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An exploratory modelling task by slicing 3D shapes: the Three Worlds of Mathematics through an historical and technological approach
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In this work, high school students were assigned to investigate a problem which involves the transition from 2D to 3D interpretation using the method of exhaustion, one of the cornerstones ideas of Calculus. For this approach, the authors sought to develop the study through an exploratory modelling task, under the lens of the Three Worlds of Mathematics theory. In this scenario, the students were supported by an initial discussion based on Calculus early ideas and with the use of current technologies, such as GeoGebra and laser cutting machines. The data collected in this study came from a video recording of this initial discussion and from the portfolios of three students who explore the volume of the solid generated by the rotation of a cycloid, comparing it with classical results in two dimensions.

Introduction

In this work, high school students were assigned to investigate a question which involves the transition from 2D to 3D interpretation using some of the cornerstone ideas of Calculus. For this approach, the authors sought to develop the study through an exploratory modelling task, under the lens of the Three Worlds of Mathematics theory [START_REF] Tall | How Humans Learn to Think Mathematically: exploring the three worlds of mathematics[END_REF]. In this scenario, students were supported by an initial discussion based on Calculus early ideas and with the use of current technologies, such as GeoGebra and laser cutting machines. In this regard, dynamic simulations were digitally represented based on a physical model to initialize the discussion and enhance students' mathematical ideas. Observing the interactions during an online meeting and students' portfolios, the authors of this paper aimed to identify (or not) the benefits coming from either physical and digital prototypes and how they can support one another. Based on these ideas, the following research question emerged: how do students understand and combine ideas from the Three Worlds of Mathematics while using 2D and 3D resources and prototypes to build basic ideas of Integral Calculus?

Motivation

The nature of slicing a 3D shape to develop mathematical concepts goes back to Archimides, who resorted to the method of exhaustion in order to have a more rigorous proof of his theorems, particularly following his goal to determine the volume of a sphere (Bueno, 2020). Nevertheless, it is not hard to identify such a technique in day-by-day contexts and this can be a natural reason to connect 2D and 3D representations in geometric studies and working with modeling. These practices take part of the Conceptual Embodied world [START_REF] Tall | Thinking through three worlds of mathematics[END_REF], which is developed by students' perceptions and actions in manipulating such shapes and its slices. The examples in Figure 1 illustrate some possibilities in this sense. While the tomato and sheets of paper easily connect to daily life contexts, the artcraft lighting shows an example developed by students in a Calculus undergraduate course.

The central picture is a physical model developed through the integration of GeoGebra and laser cutting techniques and it was used to spark the discussion with the students in this study. Once the math behind the strategy to obtain the right volume of solids of revolution might rely on Integral Calculus, the problem posed to high school students was to approximate such volume based on geometrical concepts and supported by GeoGebra. Particularly, the task was to estimate the volume of the solid generated by the revolution of a Cycloid when it is turned around its symmetrical axes. The challenge is to investigate whether there is, or not, a straight connection with the circle that generates the Cycloid, since there is a known result in the 2D version of this problem, regarding their areas (Toffolo et al., 2020). To support the students' ideas, and in addition to the physical model that was shown, GeoGebra applets1 were shared and discussed with student participation during an online meeting, when the problem was presented.

Theoretical Framework

David Tall, aiming to understand how mathematical thinking is built, developed the Three Worlds of Mathematics theory, which involves early perceptions about counting and arithmetic, reaches algebraic symbolism and goes on until mathematical border research. By creating the Conceptual Embodied, Operational Symbolic and Formal Axiomatic worlds, [START_REF] Tall | How Humans Learn to Think Mathematically: exploring the three worlds of mathematics[END_REF] brought ideas capable of supporting important thoughts about mathematics teaching and learning.

In this regard, [START_REF] Tall | How Humans Learn to Think Mathematically: exploring the three worlds of mathematics[END_REF] highlights that mathematical thinking development is more complex than the simple sum of new ideas to a fixed structure of pre-existing knowledge. Mathematical thinking is built, in fact, by a continuous rearrangement of mental conexions that evolve to reach, in time, knowledge structures more and more sophisticated.

Geometry study, for instance, starts with real objects manipulation. These objects have their physical particularities described by students in an informal way using the common spoken language. With time and development of news ideas, these particularities start being defined in a more accurate way and evolve until reaching more formal ways, like Euclidean Geometry. Some students who go to college to study exact sciences can go further and learn even more complex ideias, like Differential Geometry, for instance.

Arithmetics knowledge grows in a different way, because it is related to actions done with objects and not just with its embodied particularities, like shape or size. Therefore, the focus of arithmetics is counting, grouping and ordination, for example. These activities occur, inicialy, on the perceptual world and evolve until the use and manipulation of mathematical symbols that arise from operations and go further until its manipulation without great conscient cognitive effort.

Algebra arises from the generalization of the perceptions built with arithmetics. New rules are understood and fill out the blanks of previous studies until the moment that equations and functions start being used as cognitive resources to solve problems. With this gradual mathematical thinking sophistication, functions can be understood, for instance, by visualizations of the cartesian plane. In the long term, some algebraic structures can be formulated with axiomatic systems, generating fields, rings or groups.

According to [START_REF] Tall | Thinking through three worlds of mathematics[END_REF] theory, ideas of the Conceptual Embodied world are developed by perceptions and actions that happen in the real world and evolve until the creation of mental images becomes more and more sophisticated. Conceptions that don't belong to this real world are built in an abstract way, like a perfect straight line.

The idea of embodiment, as stated by [START_REF] Lima | Equações Algébricas no Ensino Médio: uma jornada por diferentes mundos da matemática[END_REF], is related to observation, action and thought about situations with physical objects, but that evolve until the development of mental experiences. In this case, with abstract thoughts, objects (reals or imaginary) start being manipulated and observed by using only thoughts, generating new ways to perceive these actions.

A relevant alternative for this embodiment complexification can be the use of digital resources to manipulate objects. Therefore, with tools like GeoGebra it is possible to develop actions and, in a blink of an eye, verify its implications on the screen. Beyond that, with 3D printers and laser cutting machines, many mental constructions can be brought to life in the real and physical world and help teachers in their class, illustrating important ideas and supporting individual and collective mathematical perceptions. [START_REF] Tall | Using Technology to Support an Embodied Approach to Learning Concepts in Mathematics[END_REF] understands that educators should use new technologies to help them to build more meanings in Mathematics studies. With GeoGebra, 3D printers, laser cutting machines and other resources it is possible to change ways to teach and learn mathematics, going beyond algebraic manipulation and static graphics and reaching discussions and learnings from embodyments made possible by digital technologies.

The Operational Symbolic world, as highlighted by [START_REF] Tall | How Humans Learn to Think Mathematically: exploring the three worlds of mathematics[END_REF], arises from symbols used in arithmetics, algebra or even Calculus. It begins with actions that, with some time and thoughts, can evolve and until it is perceived as mathematical processes or even as mathematical concepts. In this regard, some people reach only the process idea while others go further and understand symbols as processes to do and also as concepts to think about.

Discussing this duality of mathematical symbols, [START_REF] Gray | Duality, ambiguity, and flexibility in Successful Mathematical Thinking[END_REF] brought the idea of "procept", understood as the amalgamation of process and concept. According to [START_REF] Lima | Dispositivos Móveis em Sala de Aula: uma jornada pelos três mundos da matemática[END_REF], if some individual understands symbols as "procepts" he/she will end up developing "proceptual" thinking.

The Formal Axiomatic world, as suggested by [START_REF] Tall | Thinking through three worlds of mathematics[END_REF], can be characterized by axiomatic developments that generate definitions, theorems and corollaries (among others) that have its ideas deduced from mathematical demonstrations. In this mathematical environment thoughts are not restricted to embodiment objects and thoughts are expanded to reach mental experiences even more sophisticated that end up with constructs that provide mathematical abstract structures such as an abelian group. Even knowing that this world begins to be studied only in college it is important to perceive that "in any mathematical activity formal mathematics ideas can be found, because a student doesn't understand new mathematical concepts without some presence of its formal characteristics" (Lima, 2019, p. 8).

According to [START_REF] Tall | Reflecting on Post-Calculus Reform[END_REF], each one of the Three Worlds of Mathematics has its ways to warrant the truth. In the Conceptual Embodied world the truth is built from human intuition to, on a more advanced level, be grounded in mental experiments. In other words, something is proved right if it seems to be true or if some experiments end up occurring in the expected way.

In the Operational Symbolic world a formula is proved right because it can be developed by a sequence of algebraic manipulations. In the Formal Axiomatic world a theorem is proved right if it can be built by formal logical developments based on axions and mathematical definitions.

To an individual to trill his/her journey through the Three Worlds of Mathematics and develop knowledge, some previous ideas are necessary. Some of this previous knowledge leads to increasing progress while others lead to alternative paths that can, in some cases, lead to erroneous conclusions. [START_REF] Tall | How Humans Learn to Think Mathematically: exploring the three worlds of mathematics[END_REF] calls this previous knowledge as met-before and uses this term to describe how new situations can be understood from the perspective of previous experiences. Met-before, although, can't be restricted only to experiences because it is linked also to any memories generated by those previous experiences and held on into the brain and that can affect new cognitive constructs.

Methodology and Methods

The explorative nature of the study demanded an interpretative approach comprising qualitative methods such as observation, data collection, and analysis (Cohen et al., 2011). Our experiments were carried out with high school students through an online course in Brazil and lasted a period of three months with meetings in every second week on average, to follow the students' progress. At the phase of the course when the problem was proposed, all participants had already been introduced to GeoGebra and it is important to highlight that students were free to choose which problem they would work with, among three alternatives. Beyond the cycloid problem, the other two were related to combinatorial studies (applied in a logical game) and fractals. From 19 students who achieved this investigative and exploratory task, 3 of them chose the cycloid problem (12 chose the game task and 4, the fractal task). Nevertheless all problems were introduced and initially discussed with the whole group.

The data collected in this research came from two different sources: i) a video recording from the initial session (~30min) when the problem was introduced and discussed with the whole group, and ii) the portfolios of the three students who dealt with the cycloid problem, in which they extended the discussion started at the whole group session and developed their ideas, research and calculation. During the online session with students, the mediator (one of the authors of this paper) emphasized that despite this problem could be tackled using Calculus techniques, the main goal would be to explore the basis of these techniques, it means, the math ideas behind the Calculus (or supporting it).

From this point, the mediator asked if the participants had seen anything about cycloid before and one of the students mentioned some animations with a circle generating the curve that she had already seen online (in a math blog and also in a GeoGebra applet). These animations as well as some experiments that give the cycloid its known alternative namesbrachistochrone and tautochronewere then shared and mentioned some reasons why this curve has an important role in the field of sciences. Some short math videos (from the Portuguese Mathematics show "That is Mathematics"2 ) was also recommended. Finally, the problem was presented, with an important remark that it had been motivated by the genuine curiosity of a former student a few months earlier.

Data Analysis and Results

The starting point for this problem, as mentioned in the previous sessions, was the initial online meeting, when the physical model composed by the slices of the solid obtained by the cycloid rotated was shared. Therefore, the discussion was introduced from ideas of the Conceptual Embodied world. In the same class, the mediator shared with the students two digital applets.

Before sharing such physical (through the cam, only) and digital representations, nevertheless, an introduction about the relevance of the Cycloid and some of its characteristics were explained and this step was crucial to attract students' attention and contributions. Despite the fact that online communication has been challenging in general, some students did not hesitate to express their guesses when they were asked about the ratio between the solid generated by the rotation of the cycloid and the correspondent sphere. At this moment, they already had seen that the area under the cycloid was three times the area of the correspondent circle through the first shared applet. After discussing some free guesses, they looked suspicious and uncertain (some guesses suggested the ratio would be kept as the planar situation). Then, the second applet was shared, with a 3D interactive representation, so they could rotate the cycloid and visualize the final shape of the generated solid. This second applet allowed users to approximate the solid by a set of slices, starting with a cone, through the interaction with two sliders and facilitate the comparison between the original shape and its approximation by the set of truncated cones. Such interaction supported students' interpretation regarding the strategy to approximate the unknown volume (adding up slices as thin as desirable, they will tend to infinity), but their task was still open.

From this point and based on the group discussion, three students developed their digital representations, shown on Figure 2, to approximate the volume, but the analysis of their portfolio shows they had slightly contrasting approaches. Despite all three strategies arose from the Conceptual Embodied world, their goals were not exactly the same. Whereas one of them (student 1) sought to generalize an expression based on an arbitrary number of slices, the other two concerned to calculate the volume based on a particular example. In these last two cases, one of them (student 2) sought to determine the unknown ratio as accurately as possible, while the other one (student 3) tried to convince herself whether such a ratio was three, or not, since this was the ratio in the planar case, regarding the areas of the figures (cycloid and circle). These students' approaches indicate how the participants were able to recognize 3D shapes' properties and compare 3D shapes (in this case, solids of revolution), as well as understanding and visualizing the internal structure of the solid to calculate the volume of solids in the sense of 3D geometry abilities described by [START_REF] Pittalis | Students' 3D Geometry Thinking Profiles[END_REF].

Considering the case of student 1, who tried to generalize the formula of the volume, it seems that he reached Operational Symbolic world ideas once he used digital algebraic descriptions to understand how developed ideas could be extended to more and more cases. Even though he did not obtain a final formula, he was able to generalize in some steps. In Figure 3 (right side), it is shown how he started defining the height related to the basis B1, to obtain the height (named htv) related to an arbitrary basis Bv using similarity of triangles, understood by the authors as a met-before. The colorful remarks on the left side were added by the authors to illustrate the idea described in digital symbolic language by the student. The other two students, as already mentioned, focused on calculating the volume of the truncated cones, also considering the radii from consecutives slices as their bases. In this case, news ideas arrived from this met-before (truncated cones). Particularly, student 2 used an online calculator to obtain the volume of the truncated cones and organized all data in a spreadsheet, as shown below, in Figure 4 (right side). The representation on the left side (Figure 4) is from one of the applets shared, but the notes (r and R) are from student 3. Despite both pictures above came from different students, they reveal the same strategy, with different number of slices. The ratio obtained by student 2 and student 3 were, respectively, 8,99 (with 16 slices) and 7,71 (with 4 slices), which are rather close to the real ratio, 9,10.

Conclusions

Physical and digital resources were combined in this research to support students in an exploratory modelling task, which the aim was to investigate the volume of the solid generated by the rotation of a cycloid around its symmetry axis. As motivation for the task developed in this paper the authors considered the interpretation from daily contexts of slicing and historical aspects that retrieve Archimedes' studies and the method of exhaustion, an important and cornerstone topic of Calculus. Using the Three Worlds of Mathematics as theoretical framework, the study intended to observe how the connections with such resources that use current technologies (GeoGebra and laser cutting machines) might help students on their journey through the Three Worlds of Mathematics -Conceptual Embodied, Operational Symbolic and Formal Axiomatic. Based on students' interaction during an online meeting and the portfolio of three students, the researchers found evidences that connect the conceptual embodied and operational symbolic in this task, specially connecting ideas from classical geometry, understood as met-before, to introduce seminal ideas of calculus.

In addition, this study is in line with [START_REF] Carreira | Modelação matemática e simulação no context escolar: Conexões entre mundos[END_REF], who consider that modelling problems require a certain kind of mathematical thinking that could be called modelling thinking. For her, such thought aims to establish connections, analogies, similarities and relationships between different systems, among which mathematics is obviously included. These connections, according to the author, as well suggested by the evidences in this work, arise as a result of experimentation, exploration, understanding, conceptualization and manipulation of reality (in different environments, whether physical or digital). Although the problem in this study is sparked by the exploration of a mathematical objectthe cycloid curvethe strategy applied might be naturally adapted for (and motivated by) other solids of revolution coming from the real world, such as illustrated in Figure 1. Thus, as highlighted by Carreira, the processes of mathematization, prototyping, experimentation and simulation take place in a cycle that involves the construction of a model (based on mathematics) that becomes multidimensional as the relationships among its variants (real model, physical model, mathematical model, computational model) are strengthened and consolidated.

The outlined examples are part of a set of experiments and activities developed in our practices. In future papers, we hope to report additional insights into connecting physical and digital modeling approaches, seeking to align with related and pertinent theories and pedagogies.
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 1 Figure 1: Conceptual Embodied world through shapes sub-divided by slices
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 2 Figure 2: Shapes sub-divided by slices leading to ideas from the Conceptual Embodied wor
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 3 Figure 3: Similarity of triangles to generalize a formula in the Operational Symbolic step
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 4 Figure 4: Calculating the volume of the truncated cones

https://www.geogebra.org/m/hacg6ex6 and https://www.geogebra.org/m/tykauqhp.

https://www.youtube.com/istoematematica
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