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Despite both the research in cognitive psychology and neuroscience, and in mathematics education has increasingly highlighted the relevance of active, bodily experience in mathematics learning, often school teaching seems to be far removed from these perspectives, still largely transmissive. The research presented in the paper is part of an ongoing study, carried out in two different cultural contexts (Italy and Australia), aims to explore the reasons for that distance, by investigating the perspective of primary and secondary school teachers on these teaching proposals and their implementation in the classroom. In addition to the direct involvement of teachers, the designed research includes interviews with experts in the field of mathematics education. After presenting the investigative perspective on the implementation of active, bodily experience learning activities proposed in the research project, an explanatory example will illustrate how the analysis of experts interviews could contribute to identifying determinants of implementation.

Introduction

The role of the body and movement in the exploration and construction of mathematical concepts is a central topic in much of the relevant literature in mathematics education. The roots of this tradition can be found as far back as the early 1900s, in the well-known Italian contributions of Maria Montessori and Emma Castelnuovo, as well as in Jean Piaget, John Dewey, and Jerome S. Bruner's theoretical works. More recently, cognitive psychology and neuroscience have highlighted the profound interrelationship of perception-action and conceptualization in learning processes. This research has been key to the development of the embodied cognition theory (Lakoff & Nunez, 2000;[START_REF] Varela | The embodied mind: Cognitive science and human experience[END_REF]. In recent decades, the role of students' active, bodily experience in the exploration and construction of mathematical concepts has assumed increasing relevance in the research in mathematics education. As pointed out by Drijvers in the ERME-11 plenary (2019), the growing interest in research from this perspective is evidenced, for example, by the fact that two special issues of Educational Studies in Mathematics, have been devoted to the embodiment in mathematics education. Furthermore, several theories that focus on perceptual-motor involvement in the teachinglearning process of mathematics have been proposed. Although conceptualized differently, examples include enactivist pedagogy (Abrahamnson et al., 2022), inclusive materialism [START_REF] De Freitas | Mathematics and the body: Material entanglement in the classroom[END_REF], and multimodal approaches [START_REF] Radford | The multimodal material mind: embodiment in mathematics education[END_REF]. On the other hand, the European tradition of the so-called experimental approach, and the important recent contributions from these perspectives in research in mathematics education, have found a foothold in most national policies, which encourage teaching strategies in which students are actively involved through the use of manipulatives and tools (e.g. [START_REF] Bartolini Bussi | Concrete models and dynamic instruments as early technology tools in classrooms at the dawn of ICMI: from Felix Klein to present applications in mathematics classrooms in different parts of the world[END_REF]. In Italian national policies, for instance, we could find it in the references to the Mathematical Laboratory, elaborated in the intended curriculum, both in the programmatic document Materiali UMI-CIIM Mathematica 2003, and in the institutional documents National Guidelines (MIUR, 2012) and National Guidelines and New Scenarios (MIUR, 2018). However, this growing interest in research and developments at a theoretical level has not been matched by an equally wide resonance in classroom practice, which is often far removed from this perspective. Indeed, everyday teaching practice is often inconsistent with this, still largely based on a purely transmissive approach (OECD, 2009, pag.98;OECD, 2016, pag.65) and tend to focus on the implementation of clarity-of-instruction (e.g., procedural) rather than cognitive activation practices (OECD, 2019).

This gap between research findings and indications and the uneven proposal of these activities in classrooms warrants a research interest in active, bodily experience learning activities implementation. In our research, we are particularly interested in exploring what is the current implementation of these activities at school, since, as highlighted by [START_REF] Century | Implementation research: Finding common ground on what, how, why, where, and who[END_REF]: Documenting implementation as conducted enables researchers to understand the ways that innovations are operationalized in practice, the influential factors that affect the practice (…), the different patterns of practice, or "configurations" (…), and in some studies, the relationship between these patterns and outcomes. (p. 190) This paper will present an investigative perspective that looks at active, bodily experience learning activities, that we identify, somewhat improperly, as an innovation or research finding, investigating teachers' perceptions in this regard. We also aim to show how we want to use the analysis of interviews with selected experts in mathematics education to create a conceptual framework that, along with insights from a literature review, will allow us to interpret teachers' survey findings. These interviews are designed to investigate the experts' views on what the core elements and expected outcomes of these activities are, and to identify the factors believed determinant in and for their implementation. In the following lines, we will provide a brief justification of the proposed perspective of inquiry, illustrating the main conceptual statements assumed in the study.

The object of implementation: an all-embracing construct

The variety of theories mentioned in the paragraph before, develop theoretical constructs that are the result of the specific philosophical, psychological and pedagogical perspectives that determine them. Looking at the implementation with an exploratory study aimed to understand teachers' perspectives, the research cannot move within a specific theoretical framework but needs to be based on a negotiation of meanings. Due to this fact, we need to individualize a comprehensive construct as the object of our research on implementation, which acts as an umbrella for the multitude of theoretical proposals developed, and which should be clear and easy-accessible for teachers.

We will use the terminology active, bodily experience mathematics learning activities to refer to activities designed in the perspective of enactive-embodied learning or, more generally, to activities in which students are actively engaged in exploring mathematical concepts using manipulatives, tools (virtual or physical), or the whole-body movement. Descriptions and appropriate commonly known examples will introduce the definition. We are attempting to clarify the characteristics of the construct under analysis, with an explorative study conducted with experts in the field of Mathematics Education, selected both for their experience as theoretical developers in this research field or in professional development courses with teachers.

An old matter, a current issue

Although the proposal of active, bodily experience learning activities in schools has such a long and widely debated tradition, the presence of this perspective in teaching practice is uneven. Furthermore, these theoretical perspectives, encouraged by experimental findings, are recently developing a wide range of innovative educational artifacts and proposals. Through a new point of view with which to look at the implementation of these approaches in schools, this study is shaped as research on the implementation of research findings [START_REF] Century | Implementation research: Finding common ground on what, how, why, where, and who[END_REF].

In the research, we look at implementation from the perspective of teachers, assuming that they can give us precious insights on the current implementation as conducted in classrooms. These include, for instance, the teacher's beliefs and experience which plays a central role in educational change [START_REF] Coburn | Conceptions of evidence use in school districts: Mapping the terrain[END_REF]Peterson, 2013), and the perception of the activities studied, that has a drastic impact on their implementation [START_REF] Domitrovich | Maximizing the implementation quality of evidence-based preventive interventions in schools: A conceptual framework[END_REF][START_REF] Ruiz-Primo | A multi-method and multi-source approach for studying fidelity of implementation[END_REF], as highlighted in the case of the introduction of manipulatives by [START_REF] Golafshani | Teachers' beliefs and teaching mathematics with manipulatives[END_REF] and Vizzi (2013).

Research Aims

As briefly outlined in the introduction, many research findings and theoretical results have been developed over years concerning the importance of actively engaging students in hands-on activities and the role played by perceptions and movements in mathematics teaching and learning processes. Nevertheless, in our study, we want to go beyond the different theoretical perspectives, with the intention of investigating teachers' perspectives regarding the proposal and implementation of active, bodily experience learning activities, "to describe the extent and nature of innovation use in practice, including adaptations and omission of core components, and explore the contextual factors that support or inhibit innovation use" (Century & Cassata, 2016, p. 190). The research presented in this article first aims to present the perspective adopted to explore the implementation of learning activities of this type in the study. Secondly, it aims to illustrate how the analysis of interviews with experts in mathematics education, on these research findings and their implementation, can be used to identify the core elements and outcomes considered essential parts of this innovation and the key characteristics that determine their implementation.

Research framework and state of the art

The presented research is part of an ongoing doctoral research project investigating the proposal and implementation of active, bodily experience learning activities in classrooms. The research project aims, firstly, to offer an overview of the literature on theoretical perspectives and empirical research focused on the involvement of the body and movement in learning mathematics activities consistent with an experimental, hands-on approach; secondly, to highlight the presence/absence of official national and international guidelines, educational policies and curricular documents in this direction. As a third goal, the research aims to investigate the perspective of mathematics teachers, both primary and secondary, with respect to the implementation in the classroom of active learning strategies, which involve the body and movement of students and to identify possible hindering and facilitating factors, such as teachers' beliefs.

The research project is an exploratory mixed-method study, that includes desk research, designed to achieve the first two goals. To reach the third goal, we have designed an explorative study that aims to investigate primary and secondary mathematics school teachers' perspectives regarding the proposal and implementation of these activities. This stage of the research includes:

-semi-structured online interviews with experts in Mathematics Education aimed at documenting experts' views on active, bodily experience activities to identify a conceptual framework on the main issues outlined in the teachers' survey.

-an online questionnaire to reach a convenience sample of primary and secondary mathematics teachers, working in diverse schools or localities, using a web-based instrument combining rating items, multiple-choice items, two vignette-items, and a few short open-ended questions.

-individual or focus group semi-structured online interviews with a smaller number of teachers, grouped according to school levels, complementing the survey. This phase aims at deepening some topics for which the questionnaire might not yield sufficient information.

The explorative study is being carried out in two very different cultural contexts, Italy and Australia. The involvement of such different contexts may offer the opportunity to observe some latent and implicit variables that may not emerge by conducting the investigation immersed in a single educational and cultural system.

Research design and methodology

The instrument

To collect experts' opinions on the implementation of active, bodily experience learning activities in classrooms, we are carrying out individual semi-structured interviews via Zoom, approximately one hour-long, with a small number of experts in mathematics education, both in Italy and in Australia. The interview prompts are designed to get the experts' views on key aspects of implementing active, bodily experience mathematics learning activities at school, especially in relation to teaching practice. The first goal of the interviews is to collect the experts' opinions on the proper terminology to define the activities under investigation in a clear and easily accessible way for teachers. This exploratory phase should also provide a set of examples that might be commonly known and recognized by teachers, at different school levels. Furthermore, with the interviews we aim to shape a conceptual framework of experts' views around the main questions underpinned the survey on teachers' perspectives: I. Whether and why is it important to implement active, bodily experience mathematics learning activities at school? II. What are the beliefs that should guide teachers in proposing these activities? III. Which levels of awareness and knowledge should accompany teaching when implementing these activities? (e.g., in terms of teaching strategies, assessment, etc.) IV. Which characteristics concerning the implementation of these activities at school determine their teaching effectiveness?

V.

What are the main limitations of the use of these activities in daily teaching practice? What are factors that hinder/favour the implementation of these activities at school?

Interviews are transcribed and analysed according to the thematic content analysis method, using open, inductive coding in the first instance and then refining the results with a focused, axial coding that will lead to the construction of concept maps. A tool to represent narrative material will be used to analyse these qualitative data and to compare and contrast individual responses to each question. Analysis of the narrative material will produce a conceptual framework that highlights the overall and variety of experts' opinions on core elements and expected outcomes of these activities are, and that identify the factors believed determinant in and for their implementation.

Participants

In Italy, we have selected and interviewed 8 experts in mathematics education. The experts were contacted via email, and their participation in the study is voluntary. They are 7 accomplished academics and a teacher-researcher, who have a wide range of different research interests: mathematics difficulties and the use of representations, teachers' beliefs and problem-solving, teacher education, semiotic mediation, proof and argumentation, cultural transposition, multimodal approaches and gestures, Montessori method education. Overall, all of them have long experience in teachers' professional development courses and empirical research in classrooms and they are familiar with the topic.

The scheduled interviews in Australia are 6 and we are currently conducting them. The experts, contacted via email and voluntarily involved, are all academics, in some cases former teachers, and they were selected on the basis of their research interests and experience in the field of teachers' professional development.

A preview of how the analysis of Italian interviews is being carried out is presented below. The interim analysis is partial and has not yet been subjected to triangulation.

An illustrative example of Data Analysis: Question 1

In this paragraph, a brief presentation of the conceptual framework identified by the experts around question 1 of the previous list will be provided, showing the main themes that emerged in their answers. The map shown in Figure 1 is a simplification for illustrative purposes of this conceptual framework. The construction of the map started with the analysis of a first interview. The themes that emerged analyzing the transcript of the interview were categorized with an inductive analysis, and a first concept map referring to the individual interview is created starting from these categories. Around the key concept, consisting of the topic of the question, we positioned the themes that emerged in the expert's answer as nodes in a graph, and, using directional arrows, we represented the network of internal relations between the various themes. Next to the arrows, labels were juxtaposed in order to specify the nature of the links identified between the emerged themes. A similar analysis was carried out for the other interviews; the opinions, that emerged from these, added new thematic nodes or strengthened the links already identified. The analysis process was not linear and evolved through the renegotiation of the emerging categories, depending on continuous re-readings of the narrative material. The map, in Figure 1, presents the set of themes that emerged and the totality of the links identified by the analysis of all the interviews conducted. The themes and relations referred to each single contribution are identifiable, due to the assignment of an identifying colour for the arrows which indicate the links narrowed by the same expert. In this way, we were also able to represent the recurrence with which a theme emerges in the various contributions analysed. Briefly discussing the partial and provisional results analysed so far, some strong and shared themes clearly emerge. First, the activities under consideration are considered to be more inclusive, as they use more channels for accessing and producing information than the traditional verbal one. While the focus is mainly on the difficulties developed in mathematics, it is also stressed that such inclusion is to be considered in a broader sense, also with regard to high achievers. References to experimental cognitive studies are also frequent, testifying to the validity of these proposals for the construction of mathematical meanings, insofar as they offer cognitive roots, for instance in motor schemes, on which to anchor the manipulation of mental and abstract concepts. Moreover, these activities are considered capable of promoting situations of well-being, centred on involvement and satisfaction, both for students and for teachers. Furthermore, two experts have highlighted that in the proposal of these activities, which take into account the profound interweaving of perceptual-motor and conceptual aspects that occur in learning processes, more complete interpretations of the teaching-learning process of the discipline emerge. From a more disciplinary point of view, there is a broad agreement that these activities are able to put students in direct contact with the origin of mathematical concepts, which find their basis in the human experience of exploring the world. Experimenting with mathematics, constantly moving from the concrete to the abstract, leads to the achievement of a meaningful understanding of formal knowledge. In addition, the intuition that passes through the body is hypothesized by two experts as generating new possibilities and perspectives for the discipline itself, in the creation of new knowledge. It is also emphasized that even professional mathematicians often use bodily artifacts and intuition to think about mathematics. Therefore, by proposing these activities, we enable students to develop a more epistemologically correct view of mathematics as a dynamic discipline that proceeds in an exploratory and creative way, advancing by trial and error, employing all available cognitive resources to solve meaningful problems, and only then becomes formally structured.

Conclusion: Limitations and further directions

In this paper, we have presented the state of the art of research project. Structured analyses will be conducted on the collected narrative materials, of which we have presented only an exemplar preview. However, even from such a cursory presentation of preliminary analysis of the interviews, in the provided example emerged insights about, for instance, the overall and variety of outcomes that the researchers believe can be achieved by implementing this type of activity.

From the analysis of the Australian interviews that we are currently conducting, we will see if, overall, the two groups of experts, referring to a different cultural context, identify similar or different core elements of the object under study and key variables that play a central role in the implementation of these activities. Furthermore, from the data collected with the questionnaire addressed to teachers, and subsequent follow-up interviews, a comparison will be made to see whether and to what extent teachers' perspectives are aligned with the directions that emerged from the analysis of the experts' interviews, also considering the differences emerging from the two contexts involved.

The research presented is part of a doctoral study aimed to contribute to a hoped-for narrowing of the gap between research findings and their implementation in schools by highlighting specific needs emerging from the survey of teacher perspectives. The research findings could inform the design and development of innovation, indicating directions that could be taken to address these emerging needs, and providing support in practice settings.
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 1 Figure 1: Interim concept map of experts' framework around the question: "Do you think it is important to implement such activities in school? Why?"