 𝜂 𝑓4 𝜏2,𝑖, 𝜂 ⎦ ⎣

𝛿𝑖⎦ ⎣

0
⎦

Fig. 2. The first four modal shapes along the length of the beam: 1st mode (blue),
2nd mode (red), 3rd mode (green) and 4th mode (orange). (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of
this article.)

with

𝑓1
(

𝜏1,𝑖, 𝜂
)

= −𝜂𝜏21,𝑖 sin
(

𝜏1,𝑖𝐿
)

+ 𝜏1,𝑖 cos
(

𝜏1,𝑖𝐿
)

(13)

𝑓2
(

𝜏1,𝑖, 𝜂
)

= −𝜂𝜏21,𝑖 cos
(

𝜏1,𝑖𝐿
)

− 𝜏1,𝑖 sin
(

𝜏1,𝑖𝐿
)

(14)

𝑓3
(

𝜏2,𝑖, 𝜂
)

= 𝜂𝜏22,𝑖 sinh
(

𝜏2,𝑖𝐿
)

+ 𝜏2,𝑖 cosh
(

𝜏2,𝑖𝐿
)

(15)

𝑓4
(

𝜏2,𝑖, 𝜂
)

= 𝜂𝜏22,𝑖 cosh
(

𝜏2,𝑖𝐿
)

+ 𝜏2,𝑖 sinh
(

𝜏2,𝑖𝐿
)

(16)

𝜂 = 𝐸𝐼
𝑘𝑟𝑜𝑡

(17)

In addition, the expressions for 𝜏1,𝑖 and 𝜏2,𝑖 are

𝜏1,𝑖 =

√

√

√

√

√

−𝛼 +
√

𝛥𝑖

2𝐸𝐼
𝜌𝐴

and 𝜏2,𝑖 =

√

√

√

√

√

𝛼 +
√

𝛥𝑖

2𝐸𝐼
𝜌𝐴

(18)

with

𝛥𝑖 = 𝛼2 + 4𝐸𝐼
𝜌𝐴

𝛺2
𝑖 ≥ 0 ; 𝛺𝑖 =

√

𝐸𝐼
𝜌𝐴

(

𝜆𝑖
𝐿

)4
− 𝛼

(

𝜆𝑖
𝐿

)2
;

𝛼 =
(

1 + 2𝐸𝐴
𝐿𝑘𝑏𝑜𝑢𝑛𝑑

)−1 𝑇0
𝜌𝐴

(19)

where 𝜆𝑖 is the modal parameter of the 𝑖th vibration mode. For the
interested reader, the first four modal shapes of the beam system under
study are plotted in Fig. 2.

After calculations, the projection yields the following discrete equa-
tion for the 𝑖th mode

𝑤̈𝑖(𝑡)+2𝜉𝑖𝛺𝑖𝑤̇𝑖(𝑡)+𝛺2
𝑖 𝑤𝑖(𝑡) =

𝑁𝑒
∑

𝑘=1
𝛤𝑖,𝑘𝑓𝑘(𝑡)+

𝑁𝑚
∑

𝑗=1

𝑁𝑚
∑

𝑘=1

𝑁𝑚
∑

𝑚=1
𝛤𝑖𝑗𝑘𝑚𝑤𝑗 (𝑡)𝑤𝑘(𝑡)𝑤𝑚(𝑡)

(20)

ith

𝑖,𝑘 = 1
𝜌𝐴

𝑌𝑖(𝑥𝑘) (21)

𝛤𝑖𝑗𝑘𝑚 = − 𝐸
2𝐿𝜌

(

1 + 2𝐸𝐴
𝐿𝑘𝑏𝑜𝑢𝑛𝑑

)−1
𝑎𝑗𝑎𝑘𝑎𝑚 ∫

𝐿

0

𝑑𝑌𝑗 (𝑥)
𝑑𝑥

𝑑𝑌𝑘(𝑥)
𝑑𝑥

𝑑𝑥

× ∫

𝐿

0

𝑑𝑌𝑖(𝑥)
𝑑𝑥

𝑑𝑌𝑚(𝑥)
𝑑𝑥

𝑑𝑥 (22)
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𝑎𝑖 =
[

∫

𝐿

0
𝑌 2
𝑖 (𝑥)𝑑𝑥

]−1

(23)

here 𝜉𝑖 is the modal damping of the 𝑖th vibration mode. To be noted
hat Eq. (20) refers to a Galerkin projection made over the space
panned by the transverse linear modes of the beam. The two right
erms of Eq. (20) correspond to the punctual correlated temporal forces
nd the tensile force with the non-ideal boundary conditions of the
eam, respectively.

For the rest of the study, equations describing the system dynamic
ehavior of the nonlinear beam system, with 𝐰(𝑡) =
𝑤1(𝑡) … 𝑤𝑁𝑚

(𝑡)
]𝑇

, are given by

𝐰̈(𝑡) + 𝐃𝐰̇(𝑡) +𝐊𝐰(𝑡) = 𝐅(𝑡) + 𝐅𝐍𝐋(𝐰(𝑡)) (24)

here, according to Eq. (20), we have

=

⎡

⎢

⎢

⎢

⎢

⎣

1 0 … 0
0 1 ⋱ ⋮
⋮ ⋱ ⋱ 0
0 … 0 1

⎤

⎥

⎥

⎥

⎥

⎦

(25)

=

⎡

⎢

⎢

⎢

⎢

⎣

2𝜉1𝛺1 0 … 0
0 2𝜉2𝛺2 ⋱ ⋮
⋮ ⋱ ⋱ 0
0 … 0 2𝜉𝑁𝑚

𝛺𝑁𝑚

⎤

⎥

⎥

⎥

⎥

⎦

(26)

=

⎡

⎢

⎢

⎢

⎢

⎣

𝛺2
1 0 … 0
0 𝛺2

2 ⋱ ⋮
⋮ ⋱ ⋱ 0
0 … 0 𝛺2

𝑁𝑚

⎤

⎥

⎥

⎥

⎥

⎦

(27)

(𝑡) =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑁𝑒
∑

𝑘=1
𝛤1,𝑘𝑓𝑘(𝑡)

𝑁𝑒
∑

𝑘=1
𝛤2,𝑘𝑓𝑘(𝑡)

⋮
𝑁𝑒
∑

𝑘=1
𝛤𝑁𝑚 ,𝑘𝑓𝑘(𝑡)

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(28)

𝐍𝐋(𝐰(𝑡)) =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑁𝑚
∑

𝑗=1

𝑁𝑚
∑

𝑘=1

𝑁𝑚
∑

𝑚=1
𝛤1𝑗𝑘𝑚𝑤𝑗 (𝑡)𝑤𝑘(𝑡)𝑤𝑚(𝑡)

𝑁𝑚
∑

𝑗=1

𝑁𝑚
∑

𝑘=1

𝑁𝑚
∑

𝑚=1
𝛤2𝑗𝑘𝑚𝑤𝑗 (𝑡)𝑤𝑘(𝑡)𝑤𝑚(𝑡)

⋮
𝑁𝑚
∑

𝑗=1

𝑁𝑚
∑

𝑘=1

𝑁𝑚
∑

𝑚=1
𝛤𝑁𝑚𝑗𝑘𝑚𝑤𝑗 (𝑡)𝑤𝑘(𝑡)𝑤𝑚(𝑡)

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(29)

Now that the dynamical nonlinear problem is set up, the expression of
each temporal force 𝑓𝑘(𝑡) will be developed in the next section.

.2. Modeling of a multipoint correlated random excitation

Shinozuka’s modeling of a multipoint correlated random excita-
ion (Shinozuka and Jan, 1972; Shinozuka, 1971) is now detailed.
s in Section 2.1, we define 𝑁𝑒 as the positive integer which corre-
ponds to the number of excitation points on the given domain. In
his study, the excitation points are the points present on the beam at
bscissa

(

𝑥𝑘
)

∀𝑘∈[[1,𝑁𝑒]]
, and the given domain is the whole length [0, 𝐿]

of the beam. The main idea of this modeling is to approximate a real
multipoint excitation by 𝑁𝑒 random Gaussian excitations (Shinozuka
and Jan, 1972; Shinozuka, 1971; Shinozuka and Deodatis, 1991) using
the central limit theorem. This can be done by simulating 𝑁𝑒 series
(of finite length 𝑝 where 𝑝 is a positive integer) of cosine functions
with weighted amplitudes and evenly spaced frequencies. One of the
4

major advantages will be to be able to directly use this modeling in
the numerical method (i.e., the HBM Roncen et al., 2019a) used for
nonlinear simulations.

For the interested reader, Shinozuka and Jan (1972) demonstrate
that such an approached multipoint excitation has the following prop-
erties

• the average of each simulated excitation is zero;
• the autocorrelation function of each simulated excitation tends

towards the autocorrelation function of the real excitation applied
to each excitation point. As a consequence, using the Wiener–
Khintchine relation, the Power Spectral Density (PSD) of each
simulated excitation tends towards the PSD of the real excitation
applied to each excitation point.

• the convergence of the autocorrelation function of the simulated
excitation is as 1∕𝑝2 to the autocorrelation function (the PSD func-
tion, respectively) of the real excitation applied to each excitation
point.

The modeling of a multipoint correlated random excitation starts
with the cross-spectral density matrix 𝐒(𝜔) (where 𝜔 is the pulsation),
which is defined for 𝑁𝑒 temporal excitations by

𝐒(𝜔) =

⎡

⎢

⎢

⎢

⎢

⎣

𝑆11(𝜔) 𝑆12(𝜔) … 𝑆1𝑁𝑒
(𝜔)

𝑆21(𝜔) 𝑆22(𝜔) … 𝑆2𝑁𝑒
(𝜔)

⋮ ⋮ ⋱ ⋮
𝑆𝑁𝑒1(𝜔) 𝑆𝑁𝑒2(𝜔) … 𝑆𝑁𝑒𝑁𝑒

(𝜔)

⎤

⎥

⎥

⎥

⎥

⎦

(30)

where 𝑆𝑖𝑖(𝜔) is the PSD of the temporal excitation 𝑓𝑖(𝑡) (which is the
temporal force applied at abscissa 𝑥𝑖) and 𝑆𝑖𝑗 (𝜔) is the cross-spectral
density function between temporal excitations 𝑓𝑖(𝑡) and 𝑓𝑗 (𝑡). Thanks
to the Wiener–Khintchine relation, 𝐒(𝜔) is positive definite (Shinozuka
and Jan, 1972; Shinozuka and Deodatis, 1991) and, using the Cholesky
decomposition, one may find

𝐒(𝜔) = 𝐇(𝜔)𝐇∗(𝜔) (31)

where the notation .∗ denotes the conjugate transpose. 𝐇(𝜔) is a lower
triangular matrix given by

𝐇(𝜔) =

⎡

⎢

⎢

⎢

⎢

⎣

𝐻11(𝜔) 0 … 0
𝐻21(𝜔) 𝐻22(𝜔) ⋱ ⋮

⋮ ⋮ ⋱ 0
𝐻𝑁𝑒1(𝜔) 𝐻𝑁𝑒2(𝜔) … 𝐻𝑁𝑒𝑁𝑒

(𝜔)

⎤

⎥

⎥

⎥

⎥

⎦

(32)

where the 𝐻𝑖𝑗 (𝜔) coefficients can be determined with the principal
minors of the matrix 𝐒(𝜔) (Shinozuka, 1971). Then, the temporal
excitation 𝑓𝑘(𝑡) is defined by

𝑓𝑘(𝑡) =
√

2𝛥𝜔

( 𝑘
∑

𝑙=1

𝑝
∑

𝑛=1
|𝐻𝑘𝑙(𝜔𝑛)| cos

(

𝜔′
𝑛𝑡 + 𝜃𝑘𝑙(𝜔𝑛) + 𝜙𝑙𝑛

)

)

(33)

he parameters present in the previous Eq. (33) are defined in such a
ay that

• 𝑝 is the finite length of the series of cosine functions of the
approximated excitation. It has to be considered as a power of 2
in order to use Fast-Fourier Transforms (Vetterling et al., 1992);

• 𝛥𝜔 defines the pulsation step along the frequency band
[

𝜔𝑚𝑖𝑛, 𝜔𝑚𝑎𝑥
]

. It is given by 𝛥𝜔 = 𝜔𝑚𝑎𝑥−𝜔𝑚𝑖𝑛
𝑝 ;

• 𝜔𝑛 corresponds to the frequency discretization (Shinozuka and
Jan, 1972). It is given by 𝜔𝑛 = 𝜔𝑚𝑖𝑛 +

(

𝑛 − 1
2

)

𝛥𝜔. For the

numerical simulation, FFT algorithms discretization is chosen in
order to use the Fast-Fourier Transform technique (Vetterling
et al., 1992);

• 𝜔′
𝑛 is defined as 𝜔′

𝑛 = 𝜔𝑛 + 𝛿𝜔𝑛, where 𝛿𝜔𝑛 is a small random
pulsation introduced to avoid the periodicity of the simulated
excitation (Shinozuka and Jan, 1972). In this study, in order
to use the HBM (see Section 2.3.4), we must have a periodic

′
excitation so 𝛿𝜔𝑛 = 0 and 𝜔𝑛 = 𝜔𝑛;
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• 𝜃𝑘𝑙(𝜔𝑛) is defined as

𝜃𝑘𝑙(𝜔𝑛) = tan−1
(

ℑ(𝐻𝑘𝑙(𝜔𝑛))
ℜ(𝐻𝑘𝑙(𝜔𝑛))

)

(34)

where ℑ and ℜ are the imaginary and real parts, respectively.
Given that 𝐒(𝜔) is Hermitian, we have 𝜃𝑘𝑘(𝜔) = 0. The dephasing
between both temporal excitations 𝑓𝑘(𝑡) and 𝑓𝑙(𝑡) comes from the
variable 𝜃𝑘𝑙(𝜔𝑛);

• ∀𝑘 ∈ [[1, 𝑁𝑒]], 𝜙𝑘𝑛 are independent random phases uniformly
distributed between 0 and 2𝜋. The random part of the multipoint
excitation comes from these variables.

From a numerical point of view (computational time and storage), the
calculation of such a series may be expensive for high values of 𝑝. In
order to avoid this, since 𝑝 is chosen as a power of 2 and since the
frequency discretization is correctly defined (Vetterling et al., 1992),
it is possible to rewrite Eq. (33) by using the Fast-Fourier Transform
(FFT) such as

𝑓𝑘(𝑡𝑛) =
√

2𝛥𝜔 ℜ

(

IFFT
( 𝑘
∑

𝑙=1
𝐻𝑘𝑙(𝜔𝑛) exp

(

𝑗𝜙𝑙𝑛
)

))

(35)

here IFFT denotes the Inverse of the Fast Fourier Transform and 𝑗 is
complex number. 𝑡𝑛 is the discretized time 𝑡𝑛 = 𝑛.𝑑𝑡 where 𝑑𝑡 is the

emporal sampling step.
In conclusion, using the cross-spectral density matrix 𝐒(𝜔), it is

ossible to simulate a multipoint correlated random excitation in the
ime domain. It should be noted that the multipoint random temporal
xcitation is defined in the canonical basis of the excitation points
efined in the domain 𝛺.

It is to be noted that two other models of a multipoint random ex-
itation, defined in another basis than the canonical basis, will be also
iven in Section 3. These two approaches (based on the KL technique
nd the projection of the excitation on the eigenmodes of the structure,
espectively) will be introduced in the last part of this present work in
rder to allow a reduction of the number of excitation terms.

.3. Application and reference vibrational responses

The objective of this part of the paper is to provide reference results
n the non-linear vibrations of the beam system subjected to multi-
oint random excitation. To this purpose, an extension of the HBM
dapted to the use of multi-point correlated random excitations is
resented, as well as preliminary results on a linear case in order to
erify the relevance of the implemented approach. Then the reference
esults of the nonlinear response of the beam system to a multipoint
orrelated random excitation are presented. These results will serve as
reference to validate the reduction of the number of excitation terms

hrough the methods that will be proposed in Section 3.

.3.1. Preamble
The modeling from Shinozuka’s work (Shinozuka, 1971) is adapted

or the clamped–clamped beam presented in Section 2.1 subjected to
multipoint correlated random excitation. The excitation is defined
ith a level of excitation 𝑆(𝜔) along a finite frequency band and
correlation function 𝐶𝑖𝑗 (𝜔) defined between two excitation points

𝑖 and 𝑥𝑗 . The excitation is considered as identical for all excitation
oints

𝑖𝑖(𝜔) = 𝑆𝑗𝑗 (𝜔) = 𝑆(𝜔) ∀(𝑖, 𝑗) ∈ [[1, 𝑁𝑒]]2 (36)

In order to observe the same nonlinear phenomena as observed
n Roncen et al. (2019a), the level of excitation 𝑆(𝜔) is defined along
he finite frequency band [20; 500] Hz and chosen to be rectangular with
high level of excitation around the first mode of the beam along the

requency band [80; 130] Hz (2.60 10−6 N2/Hz), and with a low level of
xcitation along the other frequency bands [20; 80] Hz and [130; 500] Hz
1.25 10−10 N2/Hz).
5

Table 1
Values of the geometrical and material parameters of the beam.

Parameter Value

Mass density 𝜌 7850 kg m−3

Cross-sectional area 𝐴 10−4 m2

Cross-sectional moment of inertia 𝐼 2.08 10−10 m4

Young modulus 𝐸 205 109 Pa
Length of the beam 𝐿 0.470 m
Rotational spring 𝑘𝑟𝑜𝑡 1834 N m
Linear spring 𝑘𝑏𝑜𝑢𝑛𝑑 8.11 107 N m−1

Static pretension 𝑇0 3231 N

The correlation function 𝐶𝑖𝑗 (𝜔) between two excitation points 𝑥𝑖 and
𝑗 is geometrical and considered to be constant for the whole frequency
and such as

𝑖𝑗 (𝜔) = 𝐶𝑖𝑗 = exp
(

−
|𝑥𝑖 − 𝑥𝑗 |

𝑑

)

(37)

where both positions 𝑥𝑖 and 𝑥𝑗 are defined by Eq. (3). 𝑑 is a fixed
correlation distance. This correlation function is inspired by the cor-
relation functions used for the studies of turbulent boundary layer
noises (see Efimtsov (1982) with 𝜔 → 0). The cross-spectral density

atrix 𝐒(𝜔) from Eq. (30) is

(𝜔) = 𝑆(𝜔)𝐂 = 𝑆(𝜔)

⎡

⎢

⎢

⎢

⎢

⎣

𝐶11 𝐶12 … 𝐶1𝑁𝑒
𝐶21 𝐶22 … 𝐶2𝑁𝑒
⋮ ⋮ ⋱ ⋮

𝐶𝑁𝑒1 𝐶𝑁𝑒2 … 𝐶𝑁𝑒𝑁𝑒

⎤

⎥

⎥

⎥

⎥

⎦

(38)

For the rest of this study, a number of 101 excitation points (𝑁𝑒 =
01) is chosen, and the correlation distance 𝑑 is defined such as 𝑑

𝐿 = 0.1.
To emphasize the objective of validating a numerical modeling for
multipoint correlated random excitations and in order to simplify the
numerical study of the structure, only the first symmetric bending mode
of the beam is considered 𝑁𝑚 = 1 (for which the natural frequency is
situated at 𝑓1 = 113.0 Hz). The beam may therefore be seen as a Duffing
oscillator (Kovacic and Brennan, 2011) subjected to 𝑁𝑒 correlated
broadband random excitations.

The geometrical and material parameters used for the description of
the beam are given in Table 1. It is to be noted that the complete geom-
etry and technical drawing of the benchmark CEA-beam are available
in Claeys et al. (2019).

2.3.2. Numerical method
The numerical method used to predict the nonlinear vibrations of a

beam subjected to a multipoint random excitation is an extension of the
HBM adapted to random excitations. For this purpose, it is necessary
to adapt this nonlinear method for the use of multipoint correlated
random excitations. This point is briefly presented below.

The HBM seeks the response of the nonlinear system defined in
Eq. (24) as a truncated Fourier series (if this solution exists), such as

𝐰(𝑡) = 𝐁𝟎 +
𝑝
∑

𝑛=1

(

𝐀𝐧 sin (𝑛𝛺𝑡) + 𝐁𝐧 cos (𝑛𝛺𝑡)
)

(39)

where 𝑝 corresponds to the chosen order of the truncated Fourier
series and

(

𝐁𝟎,
(

𝐀𝐧,𝐁𝐧
)

∀𝑛∈[[1,𝑝]]

)

are the unknown Fourier coefficients
of solution 𝐰(𝑡) to be determined. As discussed in Talik et al. (2022) and
Roncen et al. (2019a), the HBM can be adapted to random excitations
by choosing frequency resolution 𝛥𝑓 as the fundamental frequency of
the excitation. In this case, the multipoint random excitation is foreseen
as a multipoint deterministic excitation with one fundamental pulsation
𝛺 = 2𝜋𝛥𝑓 . To be noted that the frequency step 𝛥𝑓 is directly linked to
the previously defined pulsation step 𝛥𝜔 (see Section 2.2). Then the
vector force 𝐅(𝑡) can be defined by a finite Fourier series of order 𝑝,
such as

𝐅(𝑡) =
𝑝
∑

(

𝐒𝐧,𝐞𝐱𝐜𝐢𝐭 sin (𝑛𝛺𝑡) + 𝐂𝐧,𝐞𝐱𝐜𝐢𝐭 cos (𝑛𝛺𝑡)
)

(40)

𝑛=1
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Moreover, it is assumed that nonlinear contributions 𝐅𝐍𝐋(𝑡) can be
solved in the finite Fourier series of order 𝑝

𝐅𝐍𝐋(𝑡) = 𝐂𝟎 +
𝑝
∑

𝑛=1

(

𝐒𝐧 sin (𝑛𝛺𝑡) + 𝐂𝐧 cos (𝑛𝛺𝑡)
)

(41)

where
(

𝐂𝟎,
(

𝐒𝐧,𝐂𝐧
)

∀𝑛∈[[1,𝑝]]

)

are the Fourier coefficients of the non-

linear force 𝐅𝐍𝐋(𝑡). One of the consequences of the choice of 𝛥𝑓 as
the fundamental frequency is that the number of harmonics 𝑝 retained
in the approximate nonlinear solution (39) can be consequent, which
can constitute a major disadvantage for computation time and data
storage issues. In order to determine the value of the Fourier coeffi-
cients

(

𝐁𝟎,
(

𝐀𝐧,𝐁𝐧
)

∀𝑛∈[[1,𝑝]]

)

, decompositions (39), (40) and (41) are

re-injected into Eq. (24). This leads to a set of 𝑁𝑚(2𝑝 + 1) nonlinear
equations given by

𝐊𝐁𝟎 = 𝐂𝟎 (42)

[

𝐊 − (𝑛𝛺)2𝐌 −𝑛𝛺𝐃
𝑛𝛺𝐃 𝐊 − (𝑛𝛺)2𝐌

] [

𝐀𝐧
𝐁𝐧

]

=
[

𝐒𝐧,𝐞𝐱𝐜𝐢𝐭
𝐂𝐧,𝐞𝐱𝐜𝐢𝐭

]

+
[

𝐒𝐧
𝐂𝐧

]

∀𝑛 ∈ [[1, 𝑝]]

(43)

Coefficients
(

𝐂𝟎,
(

𝐒𝐧,𝐂𝐧
)

∀𝑛∈[[1,𝑝]]

)

depend on coefficients
(

𝐁𝟎,
(

𝐀𝐧,

𝐁𝐧
)

∀𝑛∈[[1,𝑝]]

)

. An extension of the classical Alternate Frequency–Time

domain method (AFT-method Cameron and Griffin, 1989) is used to
calculate these Fourier coefficients

(

𝐂𝟎,
(

𝐒𝐧,𝐂𝐧
)

∀𝑛∈[[1,𝑝]]

)

(see Roncen

et al. (2019a) and Roncen et al. (2019b) for more details).
Finally, the nonlinear Eqs. (42) and (43) are solved by minimizing

the following relation

𝐇(𝐗, 𝛺) = 𝐀𝐗 − 𝐁 − 𝐁𝐍𝐋(𝐗) (44)

with

𝐀 = Diag
(

𝐊,
[

𝐊 − (𝑛𝛺)2𝐌 −𝑛𝛺𝐃
𝑛𝛺𝐃 𝐊 − (𝑛𝛺)2𝐌

]

∀𝑛∈[[1,𝑝]]

)

(45)

𝐁 =
[

𝟎 𝐒𝟏,𝐞𝐱𝐜𝐢𝐭 𝐂𝟏,𝐞𝐱𝐜𝐢𝐭 … 𝐒𝐩,𝐞𝐱𝐜𝐢𝐭 𝐂𝐩,𝐞𝐱𝐜𝐢𝐭
]𝑇 (46)

𝐁𝐍𝐋 =
[

𝐂𝟎 𝐒𝟏 𝐂𝟏 … 𝐒𝐩 𝐂𝐩
]𝑇 (47)

Minimizing Eq. (44) imposes a convergence criterion described as
‖𝐇(𝐗,Ω)‖2

‖𝐁‖2
< 𝜖𝐻𝐵𝑀 (48)

here 𝜖𝐻𝐵𝑀 is a chosen numerical precision and ‖.‖2 is the quadratic
orm. For the rest of the study, 𝜖𝐻𝐵𝑀 is chosen to be equal to 10−5.

.3.3. Initial validation based on a linear case
First of all, an initial validation of a linear case is undertaken in

rder to verify the relevance of the proposed approach in a simple case
for modeling the multipoint correlated random excitation presented
n Section 2.2 for the mechanical problem presented in Section 2.1).
n order to carry out this analysis, the nonlinear terms of Eq. (20) are
onsidered equal to zero, and the associated dynamical linear equation
rojected on the first mode is given by

̈1(𝑡) + 2𝜉1𝛺1𝑤̇1(𝑡) +𝛺2
1𝑤1(𝑡) =

𝑁𝑒
∑

𝑘=1
𝛤1,𝑘𝑓𝑘(𝑡) (49)

where the excitation terms 𝑓𝑘 are defined in Eq. (33).
The PSD of the numerical solution of Eq. (49) is compared to

the traditional solution from linear vibration studies (Newland, 1975)
which will therefore serve as a reference solution. This reference is
provided by

𝑆𝑤1
(𝜔) =

𝑁𝑒
∑

𝑁𝑒
∑

1𝑖(𝜔)∗
1𝑗 (𝜔)𝑆𝑖𝑗 (𝜔) (50)
6

𝑖=1 𝑗=1 p
where 𝑆𝑤1
(𝜔) is the PSD of the modal displacement 𝑤1(𝑡), 𝑆𝑖𝑗 (𝜔) are

the terms of the matrix 𝐒(𝜔) in Eq. (38), and 1𝑘(𝜔) are the transfer
functions defined by

1𝑘(𝜔) =
𝛤1,𝑘

−𝜔2 + 2𝜉1𝛺1𝑗𝜔 +𝛺2
1

∀𝑘 ∈ [[1, 𝑁𝑒]] (51)

where 𝑗 is the unit imaginary number
√

−1, 𝛤1,𝑘, 𝜉1, and 𝛺1 are defined
in Section 2.1.

The comparison between the reference solution of the acceleration
at the center of the beam and the numerical PSD of the solution
of Eq. (49) (denoted by PSD𝑟𝑒𝑓 and PSD𝑛𝑢𝑚, respectively) is given
n Fig. 3. In this example the level of the excitation is chosen to
e rectangular with a high level of excitation along the frequency
and [80; 130] Hz (2.60 10−6 N2/Hz), and with a low level of exci-
ation along the other frequency bands [20; 80] Hz and [130; 500] Hz

(1.25 10−10 N2/Hz). It is observed that the proposed modeling of
the multipoint correlated random excitation gives a result in perfect
agreement with the reference solution. In order to quantify more pre-
cisely the adequacy of the proposed modeling, the following error 𝑒𝑛 is
alculated

𝑛 =

|

|

|

|

|

√

∫ 𝑓𝑓𝑖𝑛𝑎𝑙
𝑓𝑖𝑛𝑖𝑡

PSD𝑟𝑒𝑓 (𝑓 )𝑑𝑓 −
√

∫ 𝑓𝑓𝑖𝑛𝑎𝑙
𝑓𝑖𝑛𝑖𝑡

PSD𝑛𝑢𝑚(𝑓 )𝑑𝑓
|

|

|

|

|

√

∫ 𝑓𝑓𝑖𝑛𝑎𝑙
𝑓𝑖𝑛𝑖𝑡

PSD𝑟𝑒𝑓 (𝑓 )𝑑𝑓
(52)

here 𝑓𝑖𝑛𝑖𝑡 and 𝑓𝑓𝑖𝑛𝑎𝑙 correspond to the minimum and maximum fre-
uency values in the chosen frequency band of interest (i.e., 𝑓𝑖𝑛𝑖𝑡 =
0 Hz and 𝑓𝑓𝑖𝑛𝑎𝑙 = 500 Hz in the present case under study). 𝑒𝑛 represents

the error between both RMS accelerations at the center of the beam.
With the red curve as reference one, 𝑒𝑛 is estimated at 1.20%, which
unambiguously demonstrates the relevance of the proposed modeling
for multipoint correlated random excitation (fully described by Shi-
nozuka’s work Shinozuka and Jan, 1972; Shinozuka, 1971; Shinozuka
and Deodatis, 1991).

2.3.4. Nonlinear response of the beam to a multipoint correlated random
excitation

In this section, the nonlinear vibrational response of the clamped–
clamped beam subjected to a multipoint correlated random excitation
is investigated. The numerical simulations are performed by using the
previous modeling presented in Section 2.2. Results are given in Fig. 4
for three different levels of excitation. The first ideal input PSD of the
excitation is depicted in Fig. 4(a) where level 𝑆(𝜔) (from Eq. (38))
is rectangular with a high level of excitation along the frequency
band [80; 130] Hz (2.60 10−6 N2/Hz), and with a low level of exci-
tation along the other frequency bands [20; 80] Hz and [130; 500] Hz
(1.25 10−10 N2/Hz). The two other levels of excitation are multiples
2𝑆(𝜔) and 3𝑆(𝜔) of the first described ideal input PSD.

The acceleration output PSD at the center of the beam is observed
in Fig. 4(b). Considering the comparison between the input PSD and
the output PSD, there is one additional amplitude peak in the output
PSD that is not present in the input PSD of the [130; 500] Hz band. This
reveals nonlinear dynamic behavior of the beam subjected to a multi-
point correlated random excitation. This additional peak corresponds
to the third harmonic of the first vibration mode of beam 3𝑓1, which
is the result of the nonlinear cubic force 𝐅𝐍𝐋(𝑡) restrained on the first
ibration mode of the beam.

It is to be noted that these results are in line with those previously
btained in the study of a clamped–clamped beam subjected to one-
oint random excitations (Roncen et al., 2019a). Of course, they are not
dentical because the excitation studied is not the same (switch from a
ne-point random excitation to a more complex multipoint correlated
andom excitation), but the appearance of its third harmonic is visible
n both cases and represents the main characteristic of the beam’s
onlinear behavior. Therefore, this preliminary result shows that the
roposed modeling of a multipoint correlated random excitation from
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Fig. 3. (a) Acceleration output PSD at the center of the beam from two methods: (red) reference solution and (blue) numerical solution; (b) Zoom along the frequency
band [80; 130] Hz. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
Fig. 4. (a) Input PSD (b) Acceleration output PSD at the center of the beam. The level of the excitation is defined as 𝑆(𝜔) (blue), 2𝑆(𝜔) (green) and 3𝑆(𝜔) (red). (For interpretation
of the references to color in this figure legend, the reader is referred to the web version of this article.)
Section 2.2 can be adapted to the HBM for nonlinear vibration studies.
It should be noted that this nonlinear response of the beam of the
complete modeling of the multipoint correlated random excitation will
be the reference nonlinear response for the rest of the study.

3. Advanced process based on the reduction of the number of
excitation terms

Despite the use of Fast Fourier Transforms, the modeling of a
multipoint correlated random excitation presented in Section 2.2 may
be expensive from a numerical point of view if the number of excitation
points becomes high. It may then be interesting or even necessary
to find an alternative to this issue. In this section, two strategies
will be discussed to reduce the number of excitation terms without
losing much information on the excitation level or correlation. The
first technique will be based on the well-known KL approach coupled
with the Shinozuka decomposition. Then an original approach which
consists of decomposing the information of the excitation (for both level
and correlation) according to the eigenmodes of the mechanical system
is proposed. Both techniques are presented in the rest of this section and
adapted for predicting the nonlinear vibrations of the clamped–clamped
beam subjected to one multipoint correlated random excitation.
7

3.1. Karhunen-Loève technique coupled with the Shinozuka decomposition

The KL method allows the number of random variables to be
reduced. It has already been applied to finite element models (for ex-
ample the well-known contribution of Ghanem and Red-Horse Ghanem
and Red-Horse, 1999). In these applications, a field of random variables
is applied to a finite element model. For example, the value of a Young’s
modulus can vary randomly over the set of points in the structure and
a statistical description of this random field is known. In particular,
there is a spatial correlation such that two points in close proximity
are likely to have the same Young’s modulus value. The KL method
then allows to reduce the number of random variables, rather than
having as many random variables as finite element nodes. Somewhat
similarly, in our case, it is the dynamic excitation vector that is random.
The statistical properties of these signals are described in the spectral
domain. For each excitation point, there are as many random variables
as there are frequencies in the spectral decomposition of the signal
(with the number of variables denoted by 𝑝). Multiplying by the number
of excitation points gives 𝑝 × 𝑁𝑒 random variables. The KL method
makes it possible to reduce the dimension 𝑁𝑒. To our knowledge, this
use of the KL method, coupled with the Shinozuka decomposition is
original.

In the following the KL modeling of a multipoint correlated random
excitation is briefly described. For full details of the KL technique, the
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Fig. 5. The first four KL eigenvectors of the multipoint correlated random excitation
considered as a turbulent boundary layer noise (see Eq. (38)): 1st eigenvector 𝐹1 (blue),
2𝑛𝑑 eigenvector 𝐹2 (red), 3rd eigenvector 𝐹3 (green) and 4th eigenvector 𝐹4 (orange).
For interpretation of the references to color in this figure legend, the reader is referred
o the web version of this article.)

nterested reader is referred to Loeve (1977) and Kerschen et al. (2005).
his section focuses on the case study described in Section 2.3. Con-
rary to Shinozuka’s modeling developed in Section 2.2, the multipoint
orrelated random excitation modeled with the KL technique is not
efined in the canonical basis of the excitation points. It is defined in
he KL basis such as the temporal vector excitation 𝐅(𝑡) from Eq. (28)
s described as follows

(𝑡) =
𝑁𝑒
∑

𝑘=1
𝜁𝑘(𝑡)𝐅𝐤 (53)

here the variables 𝜁𝑘(𝑡) and KL eigenvectors 𝐅𝐤 will be made explicit
n the following. In the present study, the modeling of the multi-
oint random excitation is characterized by a cross-spectral density
atrix 𝐒(𝜔) such as 𝐒(𝜔) = 𝑆(𝜔)𝐂 (see Eq. (38)), in which cross-spectral

orrelation matrix 𝐂 is constant along the whole frequency band. Due
o the Wiener–Khintchine relation, 𝐂 is Hermitian. Therefore, using
he complex spectral theorem, 𝐂 has 𝑁𝑒 linearly independent eigenvec-
ors

(

𝐅𝐤
)

∀𝑘∈[[1,𝑁𝑒]]
associated to 𝑁𝑒 real eigenvalues

(

𝜆𝑘
)

∀𝑘∈[[1,𝑁𝑒]]
such

s

𝐶11 𝐶12 … 𝐶1𝑁𝑒
𝐶21 𝐶22 … 𝐶2𝑁𝑒
⋮ ⋮ ⋱ ⋮

𝐶𝑁𝑒1 𝐶𝑁𝑒2 … 𝐶𝑁𝑒𝑁𝑒

⎤

⎥

⎥

⎥

⎥

⎦

𝐅𝐤 = 𝜆𝑘𝐅𝐤 (54)

It is to be noted that there are as many KL eigenvectors 𝐅𝐤 as the
number of excitation terms 𝑁𝑒 in the definition of the multipoint
excitation. The KL eigenvectors are constant along the frequency band
since the cross-spectral correlation matrix 𝐂 is frequency-independent.
The KL eigenvectors are chosen to be an orthonormal basis such as

𝐅𝐢
𝑇𝐂𝐅𝐣 = 𝜆𝑖𝛿𝑖𝑗 ∀(𝑖, 𝑗) ∈ [[1, 𝑁𝑒]]2 (55)

where 𝛿𝑖𝑗 is the Kronecker symbol. The first four KL eigenvectors of
the multipoint correlated random excitation considered as a turbulent
boundary layer noise (see Eq. (38)) are plotted in Fig. 5. So, in the
KL eigenvector basis, the cross-spectral density matrix 𝐒(𝜔) can be
rewritten as

𝐒KL(𝜔) = 𝑆(𝜔)

⎡

⎢

⎢

⎢

⎢

𝜆1 0 … 0
0 𝜆2 … 0
⋮ ⋮ ⋱ ⋮

⎤

⎥

⎥

⎥

⎥

(56)
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⎣

0 0 … 𝜆𝑁𝑒⎦
f

n this basis, the cross-spectral density matrix 𝐒KL(𝜔) is diagonal with
ositive diagonal terms. Therefore, the Cholesky decomposition can be
sed again and the 𝐒KL(𝜔) matrix can be decomposed as follows

KL(𝜔) =
√

𝑆(𝜔)

⎡

⎢

⎢

⎢

⎢

⎣

√

𝜆1 0 … 0
0

√

𝜆2 … 0
⋮ ⋮ ⋱ ⋮

0 0 …
√

𝜆𝑁𝑒

⎤

⎥

⎥

⎥

⎥

⎦

×
√

𝑆(𝜔)

⎡

⎢

⎢

⎢

⎢

⎣

√

𝜆1 0 … 0
0

√

𝜆2 … 0
⋮ ⋮ ⋱ ⋮

0 0 …
√

𝜆𝑁𝑒

⎤

⎥

⎥

⎥

⎥

⎦

(57)

As for Shinozuka’s modeling developed in Section 2.2, each temporal
force 𝜁𝑙(𝑡) in the KL eigenvector basis is therefore defined by

𝜁𝑘(𝑡) =
√

2𝛥𝜔

( 𝑝
∑

𝑛=1

√

𝑆(𝜔𝑛)
√

𝜆𝑘 cos
(

𝜔𝑛𝑡 + 𝜙𝑘𝑛
)

)

(58)

The parameters 𝛥𝜔, 𝜔𝑛 and 𝜙𝑘𝑛, present in the previous equation (58),
are the same as the ones used in Section 2.2. Thanks to Eq. (53),
temporal vector excitation 𝐅(𝑡) corresponds to the multipoint random
excitation.

𝐅(𝑡) =
√

2𝛥𝜔
𝑁𝑒
∑

𝑘=1

( 𝑝
∑

𝑛=1

√

𝑆(𝜔𝑛)
√

𝜆𝑘 cos
(

𝜔𝑛𝑡 + 𝜙𝑘𝑛
)

)

𝐅𝐤 (59)

The information on the multipoint correlated random excitation is
present in variables 𝑆(𝜔𝑛), 𝜆𝑘 and 𝐅𝐤 for each excitation point and for
he whole frequency band. The KL technique is very interesting because
t enables you to go from 𝑁𝑒 random variables which are dependent
see Eq. (33)) of each other to 𝑁𝑒 independent random variables.

As in Section 2.2, it is possible to rewrite Eq. (59) by using the
ast-Fourier Transform (FFT) (Vetterling et al., 1992). This leads to

(𝑡𝑛) =
√

2𝛥𝜔 ℜ

(

IFFT
(𝑁𝑒
∑

𝑘=1

√

𝑆(𝜔𝑛)
√

𝜆𝑘𝐅𝐤 exp
(

𝑗𝜙𝑘𝑛
)

))

(60)

It is to be noted that Eq. (60) represents another modeling of a
multipoint correlated random excitation in comparison with Eq. (35).
Each modeling uses the cross-spectral density matrix 𝐒(𝜔) differently,
but the random part of the multipoint excitation is common and stems
from independent random phases uniformly distributed between 0 and
2𝜋. By considering all the KL eigenvectors of matrix 𝐂, which is the
reference model of this study, the excitation information (level and
correlation) is complete. The linear validation given in Section 2.3.3
is the same for this modeling, including all KL eigenvectors.

Once the multipoint random excitation is defined in the KL eigen-
vectors basis, in order to calculate the nonlinear response of the system,
it is necessary to project this excitation on the vibration modes basis of
the beam

(

𝑌𝑖(𝑥)
)

∀𝑖∈[[1,𝑁𝑚]]
. This projection is written as

⟨𝐹 (𝑥, 𝑡𝑛), 𝑌𝑖(𝑥)⟩

=
√

2𝛥𝜔 ℜ

(

IFFT
(𝑁𝑒
∑

𝑘=1

√

𝑆(𝜔𝑛)
√

𝜆𝑘⟨𝐹𝑘(𝑥), 𝑌𝑖(𝑥)⟩ exp
(

𝑗𝜙𝑘𝑛
)

))

(61)

here 𝐹𝑘(𝑥) represents the interpolated KL eigenvector 𝐅𝐤.
Therefore, it leads to 𝑁𝑒 excitation terms associated with 𝑁𝑚 vi-

ration modes of the beam system. In order to reduce the number
f excitation terms, it may be interesting to estimate the influence of
ach KL eigenvector on each vibration mode of the system. In order to
valuate such a relation, the variable 𝑎𝑘,𝑖 which represents the influence
f the 𝑘th KL eigenvector on the 𝑖th vibration mode of the beam is
efined as follows

𝑘,𝑖 =
𝜆𝑘⟨𝐹𝑘(𝑥), 𝑌𝑖(𝑥)⟩2

∑𝑁𝑒
𝑗=1 𝜆𝑗⟨𝐹𝑗 (𝑥), 𝑌𝑖(𝑥)⟩2

(62)

Table 2 gives the impact of the first 10 KL eigenvectors on the first

our vibration modes of the beam presented in Section 2.1. These results
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Fig. 6. (a) Acceleration output PSD at the center of the beam for reference model (solid lines) and the reduced model (dotted lines) with 1 KL eigenvector ; (b) Zoom along
the frequency band [320; 360] Hz. The level of the excitation is defined as 𝑆(𝜔) (blue), 2𝑆(𝜔) (green) and 3𝑆(𝜔) (red). (For interpretation of the references to color in this figure
egend, the reader is referred to the web version of this article.)
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Table 2
Influences of the first 10 KL eigenvectors on the first four vibration modes on the beam.

KL eigenvector 𝐹𝑘(𝑥) 𝜆𝑘 𝑎𝑘,1 (%) 𝑎𝑘,2 (%) 𝑎𝑘,3 (%) 𝑎𝑘,4 (%)

𝐹1 18.91 95.93 – 6.43 –
𝐹2 15.78 – 91.97 – 12.72
𝐹3 12.25 3.97 – 81.90 –
𝐹4 9.24 – 7.77 – 72.24
𝐹5 6.96 0.09 – 11.20 –
𝐹6 5.31 – 0.23 – 14.33
𝐹7 4.13 0.007 – 0.40 –
𝐹8 3.27 – 0.02 – 0.59
𝐹9 2.64 0.001 – 0.05 –
𝐹10 2.17 – 0.004 – 0.08

show that only the first symmetric KL eigenvectors (the first anti-
symmetric KL eigenvectors, respectively) are needed in order to keep
the information on the excitation projected on the symmetric vibration
modes of the beam (the anti-symmetric vibration modes, respectively).
From the values depicted in Table 2, the multipoint correlated random
excitation 𝐹 (𝑥, 𝑡) restrained on the first KL eigenvector describes ap-
roximately 96% of the reference modal displacement of the beam’s
irst vibration mode, calculated with the reference multipoint corre-
ated random excitation considered with all the KL eigenvectors. On
he other hand, the multipoint correlated random excitation 𝐹 (𝑥, 𝑡) re-
trained on the second KL eigenvector describes approximately 92% of
he reference modal displacement of the beam’s second vibration mode,
alculated with the reference multipoint correlated random excitation
onsidered with all the KL eigenvectors. These results unambiguously
emonstrate the relevance of the KL approach developed here and
ts effectiveness in reducing the number of excitation terms. In other
ords, the objective of reducing the number of excitation terms by

estraining the number of KL eigenvectors in Eq. (58) is fully achieved.
In order to demonstrate the interest and effectiveness of the above,

he nonlinear vibrations of the clamped–clamped beam, with a re-
trained number of KL eigenvectors in the expression of the multipoint
orrelated random excitation 𝐹 (𝑥, 𝑡), is now studied. The multipoint
orrelated random excitation 𝐹 (𝑥, 𝑡) projected on the vibration modes

basis of the beam has the same formalism (see Eq. (79)) as the one used
for the study of nonlinear vibrations of the clamped–clamped beam
described in Section 2.3.4. The HBM applied to multipoint random
excitations presented in Section 2.3.4 is therefore used to investigate
the effect of the reduction of the number of excitation terms in order
to predict the nonlinear vibrations of the beam subjected to multipoint
9

random excitation. p
The simulation of the nonlinear response of the reduced model by
considering only one KL eigenvector in the description of the multipoint
correlated random excitation is given in Fig. 6. It is compared to the
nonlinear response simulated with the reference model of the excitation
described in Section 2.2 (i.e., the original full representation of the
multipoint correlated random excitation) for the same three different
levels of excitation as presented in Section 2.3.4. It is to be noted
that the first level of excitation 𝑆(𝜔) is chosen to be rectangular
with a high level of excitation along the frequency band [80; 130] Hz
(2.60 10−6 N2/Hz), and with a low level of excitation along the other
requency bands [20; 80] Hz and [130; 500] Hz (1.25 10−10 N2/Hz). It
s quite clear that the reference and reduced models give the same
onlinear response for the beam system subjected to one multipoint
orrelated random excitation. The numerical error 𝑒𝑛 between the two
imulation results is calculated for each level of excitation and it is
iven in Table 3. For this numerical error, the reference solution of
he acceleration at the center of the beam and the numerical PSD
denoted by PSD𝑟𝑒𝑓 and PSD𝑛𝑢𝑚) are respectively the one found with the
omplete modeling of the multipoint correlated excitation and the one
ound with the reduced model of the excitation with 1 KL eigenvector.
ot surprisingly, the appearance of the third harmonic 3𝑓1 is well
redicted for both methods as depicted in Fig. 6(b). This demonstrates
he feasibility and efficiency of predicting the nonlinear response of the
eam system by applying the KL approach for reducing the number of
xcitation terms. It can be observed on Fig. 6(b) that there is a shift in
he natural frequency of the first mode as a function of the excitation
evel. The peak of the third harmonic is situated at F = 339.112 Hz
or the first level of excitation S(𝜔), then it goes to F = 339.354 Hz
or the second level of excitation 2S(𝜔) and reaches F = 339.840 Hz
or the third level of excitation 3S(𝜔). This means that the frequency
f the beam’s first vibration mode increases with the excitation level.
espectively, the shift in frequency is represented by frequencies f1 =
13.037 Hz (for S(𝜔)), f1 = 113.118 Hz (for 2S(𝜔)) and f1 = 113.280 Hz
for 3S(𝜔)).

Whereas the reference model given in Section 2.2 needs 𝑁𝑒 exci-
ations terms in order to describe the excitation, only one excitation
erm, corresponding to one KL eigenvector, has to be used in order
o study the nonlinear vibrations of the beam restrained on its first
ibration mode. In order to study nonlinear vibrations of the beam
ith more restrained vibration modes, more KL eigenvectors have to
e kept but this number should always be more interesting than the
umber 𝑁𝑒 of excitation terms in the reference model, especially if 𝑁𝑒
ecomes big. It is worth remembering that 𝑁𝑒 defines the number of

unctual correlated temporal forces distributed along the mechanical
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A

𝐆

system under study. In the general context of an engineering problem,
it is not uncommon to be confronted with excitations distributed over
a non-negligible surface of the mechanical system under study and
consequently to end up with a non-negligible number 𝑁𝑒. It is therefore
obvious that the KL technique could also be interesting in a more
generic context and for other engineering applications. However, some
limitations must be stated: this technique has shown its efficiency if
the correlation of the excitation is constant along the frequency band.
If the correlation function becomes frequency-dependent, as is the case
for a diffuse field acoustic load applied to aeronautical structures, then
the KL eigenvectors

(

𝐅𝐤(𝜔)
)

∀𝑘∈[[1,𝑁𝑒]]
associated to the KL eigenval-

ues
(

𝜆𝑘(𝜔)
)

∀𝑘∈[[1,𝑁𝑒]]
are also frequency-dependent. Then, the computing

of the reduced multipoint correlated random excitation with the KL
technique is no longer interesting for large frequency bands (or/and
for calculations with a small frequency discretization), where the KL
eigenproblem needs to be solved at each frequency step. Adapted to
nonlinear simulations with the use of the HBM to random excitation
(see Section 2.3.2), the minimization of Eq. (24) needs to be computed
for the whole frequency band. So, all the KL eigenvectors, calculated
to each frequency step, need to be stored before the minimization of
the whole nonlinear resolution. The KL technique does not seem to
be interesting for the simulation of nonlinear vibrations of structures
subjected to multipoint correlated random excitations for which the
correlation description is frequency-dependent.

3.2. Projection on the eigenmodes of the structure

In this section, an original technique which enables to reduce the
number of excitation terms while remaining in a formalism adapted
for the use of the HBM presented in Section 2.3.4 is discussed. This
proposed method is based on the projection of the cross-spectral density
matrix 𝐒(𝜔), on the vibration modes basis of the system

[

𝐘𝟏,… ,𝐘𝐍𝐦

]

.
The vibration modes have to be normalized, with respect to the mass
matrix of the system. As for the KL technique presented in Section 3.1,
the temporal vector excitation 𝐅(𝑡) from Eq. (28) is now defined as

𝐅(𝑡) =
𝑁𝑚
∑

𝑘=1
𝑦𝑘(𝑡)𝐘𝐤 (63)

where the variables 𝑦𝑘(𝑡) will be defined later. 𝐘𝐤 correspond to the
vibration modes of the system reduced to the 𝑁𝑒 degrees of freedom
of the domain 𝛺. Therefore, the modeling of the multipoint correlated
random excitation given here is defined in the vibration modes basis of
the system.

The projection of the cross-spectral density matrix 𝐒(𝜔) on the
vibration modes basis of the system

[

𝐘𝟏,… ,𝐘𝐍𝐦

]

leads to an another
matrix 𝐒proj(𝜔) defined by

𝐒proj(𝜔) = 𝐏𝑇 S(𝜔)𝐏 (64)

with

S(𝜔) =

⎡

⎢

⎢

⎢

⎢

⎣

𝐒(𝜔) 𝐒(𝜔) … 𝐒(𝜔)
𝐒(𝜔) 𝐒(𝜔) … 𝐒(𝜔)
⋮ ⋮ ⋱ ⋮

𝐒(𝜔) 𝐒(𝜔) … 𝐒(𝜔)

⎤

⎥

⎥

⎥

⎥

⎦

(65)

𝐏 =

⎡

⎢

⎢

⎢

⎢

⎣

𝐘𝟏 0 0
0 𝐘𝟐 ⋱ ⋮
⋮ ⋱ ⋱ 0
0 … 0 𝐘𝐍𝐦

⎤

⎥

⎥

⎥

⎥

⎦

(66)

Therefore, matrix 𝐒proj(𝜔) is described by

𝐒proj(𝜔) =

⎡

⎢

⎢

⎢

⎢

𝐘𝟏
𝑇 𝐒(𝜔)𝐘𝟏 𝐘𝟏

𝑇 𝐒(𝜔)𝐘𝟐 … 𝐘𝟏
𝑇 𝐒(𝜔)𝐘𝐍𝐦

𝐘𝟐
𝑇 𝐒(𝜔)𝐘𝟏 𝐘𝟐

𝑇 𝐒(𝜔)𝐘𝟐 … 𝐘𝟐
𝑇 𝐒(𝜔)𝐘𝐍𝐦

⋮ ⋮ ⋱ ⋮
𝑇 𝑇 𝑇

⎤

⎥

⎥

⎥

⎥

(67)
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⎣

𝐘𝐍𝐦
𝐒(𝜔)𝐘𝟏 𝐘𝐍𝐦

𝐒(𝜔)𝐘𝟐 … 𝐘𝐍𝐦
𝐒(𝜔)𝐘𝐍𝐦⎦
At this stage, it is necessary to demonstrate that matrix 𝐒proj(𝜔) is
positive semi-definite thanks to the following mathematical property

𝐀 is positive semi-definite ⇔ 𝐱𝑇𝐀𝐱 ≥ 0 ∀𝐱 ≠ 𝟎 (68)

The following discussion responds to this expectation. First, the matrix
S(𝜔) can be rewritten

S(𝜔) =

⎡

⎢

⎢

⎢

⎢

⎣

1
1
⋮
1

⎤

⎥

⎥

⎥

⎥

⎦

[

𝐒(𝜔)
] [

1 1 … 1
]

(69)

Now, let us call 𝐱 a vector of dimensions 𝑁𝑚𝑁𝑒 × 1 where at least one
of its coefficients (each of them is a vector of dimensions 𝑁𝑒 ×1) is not
equal to zero. 𝐱 is defined as

𝐱 =
⎡

⎢

⎢

⎣

𝐱𝟏
⋮

𝐱𝐍𝐦

⎤

⎥

⎥

⎦

(70)

Thanks to Eq. (69), the following relation can be written

𝐱𝑇 S(𝜔)𝐱 =

(𝑁𝑚
∑

𝑖=1
𝐱𝐢

)𝑇

𝐒(𝜔)
(𝑁𝑚
∑

𝑖=1
𝐱𝐢

)

(71)

Since at least one of the vector 𝐱 coefficients is not equal to zero, one of
the 𝐱𝐢 vectors is not equal to zero, then

(

∑𝑁𝑚
𝑖=1 𝐱𝐢

)

is not equal to zero.
Thanks to the mathematical property given by Eq. (68) and since 𝐒(𝜔)
is positive definite, then 𝐱𝑇 S(𝜔)𝐱 ≥ 0. Therefore, the matrix S(𝜔) is pos-
itive semi-definite. Now, let us apply the same method to demonstrate
that matrix 𝐒proj(𝜔) is also positive semi-definite. Let us call 𝐳 a vector
of dimensions 𝑁𝑚𝑁𝑒 × 1, where at least one of its coefficients (each of
them is a vector of dimensions 𝑁𝑒 × 1) is not equal to zero

𝐳 =
⎡

⎢

⎢

⎣

𝐳𝟏
⋮

𝐳𝐍𝐦

⎤

⎥

⎥

⎦

(72)

Thanks to Eq. (64), the following formula can be specified

𝐳𝑇 𝐒proj(𝜔)𝐳 = 𝐳𝑇𝐏𝑇 S(𝜔)𝐏𝐳 = (𝐏𝐳)𝑇 S(𝜔)(𝐏𝐳) (73)

Since at least one of the coefficients of vector 𝐳 is not equal to zero
and 𝐏 corresponds to a modal matrix (vibrations modes of a non-rigid
structure), then one of the coefficients of the vector (𝐏𝐳) is not equal to
zero. Thanks to the mathematical property given by Eq. (68) and since
S(𝜔) is positive semi-definite, then 𝐳𝑇 𝐒proj(𝜔)𝐳 ≥ 0. This demonstrates
that matrix 𝐒proj(𝜔) is positive semi-definite.

Then, using the Cholesky decomposition as follows

𝐒proj(𝜔) = 𝐆(𝜔)𝐆∗(𝜔)𝑇 (74)

s in Section 2.2, 𝐆(𝜔) is a lower triangular matrix given by

(𝜔) =

⎡

⎢

⎢

⎢

⎢

⎣

𝐺11(𝜔) 0 … 0
𝐺21(𝜔) 𝐺22(𝜔) ⋱ ⋮

⋮ ⋮ ⋱ 0
𝐺𝑁𝑚1(𝜔) 𝐺𝑁𝑚2(𝜔) … 𝐺𝑁𝑚𝑁𝑚

(𝜔)

⎤

⎥

⎥

⎥

⎥

⎦

(75)

As previously done in Section 2.2 for the complete modeling of a
multipoint correlated random excitation, the 𝐺𝑖𝑗 (𝜔) coefficients can be
determined with the principal minors of matrix 𝐒proj(𝜔). This method
allows you to consider a matrix 𝐒proj(𝜔) of dimensions 𝑁𝑚 ×𝑁𝑚 which
is more interesting than considering matrix 𝐒(𝜔) of dimensions 𝑁𝑒 ×
𝑁𝑒, especially if 𝑁𝑒 becomes big. Therefore, this method defines 𝑁𝑚
excitations which are modal and representative of the complete mul-
tipoint correlated random excitation. Then the temporal modal excita-
tion

(

𝑦𝑘(𝑡)
)

∀𝑘∈[[1,𝑁𝑚]]
is given by

𝑦𝑘(𝑡) =
√

2𝛥𝜔

( 𝑘
∑

𝑝
∑

|𝐺𝑘𝑙(𝜔𝑛)| cos
(

𝜔𝑛𝑡 + 𝜃𝑘𝑙(𝜔𝑛) + 𝜙𝑙𝑛
)

)

(76)

𝑙=1 𝑛=1
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⟨

where variables 𝑝, 𝛥𝜔, 𝜔𝑛, 𝜃𝑘𝑙(𝜔𝑛) and 𝜙𝑙𝑛 are the same as the ones used
in Section 2.2. Thanks to Eq. (63), the temporal vector excitation 𝐅(𝑡)
corresponding to the multipoint random excitation can be written from
this modeling as

𝐅(𝑡) =
√

2𝛥𝜔
𝑁𝑚
∑

𝑘=1

( 𝑘
∑

𝑙=1

𝑝
∑

𝑛=1
|𝐺𝑘𝑙(𝜔𝑛)| cos

(

𝜔𝑛𝑡 + 𝜃𝑘𝑙(𝜔𝑛) + 𝜙𝑙𝑛
)

)

𝐘𝐤 (77)

As 𝑝 is considered as a power of 2 and as the frequency discretization
is correctly chosen, Eq. (77) can be rewritten by using the Fast-Fourier
Transform (FFT)

𝐅(𝑡𝑛) =
√

2𝛥𝜔 ℜ

(

IFFT
(𝑁𝑚
∑

𝑘=1

( 𝑘
∑

𝑙=1
𝐺𝑘𝑙(𝜔𝑛) exp

(

𝑗𝜙𝑙𝑛
)

)

𝐘𝐤

))

(78)

where IFFT denotes the Inverse of the Fast Fourier Transform and 𝑗
is the unit imaginary number

√

−1. 𝑡𝑛 is the discretized time 𝑡𝑛 =
.𝑑𝑡 where 𝑑𝑡 is the temporal sampling step. It should be noted with
his modeling choice, that 𝑁𝑚 random variables are dependent of
ach other, but there are much less random variables than within the
ull description of the multipoint random excitation (see Section 2.2),
hich could be an interesting contribution if the methodology is to be
dapted to more complex systems.

As the Karhunen–Loève method decomposes the random field into
ndependent random variables, we find in Eq. (60) a simple sum over
he number of Karhunen–Loève terms (𝑁𝑒). The modal method involves
orrelated random variables, which generates a double sum ∑𝑁𝑚

𝑘=1
∑𝑘

𝑙=1
n Eq. (78). Nevertheless, for the solving of the nonlinear problem, the
xcitation term must be projected on each eigenmode. This projection
s detailed by the following equation

𝐹 (𝑥, 𝑡𝑛), 𝑌𝑖(𝑥)⟩

=
√

2𝛥𝜔 ℜ

(

IFFT
(𝑁𝑚
∑

𝑘=1

( 𝑘
∑

𝑙=1
𝐺𝑘𝑙(𝜔𝑛) exp

(

𝑗𝜙𝑙𝑛
)

))

⟨𝑌𝑘(𝑥), 𝑌𝑖(𝑥)⟩

)

(79)

The orthogonality of the modal basis allows to suppress the summa-
ion ∑𝑁𝑚

𝑘=1
∑𝑘

𝑙=1 in Eq. (79). This orthogonality is relative to the scalar
roduct associated with the mass operator in the general case. In the
hosen example, the linear mass is constant along the beam which leads
o

𝐹 (𝑥, 𝑡𝑛), 𝑌𝑖(𝑥)⟩

=
√

2𝛥𝜔 ℜ

(

IFFT
( 𝑖
∑

𝑙=1
𝐺𝑖𝑙(𝜔𝑛) exp

(

𝑗𝜙𝑙𝑛
)

)

⟨𝑌𝑖(𝑥), 𝑌𝑖(𝑥)⟩

)

(80)

With the Karhunen–Loève method, as many projections as there are
structural modes must be performed, whereas with the modal method,
the excitation is already projected on the basis of the eigenmodes.
Therefore, the computational time advantage brought by the decor-
relation of the random variables for the Karhunen–Loève method is
balanced by the absence of additional computations for the modal
projection in the case of the modal method.

In order to assess the validity of the above proposal, the simulation
of the nonlinear response of the beam with only one vibration mode in
the description of the multipoint correlated random excitation is given
in Fig. 7. Comparison with the reference model of the excitation de-
scribed in Section 2.2 is also provided for the same three different levels
of excitation as shown in Section 2.3.4. The first level of the excitation
𝑆(𝜔) is chosen to be rectangular with a high level of excitation along the
frequency band [80; 130] Hz (2.60 10−6 N2/Hz), and with a low level of
excitation along the other frequency bands [20; 80] Hz and [130; 500] Hz
(1.25 10−10 N2/Hz). Numerical error 𝑒𝑛 between the two simulation
results is calculated for each level of excitation and given in Table 3.
For this numerical error, the reference solution of the acceleration at
the center of the beam and the numerical PSD (denoted by PSD𝑟𝑒𝑓 and
PSD𝑛𝑢𝑚) are respectively the one found with the complete modeling of
the multipoint correlated excitation and the one found with the reduced
11
Table 3
Values of the numerical errors between two simulation results (the simulation used for
the reference is the one introduced in Section 2.2).

Numerical error 𝑒𝑛 (%) 𝑆(𝜔) 2𝑆(𝜔) 3𝑆(𝜔)

Karhunen–Loève decomposition 0.83 0.23 0.64
Proposed approach 0.18 1.10 0.59

model of the excitation with one vibration mode in the projection of
the multipoint correlated random excitation. As previously seen for the
KL method, the appearance of the third harmonic 3𝑓1 is well predicted
as depicted in Fig. 7(b). This shows without any ambiguity the value
of the original technique proposed in order to reduce the number of
excitation terms, while allowing a correct prediction of the nonlinear
signature of the beam system. As described in Section 3.1, there is the
same shift in frequency for the first vibration mode of the beam (see
Fig. 7(b)) as a function of the level of excitation.

Calculations made in this study were based on a CentOS Linux 7
with a Processor Intel Core i7-9700 K CPU, 8 cores, 3.60 GHz and CPU
32 Go RAM. The average calculation time for computing the temporal
vector excitation 𝐅(𝑡) is given for each modeling in Table 4. It is clearly
shown that the two techniques presented in this study are much more
interesting than the complete modeling of the multipoint correlated
random excitation. It is to be noted that each modeling of the excitation
gives the same calculation time for the resolution of the nonlinear
problem. Indeed, each modeling proposes approximately the same level
of excitation. The evolution of the nonlinear response will therefore
depend on the nonlinear function defined in the mechanical problem.
For the problem proposed in this study, the nonlinearity is geometrical
and involves each beam vibration mode (see Eq. (22)). Therefore, no
difference has been noted in the research for the nonlinear response of
the beam, restrained on its first vibration mode, with the three different
models of the multipoint correlated excitation.

Whereas the reference model given in Section 2.2 needs 𝑁𝑒 exci-
tations terms in order to describe the excitation, only one excitation
term, corresponding to one vibration mode, has to be used in order to
predict the nonlinear response of the beam system restrained on its first
vibration mode.

For the interested reader it is also important to keep in mind that,
in the case of a multipoint correlated random excitation for which the
correlation function is frequency independent, the proposed method
is indeed as efficient as the KL decomposition method. To be noted
that the calculation of the projection on the structural eigenmodes
of the system is not expensive since the definition of the correlation
function and the definition of the structural eigenmodes are analytical
and are known as a function of the abscissa. The projection is therefore
simple to calculate even if there are more structural eigenmodes to be
considered. Thus, even if the correlation information depends on the
frequency, the projection basis of this modeling (the vibration modes
basis) is not frequency-dependent. Therefore, this proposed original
method seems to be more convenient to use than the KL decomposition,
in order to study nonlinear vibrations of mechanical systems subjected
to correlated excitations for which the correlation depends on the
frequency. Indeed, for each frequency in the spectral decomposition,
the KL method has to solve and store the eigenvalues and eigenvectors
of the spectral density matrix (which is a very expensive step from a
numerical point of view if the number of excitation terms is large).
On the contrary, the proposed technique will require computing the
matrix 𝐒proj(𝜔) only once, which can provide a significant benefit when
solving finite element problems for industrial applications.

Even if it is obvious when reading and comparing the two for-
malisms, this latter benefit will need to be validated and verified for
more complex mechanical systems. This point is outside the scope of
the present study and should be the subject of future works.
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p
a

Fig. 7. (a) Acceleration output PSD at the center of the beam for the reference model (solid lines) and the proposed reduced model (crosses) with 1 vibration mode in the
rojection of the multipoint correlated random excitation; (b) Zoom along the frequency band [320; 360] Hz. The level of the excitation is defined as 𝑆(𝜔) (blue), 2𝑆(𝜔) (green)
nd 3𝑆(𝜔) (red). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
Table 4
Average calculation time to compute the temporal vector excitation 𝐅(𝑡) for each
modeling (the average is made with 100 calculations).

Strategy Average calculation time (s)

Complete modeling (Eq. (35)) 10.55
Karhunen–Loève decomposition (Eq. (60)) 0.08
Proposed approach (Eq. (78)) 0.07

4. Conclusion

This paper investigates the nonlinear simulations on a clamped–
clamped beam solicited by multipoint random excitation. More specif-
ically one of the main contributions of the proposed study is to reduce
the number of excitation points in order to reduce calculation time and
data storage, while maintaining an accurate prediction of the system’s
nonlinear response.

Therefore, the KL decomposition method is initially applied in order
to reduce the number of excitation terms. With one vibration mode, the
reduction of the number of excitation terms is very interesting and al-
lows you to find the same nonlinear signature as for complete modeling
of multipoint random excitation from Shinozuka’s work (Shinozuka and
Jan, 1972; Shinozuka, 1971; Shinozuka and Deodatis, 1991).

Moreover, a second original method is proposed in order to reduce
the number of excitation terms while remaining in a formalism of the
HBM applied to random excitations. It is to be noted that this original
method is also compatible with nonlinear methods based on the tem-
poral integration of the nonlinear equation. This strategy is based on
the projection of excitation on the vibration modes basis of the system.
Thanks to this method, the projection basis is frequency-independent,
so this method can be easily extended to more complex excitations
for which the correlation information depends on the frequency. This
proposed original numerical method appears to be an alternative to
the KL decomposition method, in order to study and simulate the
nonlinear vibratory behavior of a complex mechanical system subjected
to random multipoint excitations. This will be the subject of future
works.
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