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The importance of mathematical problem solving (PS) has long been recognized, yet its implementation in classrooms remains a challenge. In this theoretical essay we put forth the notion of problem-solving implementation chain as a sequence of intended, planned/enacted and experienced activity, shaped by researchers, teachers and students respectively, where the nature of the activity and its aims may change at the links of the chain. We propose this notion as an analytical framework for investigating implementation of PS resources, and illustrate this framework in a case of middle-school teachers enacting a particular problem they encountered in professional development. We show how adaptation along the implementation chain can be viewed not merely as loss of fidelity, but rather as an opportunity for researchers, teachers and students to refine their perspectives on PS activity, and to learn through the implementation process.

Introduction

Problem solving (PS) was put on the mathematics education agenda decades ago (Pólya, 1945(Pólya, /1973;;NCTM, 2000;[START_REF] Schoenfeld | Mathematical problem solving[END_REF], and remains one of the spotlights of mathematics education research to this day (Felmer et al., 2019;Lester & Cai, 2016;[START_REF] Schoenfeld | Reflections on problem solving theory and practice[END_REF]. It is considered both as a self-contained goal and as the means of accomplishing other significant objectives of mathematics education [START_REF] Schroeder | Developing understanding in mathematics via problem solving[END_REF]. In addition, PS is considered one of the central activities in mathematics as a living science, and thus it has been hoped that it would also become a central activity in mathematics education [START_REF] Mamona-Downs | The identity of problem solving[END_REF]Lester & Cai, 2016). However, implementation of PS in the school reality is relatively rare, and even when implemented, activities that designers of instructional resources intend as PS are liable to be enacted as drill and practice, a kind of activity that still tends to be dominant in mathematics classrooms (Lester & Cai, 2016;Felmer et al., 2019). [START_REF] Lester | Thoughts about research on mathematical problem-solving instruction[END_REF] attributes "this unfortunate state of affairs" (p. 251) to the fact that research on mathematical problem solving remains largely a-theoretical. [START_REF] Schoenfeld | Reflections on problem solving theory and practice[END_REF] suggests that the current challenge is to specify the theoretical architecture of PS activity, in order to explain "how decision making [on PS implementation] occurs within that architecture" (ibid., p. 17) and to theorize on "how ideas grow and can be shared in interaction" (ibid., p. 20). The conceptual framework of problem solving implementation chain (PS-IC) aims to address these lacunas. Briefly, we consider PS-IC as a sequence of actions and interactions beginning with the development of a problem-solving resource by researchers, which teachers then engage with in professional development (PD), and finally teachers and students make use of in classrooms.

Problem-solving implementation chaina conceptual framework

Current research (e.g., [START_REF] Aguilar | Introduction to the papers of TWG23: Implementation of research findings in mathematics education[END_REF][START_REF] Koichu | Implementation-related research in mathematics education: The search for identity[END_REF] conceptualizes implementation of innovation, such as incorporation of PS resources in a classroom that normally features drill and practice, as a change-oriented process that takes place between proponents of an innovation (often education researchers) and its adapters (often mathematics teachers) who adapt the resource while taking agency over it. Taking inspiration from [START_REF] Stein | How curriculum influences student learning[END_REF], who distinguished between intended, enacted and experienced curriculum, we propose the term intended PS to denote the proponent's vision of enactment for a particular problem, planned PS to denote the vision of the teacher, enacted PS to denote what actually takes place in the classroom from the perspective of the enacting teachers, and experienced PS to denote what takes place from the perspective of students. Thus, PS-IC can be operationalized as a dynamic sequence of intended-planned-enactedexperienced PS perspectives that are shaped by interactions between the stakeholders involved.

From the perspective of the resource proponent, the intended PS is implicit in the problem, and may also be communicated orally or in writing, for example in a teacher guide. There is a duality in teachers' interactions with resources that is conceptualized in the documentational approach to didactics (DAD, [START_REF] Trouche | Documentational approach to didactics[END_REF] as instrumental genesis. An instrument is taken to be an artifact (e.g. a problem) along with schemes for its use. On the one hand, teachers are invited to appropriate the intentions of the designer in a process called instrumentation. On the other hand, "the conceptions and preferences of the user change the ways in which he or she uses the artifact, and may even lead to changing or customizing it" (Drijvers & Trouche, 2008, p. 368) in a process called instrumentalization. We consider intended and planned PS as documents [START_REF] Trouche | Documentational approach to didactics[END_REF], in the sense of a particular resource (problem) along with an elaborated scheme of usage, which includes the aim of the activity (e.g., to engage students with particular mathematical competencies), rules of action (e.g., orchestrating a classroom discussion based on students' ideas), operational invariants for PS activity in general (e.g., students should first "get stuck" and then attempt to invent a solution over a period of 20-30 minutes), and possibilities of adaptation (e.g., what to do if some students do not make any progress on their own). The process in which teachers develop such documents is called documentational genesis [START_REF] Trouche | Documentational approach to didactics[END_REF].

The use of a new resource is not dictated by its proponent, but neither is it completely in the hands of the adapters (as is often tacitly assumed in DAD). In PD, researchers and teachers may engage in a kind of co-documentation, which may give rise to a new hybridized scheme of usage. A similar process may take place through interactions between teachers and students. Thus, to understand why and how PS documents evolve, we propose to study the "links" in the chaininteractions between researchers and teachers at the link between intended and planned, and between teachers and students at the link between enacted and experienced. [START_REF] Cooper | Didactic metadata informing teachers' selection of learning resources: Boundary-crossing in professional development[END_REF] have conceptualized the kind of expansive learning that can take place between researchers and teachers in PD as boundary crossing [START_REF] Akkerman | Boundary crossing and boundary objects[END_REF], and have demonstrated various learning mechanisms that may take place when these communities interact, such as coordinating perspectives in attempting to translate the discourse of others (e.g. what do you mean by problem?), reflecting on each other's practice (e.g. researchers considering the practical rationality of teachers' actions), and transforming practice through hybridization. [START_REF] Robutti | Boundary objects in mathematics education and their role across communities of teachers and researchers in interaction[END_REF] have investigated the role of mathematical tasks in such learning as boundary objects.

Thus, the notion of implementation chain provides a conceptual framework to address two classes of research questions: 1. What are the differences between PS at various phases of implementation, from intended to experienced? 2. How and why do these differences develop through interaction between researchers, teachers and students?

Illustrative analysis of a PS implementation chain

We now illustrate how the notion of PS-IC can support research. For this we rely on a particular problem, drawing both on empirical data (what took place) and on thought experiment (what could have taken place). The context of this example is a PD program that aims to encourage and support PS in middle-school mathematics classes. Challenging problems were designed and piloted by a development team comprising researchers, teachers and teacher educators. Then, in a 30-hour PD program, teachers solved problems, discussed and planned classroom enactments, enacted problems in their classrooms, submitted reflective reports on the activity, and discussed their enactments. Both authors observed the PD meetings, and we rely on our observations and on the reflective reports. We elaborate on a particular problem (Figure 1), which was enacted in 6 classrooms. Our analysis has five focal points: The intended, enacted and experienced schemes of enactment, and interactions between researchers and teachers and between teachers and students.

Intended enactment scheme

The scheme of enactment as intended by the proponentthe didactic aims of PS activity, rules and principles of its enactment, and its potential adaptationare captured across a collection of documents, including teacher guides for each of the developed problems. We lay out some of the main aims and principles, and demonstrate them in the context of the problem under consideration.

Aims: Mathematical problem solving is both a goal in its own right and a means toward deepening mathematical understanding. As a goal, students should learn to solve problems in authentic contexts, applying a variety of generic and mathematical competencies. Seeking a fair rule for factoring grades is challenging due to the need to explicate a mathematical model of fairness, translate data between 4 different representations of functions (verbal, symbolic, numeric, graphic) and to come up with an innovative strategy. As a means, it can contribute to students' flexible translation between representations of functions, and foster an appreciation of the importance of this competency.

Rules of action (local and invariant):

Teachers should allow students to struggle in their attempts to make sense of the problem and to find a solution strategy. Telling students what to do (e.g. "calculate the result of factoring the grades 50, 75, 100 in each of the proposals") can demote PS to mere drilling of procedures. The PS environment should be choice-affluent [START_REF] Koichu | Mathematical problem solving in choice-affluent environments[END_REF], in the sense that students can choose whether to try to solve the problem individually, critique or contribute to a peer's solution, make sense of or explain a proposed solution, etc.

Adaptation: Teachers' enactment of PS should not be prescribed. There are many different valid rules of action, and teachers should be aware of many of them, and have the agency to make informed decisions on such factors as class organization (individual, pairs or small groups, whole class), time allocation, etc., adapting the activity to their local context. Accordingly, the teacher guide avoids prescription of rules of action, and instead highlight affordances of different possible modes of enactment. When students get "stuck", teachers should provide guidance that alleviates frustration without eliminating the challenge. For example, the teacher guide suggests that students might be provided all 4 functions in a single representation (Figure 2), possibly without specifying which graph corresponds to which proposal, and without specifying how this hint might prove to be helpful. 

Scheme as planned and enacted

Teachers' planned schemes were inferred through their participation in the PD, where PS activities were discussed, and their enactment schemes were inferred through analysis of a structured 4-page detailed, semi-structured report that they submitted following classroom enactment of the problem.

Aims: Teachers' discourse on PS was dominated by two main concerns: what are their students capable of (e.g. "it's too difficult"), and what is institutionally possible (e.g. "I have no time for lengthy activities that are not aligned with the curriculum"). As a result, some of the teachers did not have the patience to engage with problems deeply enough to appreciate their didactic potential. Yet in the particular problem under consideration, three teachers noted curricular aimsto summarize and assess the topic of functions, or to practice the topic after formal instruction was completed, noting that it provided opportunities for students to deepen their understanding. Some teachers mentioned aims that were not directly related to the curriculum, including practicing collaboration in group work and encouraging mathematical reasoning.

Adaptation: Three teachers modified the problem. One merely omitted the last section to leave time for a significant discussion of sections 1 and 2, having decided not dedicate more than a single 45minute lesson to the problem. Two others attempted to make the problem more relevant for their students. One did this by rephrasing section 3 in the first person ("which proposal should I consider"?). Another teacher took this idea of relevance one step further. She enacted the problem after returning a graded test, and instructed each student to calculate the result of each proposal on their own grade and to submit the results on a google form that she had prepared. The authentic data that was collectedthe result of applying 4 different factors to 27 distinct grades (in total 108 calculations)was then made available to all students as a resource for working on the problem. While this denied students the initial struggle, it added an element of personal relevance.

Rules of action:

There was much variation in the way the six teachers enacted the problem. The total time that students worked on the problem ranged between 30 and 90 minutes. Two teachers began the activity with a whole class introduction, while the others immediately launched students' work on the problem. All teachers held a whole-class discussion at the end of the activity. Work that led up to the discussion was in two cases individual, and in 4 cases was in pairs or small-groups. All of these schemes fall within the range of the intended scheme. Yet all the teachers appeared to be rather quick to defuse students' frustration by providing hints or guidance as soon as they began to struggle.

Emerging invariants of PS enactment:

Teachers' reflection on the activity provided a glimpse on their emerging invariants for PS activity (i.e. how they are likely to enact their next PS activity). One teacher valued the fact that her students were challenged, though she reported that she helped them during their individual work on the problem. It remains to be seen how she will come to balance challenge with her tendency not to let students remain "stuck". Two other teachers stressed the need to provide ample time for students to work and reason individually, suggesting that selecting short problems (or shortening longer one) may become a PS invariant for them. Two teachers were coming to adopt an invariant of small-group work, affording quiet students an opportunity to be heard.

Experienced PS

Based on the PS as enacted, it seems unlikely that students would have the opportunity to experience PS as intended, mainly because teachers were quick to assist struggling students. Nevertheless, one teacher indicated that here students were successful "after many attempts", suggesting that they were allowed to struggle, and some teachers were surprised by their students' capabilities (e.g. to represent functions on Desmos), suggesting that they may in future pose problems that they consider difficult.

Intended-planned link (teacher-researcher interactions)

Both the problem and the reports can be considered boundary objects in the following sense: Teachers planned lessons around problems designed by researchers, seeking pedagogical affordances they were not previously aware of, and reflecting on the activity attending to aspects that researchers considered significant. Researchers attempted to make sense of teachers' actions in PD discussion and through their reports. Beyond the obvious opportunities for learning through coordination and reflection on each other's perspectives, we bring some examples of learning through transformation of practice: One teacher's omission of the final, most challenging section of the problem may appear at first to "cripple" it by lowering the challenge. Yet making explicit the practical constraint of fitting the activity into a single 45-minute lesson has encouraged us to rethink how this can be reconciled with our views on PS, and has given birth to a kind of hybrid activitya principle for designing "condensed" problems that fit into a single lesson without compromising crucial aspects of the PS activity. We are also coming to appreciate the role of teachers in motivating their students' PS activity by creating local relevance. This relevance is multi-faceted, and includes curricular relevance (carefully timing the enactment to serve a didactical purpose at a well-defined point in the curriculum), personal relevance (improving one's grade on a test) and social relevance (co-generating data to solve a problem, engaging in group work).

Enacted-experienced link (teacher-student interactions)

We are encouraging teachers to elicit feedback from their students to gain access to their experiences. We do not yet have data on this practice, yet can hypothesize on its potential to negotiate shared meanings and aims for PS activity (e.g. "it's not about getting the right answer") and to develop practices that will provide all students with opportunities to engage in mathematical reasoning.

Discussion

This paper proposes the analytical framework of PS implementation chain (PS-IC) for analyzing the evolution of problem solving activity as it passes from the proponent (intended), to teachers (planned/enacted), and finally to students (experienced). In combining DAD [START_REF] Trouche | Documentational approach to didactics[END_REF], and the notion of boundary-crossing [START_REF] Akkerman | Boundary crossing and boundary objects[END_REF] we propose a framework that can describe aspects of PS evolution, along with mechanisms and rationalities for this evolution. Some might consider divergence from the intended activity as loss of fidelity (e.g., [START_REF] Brown | Reconceiving fidelity of implementation: An investigation of elementary whole-number lessons[END_REF], and as such undesirable. In contrast, we hold that local adaptation of the activity and its aims is desirable and even necessary. While the proponent of an educational resource can attempt to convey the rationale for some proposed scheme of enactment, it is ultimately the teacher who is the expert on the contextual parameters of local implementation (students, curriculum, institutional norms and expectations, etc.) and who should decide on the aims and rules of enactment that are appropriate for a particular setting. Nevertheless, we can easily imagine how PS can diverge from the activity as intended beyond recognition as what we would consider PS, particularly if resources migrate between very different educational systems. Our analysis suggests how this fidelity-adaptation dichotomy can be reconciled. Interactions at the IC links around the enactment of PS, conceived as learning through boundary-crossing, may instigate researchers to generalize their intended scheme to accommodate a broader set of educational contexts, or even revise their schemesrecognizing new aims and affordances of new rules of action, and modifying invariants of the intended PS. Thus, fidelity may be maintained not by keeping the enacted scheme close to the intended, but by continually realigning the intended with the enacted.

We briefly note the implications of our theoretical perspective for upscaling. One may hope, through the accumulation of data and experience, to provide an "ultimate" set of problems and teacher-guides. However, the theoretical perspective we have put forth denies the existence of such a set. Rather, it is the very notion of PS-IC that needs to be made visible to teachers at scale. A community of teachers, sharing their documentational genesis (resources, practices and insights) can achieve this.
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