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. Aim of the study was to inquire learning trajectories in the context of modelling with differential equations in 21 students' reports. Textual analysis of the reports implied the marking of notions and terms related to progressive, horizontal and vertical mathematising, followed by the linking of them with the four layers. The paper focuses on one case of students' modelling in one report. It demonstrates how the students' learning trajectory was identified and determined, for interaction between populations as an emergent sub-model of a differential equations model. Thereby it contributes to the discussion of i) conceptualizations of modelling and its relations to learning, and ii) methods for research in students' learning.

Introduction.

The issue of this paper is to interpret students' learning mathematics from modelling with differential equation (DE) systems in terms of emergent models, by vertical and horizontal mathematising [START_REF] Gravemeijer | Emergent models as an instructional design heuristic[END_REF]. The study's students do not build up the model from scratch. The study's conceptualization of learning from modelling is in contrast with cases of 'learning by modelling' that refer to learning about/developing competence in modelling (see [START_REF] Blomhøj | Theory-practice relations in research on applications and modelling[END_REF]. The present study was part of a more comprehensive study of data, consisting of the 21 reports described below. In the presentation of the larger study by [START_REF] Andresen | Spin off Learning about Epidemics from Modelling with Differential Equations[END_REF] the methods used in the present study were described and discussed. The larger study also encompassed another case study, going into details about the interplay between the DE model, the problem modelled, and the tool used for modelling, presented in [START_REF] Andresen | To learn about differential equations by modelling[END_REF].

Theoretical framework

In this section the basic idea of emergent models is presented and operationalized into a tool for textual analysis, following the larger study by [START_REF] Andresen | Spin off Learning about Epidemics from Modelling with Differential Equations[END_REF]. Whereas the presentation in [START_REF] Andresen | Spin off Learning about Epidemics from Modelling with Differential Equations[END_REF] concentrated on conceptualizations of learning in terms of emergent modelling, the aim of this paper's study was to trace and identify the students' learning trajectory for cyclic interaction between populations in the predatorprey DE model as an example of learning about a mathematical concept by modelling.

Emergent mental models of mathematical concepts and relations [START_REF] Gravemeijer | Emergent models as an instructional design heuristic[END_REF] expressed modelling in terms of emergent models. The notions of emergent models and modelling originated in Realistic Mathematics Education (RME) which sees mathematics as a human activity (see [START_REF] Freudenthal | Revisiting mathematics education[END_REF]. One of the basic principles of RME was students' horizontal and vertical mathematising, described by [START_REF] Gravemeijer | Emergent models as an instructional design heuristic[END_REF] as the passing of four levels of activity where a new mathematical reality is created at each level. The levels of activity were:

1.

situational level with descriptions in natural language and own wording, 2. referential level where a 'model of' is created and inquired. A 'model of' is identified by the students' use of situation related terms and half-way formalized explanations, for example, that 'the number of sick persons will grow exponentially over time',

3.

general level with creation and handling of a 'model for'. A 'model for' is identified by the students' use of general expressions and terms with no visible relation to the situation, for example, that 'We find that the graph of I(t) hits the maximum value if the parameter has a value of 0.259',

4.

formal level with general reasoning and considerations. For example, considerations and reflections about modelling with DE.

Horizontal mathematising is described as the passing from first to second level, vertical mathematising as passing further up. This four-layer model was the basis for the design heuristics of emergent models that aim to support the students' processes of emergent modelling [START_REF] Gravemeijer | Emergent models as an instructional design heuristic[END_REF]. [START_REF] Gravemeijer | Emergent Modeling: an RME Design Heuristic Elaborated in a Series of Examples[END_REF] described emergent modelling as an incremental process in which models and mathematical conceptions co-evolve. Central to the emergent modelling design heuristic is the use of a series of sub-models. Together they substantiate an overarching model which develops from a model of informal mathematical activity to a model for more formal mathematical reasoning. The overarching model is mental, with Gravemeijer (2020) mentioning, for example, the concepts of 'distribution' and 'function'. In this view, modelling is not separated from mathematics nor from 'reality'. The two goals, modelling for the sake of mathematics and mathematics for the sake of modelling, mentioned by [START_REF] Niss | The learning and teaching of mathematical modelling[END_REF], are here intertwined.

According to Cobb (2002, p. 193) the four-layer model might 'facilitate (…) the analysis of mathematical learning in instructional situations (…). The explication of a mapping between a situation and a model might then be viewed as a description of the way that the situation became structured during modelling activity'. Based hereon, the four-layer model was in this study operationalized into a tool for textual analysis of reports to interpret the students' mathematical concept formation. Signs, displayed by the wording in reports, of students' activity were stratified regarding the levels. The progressive mathematization, then, was detected as progressive variation between the levels and interpreted as steps of the students' concept formation, in the form of submodels evolving into an emergent model. Accordingly, the mathematical learning outcome was conceptualized as emergent models of essential mathematical concepts, following [START_REF] Cobb | Modelling, symbolizing and tool use in statistical data analysis[END_REF]. This paper's case study of modelling with DE was focused on sub models in the form of details of the interaction between populations. The overarching (mental) model was the mathematical idea to model interaction between two populations, namely foxes and small rodents, by the predatorprey differential equations model (Figure 1).

Students' mathematical modelling

The modeling took place in a group of Norwegian teachers in a masters' program that requires 60 ECTS in mathematics and two years of professional practice as a mathematics teacher. The teachers, in the following called students, attended the course 'Modelling in and for mathematics teaching and learning' which is a 15 ECTS course in a masters' program in mathematics education.

The DE part of the course was based on [START_REF] Blanchard | Differential equations[END_REF] which progressively build up the DE models and examples, and balance between qualitative, quantitative, and numerical methods. Hereby inspired, groups of students (2-3 persons) under sparse supervision were asked to formulate, complete, and present a project that encompassed a simple DE model, and to report the project. Each group choose what DE model they wanted to study. The course's individual examination included an interview about this project (10 minutes). The students were expected stepwise to establish an overarching DE-systems model in a process, contrasting with bare application of a model, i.e., contrasting with picking out a ready-made model and fit its parameters with data. However, the students would not be able to establish a model stepwise from scratch, purely based on progressive mathematising and formation of sub-models. Therefore, they were free to involve and build on ready-made models like the predator-prey model and its modifications.

Methods

The research question was formulated in terms of a goal, i.e., the aim of the study was to identify the students' learning trajectory for cyclic interaction between populations in the predatorprey DE model. The research question, hence, was: What appearance can a learning trajectory have in a modelling process? The study's case was picked out of 21 reports prepared in 2014-2020 and evaluated by the author. The students were not familiar with De-models nor modelling in advance. For this presentation the cyclic interaction between populations was used as the example of an emergent sub-model. In the case, the students' collective learning processes were documented by their own descriptions of the mathematical modelling activities, and by the reflections reproduced in the reports. The descriptions and reflections were reported in a convincing way: they used a firstperson perspective in their writings in the report which is mentioned as a sign of being an active learner by [START_REF] Ju | Ways of talking and ways of positioning: Students' beliefs in an inquiry-oriented differential equations class[END_REF]. This impression of validity was supported by the interviews under the individual examinations. The reliability of the analysis rested on the condensation of meaning from units of the convincing texts in accordance with the qualitative methodology described in [START_REF] Kvale | Interview. En introduktion til det kvalitative forskningsinterview[END_REF]. The meaning of each unit was interpreted in accordance with the emergent modelling framework.

The textual analysis, presupposing that the students' mental activities were reflected by the wording in their reports, served to stratify the mathematical learning process in terms of passing through the four levels, situational, referential, general, and formal. Each appearance of a mathematical concept or its related notions in the text was assigned to a level of activity in the four-layer model [START_REF] Gravemeijer | Emergent models as an instructional design heuristic[END_REF]. Thereby, the marking served to stratify the signs of mental activity concerning the emergence of sub-models into the four levels of progressive mathematising. These signs constitute the study's documentation of the students' learning path or learning trajectory in the example.

Data

During the textual analysis all elements were coded and subsequently sorted by their (related) mathematical content. This case considers emergence of the sub-model cyclic interaction. The result, hence, of the textual analysis was a cluster of signs of activity at different levels concerning interaction between the populations of foxes and small rodents in the predatorprey DE model. Table 1 displays, chronologically, some of the excerpts in the cluster concerning (cyclic) interaction. numbers in Table 1's most left column refer to the complete cluster. The level of activity refers to the four-layer model by [START_REF] Gravemeijer | Emergent models as an instructional design heuristic[END_REF]. the predator population. We will then expand the model and look at factors that are significant for prey-predator interaction. (…).

Situational -> referential;

Horizontal mathematising 3 (…). It turns out that the number of mountain foxes varies in step with the number of small rodents (…). At population peaks of lemmings and other small rodents, we see that there is a large increase in mountain foxes.

Correspondingly, there is a significant decline in the population of mountain foxes when the population of small rodents declines. In other words, reproduction increases for the arctic fox when the supply of prey increases. A solution of this first-order system will be two functions, B (t) and R (t).

(…).

Referential

• 𝑩 (𝒕) describes the prey population as a function of time.

• 𝑹 (𝒕) describes the predator population as a function of time.

General -> referential level

The first two bullets are at general level (no links with the situation), the text and the last two bullets interpret / link them with the situation 24-26 We perform the calculations using spreadsheets and draw the curve in Geogebra:

We see that this curve has a characteristic oval shape that reflects that the number of individuals in the populations changes cyclically. 

Comments to Table 1

Ad 1: Prey population and predator population and their interaction are at the situational level. The simple model is seen by the students as a means for study of the interaction between them on the one hand, and the study is intended to enrich and develop the model on the other hand.

Ad 3: Here the sub-model emerges; Peaks of small rodents give large increase in foxes and decline of small rodents give decline in foxes. Reproduction increases for the fox when the supply of rodents increases.

Ad 5: The emergent sub-model in a new graphic representation, re-produced by the students using GeoGebra.

Ad 9: The mentioning of two dependent variables is (cyclic) interaction at an early stage Ad 12: Increase in prey population gives increase of growth rate of predators; this is initial characterization of interaction.

Ad 24-26 Solution curve, reproduced by the students. The number of individuals in the populations changes cyclically in accordance with the sub-model.

Ad 36: The cyclic interaction is identified in the graphs.

Results

The aim of the case study was to identify the students' learning trajectory for cyclic interaction between populations in the predatorprey DE model. As illustrated by Table 1, the report displayed signs of activity at situational, referential and general level and, in total in the report, shifts in both directions between these levels. Besides, the students' demonstrated representational literacy by shifting between plain language and wordings, formal language and formulars, and graphic representations in the report. In contrast with an (ideal?) smoother passing up through the four levels from situational to referential and further up to general, their learning trajectory can be identified as the complex cluster of their activities.

Learning trajectory for cyclic interaction as a cluster of activities

A brief sketch of the activities starts with the introduction in plain language (3) based on observations of population curves from a Norwegian official web site. Next, the students reproduce population curves in GeoGebra ( 5) and compare these. Then they introduce models for growth of populations in general terms. This introduction is detached from the graphs and from the plain language description. After the presentation of the general predatorprey model the students mention cyclic interaction for the first time (9) before they proceed to discuss qualitative and quantitative methods. They use Euler's formula and GeoGebra to prepare a curve that illustrate the cyclic interaction (24-26). Finally, they prepare a series of graphic representations (36) to compare with their initial data to control the cyclic interaction.

Perspectives

This cluster of activities can be seen as the result of the rich environment for the students' modelling. They had the general predatorprey model, series of authentic data, tools in the form of GeoGebra and others, and their own prior mathematical experiences as the resources to include. The students' initial task was open, and they had little guidance during their project and preparation of the report. At a first glance, the process and the report might appear messy with no clear goals and direction. In a classroom context, such unstructured student activities could easily trigger the teacher to act and make an intervention like, for example, asking the students' leading questions and guide their process.

Taking the students' evident learning outcome into account in the present study, as it was evaluated in informal conversations and in the interviews at the oral examination, though, the process in which the students to a high degree worked without guidance from the lecturer showed to be fruitful. There seems to be a paradoxical discrepancy between the messy and unstructured process documented in the report on the one hand, and the learning outcome on the other hand.

Conceptualization of learning in terms of emergent modelling and models seems to be one promising way to explain this apparent paradox. In particular, the idea of learning trajectories as clusters of activity in these terms, may contribute to widen and nuance the discussion of the relations between mathematics modelling and the learning of mathematics. Metaphorically speaking, the non-linear learning fits well with the non-linear modelling represented not only in the four-layer model but also in the traditional modelling circle by [START_REF] Niss | The learning and teaching of mathematical modelling[END_REF].

Besides, the study presented in this paper can give inspiration to the development of research methods for inquiry of students' learning: the tool for textual analysis presented in this paper may be useful for studies based on data in the form of students' written reports and other materials.

Figure 1 :

 1 Figure 1: The predator prey DE model

  Figure 2

  Phase diagram for different values of α: Initial conditions: (B0, R0) = (1, 0.5) General level. The phase diagrams, though, are interpreted (…) What happens when a = 1? See that there will be nice, smooth cyclical fluctuations. Predators (red curve) depend on prey (green curve). Can imagine that there are limited external factors that affect.What happens when a = 2? See that there are smooth, cyclical oscillations. The peaks of the curves are higher than the peaks of the curves when a = 1. These curves are more similar to our starting point.
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	Num	Excerpt, translated from Norwegian by the author	Level of activity
	ber		
	1	In the work with our model, we start from a simple model, and on the basis	
		of the changed model, we study what happens to the prey population and