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This paper characterises the mathematical models that prospective elementary teachers develop to
solve a modelling task, as well as its dependence on those information and assumptions that students
use without justification when developing the model. For this purpose, a sample of 74 prospective
elementary teachers (45 women) was chosen to estimate the distance a ship is from shore when it
sees the lighthouse on the horizon. The use of an analysis tool specific to characterize models and the
analysis of those statements that individuals use in their models without justification showed a wealth
of models. The relationship between individuals’ awareness of certain information and the validity
of such information was also suggested. Several assumptions on the curvature of the earth’s surface
or on the height of the ship resulted to had an impact on the models analysed.
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Introduction

Nowadays, mathematical educators in general and researchers in mathematics education in particular
acknowledge the benefits of modelling at all levels of education. In the scope of teacher education,
particularly, several authors point out the potential of the modelling activity to provide prospective
teachers with challenging experiences allowing to explore mathematics content, serve as examples of
teaching and help to manage students’ beliefs (see Fernandez-Ahumada & Montejo-Gamez, 2019 and
references therein for a discussion on the benefits of modelling in teacher education). This makes
modelling a field of great interest to researchers in mathematics education and teacher educators. One
of the most relevant and differentiating skills of mathematical modelling is linked to taking actions
that facilitate the application of mathematical tools to obtain knowledge about real systems, which
are usually complex. In other words, modelling implies simplifying or organising a real system, in
order to bring it closer to a mathematic formulation. Within Arleb4ck and Albarracin (2019) activity-
based approach, for instance, those actions devoted to facilitate the application of mathematics are
encompassed in the “Modelling” sub-activity. Under a modelling-cycle approach, on the other hand,
they are included in the Simplifying/Structuring transition.

The role of assumptions in the transition of Simplifying/Structuring

Previous research has emphasised that difficulties in modelling are especially obvious when real-
world situation has to be simplified (Dede, 2016; Kaiser et al., 2010), and there are studies describing
the actions involved in the simplifying/structuring process of a real system (see e. g. Czocher, 2016;
Maas, 2006; Montejo-Gamez & Fernandez-Plaza, 2021). These include drawing/sketch of such real
system, identifying and naming variables, operationalising relationships or patterns, introducing
outside knowledge and estimating data, carrying out systematic experiments and using and
formulating assumptions. In particular, there is consensus among the different authors on the
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importance of the management of assumptions within the modelling activity. However, some studies
suggest that much of the difficulty in the simplification process arises when making assumptions
(Dede, 2016; Hidiroglu et al., 2014 cited by Dede, 2016), and the focus of teaching is hardly focused
on the formulation, use or discussion of the assumptions of a model. On the other hand, Wozniak
(2012) highlighted the importance of prospective teachers being able to explicitly express the actions
carried out during the modelling activity. Consequently, it is appropriate to help students to become
aware of the information they apply when modelling.

Research on the impact of this information on the modelling activity is not very extensive. Fernandez-
Ahumada and Montejo-Gamez (2019) introduced the term premises to refer to mathematical
statements used in a model without prior justification. The analysis of this type of statements allowed
the detection of difficulties in the modelling activity. Other studies made emphasis on the formulation
of the assumptions. At this respect, Wozniak (2012) found ‘mute praxeologies’ when analysing
prospective elementary teachers’ activity: they used hypotheses, but generally did not formulate them.
These studies suggest the usefulness of making visible the information that prospective teachers may
assume when solving a modelling task and measuring the influence that this may have on the
modelling outcomes. This leads to the following research question: what information do prospective
elementary teachers assume as valid when approaching a modelling task and what is its impact on the
models developed? To give an answer, this study aims to analyse written productions in order to
access the assumptions made during the transition simplifying/structuring. The methods used are
explained below.

Methods

A qualitative methodology was used for the development of the research. The sample used was made
up of N = 74 students of the degree in Primary Education at the University of Granada (45 women
and 29 men). The participants were organised according to the usual working groups in class for
them: 1 group of two people, 12 groups of three people and 9 groups of four. The 22 groups worked
for an hour and a half, without interactions between groups, to solve the following task, adapted from
Kaiser (2014): The Cabo Mayor lighthouse is situated at the North of Santander. The focus of this
lighthouse is situated 91 m above sea level; thus, it is useful to warn ships that they were approaching
the coast. How far, approximately, is a ship from the coast when it sees the lighthouse for the first
time? The work of the groups generated 22 written productions that reflected the models proposed by
the students.

Analysis procedure

The research question was approached on the basis of a three-stage analysis. (1) The first one was to
characterise and categorise the models developed. For this, the instrument and procedure presented
by Montejo-Gamez et al. (2021) were used, which are schematised in Figure 1. The procedure starts
by deciding what is to be considered mathematical content. Next, per each written production, the
representations used in such production were identified, categorised and then analysed: On one hand,
the questions of the system and the mathematical questions of the model were identified (depending
on whether or not they contained mathematical content). On the other hand, the statements involved
in the representations drove to identifying the relations of the system (those without mathematical



content) and mathematical results (those with mathematical content) of the model. Then, the entities
referred to in the relations were identified as the objects of the system, whereas the relevant quantities
involved in the results were identified as the variables of the mathematisation. Finally, the underlying
mathematical properties from the results were abstracted, and hence, the concepts involved. In this
way, the system and the mathematisation that made up the mathematical model in the written
production were obtained. The synthesis of the differentiating elements provided a summary
characterisation which gives an overall idea of the model developed and highlights its main attributes
(see Table 1 below). Once this was done with all the written productions, models were organised into
emergent categories, according to such attributes and the validity of the models (to provide a
reasonable answer to the task).
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Figure 1: Flux diagram of the procedure used to characterise the models from the written productions
in the first stage (Montejo-Gamez et al., 2021, p. 6)

(2) The second stage of the analysis consisted of identifying the information that students assume to
be valid in their models, which was based on Fernandez-Ahumada and Montejo-Gamez's (2019)
notion of premise. In this way, the relations and the results and properties of the models analysed in
the first stage were retrieved, and those statements that were used without prior justification were
selected. Note that such statements were obtained from the representations of the models. For
example, the first pictorial representations in Figure 2 below (from a to e) indicate that students
assume as valid the flatness of the earth's surface. Once the statements assumed as valid were
recovered, they were organised into emerging categories with a common meaning, and each category
was assigned a synthetic formulation that summarises this meaning. These categories were obtained
by two of the researchers independently and then discussed and reviewed by the third researcher. In
order to find out the incidence of each category, the following variables were quantified: frequency
of appearance in the productions, contextuality (percentage of statements in that category that were
represented without any reference to mathematical content), awareness (percentage of statements in



that category that the authors recognise as assumptions in an obvious way) and validity (percentage
of statements that have been used in an acceptable way in the context in which they were used). For
example, the 82.4% validity shown in row S6 in Table 2 indicates that 82.4% of the times students
used the Pythagorean theorem it was to apply it to right-angled triangles (on the remaining occasions
they used it in situations where it does not apply). (3) Finally, in the third stage, the distribution of
the statements that students considered valid according to each type of model was obtained. These
data made it possible to visualise the impact of the information students assumed to be valid on the
models produced.

Results

The characterisation and categorisation of the models developed by the students (first stage of the
analysis) started from the choice of what was to be considered mathematical content: arithmetic
operations, units of measurement, geometric properties of the circle and the Pythagorean theorem,
content that belongs to the syllabus of the university course in which these students were enrolled.
This first stage resulted in six categories, which are summarised in Table 1 and illustrated in Figure
2. The most repeated models (11 of the 22 models analysed) were those based on a right-angled
triangle with the sea surface (flat) and the lighthouse. Nine of these constitute the M1 category and
the remaining two make up the M2 category. M1 consists of the models that correctly identified the
height of the lighthouse. None of them were valid for solving the task, as four of them assumed ad
hoc data on the angles (Figure 2, a and b) and four others assumed values for the sides of the triangle
(Figure 2, c and d). A final group gave no answer after considering the right-angled triangle.

Table 1: Summary characterisation and validity of the models developed by students

Model Frequency Summary characterisation Valid?
Ml 9 A right-angled triangle whose base is the Earth's surface (considered to be flat). The  No
lighthouse height datum is correctly identified (Figure 2a-d).
M2 2 A right-angled triangle whose base is the Earth's surface (considered to be flat). The No
lighthouse height datum is incorrectly identified (Figure 2e).
M3 1 Circle of radius 91 m (Figure 2f). No
M4 5 Right-angled triangle whose legs are the radius of the Earth and the lighthouse-horizon  Yes

line of sight. The height of the ship is neglected (Figure 2g).

M5 3 Triangle whose legs are the radius of the Earth plus the height of the ship and the  No
lighthouse-ship line of sight. The triangle is assumed to be right-angled (Figure 2h).

M6 2 Two right-angled triangles with common leg the radius of the Earth, and uncommon legs  Yes
the ship-horizon and lighthouse-horizon lines of sight, respectively (Figure 2i).

M2 is made up of the models based on a right-angled triangle that misidentified the 91 m height datum
(Figure 2e). The remaining categories use the circumference to address the task. In particular,
category M3 has been assigned to a single model that interpreted the range of the lighthouse as 91 m
and described the situation using a circle, which could not lead to an answer to the question posed
(Figure 2f). In turn, category M4 encompasses the 5 models that used the curvature of the Earth's
surface to model the situation and disregarded the height of the ship, which allowed them to obtain
close-to-reality solutions (Figure 2g). Category M5 includes models that did not disregard the height
of the ship but considered right-angled triangles that are not really right-angled, which was the case



for two of the groups (Figure 2h). Finally, M6 comprises models that considered the ship's height and
used two right-angled triangles to calculate the ship-to-horizon and horizon-to-lighthouse distances
(Figure 2i).
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Figure 2: Pictorial and symbolic representations corresponding to the models found

Table 2, regarding the second stage of the analysis, summarises the information that students
considered valid for the development of the models without the need for justification. There were 116
such statements, which were organised into seven categories. Four of them included statements
expressed with hardly any mathematical content (rows S1-S4 in Table 2), and the remaining three
were mostly expressed in mathematical language. In the case of S1-S4, we found hypotheses that
students used without showing evidence that they were making assumptions. Of particular note were
the assumptions of the flatness of the Earth's surface, the assumption that the height of the ship can
be neglected, and different approximations to useful numerical parameters (angles in the M1 models,
triangle side lengths in the M1, M2 and M3 models, and the radius of the Earth in M4, M5 and M6).
In contrast, those models that used the curvature of the Earth or the height of the ship showed a higher
degree of awareness. Furthermore, data indicate that statements with a higher degree of awareness
have higher validity within the corresponding model. With regard to the last three categories (rows
S5-S7 in Table 2), which describe applied mathematical knowledge, it is observed that students



generally use valid mathematical content (the Pythagorean Theorem in most cases) without justifying
it, and that they assume its applicability as a matter of course. However, about a quarter of the
statements in S5 expose that the students show explicit awareness of having identified a variable
whose numerical value provides the answer to the task.

Table 2: Categories of statements that students considered valid in their models

Synthetic formulation Frequency Contextuality =~ Awareness Validity
Sla. The Earth's Slb. The Earth's 0 0 0 0 0 0
surface is flat surface is curved 12 L0 100% EiCtEey 8.3% WA 0% (00
S2a.Theheightofthe  S2b.Theheightofthe —,o /40500 10005 0% 500 100%  100%
ship is negligible ship is not negligible
S3. A variable has a certain numerical value 21 90.4% 28.6% 57.1%
S4. There are no clouds or haze 2 100% 100% 100%

S5. Calculating certain information answers the

0, 0, 0,
problem (identification of the unknown). 22 4.5% 22.1% 81.8%

S6a. Pythagorean Th.  S6b. Trigonometry is
is applicable to solve  applicable to solve 17 2 0% 0% 0% 0% 82.4% 100%
the problem the problem

S7. When the ship starts to sight the lighthouse,

0, 0, 0
the ship-lighthouse line is tangent to the Earth. 8 0% 12.5% 100%

Regarding the impact of the statements that students used without justification, Table 3 shows the
distribution of these statements in the different models. In particular, row S1 shows that the use of
the curvature of the Earth was decisive in the development of the models, so that M1, M2 and M3 are
based on the flatness of the Earth's surface, while the remaining three types of models are based on
taking advantage of its curvature. Among the latter are also concentrated the claims related to the
tangency of the ship-lighthouse line of sight (line S7 in Table 3), although it seems reasonable that
these claims are a consequence of using the curvature of the Earth, rather than a cause of the
development of the models. In contrast, the use of ship height does discriminate between M4, which
disregards it, and M5 and M6, which introduce it as a model parameter (row S2 of Table 3). As for
the rest of the statements, the applicability of certain mathematical contents such as trigonometry
could be a differentiating feature of the models (especially with regard to mathematics), but it has not
been considered as such due to its residual nature in the context of pre-service education. Finally, it
is observed that statements related to the adoption of values for the parameters and the identification
of the unknown are evenly distributed across the different models, so that they did not exert any
relevant influence on the students when constructing their models either.

Table 3: Distribution of the statements that students considered valid according to each type of model

Synthetic formulation M1(9 M2(2) M3(1) M4(5) M5(3) M6 (2)

Sla. The Earth's Sib. The Earth's

surface is flat. surface is curved. $ 60 2 0 1 0 0 5 0 3 0 2

S2a. The height of the  S2b. The height of the
ship is negligible ship is not negligible




S3. A variable has a certain numerical value 7 3 1 5 3 2

S4. There are no clouds or haze 0 0 0 1 1 0

S5. Calculating certain information answers the
problem (identification of the unknown).

S6a. Pythagorean Th.is ~ S6b. Trigonometry is
applicable to solve the  applicabletosolvethe 6 2 1 0 0 0 5 0 3 0 2 O
problem problem

S7. When the ship starts to sight the lighthouse, the
ship-lighthouse line is tangent to the Earth.

Note: The number in brackets next to Mi indicates the number of models that fell into the i-th model category
Discussion and conclusion

This paper characterises the mathematical models developed by prospective elementary teachers
when dealing with a task in which a property of the reference system, which is not explicit in the task
but known to all participants, is key to finding a valid answer. The aim of this study was to analyse
the information that prospective elementary teachers put into play without justifying it and its impact
on the models developed. The main novelty of this paper is the analysis strategy used for this purpose
and the first results found about this impact.

Analysis of the statements that prospective elementary teachers assumed to be true without
justification revealed a large volume of information that was used in the models without obvious
justification, with a balance between mathematical and extra-mathematical information. These results
are aligned with those of Wozniak (2012), who found a large amount of mute praxeologies during
modelling activity of prospective elementary teachers. In addition, it was observed that statements
that students consciously impose are more valid for the model than those that are assumed without
obvious awareness. As for the impact of these types of statements on the models developed, it was
found that the use of the flat or curved character of the earth's surface was decisive. Indeed, all three
types of models that assumed the flatness of the Earth led to non-valid answers, while two of the three
types of models based on the curvature of the Earth did provide reasonable answers. The use of ship
height was not decisive for the validity of the models, but it did differentiate them. On the other hand,
data or information on the applicability of certain mathematical content had less impact on the models
developed.

In brief, it has been found that the information that students use without justification when developing
a model (especially in the simplification and structuring of the initial contextualised situation) can
determine the modelling outcomes. Therefore, knowing this information is useful for understanding
their models, finding difficulties (Fernandez-Ahumada and Montejo-Gamez, 2019) and accounting
for the contextual mathematical knowledge of prospective elementary teachers. The present study
highlights the usefulness of written productions when studying this information that is used without
justification and provides an analysis strategy for this purpose. The instrument developed by Montejo-
Gamez et al. (2021) has been used, although tools for analysing written productions such as that of
Ferrando et al. (2017) could also be used for this purpose. The didactic implication that emerges from
this study is the relevance of expressing the mathematical knowledge that is activated during the
modelling activity, which is especially necessary in prospective elementary teachers. Tools such as



the Study and Research Paths (Barquero et al., 2019) or the implementation of modelling tasks
focused on the specific activities of using, formulation or detection of hypotheses could be useful in
this sense. Exploration of these possibilities will be developed as future work.
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