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SDEs WITH SINGULAR COEFFICIENTS: THE MARTINGALE
PROBLEM VIEW AND THE STOCHASTIC DYNAMICS VIEW

ELENA ISSOGLIO AND FRANCESCO RUSSO

ABSTRACT. We consider SDEs with (distributional) drift in negative Besov spaces and ran-
dom initial condition and investigate them from two different viewpoints. In the first part we
set up a martingale problem and show its well-posedness. We then prove further properties
of the martingale problem, like continuity with respect to the drift and the link with the
Fokker-Planck equation. We also show that the solutions are weak Dirichlet processes for
which we evaluate the quadratic variation of the martingale component. In the second part
we identify the dynamics of the solution of the martingale problem by describing the proper
associated SDE. Under suitable assumptions we show equivalence with the solution to the
martingale problem.

Key words and phrases. Stochastic differential equations; distributional drift; Besov
spaces; martingale problem; weak Dirichlet processes.
2020 MSC. 60H10; 60H30.

1. INTRODUCTION
In this paper we study the SDE
(1) dX; = b(t,Xt)dt +dWe, X~ p,

where X; € R?, the process (Wy)¢ is a d-dimensional Brownian motion, p is any probability
measure and the drift b(¢,-) is an element a negative Besov space C (=B)* | see below for the
precise definition. SDE () is clearly only formal at this stage, because the drift b cannot
even be evaluated at the point X;, and one first needs to define a notion of solution for
this kind of SDEs. The first steps in this direction in dimension 1 (and with a diffusion
coefficient o) were done in [14] [13] 21]. In dimension d > 1 we mention the work [12] where
the authors introduced the notion of virtual solution whose construction depended a priori on
a real parameter X. Also, the setting was slightly different because the function spaces were
negative fractional Sobolev spaces H, # and not Besov spaces. Other authors have studied
SDEs with distributional coefficients afterwards, we mention in particular [7 5] [6l 26l [1]. The
main idea in all these works, which is the same we also develop in the first part of the present
paper, is to frame the SDE as a martingale problem, hence the main goal is to find a domain
D, that characterises the martingale solution in terms of the quantity

(2) F(£.X0) — £(0,X0) — /0 £f(s, X,)ds

for all f € Dr, where L is the parabolic generator of X formally given by Lf = 0, f + %A f+
V fb. This is made rigorous using results on the PDE

{ﬁfzg
f(T) = fr
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developed in [I§].

Our framework in terms of function spaces is slightly different than all the works cited
above, but the main difference is that we allow the initial condition Xy to be any random
variable, and not only a Dirac delta in a point x. Well-posedeness of the PDE Lf = g allows
to give a proper meaning to the martingale problem. Various regularity results on the PDE
together with a transformation of the solution X into the solution Y of a ‘standard’ (Stroock-
Varadhan) martingale problem (see Section [3), allow us to show existence and uniqueness of
the solution X to the martingale problem, see Theorem We also prove other interesting
results such as Theorem where we show that the law density of the solution X satisfies
the Fokker-Planck equation, which is a PDE with negative Besov coefficients. Furthermore
we show in Theorem [£.3] some tightness results for smoothed solutions X™ when the negative
Besov coefficients are smoothed.

The main novelty of this paper is the second part, where we study the SDE X; = Xy +
fg b(s, Xs)ds + Wy from a different point of view, in particular we look into the dynamics
of the process itself. One natural question to ask, which is well understood in the classical
Stroock-Varadhan case where b is a locally bounded function, is the equivalence between the
solution to the martingale problem and the solution in law of the SDE. In the case of SDEs
with distributional coefficients, the first challenging problem is to define a suitable notion
of solution of the SDE, and then to study well-posedness of that equation. To this aim, we
start in Section [Bl by showing that the solution to the martingale problem is a weak Dirichlet
process, for which we identify the martingale component in its canonical decomposition, see
Proposition [5.11] and Remark We then introduce in Section [6] our notion of solution for
the SDE, involving a ‘local time’ operator which plays the role of the integral fot b(s, Xs)ds and
involving weak Dirichlet processes. In Theorem we show that a solution to the martingale
problem is also a solution to the SDE. In a slightly restricted framework, in Proposition
we obtain the converse result, hence providing the equivalence result of SDEs and martingale
problems for distributional drifts. Those results extend [21, Propositions 6.7 and 6.10] stated
in dimension 1 and in the case of time-homogeneous coefficients.

A connected result is provided by [6], where the authors study the case when the driving
noise is a Lévy a-stable process and the distributional drift lives in a general Besov space
B,, g . In particular they formulate the martingale problem and a quite different notion of
SDE (for which, in d = 1 they even study pathwise uniqueness, extending in this way [21],
Corollary 5.19], stated for Brownian motion) and prove that a solution to the martingale
problem is also a solution to their SDE. However, they do not prove the converse result,
hence they do not have any equivalence.

The paper is organised as follows. In Section 2] we introduce the framework in which we
work, in particular the various functions spaces appearing in the paper and many useful
results from the companion paper [I8]. In Section [l we introduce the martingale problem
and transform it into a classical equivalent Stroock-Varadhan martingale problem. In Section
[ we show existence and uniqueness of a solution to the martingale problem and various
other properties. In Section B we show that the solution to the martingale problem is a
weak Dirichlet process and identify its decomposition. In Section B introduce the notion of
solution to the SDE and show its equivalence to the martingale problem. Finally, we collected
in Appendix [Al some useful results on solutions of (classical) PDEs that we use in the paper.

2. SETTING AND PRELIMINARY RESULTS
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2.1. Function spaces. Let us denote by C;fc = C;fc([O,T] x RY) the space of all C'?
real functions such that the function and its gradient in z are bounded, and the Hessian
matrix and the time-derivative are bounded and uniformly continuous. Let us denote by
C? = C22(]0, T] x RY) the space of CH2([0,T] x R?) with compact support. Let us denote
by C’I} 2= 05’2([0,T] x RY) the space of C'12-functions that are bounded with bounded
derivatives. We also use the notation C%! := C%1([0,7] x R?) to indicate the space of real
functions with gradient in 2 uniformly continuous in (t,z). Let C° := C°(R?) denote the
space of all smooth real functions with compact support. We denote by C, = C.(R%) the
space of R-valued continuous functions with compact support. Let S = S(R?) be the space
of real-valued Schwartz functions on R? and S’ = S'(R%) the space of Schwartz distributions.

For v € R we denote by C7 = C?(R%) the Besov space (or Holder-Zygmund space). For
more details see [2, Section 2.7, pag 99] and also [I8], where we recall all useful facts and
definitions about these spaces. If v € RT \ N then the space coincides with the classical
Holder space. If v < 0 then the space includes Schwartz distributions. We denote by CrC?
the space of continuous functions on [0, 7] taking values in C?, that is C7C"Y := C([0,T];C7).
For any given v € R we denote by C?" and C7~ the spaces given by

CF 1= UgsyC, O = My C°

Note that C7* is an inductive space. We will also use the spaces CrC7t := C([0,T];C'™"),
which is equivalent to the fact that for f € C7C7T there exists a > 7 such that f € CpC®, see
for example [I7, Appendix B]. Similarly, we use the space CrC7~ := C([0,T];C?™), meaning
that if f € O7rCY~ then for any a < v we have f € OrC® We denote by CJ = CJ(R?) the
space of elements in C7 with compact support. Similarly when ~ is replaced by v+ or y—.
When defining the domain of the martingale problem we will work with spaces of functions
which are the limit of functions with compact support, so that they are Banach spaces. More
precisely, let us denote by CJ = CJ(R?) the space

C) .= {f € C7 such that 3(f,), € C) and f, — f in C"}.

As above we denote the inductive space and intersection space as

Ot 1= UpsnCY, G 1= N C2.

The main reason for introducing this class of subspaces is that )1 are separable, as proved
in [I8, Lemma 5.7], unlike the classical Besov spaces C7 and C’t which are not separable.
Similarly as above, we use the space CrCJ T := C([0,T];CJ1); in particular we observe that
if f € CrCJ™ then for any o <  we have f € C7C by [I7, Remark B.1, part (ii)]. Moreover
in [I8, Corollary 5.8] we show that C7CJ™ is separable. Note that if f is continuous and such
that Vf € CrC%t then f € CO1L.

Note that for all function spaces introduced above we use the same notation to indicate
R-valued functions but also R%- or R%%-valued functions. It will be clear from the context
which space is needed. When f : R? — R™ is differentiable, we denote by Vf the matrix
given by (Vf);; = 0;f;. In particular when f : R? — R then Vf is a column vector and we
denote the Hessian matrix of f by Hess(f).

We denote by C the linear space of continuous processes with values in R% endowed with
the metric of uniform convergence on compact sets, and by B(C) the sigma-algebra of Borel
sets. We also use the notation C; and B(C;) to indicate the analogous space but for paths
defined on [0, ] instead of RT.
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2.2. Some tools and properties. The following is an important estimate which allows to
define the pointwise product between certain distributions and functions, which is based on
Bony’s estimates. For details see [4] or [I6, Section 2.1]. Let f € C® and g € C~# with
a—fF >0and o, > 0. Then the ‘pointwise product’ f g is well-defined as an element of
C~? and there exists a constant ¢ > 0 such that

(3) 1f gll-5 < cllfllallgll-s-

Remark 2.1. Using @) it is not difficult to see that if f € CrC® and g € CrC~P then the
product is also continuous with values in C~7, and

(4) 1 9llcre-s < cllfllercallgllope—e-

Below we recall some results on a class of PDEs with distributional drift in negative Besov
spaces that will be used to set up the martingale problem for the singular SDE (IJ). All results
are taken from [18]. In [I8], as well as in the present work, the main assumption concerning
the distribution-valued function b is the following;:

Assumption Al. Let 0 < 8 < 1/2 and b € CoCEAH(RY). In particular b € C7CB(RY).
Notice that b is a column vector.

We start by the formal definition of the operator L.

Definition 2.2 (Definition 4.3, [18]). Let b satisfy Assumption[A1. The operator L is defined

as
L: D% — {S-valued continuous functions}

f = Lf ::f+%Af—|—Vfb,
where
DY .= CrDC’ N CY([0,T];S").
Here f :[0,T] x R — R and the function f : [0,T] — S’ is the time-derwative of f. Note
also that Vfb := V[ -b is well-defined using @) and Assumption [A1l and moreover it is
continuous. The Laplacian A is intended in the weak sense.

Next we recall some results on certain PDEs, all driven by the operator £. These results
are all proved in the companion paper [18]. There are three equations of interest, all related
but slightly different. The first PDE is

Lv=yg
(5) { o(T) = vr.
We know from [I8, Remark 4.8] that if vy € C*A+ and g € CrCAF then there exists
a unique (weak or mild) solution v € C7C*A* . In [I8, Lemma 4.17 and Remark 4.18]
we prove a continuity result, namely that if the terminal condition vy in () is replaced
by a sequence v7 that converges to vr in C(+A)+ | the terms b and g are replaced by two
sequences b and g" respectively, both converging in C7C~?, then also the corresponding
unique solutions v™ will converge to v in CpCITAT,

We can solve PDE ([ also under weaker conditions on vy, in particular we allow functions
with linear growth. The space that characterises this behaviour is denoted by DC?, which
is the space of differentiable functions whose gradient belongs to C?. Notice that in [I8] we
introduce two concepts solution, weak and mild, which are defined for functions in CrDCP.
We prove in [I8], Proposition 4.5] that weak and mild solutions of the PDE are equivalent. In
[18, Remark 4.8] we show that if vp € DCP* then there exists a unique solution v € C7DCPY.
Continuity results for PDE (#) in the spaces DCT also hold, as we prove in [I8, Remark
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4.18 (i)], that is if g" — g in CrC~P, b® — b in C7C~P and v} — vy in DCPT then v — v
in CrDCP*. As a special case we show in [I8, Corollary 4.10] that the function id;(z) = =
solves PDE (Bl) with v(T") = z; and g = b;, that is Lid; = b;.

Let A > 0. The second PDE to consider is
(6) { Lo = N¢i —id;)

which has a unique (weak or mild) solution ¢; for i = 1,...,d in the space CpDC1=P)-
(uniqueness holds in C7DC?) by [I8, Theorem 4.7]. In [I8, Proposition 4.15] we show that
i € D% and ¢; € CpCP)~ for all i = 1,...,d. We denote by ¢ the column vector with
components ¢;, i = 1,...,d. We show in [I8, Proposition 4.16] that there exists A > 0 large
enough such that ¢(t,-) is invertible for all ¢ € [0,T], and denoting such inverse with

(7) Y(t, ) = o7 ().

In the same proposition we also show that ¢, € C%! and moreover that V¢ € CrC(1—F)-
and Vi(t,-) € CU7~ for all t € [0,T] and sup;o 7y [V (t,)|la for all @ < 1— 3. From
now on, let (b"), be the sequence defined in [I7, Proposition 2.4], so we know that b" — b

in CrC—P, b" € C7CY for all ¥ > 0 and b" is bounded and Lipschitz. Here and in the rest of
the paper A > 0 is fixed and independent of n, chosen such that

1
(8) A= [C(B,¢) maX{Sng 16" [[ope-s+es 10l cpe-s+e ] 77

according to [I8, Lemma 4.19], where € > 0 is such that 6 := &25_5 < 1 and C(B,¢) is a
constant only depending on 8 and €. Notice with this choice of A the corresponding inverse
Y™ of ¢", see ([T) is well-defined according to [I8, Proposition 4.16]. In [I8, Lemma 4.19] we
show that ¢" — ¢ and ™ — ¢ uniformly on [0, 7] x R? and ||V ¢"||s +|¢™(0,0)] is uniformly
bounded in n.

Finally in [I8, Theorem 4.14] we show that the function ¢ is equivalently defined as ¢ =
id + u, where u = (ug,...,uq) and u; is the unique solution of the third PDE, that is

£ui = )\’LLZ — bz
9) { ws(T) = 0

in the space CrC2=9~. For the latter PDE there are also continuity results proven in [I8],
Lemma 4.17], namely u} — u; in CrC2=B=_ Moreover we have uniform convergence of
u™ — u, Vu" — Vu by [I8, Lemma 4.19]. With A chosen as in (8) we have |[Vu"|s < § by
[18, Proposition 4.13 and bound (55)].

3. A ZVONKIN-TYPE TRANSFORMATION

In the study of SDEs with low-regularity coefficients, like (IJ), one successful idea is to
apply a bijective transformation that changes the singular drift and produces a transformed
SDE whose drift has no singular component and which can thus be solved with standard
techniques. The idea goes back to Zvonkin, and in the present case a transformation that
does the job is the unique solution ¢ of the PDE ([@]). The analysis that we do here can shed
some light on what kind of transformations, aside from ¢, of the martingale problem for X
will lead to different, but equivalent, transformed problems for a new process Y.

Let us start by introducing a class of function, denoted by D/, that is the domain of the
martingale problem for X
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(10) D= {feCrCcUtht .39 e CpCo such that
f is a weak solution of Lf = g and f(T) € C_£1+B)+},
where £ has been defined in Definition

Definition 3.1. We say that a couple (X,P) is a solution to the martingale problem with
distributional drift b and initial condition u (for shortness, solution of MP with distributional
drift b and i.c. p) if and only if for every f € D

(1) X0 - 0.0 - | ()5, X)ds

is a local martingale under P, and Xo ~ p under P, where the domain Dy is given by (I0)
and L has been defined in Definition [2.2.

We say that the martingale problem with distributional drift b admits uniqueness if for any
two solutions (X1, PY) and (X2,P?) with X} ~ p, i = 1,2, then the law of X' under P! is
the same as the law of X? under P2,

Remark 3.2. Since @£1+B)+ c C c CP)* | then there exists a unique weak solution
f e CrCUtBD* for the PDE appearing in Dy, see Section[Z3. Moreover by [I8, Remark 4.4]
we have Dy C D%.

Proposition 3.3. The domain Dy defined in ([I0) equipped with its graph topology is sepa-
rable.

Proof. By [18, Lemma 5.7] with v = 0 we know that CO% is separable, hence there exists a
dense subset Dy of C2F, and by [I8, Corollary 5.8] we know that C’T(ff * is separable, thus
there exists a dense subset Dg of CTC_g *. Let us denote by D the set of all f, € CpC A+6)+
such that Lf, = gn; fu(T) = fI where g, € Dy and f! ¢ Dg. Clearly D is countable,
because Dy and Dg are countable and D C D,. Moreover by continuity results on the PDE
(@), see Section 22, we have that if £ — f(T) in C1+A)* and g, — g in C7C*, then f, — f
in CpCA+A)+ which proves that the set D is dense in Dy. O

Next we introduce the transformed SDE studied here, which is

t t t
(12) Yi =Yy + A /0 Yyds — A /0 (s, Ya)ds + /0 (s, (s, Y2))dIW,

where ¢ is the unique solution of (6) and ¢ is its (space-)inverse given by (7)) with A > 0
chosen large enough (see Section [2.2)). Notice that this SDE is formally obtained by applying
the transformation ¢ to X, that is setting Y; = (¢, X;) and using that ¢ is invertible with
inverse 1.

Denoting by Y the solution of (I2]), by It6’s formula for all fe C’I}fc
that

([0, 7] x R?) we know
~ ~ t ~ o~
fe.i) - F0.50) - [ (ED) (s Vs
0
is a martingale under P. Here the operator £ is the generator of Y, which is defined by

(13) EF = 0 f + AVF(id — o) + %Tr[(VqS o 1) Hessf (Vb o ).

In particular, (Y, P) verifies the classical Stroock-Varadhan martingale problem with respect
to L.
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Remark 3.4. Note that the coefficients in L belong to CO for any v < 1 — B3, see Appendiz
[Al for the definition of C%. Indeed f € L2 Y has linear growth since |V| is uniformly

buc’

bounded and the coefficient is V¢ o 1) belongs to C% for any v < 1 — B because
Vo(t,(t,x2)) — Vo(t,v(t, z
V6t (Dl <sup[Volt wita))| +  sup oL 2 Volt vl 22))

T1,T2, TIFT2 |331 - 5172|V
< sup [[Vo(t, )0

te[0,T

+ sup sup IVo(t,(t,x2)) — Vo(t, (t,x2))| [(t, x1) — (¢, z2)]
te[0,T) 1,22, T1FT2 |T,[)(7f,33‘1) —’l)[)(t’x2)|l/ |$1 —33‘2|V

te[0,T

Here we have also used Remark[A1l.

It will be useful later on to consider a domain for the operator £ which is larger than C;fc,
namely the image of Dy through ¢. Let us define

(14) 152 .= {f = f o for some f € Dy and 1 defined in (@)}.

The choice of the SDE (IZ) and of the domain D 7 are natural since we use the transformed
process Y; = o(t, X3).

Lemma 3.5. Let g,h : R — R?% with h € C' with Vh € CP* and g € CAHP* . Then
goh e COtA+ If moreover if g, — g in g € CAAT then g, o h — goh in CATA,

Proof. To prove that g o h € CA+A)* is equivalent to prove that f := g(h(-)) is bounded and
that there exists o > 3 such that Vf € C%, i.e. Vf is bounded and a-Hoélder continuous. The
first claim is obvious by boundedness of g. The gradient V f(-) = Vh(-)Vg(h(:)) is bounded
because it is the product of two bounded matrices since Vh, Vg are bounded by assumption
on g, h. To show that Vf is a-Holder continuous it is enough to show that it is the product
of two functions in C* (note that boundedness of the factors is crucially used). We have
Vh € C* for some o > 3 by assumption. On the other hand it is immediate to show that the
term Vg(h(-)) is in C, because it is bounded, and a-Hélder continuity is proved using that
Vg € C* and h is Lipschitz because by assumption VA is bounded.

To show convergence, let us denote f,, := g, o h. Since f,(0) — f(0), it is enough to show
the convergence of V f,, in C*. We use the same properties as above to get ||V f, — Vf|ce <
IVA|sollgn — 9lla + IVgn — V9|l ||P]|as and the proof is complete. O

Lemma 3.6. If f € C? and ¢ is the unique solution to PDE (@) then fog¢eCrCIthT,

buc
Proof. Let us set f := f o ¢. We first prove that f(t) € C*+A+ for all t € [0,7]. This is a
consequence of Lemma, with g = f(t,-) and h = 4(t,-). The hypothesis on g are satisfied
since g € C’;fc and hence g(t) € C(M*M+ for any v € (0,1). The hypothesis on h are satisfied
since Vh € C=A)~ implies Vh € CPT.
For the (uniform) time-continuity with values in CU+8)+ since B is not an integer, we have
to control

(15) 1£(#) = F($)lloo + V() = VF(s)la

for some o > A and for small |t — s|, where we recall f(t) = f(t,¢(t,-)), having used the
equivalent norm [I8, (4)]. The first term in (3] is obvious from the fact that f € C’;fc and

(16) b(t,x) — ¢(s,x) = u(t,z) — u(s,z), where u € CrC'T,
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see Section 5

For the second term in (I3]), setting H := V f o ¢, we can write Vf = HV¢$. We note that
V¢ € CrC?, see Section 2.2 and since H € C7C* (proved below) then the product is also in
CpC® and the proof is concluded.

It remains to show that H € CrC®. For the sup part of the norm (see [I8, (3)]) we notice
that

IE () = H(s)lloo < IVF(t,0(t,-)) = V (65, )lloo + [V F (£, 6(s,)) = VF(5,6(s, )l
(17) < [[Hess(f)looll(t, ) = d(5, oo + IV F(t:0(5,-)) = V.f(5,6(s,)) oo

and the first term is controlled as above using (I6), while the second term is controlled
because f € C;fc

We observe that H € C%' and VH = (Hess(f) o ¢)V¢. We will use below that VH is
uniformly continuous, which we see by showing that each term of the product is bounded
and uniformly continuous (buc). V¢ is buc because V¢ € CrC®. The term Hess(f) o ¢ is
similar to (7) but using that Hess(f) is buc and (I6).

Concerning the a-seminorm (see [I8] (3)]), for x1,x9 such that |x; — x2| < 1 we have
’H(t7 xl) — H(ta ‘TQ) — (H(S7 xl) — H(Sa ‘TQ)) ‘
|x1 — g

1
S/ |\VH(t,z1 + a(xy —x1)) — VH(s,z1 + a(ze — x1))| dalzy — xlll_a
0

<wvr(|t - s|),

where wyp(-) denotes the continuity modulus of VH. This concludes the control of the
second term in (I5I). O

Lemma 3.7. Let f € C’l}fc and ¢ be the unique solution of PDE ([@l). Setting f := foo¢ we
have f € Dg and

(Lf)op=Lf
in CpCO, that is f is a solution of Lf = g with g == (Lf) o ¢ € CpC'T. Equivalently, we
have Lf = (Lf) o1, where 1 is the space-inverse of ¢ defined in ([T).
If moreover f has compact support, then f (T) and g also have compact support, in which
case f € Dr.

Proof. We start by proving that f € D so that we can then calculate L£f. Notice that
f e CTC(HBH by Lemma To show that f € CY([0,T],S") we compute the time-
derivative f. Recall that f € Cbuc by assumption, and that ¢ : [0,7] x R? — R and
fof:[0,T] x R — R. We have

) d
(18) t— f(tv ) = f(t7 qb(t’ )) + Z 8kf(tv ¢(t7 ))@k (t’ ')7
k=1

where the dot * denotes the time-derivative and Jy := am . We show that the right-hand side

of equation (I8)) is in CpS’. For the first term in (I8) clearly we have the claim because f 0]
is uniformly continuous in ¢, z. The second term in (I8]) has products of the form (0 fo qS)gbk
where ¢y, € CrCP)~, see Section and 9, fop € CrCP*. Hence the product is well-defined
and continuous by ). This shows that f € C*([0,7];S’) and hence f € DY.



SDEs WITH SINGULAR COEFFICIENTS 9

We now apply £ to f so we need to calculate the spatial derivatives of f. The first space
derivative of f with respect to x; is

d
k=1
and the second derivative is

d [ d
0uf(t,) =) [Z(alkf(ta ¢(t,)0ii(t, )i (t, ) + S (£, B(t, ) Duidn (¢, )

k=1 Li=1
d
= (Vo) (Hess(f) 0 9)V6) (1) + Y Auf (1. 0(t, )udn(t. ), € [0.7])
k=1

Note that 0;f(t,-) for all t € [0,7] is a well-defined object in C(~%)~ because it is actually
a bounded function. The second derivative 0;; f(t,-) is made of two terms: the first one is
again a bounded function, and the second one is well-defined in C(~#)~ again by means of the
pointwise product (B), where for all ¢ € [0, 7] the distributional term 0;;¢(t,-) is in C(=A)~
since D¢y (t,-) € C1=P)~ | see Section Using these we calculate Lf :

. d -
(L) =Ft6(6,9) + 53 (V) (Fess(7) 0 9)¥6) (1)
i=1
d d
(19) + ]; 8kf(ta ¢(t7 )) [ék(tv ) + % ; 8ii¢k(t7 ) + 8i¢k(tv ')bi(t7 )] te [07 T]7

where the last term 9 f(t, d(t,-));dr(t, -)bi(t, ) is well-defined in C=AF by (@) used twice.
Thus equality (I3) holds in the space C(~)~. Now we observe that L&, = A(¢y, —idy) because
¢ is solution of PDE ({), see Section Thus the equality above becomes

. d .
(£ =F(t.0(t0) + 3 3 (Vo) (Hess(F) 0 6)70) (¢,
d

+ 37 0 f (Bt DA (E, ) — idy)

k=1
< 1 ~
=f(t.9(t,) + 5T (Vo) (Hess(f) 0 ) Vo) (¢, )
(20) + )‘Vf(ty qb(t’ ))(@(f, ) - id)7t € [07 T]
On the other hand, by direct definition (I3]) of L applied to f € C;fc and then composed
with ¢ and using (¢, ¢(t,-) = id, one easily gets

(LF)(t, 6t ) =F(t,6(¢,7)) + %Tr (V)" (Hess(f) 0 6)V6) (t,-)
(21) + )\VfN(t, (b(t? ))(é(tv ) - ld)7 te [07 T]

Now using (20) and @I)) we get t — (Lf) = (Lf)(t, ¢(t,-)) in C([0,T7;S"). We observe that
the right-hand side of (ZI]) belongs to C7rC%*. Setting g := (Lf) o ¢ we can conclude that
Lf =g e CrC’. Given that both sides are functions, we can compose them with 9 to get

Lf=(Lf)ov.



10 ELENA ISSOGLIO AND FRANCESCO RUSSO

Finally we show that if f has compact support, then g = (ﬁ~ f )o¢ also has compact support.
First notice that £f has compact support, thus there exists M > 0 such that for all (t,z)
with [(¢, ¢(t,x))| > M then g(t,x) = 0. To show that g has compact support it is enough to
find N > 0 such that if |(t,z)| > N, then |(¢,¢(t,x))| > M. This is equivalent to showing
that

A=A{(t,z) : [(t,0(t,2))| < M} C{(t,z) : [(t,2)] < N} =: B,
for some N. To show the above inclusion, let (t,z) € A. We write (t,z) = (¢,¥(t, ¢(t,z)))
and using that V1) is uniformly bounded, see Section 2.2] we get

|(t7 l‘)| = |(t7 ¢(ta ¢(t7 $)) - ’l)[)(t7 0) + ¢(t7 0))|
< C[(t, o(t, x))| + (2, 9 (,0))]
< CM + sup [(t,9(t,0))] =: N,
te[0,7
which shows that (¢,2) € B. We conclude by noting that f(7,-) also has compact support,
following the above computations but fixing the time t = T" and replacing L f with f. O

Lemma 3.8. We have C’cl’2 C 155.

Proof. By Definition of ZN)E we have to show that if f € CY? then f:=fo¢ e Ds, where D,
is given in (I0). First we note that by Lemma we have f € C7CU+A)*. Next we show
that Lf = g for some g € C7rCo*. We define g := Lf o $. By Lemma BT we have Lf = g
and since f has compact support, then f € D, by Lemma [3.7] again. ([l

We can finally state the main result of this section, namely the equivalence between the
original martingale problem for X and the transformed martingale problem for Y.

Theorem 3.9. Let Assumption [A1] hold.

(i) If (X,P) is a solution to MP with distributional drift b and i.c. p then (Y,P) is a
solution in law to (I2)), where Y; := ¢(t, Xy) and Yy ~ v, where v the pushforward
measure of p given by v := p(1(0,-)).

(i1) If (Y,P) is a solution in law to (I2)) with Yy ~ v then (X,P) is a solution to MP with
distributional drift b and i.c. p, where Xy := (t,Y;) and p the pushforward measure
of v given by p = v(¢(0,-)).

Proof. Item (i). Let (X,P) be a solution of MP. For any f € C*(R%) (C?-functions with
compact support) we define f := f o ¢, where ¢ is the unique solution of PDE (@). By
Lemma 371 f € Dr. Setting Y; := ¢(t, X;), by Lemma B.7] we have

F) — F(vo) /0 (£F)(s, Ya)ds = F(t, ) — £(0, Xo) — /O (CF)(s, X.)ds,

which is a local martingale under P for all f € C? by Definition Bl since f € D.. It follows
that the couple (Y, P) satisfies the Stroock-Varadhan martingale problem, therefore (Y, P) is
a solution in law of SDE (I2).

Item (ii). Let (Y,P) be a solution in law of SDE (I2). We define X; := (t,Y};), where
¥ is the (space-)inverse of ¢ defined in (7). To show that (X,P) is a solution to MP with
distributional drift b we need to show that for all f € D, the quantity

Ft.X0) ~ £10.5%0) — | ()5 X )ds



SDEs WITH SINGULAR COEFFICIENTS 11

is a local martingale under P. Since f € D, then there exists g € (;TCOJr (so there exists
v € (0,1) with g € CrC”) such that Lf = g. We define g := go ¢, fr = f(T,9(T,-)) and
f1 == fr * pn, where p, = p1 with p; the heat kernel. We see that g € C% (see Appendix
[Al for the explicit definition of the space). Indeed g is in C([0, 7] x RY) because g and ¥ are,

and it is easy to obtain the bound

19t ) — g(t,y)|
Sup sup —— < sup |lg(t)]lev VYL
te[0,T] zy |z — | te[0,T]

using the fact that ¢ € CpC¥ and ¢ € C%! with gradient V¢ uniformly bounded, see Section
Moreover f}L € C**V (for explicit definition of these spaces and its inclusion in other
spaces, see Appendix [A]) and by Remark B.4] the coefficients of L are in C°%. So by [20,
Theorem 5.1.9] (which has been recalled in Theorem [A3]in the appendix for ease of reading)
we know that for each n there exists a function f* € C124¥([0, T] x R%) (see Appendix [A] for
the definition of this space and its inclusion in other spaces) which is the classical solution of

Lf"=3
22 = -
2 L S
Therefore f* € C*2 and thus

5 5 t
FH6Y) — 70, Y0) — /0 (s, Ya)ds

is a local martingale under P. Here we used that (Lfn)(s,Ys) = §(s,Ys) by construction.
Setting f™ := f" o ¢ we also have that

(23) 78X — £7(0, Xo) /0 g(s, X,)ds

is a local martingale under P. Using the definition of g, the fact that f" is a classical solution
of PDE [22)) and f™ € C’Iii (see Remark [A.2)) by Lemma [3.7] we know that

g=go¢p=LI"o¢p=L[",

in CrC¥ and thus in particular f" is a weak solution of

Lf"=yg
24 M n
@ Lo
where f2 := f(T) o ¢(T, -).
Now we claim that f™ is the unique mild solution to @24) in C7CA*A+ and that f* — f
uniformly on compacts (these claims will be proven later). By this convergence and taking
the limit of (23]) where we replace g = Lf, we get that

Ft.X0 ~ 0. %0) — | ()5 X )ds

is a local martingale under P, thanks to the fact that the space of local martingales is closed
under u.c.p. convergence.

It is left to prove that f™ is the unique mild solution to ([24]) in CrC+H+ and that f* — f
uniformly on compacts, which we do in three steps.
Step 1: we prove that f™ is the unique mild solution to ([24)) in CrCI*A)+ | To do so, first we
show that f* € CpC+A* indeed f™ := f" o ¢ with f™ e C’;fc and ¢ solution of PDE ({@]),



12 ELENA ISSOGLIO AND FRANCESCO RUSSO

so by Lemma 3.6l we have f* € C7C1+A)+ . In Section it is recalled that weak and mild
solutions are equivalent therefore f™ is the unique (mild) solution in CpC(+A)+,

Step 2: we prove that fp — fr = f(T) in CI+tA+ . Recall that f3 = fi o ¢(T,-), so by
Lemma [B.6] again we have f7 € C1TA+. Moreover fr = f(T) € C1*+HF because f € Dg.
Now we notice that fr € C1tA+ by Lemma B35 using the definition fr := fro(T,-), where
fr € C+A)+ by definition of Dy and (T,-) € C* with Vi (T,-) € C=~ see Section
Since f}L = fT * pp, and the convolution with the mollifier p,, maintains the same regularity of
fr by [18, Lemma 2.4], then f2 — fr in CM+9+ see Section Finally again by Lemma
we have f7 o ¢(T,-) — fro¢(T,-) in CI+A+ as wanted.

Step 3: we prove that f* — f uniformly, in particular uniformly on compacts. From Step 1
we have that f” is the unique solution of (24)) in C7C A+, Moreover we recall that f is the
unique mild solution in the same space of Lf = g with terminal condition the value of the
function itself, fr = f(T'). We can now apply continuity results on the PDE (24]), see Section
22 to conclude that f* — f in CrCU+A+ . This clearly implies that f” — f uniformly, as
wanted. g

Remark 3.10. One could consider another transformation ¢ € CpDCPY which is space-
invertible with inverse v and define the PDE operator, loosely speaking, as Lf := Lf o 1.
We expect that the PDE L f = § is well-posed in the natural domain of L: this task would
involve extending the PDE theory developed in [18] to the case of a non-degenerate diffusion
coefficient different from the identity. In this case we expect that (X,P) solves the MP with
respect to L if and only if (p(X),P) solves the MP with respect to L.

From now on, let (™) be the sequence defined in [I7, Proposition 2.4], so we know that
b* = bin CrC—?, b™ € CrCY for all v € R and b™ is bounded and Lipschitz. Here and in the
rest of the paper A > 0 is fixed and independent of n, chosen such that

1
(25) A= [C(B,¢e) maX{Slrllp 16" | cpe—a+es 1Bl ope-a+2 3] 70,

according to [I8, Lemma 4.19], where € > 0 is such that 6 := &25_5 < 1 and C(B,¢) is a
constant only depending on 5 and e.

To conclude the section, we prove a continuity result for the transformed problem for Y
that will be useful when we will prove analogous continuity results for the original problem
for X. Let us denote by Y the strong solution of

t t t

26) VP =60.X0) A [ Vids— A [ (s ¥ds+ [ Ve (s, )W,
0 0 0

which is the counterpart of (I2]) when one replaces b with b".

Remark 3.11. We notice that the drift and the diffusion coefficient of (26]) are uniformly
bounded in n. Indeed the drift is given by ANy — "™ (s,y)) = Au"(s,¥"(s,y)) and the diffusion
coefficient is V" (s, 9™ (s,y)) = Vu(s,¥"(s,y)) + I4. Thanks [18, Lemma 4.9] we have for
every fixred o € (8,1 — )

lu"|cpeotr < RA(I0" | cpe—e) 10" lope—s < Ra(sup [[0"]|cpe—e) sup [[6" | ope-s)
n n

where Ry is an increasing function. Thus u, and Vu, are uniformly bounded in n.

Lemma 3.12. Let Y be the solution of SDE (26)). Then (Y™),, is tight.
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Proof. According to [19, Theorem 4.10 in Chapter 2] we need to prove that

(27) lim supP(|Yy'| >n) =0
n—0o0 n>1
and that for every ¢ > 0
(28) lim sup]P’< sup |V =Y > E) =0.
020021 N5 tef0,7]
ls—t|<d

We know that Yj" = ¢™(0, Xo) and Xy ~ u. By continuity results on the PDE (), see Section
221 we have that ¢" — ¢ uniformly and that

a:=sup||Ve"||oc < oo and b:=sup|¢™(0,0)| < oo.
n>1 n>1

So the first condition (27]) for tightness gives
P(Y™(0)] > n) = P(|¢"(0, Xo)[ > n)
< P([¢"(0,0) + [[VE" oo Xo| > n)
< P(a+ b|Xo| > n).
Noticing that a + b|Xy| is a finite random variable (independent of n) then we have (27)).

Concerning the second bound (28)) for tightness, we first observe that the classical Kol-
mogorov criterion

(29) B[l - Y < CJt - s/

holds for some positive constant C independent of n. The proof of this bound works exactly
as the the proof in [12] Step 3 of Proposition 29]: indeed, the process Y™ therein has the same
form as Y given by (26]). By Remark B.I1] we have that the drift and diffusion coefficients
are uniformly bounded in n, so that |12 Step 3 of Proposition 29| allows to show (29]).

Now we apply Garsia-Rodemich-Rumsey Lemma (see e.g. [3, Section 3|) and we know that
for every 0 < m < 1 there exists a constant C’ and a random variable I';, such that

Y7 =Y < Ot — 5T
with
1
30 E(l,) < ¢ C——T% ™,
(30) (T) < e O
where c is a universal constant. Consequently, for every € > 0 and for every n > 1

m_ 1
IP’( sup Y =Y > 6) :IP<5 < sup |Y"-Y] < C’/%(STF;*L)
s,t€[0,T s,t€[0,T
|s—t|<é |s—t|<é&
m_ 1
<P(= < c'35%TY)
o4
C'om
E(Tn),

<p(r, >

c'om

S

€

by Chebyshev. So using (B0) we have that sup, >4 ]P’< sups efo, Y7 —YS' > E) —0asd—0
|s—t|<s
and (28) is established. O
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Remark 3.13. When Yy =y is a deterministic initial condition, we know that (I2) admits
existence and uniqueness in law by [25, Theorem 10.2.2], because the drift and diffusion
coefficient are bounded by Remark[311] and the diffusion coefficients is continuous since V¢
and v are continuous and it is uniformly non degenerate since |Vulloo < %, see Section [2.2

4. THE MARTINGALE PROBLEM FOR X

In this section we solve the martingale problem for the process X, which formally satisfies
an SDE of the form

t
X; = X, +/ b(s, Xs)ds + Wi,
0

where W is a d-dimensional Brownian motion, the drift b is an element of CpC(—#)* that
satisfies Assumption [ATl and the initial condition X is a given random variable. To do so,
we first solve the problem for a deterministic initial condition and then we use this to extend
the result to any initial condition. We also derive some properties about said solution, such
as its link to the Fokker Planck equation and continuity properties.

We start with the case when the drift b is a function, by comparing the notion of solution to
the singular MP with the notion of solution in law of SDEs, and with the Stroock-Varadhan
Martingale Problem, see |25, Section 6.0]. We recall that (X, P) is a solution to the Stroock-
Varadhan Martingale Problem with respect to £ if for every f € C2°

(31) F000) = 1(0X0) = [ (GAFCX) + 9 (X, )b(s. X)ds

is a local martingale.

Lemma 4.1. Let b € CrC°*. Let (Q, F,P) be some probability space. Let Xo ~ pu. Then the
following are equivalent.

(i) The couple (X,P) is solution to the MP with distributional drift b.
(ii) The couple (X, P) is solution to the Stroock- Varadhan Martingale Problem with respect
to L.
(iii) There exists a Brownian motion W such that the process X under P is a solution of
dX; = b(t, X¢)dt + dW;.

Proof. (i) <= (iii) is the Stroock-Varadhan classical theory, see [25, Chapter 8].

(i) = (ii) For this it is enough to show that for every f € C2° (BI]) holds. This is true since
C° C Dy in this case.

(iii) = (i) We will make use of the spaces C*%([0,T] x R?) and C1**” for v € (0,1), which
have been defined in Appendix[Al Since b € C7C, by [I8, Remark 4.12] we know that the
unique solution u € CrC*+A* is also the classical solution as given in Theorem [A.3] hence
u € CY2. We set ¢ = id + u, which thus belongs to C*? so by It&’s formula applied to
Y = ¢(t, X;) where X is a solution to dX; = b(t, X;)dt + dW; we get that Y solves (I2]) with
initial condition Yy ~ v := u(¢(0,-)), where 1 is the inverse of ¢. Thus Theorem [3.9] implies
that (X,P) is a solution to the MP with (distributional) drift b and i.c. u, as wanted. O

Next we show the link between the law of the solution to the MP and the Fokker-Planck
equation, in particular we show that the law of the solution to the martingale problem with
distributional drift satisfies a Fokker-Planck equation.
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Theorem 4.2. Let Assumptions[A1 hold. Let (X,P) be a solution to the martingale problem
with distributional drift b and initial condition p with density vy. Let v(t,-) be the law density
of X; and let us assume that v € CrC’t. Then v is a weak solution of the Fokker-Planck
equation, that is for every ¢ € S we have

(32) (p0®) = o) + [ GApo(eNds+ [ (Tiru(s)bls)ds,
for allt € [0,T7.

Notice that the product v(s)b(s) appearing in the last integral is well-defined using point-
wise products ([B). We remark that the solution v is the unique solution of ([B2)) by [17,
Theorem 3.7 and Proposition 3.2].

Proof. 1t is enough to show the claim for all ¢ € C°. Indeed C2° is dense in S. Since
p e CF C D%, then we can apply the operator £ defined in Definition to v, and we
define Ly =: g. Clearly ¢ is a weak solution of the PDE Ly = ¢g with terminal condition ¢.
Moreover the function ¢ is time independent by construction. Using the definition of £ we
get for all s € [0,7] that

(33) (Lo)(s) = 580 + Vi b(s)

in C™? (having used the regularity of ¢ and the pointwise product ([@)). In fact since ¢
b(t,-) € C7P is a continuous function of time by (@) we have that Lo € CrC~P.

We now construct a sequence g" € CrCt that converges to g in CpC™? and that is
compactly supported. Let (b™),, be the sequence defined before (28], in particular it converges
to b in C7C~# and let us define ¢" := %Acp + Ve b™. Then clearly g" € CrC°* (in fact it is
more regular) and

19— 9" lcre-—s = IVe (b= b")lcpe-—s < IVellopest I =" lope—5s

and the right-hand side goes to 0 as n — oco. Moreover, denoting by K the compact support
of ¢, we have that also ¢” is supported on K.

Let us denote by u" the mild solution of Lu™ = ¢", u™(T') = ¢, which exists and is unique
in CpCA+A* | see Section Such function belongs to D, by definition of the domain D,
see ([I0). Since u™ € D, and (X, P) is a solution to the Martingale Problem with distributional
drift b then we know that

t
W (1 Xy) — u"(0, Xo) —/ L (s, X,)ds
0

is a martingale under P. We denoted by w(t,-) the law density of X;, thus taking the expec-
tation under P we have

(34) /Rd u™(t, z)v(t, z)de — /Rd u™(0, z)vo (z)dz — /Ot /}Rd(ﬁu")(s,x)v(s,x)da:ds = 0.

We now consider a smooth function xx € C° such that xx = 1 on K. Since ¢g" is
compactly supported on K and Lu"™ = g", we can rewrite the double integral in (34]) as

/Ot L s axas = | t [ (€ s.z)ots. ) (@)dods
- [ ey 6pets) s,

0
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where the dual pairing is in S,8’. By continuity properties of the PDE Lu™ = ¢" with
terminal condition u"(T") = ¢ (see Section 22 we know that since g" — g in C7C~” then
u" — ¢ in CrCOTA+ since ¢ is the unique solution of Ly = ¢ with terminal condition
u(T) = ¢. Thus taking the limit as n — oo of the above dual pairing we get

t

(35)  lim <(ﬁun)(8)v(8),><1<>ds=/0 ((Le)(s)u(s), xx)ds

n—o0 0

= [ GACIE). k) + (Toloe)o(s).xi)ds

L1
= [ GAc) s + [ (Telspen(s) xn)ds.
Now we prove that the latter dual pairing in ([B5]) can be rewritten as

(36) (Veo(s)b(s)o(s), xx) = (Vep(s), b(s)v(s)),

for all s € [0,T]. Indeed, the LHS of (36]) is well-defined because yx € C2° and the distri-
bution Vi(s)b(s)v(s) is actually an element of C~# because of Bony’s paraproduct (&) and
of the regularity v(s) € C%* and b(s) € C~#. The RHS of (36) is also well-defined, but now
the test function is Vo € C2° and the distribution is b(s)v(s). To show that (36]) holds we
observe that by the continuity of the product (@) we have b"(s)v(s) — b(s)v(s) in C7# (in
fact uniformly in s € [0,7]) and thus we can write

(Vip(s)b(s)0(s), Xxc) = Tim (Vo ()b (5)0(5), xe)

= lim V(s,z)b" (s, x)v(s, z)xk (z)dx

n—oo Rd

= lim Vo(s,z)b" (s, z)v(s,x)dx

n—0o0 Jpd
= lim (Vip(s), b" (s)u(s))
= (V(s),b(s)v(s)),

for all s € [0,T], which proves (30]).
To conclude it is enough to take the limit as n — oo in ([B4]) and use (B3] and (B0) to get

2). O

The following is a continuity result for the martingale problem. Let (b™),, be the sequence
defined in [17, Proposition 2.4], so we know that b” — b in CrC~#, b € CpCY for all v € R
and b" is bounded and Lipschitz. We denote by X" the (strong) solution to the SDE

t
(37) X' =X, + / b (s, X™)ds + Wi,
0

where Xg ~ p.

Theorem 4.3. Let Assumptions [A1l hold. Let (b™), be a sequence in CrC=P+ converging
to b in CrCB. Let (X,P) (respectively (X™,P™)) be a solution to the MP with distributional
drift b (respectively b™ ) and initial condition p. Then the sequence (X™,P™) converges in law
to (X,P). In particular, if b* € CC’* and X™ is a strong solution of

t
X' = X, + / b"(s, X™)ds + Wi,
0

then X™ converges to (X,P) in law.
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Proof. The proof is identical to that of [12, Proposition 29]. In particular Step 4 therein deals
with the convergence in law of Y™, which is the solution of SDE (26]), and Step 5 with the
convergence in law of X™. Notice that the drift b therein is in a different Sobolev space than
ours (Bessel potential spaces instead of Holder-Besov spaces), and the initial condition in [12]
is deterministic, but the setting is otherwise the same. The only tools used in Step 4 and
5 are the tightness of Y, which we proved in Lemma B.I2] and the uniform convergence of
u™ = u, Vu™ — Vu and " — 1, see Section Finally setting X; := v (¢,Y}) for t € [0,T],
then (X,P) is the unique solution to the martingale problem with distributional drift b and
initial condition p by Theorem B.9] because (Y, P) is the unique solution to (I2)) with initial
condition Yy ~ v where v is the pushforward measure of u through ¢.

It remains to prove the last claim of the theorem, which follows because X" is also a
solution to the MP with distributional drift 5™ by Lemmal4.1], so the first part of the theorem
can be applied. O

The first existence and uniqueness result is for the solution to the MP with distributional
drift b and deterministic initial condition Xg = x. We will extend the result to any random
variable in Theorem below.

Proposition 4.4. The martingale problem with distributional drift b and i.c. 8, for x € R,
admits existence and uniqueness according to Definition [T

Proof. Let (X,P) be a solution to the MP. Setting Y; = ¢(¢, X;) and Yy = y := ¢(0,x), by
Item (i) of Theorem [B.9 we have that (Y,P) is a solution in law to (I2]). By Remark BI3] the
solution (Y, P) is unique, hence the law of X under PP is uniquely determined.

Existence follows from the fact that equation (I2]) with Yy = y has a solution in law, say
(Y,P), again by Remark B.I3l Then setting X; := (t,Y;) by Item (ii) of Theorem we
know that (X, P) is a solution in law to MP with distributional drift b and i.c. d,. O

Next we extend the existence and uniqueness result of Proposition 4.4 to the general case
when the initial condition X is a random variable rather than a deterministic point.

Theorem 4.5. Let Assumption [AQ hold and let p be a probability measure on R%. Then
there exists a unique solution (X,IP) to the martingale problem with distributional drift b and
inatial condition Xg ~ p.

Proof. Existence. The idea is to use a superposition argument in order to glue together the
solutions of MP with a deterministic initial condition z, for all possible initial conditions x.
This is implemented using the process Y; = ¢(t, X).

We have the measure y on (RY, B(R?)) which is the law of the initial condition X, and we
define a new measure v on the same space given by v(B) = u((0, B)) for any B € B(R?).
Notice that v is the pushforward of ;i through the function ¢, where ¢ = ¢! has been
defined in (), thus v plays the role of the initial condition for the process ¢(t, X;). Let YV
be the canonical process and PY be a law of the canonical process on Cp such that (Y,PY) is
the unique weak solution to (I2)) with Yy = y. Then it is known by [25, Theorem 7.1.6] that
y x C +— PY(C) is a random kernel for y € R? and C € B(Cr), hence the probability P given
by

(33) P(C) = / PY(C)u(dy)

is well-defined. Setting X; := v (¢,Y}), our candidate solution to the MP with distributional
drift b and initial condition p is (X, P). First we observe that for any C' € B(Cr) of the form
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C = {w : wy € B} with some B € B(R?), we have
(39) PU(C) = PV(w € C) = PY(Y € B) = 15(y),

having used that PY-a.s. the canonical process Y is such that Yy = y. This will allow us to
show that the initial condition Xy has law y. Indeed, for any A € B(R%) we set B = ¢(0, A)
and we calculate

(40) (X € A) = B@(0,Yy) € 4) = P(Y € 6(0, A)) = P(Y; € B).

Now using the definition (B8]) of P and setting C' = {Yy € B} we have P(Yy € B) = P(C) =
[PY(C)r(dy) and by ([B9) we have

(41) B(Yp € B) = /B v(dy) = v(B) = v((0, 4)).

Finally using the definition of v and the fact that 1 is the inverse of ¢ we have P(Xy € A) =
P(C) = u(A) as wanted.
Next we show that for every f € D, the process

(42) MI(X) = f(u, Xu) — £(0, Xo) — /O (L) X, )dr,

is a martingale under P, that is for ever f € D, and Fs bounded and continuous functional
on Cs we have

E[M{ (X)F.(X)] = E[M{ (X)F (X)),
for all 0 < s <t < T. Indeed we notice that under PY we have Yy ~ d, hence Xy ~ 5¢(0,y) =
dz. Moreover (Y,PY) is a solution of (I2]) with i.c. Yy = y, hence by Theorem part (ii)
we have that (X. := ¥(-,Y.),PY) is a solution to the MP with distributional drift b and i.c.
X ~ 0, thus by the definition of P given in (B8] we get

E[(M{ (X) — MJ (X)) F(X)] = / EY[(M] (X) — M (X)), (X)]v(dy) = 0,

where we denoted by [EY the expectation under PY.
Uniqueness. Here the idea is to use disintegration in order to reduce the MP to MPs with
deterministic initial condition. We proceed by stating and proving two preliminary facts.

Fact 1: A couple (X,P) is a solution to the MP with distributional drift b and initial
condition Xy if and only if

(43) E[M] (X)Fy(X)g(Xo)] = E[M{ (X)F(X)g(Xo)],

for every f € BEf,F, € Efs,g € E9 and 0 < s <t < T, where MJ(X) is given by
(@), the set E9 is a dense countable set in C.(R), E/ is a dense countable set in
D, and EF* is a countable set of bounded continuous functionals such that for every
bounded continuous functional F, € Cy there exists a sequence (F*) C E* such that
FI" — F in a pointwise uniformly bounded way, see ([@7)). We remark that FE9 exists
because C,(R) is separable by [I8, Lemma 5.7 (ii)], £/ exists because D, is separable
by Proposition 3.3l and E** exists by Lemma .6, whose proof has been postponed at
the end of this section.

This fact can be seen as follows. First we use Lebesgue dominated convergence
theorem to see that Fact 1 is equivalent to the validity of ([@3)) for all f € D, Fs € Cq
and g € C,.. Since M/ are bounded processes, if M/ is a local martingale, then it
is also a true martingale, hence the martingale problem is equivalent to (@3] for all
f€Dr, FseCsand g € C..
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Fact 2: Let (X,P) be a solution to the MP with distributional drift b and i.c. u. There
exists a random kernel P* such that P = [P*du(z), where for p-almost all z € RY,

P* lives on {w € Q : Xyp(w) = 2} and for any bounded and continuous functional
G: C[0,T] — R we have

(44) BG(Y) = [ BA(GX)n(a).

where E and E* stand for the expectation under P and P respectively.
This follows from the disintegration theorem of Dellacherie Meyer [8, Chapter III,
nos. 70-72].

We now proceed with the proof of uniqueness. Let (X', P1) and (X?2,P3) be two solutions
to the MP with distributional drift b and initial condition Xy ~ u. Without loss of generality
we can suppose that X! = X2 = X is the canonical process on Q = Cr = C ([0, T]; R?%). Since
(X*,P;),i = 1,2 is a solution of the MP, then by Fact 1 we have

Ei[(M] (X) — MI(X))Fy(X)g(Xo)] = 0,

forall 0 <s<t<T,ge FI, feEland Fy, € E™ and i = 1,2. We now apply Fact 2 to
both P; and Py, and in particular (44) with G(n) = (Mtf(n) - Mtf(n))Fs(n)g(no) to rewrite
the above equality as

(15) L B0 06) = M COIR(X)g(Xo)ld(z) =0

for every g € E9,f € Ef,F, € Efs and 0 < s <t < T and i = 1,2. Now we recall that for
p-almost all z, we have Xo(w) = z, P¥-a.s., thus equation ([@5]) becomes

[ @B () = M (O R(X)du(z) = 0

for every g € B9, f € Ef ,F, € Efs and 0 < s <t < T and i = 1,2. Since g is arbitrarily
chosen in a dense set of C.(R) then we have

(46) EZ[(M{ (X) - MI(X)F,(X)] =0 p-ae.,

for every f € Ef F, e EFs and0< s <t <T and i = 1,2. Note that (4@]) is true because the
sets Fy, ET and E are countable. By Fact 1 this means that the couple (X, P?) is a solution
to the MP with distributional drift b and initial condition J,, for ¢ = 1,2 for u-almost all
z. By Proposition d4] we have uniqueness of the MP with deterministic initial condition 0,
hence for p-almost all 2 we have P = P§. Thus recalling the disintegration P; = [ P¥du(x)
for i = 1,2 from Fact 2, we conclude Py = Py as wanted. O

We conclude the section with the proof of a technical result used in Fact 1 in the proof of
Theorem

Lemma 4.6. There exists a countable family D of bounded and continuous functionals Fy, :
C[0,T] — R such that any bounded and continuous functional F' : C[0,T] — R can be
approzimated by a sequence (F,), C D in a pointwise uniformly bounded way, that is

F,, — F pointwise

(47) sup sup |F,(n)| < .
n neC[0,T]
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Proof. We set T' =1 without loss of generality. Let n € C[0,1]. By [I8, Lemma 5.5] we know
that the function ¢t — F(n(t)) can be approximated by F,(n(-)) := F(B,(n,-)), where (By)n
are the Bernstein polynomials defined for any function n € C[0, 1] by

n
En -
tjlt

J

Notice that the convergence is uniform in ¢t. Now for fixed n and yg, y1, . . ., ¥n € R we consider
the function f on R"*! defined by

(n
f(y07y17"'7yn = Zy] TL ]<]> )

so that F,(n) = f(n(2),n(2),...,n(%)). Notice that sup,ccro,r) [Fn(m)] < [|Fllocc. We have

n
thus reduced the problem to approximating any continuous bounded function f : R**! — R.

We further reduce the problem to continuous functions on [—M, M]**! by restriction, for
some M > 0. Indeed, a function f : [-M, M]""! — R can be naturally extended to a

bounded continuous function f on R"*! by setting for x € R*+!
f(@) = flxr V(=M)AM,... 2pp1V (=M) A M).

One can see that C([—M, M]"*1) is separable by Stone-Weierstrass theorem. We denote by
D,, n the dense set in the set of bounded and continuous functions from Rt 5 R.
The proof is concluded by setting D := UpenD),, where

D,, = {F :C10,1] > R: F(n) := f(n(%),n(%), —,n(%)),n € C([0,1]) for some f € Dn7ﬁn},

which is a countable set of bounded functions. Then for any bounded and continuous func-
tional F' : C[0,T] — R we construct the sequence (F},), that converges to F' pointwisely
by choosing the appropriate element F,, € D,,. Since the convergence in C([—M, M]|"*1) is
uniform we also have sup,, sup,cco,r) [#(n)| < oo. O

Remark 4.7. One could also define the domain Dy of the martingale problem as a subset of
the smaller space CrCE=P)~ instead of the larger space CrCAP+ . On the other hand, one
could enlarge the domain by choosing functions with linear growth, namely in CpDCPY. In
both cases the analysis of the resulting MP is similar and should lead to an equivalent problem
to the one studied in the present paper. We leave these details to the interested reader.

5. THE SOLUTION OF THE MP AS WEAK DIRICHLET PROCESS

In this section we investigate the dynamics of the solution to the martingale problem.
We notice that a solution to the martingale problem with distributional drift b is not a
semimartingale in general. Indeed already in the fully studied case of dimension d = 1, see
[14] Corollary 5.11], one sees that the solution is a semimartingale if and only if b is a Radon
measure. We can however discuss and investigate other properties of this process, which
turns out to be a weak Dirichlet process, and we identify the martingale component of the
weak Dirichlet decomposition.

We start with the definition of weak Dirichlet process, that can be found in [15], see also
10, [11].

Definition 5.1. Let X be a continuous stochastic process and let FX denote its canonical
filtration.
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o A process o is said to be an FX-martingale orthogonal process if [N,.27] = 0 for
every FX -continuous local martingale N.

e The process X is said FX-weak Dirichlet if it is the sum of an F* -local martingale
M and an FX-martingale orthogonal process < .
When oy = 0 a.s., we call X = M + o7 the standard decomposition.

Remark 5.2. e Previous definitions are related to the underlying probability P.
o The standard decomposition of a FX -weak Dirichlet process is unique.

In the remainder of the section, we let (X,[P) be the solution to the martingale problem
with distributional drift b and initial condition p, and let Assumption [A1l hold.

Proposition 5.3. Let f € C%([0,T] x R?). Then f(t, X;) is an FX-weak Dirichlet process.
In particular X is an FX -weak Dirichlet process.

Proof. We recall that by Theorem X = (t,Y;) where ¢ € C% and (Y;); is an FX-
semimartingale. Then f(t, X;) = (f o ¥)(t,Y;) is a C%! function of a semimartingale, hence
it is a weak Dirichlet process by [I5, Corollary 3.11]. O

From now on we denote by f(t, X;) = M/ + sztf the standard decomposition of the weak
Dirichlet process f(t, X;) for f € C%1.

In what follows we compute the covariation process between two martingale parts Mf and
M?", for two functions f,h € C%'. To do so we first need some preparatory lemmata dealing
with functions in some subspace of D;. We denote by D} the space given by

(48) Df .= {f such that 3f € C1? and f = f o ¢},
which is obviously and algebra. Moreover it is a linear subspace of D, by Lemma 3.8

Proposition 5.4. For f,h € D} we have

(49) L(fh) = (Lf)h+ (Lh)f + VfVh.
Proof. Let f,h € D} and let us compute the time derivative of the product fh. We have
(50) Oi(fh) = hof + fOih,

which makes sense as we see below. Indeed, ho; f is well-defined because h € CpC A+6)+ and
Of=Lf—FAf—Vfbisan element of CpCB—D+ . The latter holds because Lf € CpCOT,
SAf € CrCP=Yt and Vfb e CrCP, with (8 — 1) < —4. Similarly for fo;h.

We also calculate the Laplacian of fh

(51) %A(fh) = %(hAf+2Vth+fAh),

where we recall that V fVh := V. Vh, and we calculate the transport term

(52) bV(fh) =bVfh+bVhf,

which are well-defined by similar arguments. Collecting (B0)), (5I) and (52]) then equality
(#9) follows. O

Lemma 5.5. Let f,h € Dj. Then

(53) M, M, = /0 (V£) (s, X.) (V) (s, X,)ds.
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Proof. By Proposition 5.4, fh € D} C Dr, so using the martingale problem, Proposition
(.3 (and considerations below) together with the uniqueness of the standard weak Dirichlet
decomposition we have

(54) (fR)(t, X¢) = MT" + /0 t L(fh)(s, Xs)ds,

having incorporated the initial condition (fh)(0,Xy) in the martingale part M/9 so that
szftf h fo (fh)(s, Xs)ds hence o7 =0 as required. It holds also

(55) Flt, X)) = M +/0 Lf(s, Xs)ds
(56) h(t,X;) = M} + /Ot Lh(s, X)ds.
Integrating by parts (fh)(t, X;) and using (63 and (G8) we have
(00 = [ 7o X, X+ [ bl XA 5, X0) + LX), X

57) —a+ [ ' Fls, Xo)(LR) (s, X )ds + / s, X0) (L) (5, Xo)ds + (M7, MM,

where (.#;); is some local martingale. Equations (54]) and (57)) give two decompositions of
the semimartingale (fh)(t, X;). By uniqueness of the decomposition and taking into account
Proposition [5.4] the conclusion (53] follows. O

Remark 5.6. We notice that both sides of (53) are well-defined also for f,h € C%L.
Lemma 5.7. D% is dense in C%1([0,T] x R%).
Proof. Let x : R — Ry be a smooth function such that

0 x>0
x(z)=<¢ 1 < -1
€(0,1) xe(-1,0).

We set xy, : R? = R as xn(z) := x(|z|] — (n +1)). In particular
0 lz| >n+1
Xn(z)=1¢ 1 lz] <n
€ (0,1) otherwise.
Let f € C%'. Let us define f := fo € C% and f, := X Since f,, — f in C%! also

fn = fno¢ — fin C%, hence we reduce to the case where f = f o1 has compact support.
We set

N il
fm(t,z) := m/ (f *x pm) (s, x)ds,

where p;, is a sequence of mollifiers with compact support and x denotes the space-convolution.
Then f, € Cloo([O T] x RY) and f,, — f in C%! hence f, := fn0 ¢ — f in COL. O

Theorem 5.8. Let f,h € C%'. Then

(58) = [ (V)5 X (Vh)(s, X )ds.
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Proof. First we notice that (58) holds for every f,h € D by Lemma Each side of (B8]
is well-defined for f,h € C%! by Remark Moreover by Lemma [5.71 D} C C%! is a dense
subspace.

Next we show that, for fixed h € D7, the map f — [M f,M"] is continuous and linear
from C%! to C. For this we make use of Banach-Steinhaus theorem for F-spaces, see e.g.
[9 Theorem 2.1]. Indeed, the space C%! is clearly an F-space, and so is the linear space
of continuous processes C equipped with the ucp topology. Let [M oM h]€ denote the e-
regularization of the bracket [M7, M"], see [23] Section 1] for a precise definition. Let h € D}
be fixed. The operator T¢ : f s [Mf, M") is linear and continuous from C%! to C. Finally
[M7, M"] is well-defined as a ucp-limit of [Mf, M"]%, see [23, Proposition 1.1]. Thus by
Banach-Steinhaus the map f ~— [Mf, M"] is continuous from C%!. Since both members of
(58) are continuous and linear, then (E8) extends to all f € C%! and h € Ds.

Finally let f € C%! be fixed. By the same reasoning as above we extend (58) to h €
Col, O

Corollary 5.9. The map f — /7 is continuous (and linear) from C%' to C.

Proof. Since f, — 0 in C%! then f,(-,X) — 0 ucp. By Theorem B8 [M/*] — 0, and
taking into account [I9, Chapter 1, Problem 5.25] we have that M7 — 0 ucp. Using the
decomposition f(-, X) = M7 + o/ we have o/ — 0 ucp and the proof is concluded. O

Remark 5.10. Let id;(x) = x;. Then id; € C%'. Setting M = (M% ... M“)T then by
Theorem [5.8 we have

(M M, = 55t
Hence by Lévy characterization theorem this implies that M**— X is a standard d-dimensional
Brownian motion. We denote this Brownian motion by WX.

Proposition 5.11. For f € C%([0,T] x R%) we have
t
M = 0.X0) + [ Vi(s.X) - b
0
Proof. Recall that we write

(59) ft, X)) =M + a7,

where the right-hand side is the standard (unique) decomposition of the left-hand side, as an
FX_-weak Dirichlet process. In particular o7/ is an F¥X-orthogonal process with %f =0 and
M/ is the martingale component. We define <7/ so that

t ~
£t X0) = £(0, Xo) + / Vf(s, Xs) - dM9 4+ 77
0
We will prove later that

(60) (277, N] = 0 for all continuous local FX-martingales N.

From (60) we have that o1 is an FX-martingale orthogonal process with <7; S = (0, Xo) —
f (NO, Xo) = 0, thus by uniqueness of the decomposition of weak Dirichlet processes it must be
/T = o/T and therefore

M} = £(0,Xo) +/Ot Vf(s,X,) dM9,
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as wanted. It remains to prove (G0). By definition of «// and (5J) we have

T Ny = [f(. X), N, — | /0 V(s X,) - dM9, N,

(61) =M/, N], - /Ot Vs, X,)-d[M9, N],

having used the weak Dirichlet decomposition f(-,X) = Mf 4 o/f, where &/ is an FX-
martingale orthogonal process. Regarding N, now we observe that by Kunita-Watanabe
decomposition there is an FX-progressively measurable process ¢ and an orthogonal local
martingale O such that

N, :N0+/t§5-thid+Ot.
Thus the covariation with M4 gives '
(MY N, = [M, /0 £ - AMM), = /Ot &ds,
since [Mdi, M), = §; ;t by Remark We calculate [M/, N]; using Theorem 5.8 to get

. t t
[Mf,N]t:[Mf,/O fs-dMSid]t:/O §S-d[Mf,Mid]S:/0 - Vf(s, X,)ds.

Plugging these two covariations into (G1)) we get

~ t t
(N = [ &V X)ds - [ V(X)) eds =0,
0 0
which is (60) as wanted. O
We conclude this section with some final remarks.

Remark 5.12. (i) We recall that Dj C Dy C C%Y. Thus for f € D} by uniqueness
of the weak Dirichlet decomposition and by the Martingale Problem we have «/7 =
fot(ﬁf)(s,Xs)ds. Therefore we have that f s </t is the continuous linear extension
of f— fot(ﬁf)(s,XS)ds taking values in C.

(i) We recall that the function id; solves PDE (B) so we have Lid; = b*, see Section
[22. Hence taking f = id; for some i € {1,...,d} one gets X = M + o/*%  where
formally

t
r/(Z{idi — 44/ bi(S,Xs)dS”
0
by the first point in this Remark. Putting all components together one would get indeed
_ _ t
M%d — (%ld@)i — u/ b(S,Xs)dS”.
0

Plugging this into the decomposition id(X;) = M+ .7 and using Remark[5.10 gives
the (formal) writing

t
X, = Xo+ WS + / b(s, X)ds”
0

as expected. Notice however that in general id; ¢ D since b € CrC~ P so0 in general
b ¢ CrCOT. This is why the writing above is only formal. We will introduce an
extended domain in the mext section to make this argument rigorous.
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6. GENERALISED SDES AND THEIR RELATIONSHIP WITH MP

In this final section we investigate the dynamics of the process X which formally solves the
SDE dX; = b(t, X;)dt + dW; and compare it to the solution to the martingale problem. First
we define a notion of solution for the formal SDE, a definition that amongst other things
involves weak Dirichlet processes. We show that any solution to the MP is also a solution of
the formal SDE and a chain rule holds (Theorem [6.5]). Finally we close the circle by showing
that, under the stronger assumption for X to be a Dirichlet process, X is a solution to the
formal SDE is equivalent to being a solution to the MP (Corollary [6.13]). We recall that X
is an FX-Dirichlet process if it is the sum of an F¥X-local martingale plus an adapted zero
quadratic variation process.

We make a further technical assumption on the support of the singular drift b. This
Assumption is a standing assumption until the end of the paper.

Assumption A2. Let b € CT5£_5)+.

As mentioned above, the idea of the current section is inspired by Remark [5.12]and consists
in further investigating to which extent our solution to the martingale problem is the solution
of an SDE of the form

t
Xt = XO -+ WtX + “/ b(S,Xs)dS”,
0

where Xy ~ p. We note that if b = [ were a function, the interpretation of fg I(t, X¢)ds”
would indeed be the integral fg I(t, X¢)ds. In particular, fg I(t, X¢)ds is well-defined for any
I € CpCY". We will study various properties of | fg I(t, X¢)ds for a reasonable class of
distributions [ (which includes for example b € C’T(fg_ﬁ * from Assumption [A2)), proceeding
similarly to [21].

Let us recall that without specific mention there is an underlying probability P.

Definition 6.1. We say that a process X fulfills the local time property with respect to a
topological vector space B D CrCt if CrCot is dense in B and the map from CpCOF with
values in C defined by

t
lb—)/ l(s, Xs)ds
0

admits a continuous extension to B (or equivalently it is continuous with respect to the topol-
ogy of B) which we denote by AXB.

Notice that this notion has been first defined in a different context in [21], Definition 6.1],
see also [21, Remark 6.2] for the links to local time. Using the local time property we now
introduce a notion of solution to SDE which is different from the martingale problem. We
will then study its properties and links to the solution to the martingale problem.

Definition 6.2. Given b € B C S'(R?%) we say that X is a B-solution to
t
Xt = X() + Wt + / b(t,Xt)dS,
0

if there exists a Brownian motion W = WX and
(a) X fulfills the local time property with respect to B;
(b) be B;
(¢) Xy = Xo+ W+ AFP(b);
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(d) X is an FX-weak Dirichlet process.

Remark 6.3. Some examples of B are B = CpC°" and B = CrCAT Indeed, COF is
dense in C& T since by [18, Lemma 5.4 (i)] S € C%* and S is dense in el Finally by
[17, Remark B.1] we conclude that C7COF is dense in el

Below we will investigate B-solutions for B = C7C. . We denote by
(62) D? := {f € D} such that g := Lf € B}.

Remark 6.4. Let B = C’Tég_BH. Notice that f = id € DE and Lid = b, in the sense that
Lid; =b' for alli=1,...,d as recalled in Remark 5123 item (ii).

Theorem 6.5. Let B = CTC_£_6)+. Let (X,P) be the solution to the martingale problem with
distributional drift b and i.c. p. Then there exists a Brownian motion WX with respect to P
such that X is a B-solution of

¢
Xo = Xo+ WXt [ (s, X.)as,
0
where Xg ~ . Moreover, for every f € DE we have the chain Tule

(63) ft.x0) = 10.%0) + | (V)5 X -dWE 4 AXB (L)

and the equality
(64) ARP(Lh) = o

Remark 6.6. Notice that point (c) in Definition[6.2 provides the standard decomposition of
the weak Dirichlet process X, where the local martingale component is given by Xo+ WX and
the martingale orthogonal process is given by AtX ’B(b) = o in view of (64) and Remark
0. 4).
Proof of Theorem [6.3. For ease of notation we write AX in place of
Let (X,P) be the solution to the martingale problem with distributional drift b and i.c.
1. We have to show that the four conditions of Definition are satisfied. Clearly b € B
which is point (b) of Definition By Proposition 5.3}, for every f € C%! we have that
f(t, X;) is an FX-weak Dirichlet process, hence X is also a weak Dirichlet process (point (d)
of Definition [6.2]) with decomposition

Ft, Xe) = M + o7

Next we check the local time property, which is point (a) of Definition We use that X

solves the martingale problem for every f € Dy C C%! (thus f(t, X;) — fot(ﬁf)(s, Xs)ds is a
local martingale) and uniqueness of the weak Dirichlet decomposition to get

AX,B

t
(65) o = [(£h) (s X ds = 2% (),
0
where the second equality holds because £f € CrC2t. We want to show that AX extends to
allge B = CT5£_5)+. Let us denote by 1" the map

T: P o opDeft
g — T(g) =,
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where v is the unique solution in CrC+A)+ of PDE
Lv=yg
v(T) =0,

which is PDE (B]) with vy = 0, see Section[Z.2l It is clear that for f € Dy and g = Lf € CpCo
we have T'(g) = f so that (64]) writes

2T = AX(g).

Now we recall that g — T'(g) € CpC (1+6)+ ¢! is continuous, see Section 2.2, in particular
when g, — ¢ in CrC. " then frn=T(g,) = T(g9) = f in CCHHA+ < €%, Moreover by
Corollary also the map f — o7/ is continuous from C%! to C. Now we use the density

of CrC2* in C’T(fg_ﬁ )+ to conclude that the local time property holds and also (64]) holds.
Point (c) in Definition ([6.2]) follows from the chain rule (63]) (shown below) for f = id using
Remark

It is left to prove that the chain rule (G3) holds. We define WX := M9 — X,, which is
a Brownian motion by Remark [I0l First we prove that (63]) holds for f € D,. Indeed by
Proposition 51T we know that M = £(0, Xo) + fg(Vf)(s,Xs) -dWZX so using that X is a
solution to the martingale problem we easily get that (G3]) holds for f € D,. In order to
extend it to f € D]g, we use the operator T' and rewrite the chain rule (G3]) as

(66) (Tg)(t, X) — (Tg)(0, Xop) - /0 V(Tg)(s, X,) - AW = AX(g),

for all g € B = CrCUPT . Notice that [66) holds for g € CpCYT since (63) holds for
f € D with Lf = g. The left-hand side of (G6]) is continuous from B to C because it is the
composition of continuous operators. The right-hand side of (G6) extends from g € CpCOT
to g € B by the local time property (a). Since C7COT is dense in B then (B6) extends to B,
which is (63) as wanted. O

Remark 6.7. Notice that if, in the previous proof, we defined the solution operator T using
a different terminal condition vy € CATAT v #£ 0, it would have led to the same operator
AXB - This can be seen by noticing that the operator is the unique extension of the integral
operator | — fotl(S,Xs)dS.

We now introduce a refined notion of B-solution, which will be used later.
Definition 6.8. We say that X is a reinforced B-solution of
¢
Xt = Xo+ W+ / b(t, X;)ds
0
if
(i) it is a B-solution of the SDE in the sense of Definition [6.2;
(i) for any f € 02’2’3, where
.1 _
cpP = {f e C}* such that f + SAf € CrCo* and Vfb € B},

then

(67) /0 t(Vf)(s, X,) - d7ANE(b) = ASP(VFD),
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where the forward integral d— A is the one given in [22] in the one-dimensional case,
which can be straightforwardly extended to the vector case. In particular, for a locally
bounded integrand process Y and a continuous integrator process X we denote

t d t
/Ys-d‘XS:Z/ Yid- X!

Remark 6.9. (i) When b € CrCot and f € Cp° then Vb € CrCY because we can
choose the approximating sequence by — b with compact support to construct the
approzimating sequence V fby, — V fb. In this case equality (67) holds because both
members are equal to fOt(Vf b)(s, Xs)ds. Thus it is natural to require the condition
©7).

(ii) In the case B = CTC_£_6)+ we notice that the condition V fb € B is always satisfied.
Indeed Vf € CrCP* and b € B thus by @) Vfb € CrCPt. Finally Vfb €

CTC_£_B " because we can construct the compactly supported sequence by considering

V fb,, where b, is the compactly supported sequence that converges to b in CTC_£_B )+,

using again (dl). Thus C’;’z’B reduces to

.1 _
{f € C}* such that f + SO € CpCo*}
and does not depend on B.

Next we want to consider the case when X is an FX-Dirichlet process i.e. the sum of an
FX-local martingale and a zero quadratic variation process. In this case we show that the
notion of solution of the martingale problem with distributional drift is equivalent to the one
of the reinforced B-solution. Let us start with a remark.

Remark 6.10. If X is a B-solution which is an F~-Dirichlet process, then (X, X = tiy.
Indeed, by Remark we have that Xy = WX + AX(b) is the standard decomposition of the
weak Dirichlet process X, and by the uniqueness of the weak Dirichlet decomposition and the
fact that X is an FX-Dirichlet process then A (b) is a zero quadratic variation process and
so [ X, X, =tly.

Proposition 6.11. Let B = CTC_£_6)+. If (X,P) satisfies the martingale problem with
distributional drift b and X is an FX-Dirichlet process, then X is a reinforced B-solution
according to Definition [6.8.

Proof. First we notice that point (i) of Definition is satisfied by Theorem Next we
check point (ii) and we write AX instead of A%P for ease of notation. Let f € C; 28 Using

the weak Dirichlet decomposition since f € CI} 2 we have
f(t.X0) = M+ Af
t
(68) = 7(0.X0)+ [ (90 X) - AW + A,
0

having used Proposition [B.11] to express the martingale component part.

On the other hand, it easily follows that f € DﬁB defined in ([62), because Lf = Vfb+g
where g == f + %Af € CrC’* C B by assumption, and Vfb € B as seen in Remark [6.9]
item (ii). Since X is a B-solution and an FX-Dirichlet process, by Remark we have
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[X,X]t = tly. So by applying a slight adaptation of Itd’s formula [23] Theorem 2.2] to
t, X;) for f € C1? we have
f( b

F(t. X3) =£(0, Xo) + / (V)(r, X,) - dWX + / (VF)(r, X,) - d-AX(b)
0 0
t 1
+/0 (3tf+§Af)(r,Xr)dr

t t
=£(0, Xo) + / (V) Xp) - dWX + / (VF)(r, Xp) - d”AT(b)
0 0
1
(69) +A§((8tf+§Af).
We recall that 0, f + %Af € CrCY* since f € C;’2’B, and so AX (9, f + %Af) is trivially

well-defined. On the other hand 0, f + %Af =Lf—-Vfb, where Lf Vfbe B as noticed in
Remark [6.9] item (ii), thus we can write

AF(OUf + GAF) = AV (L~ VF8) = AX(LF) ~ AV (V$D).
Plugging this into (69) and comparing with (G8]) we get
Al = [[(O0:X0) 44X+ AY D) - A (V1)
hence applying (B2) we conclude. 0

The next result is the converse statement of Proposition [6.11]

Proposition 6.12. Let B = CTE£_6)+. Let P be a probability measure on some measurable
space (2, F). Let X be a reinforced B-solution according to Definition [6.8, which is also an
FX_Dirichlet process. Then (X,P) solves the martingale problem with distributional drift b.

Proof. We need to show that for every f € D,

£ X0) — £(0, X0) /0 (Cf)(r. X, )dr

is an FX-local martingale under P. Since f € D, we know that there exists | € C7C2T such
that Lf = [. By the density of S into C_é_B)JF, see [I8, Lemma 5.4] and using [I7, Remark
B.1] we see that C7S is dense in C’Tég_ﬁ )* . Thus we can find a sequence (by,), such that
b, € CrC* and b, — b in CrCA*. Let Lou := dyu+ %Au + Vub,, and let us consider the
PDE L, f, =l and f,(T) = f(T). By [18, Remark 4.12] we know that the unique solution
frn € C7CHA)F is also the classical solution as given in [20, Theorem 5.1.9], hence f,, € C’; 2,
We recall that X is a B-solution in the sense of Definition and it is an FX-Dirichlet



30 ELENA ISSOGLIO AND FRANCESCO RUSSO

process hence, taking into account Remark [6.10, by It&’s formula [24] we have

t

fult; Xi) :fn(07X0)+/() (an)(&Xs)'dWer/o (Vfu)(s, Xs) - d7ADE (b~ by)

1

+ [ (V6 X, Xods 4 5 [ (AL Xds + [ (@uf) s X,

t

:fn(O,Xo)Jr/O (an)(s,Xs)-dWSJr/O (Vfnu)(s, Xs) - d"AXB (b —b,)

t
(70) + / I(s, X,)ds,
0
having used £, f, = [ in the last equality. Using the linearity of A%# we have

/t(vfn)(s, X5) A" AP (b —b)
0

(71) - /0 (Vf) (s, Xa) - d™AXB(p) - /0 (Vfa)(s, X0) - d™ A5 (b,).

The second integral on the RHS is equal to Af(’B(V fnbyn) by Remark item (i) since
fn € C’I} 2 and b, € CrC%*. Since X is a reinforced B-solution, by (67) the first integral on
the RHS of (7I) gives AP (Vf,, b) so by additivity we rewrite (ZI) as

t

(72) / (Vi) (5, X5) - d7ALP (0 = by) = A7 (Vo b=V by).
0

Plugging (72)) into (70) we have

(73)

T, X)) — Fn(0,X0) — AP (V fub— Vb)) — /t I(s, X,)ds = /t(an)(s,Xs) AW,
0 0

and take the ucp limit as n — oo. Since b, — b in C7C~# we then have f, — f in CpCATA+
and V£, — Vf in CrC’* by continuity results for PDE (), see Section Thus the right-
hand side of (73]) converges u.c.p. to fg(Vf)(S, Xs) - dWy, which is a local martingale under

P. Moreover the left-hand side of (73]) converges ucp to f(¢, X;) — f(0,Xo) — fgl(s,Xs)ds
and since [ = Lf we conclude. O

As a consequence we get a characterisation property for solutions of the SDE in terms of
solutions to martingale problem.

Corollary 6.13. Let P be a probability measure on some measurable space (2, F). Suppose
that X is an FX-Dirichlet process fulfilling the reinforced local time property with respect to
B =CrCP. Letbe B. Then X is a reinforced B-solution of the SDE

t
X, = Xo+ W, + / b(t, X, )dt
0

if and only if (X,IP) solves the martingale problem with distributional drift b and initial
condition Xqg ~ .

Proof. Combine Proposition [6.11] and Proposition [6.12] O
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APPENDIX A. SOME USEFUL RESULTS FROM THE LITERATURE

In this appendix we recall a useful theorem from [20] on existence and regularity results
of parabolic PDEs. Before stating the theorem, we recall the notation used in the book, see
[20, Chapter 5].

The classical Hélder space C2*¥(R9Y) for 0 < v < 1 was introduced in Section Bl For

functions of two variables (t,z) € [0,T] x R? we consider the spaces introduced in [20, Section
5.1]

C™(10,T] x RY) := {f € C([0,T] x RY) : f(t,)) € C"(RY) Vi € [O’T]’tes[%%} 1f (£, )llev < oo},

with norm

| fllcow jo,r1xray == sup [If(t,-)llcv
te[0,T

and
C2([0,T) x BY) 1= {f € C12(0,T] x BY) : 0,f, 05,00, f € CO¥(0.T) x BY, Vi, j = 1.}

with norm

d d
£l qorcmray =1 Flloo + D 105 flloo + 10 f lloo + D 11035 F o o1 xre)-

i=1 ij=1

Remark A.1. Note that the following is an equivalent norm in C”

(1) f(x2
sup|f(@)+ sup @@
T T1,T2 T1F£T2 |l‘1—$2|

namely we can freely choose not to restrict x1,xs to a bounded interval.

Remark A.2. Note that if f € C7C” then trivially we have f € C%([0,T] x R?) and if
f e Cl2v([0,T) x RY) then trivially f € Cp2

buc*

Let us consider a;j,b;,c : [0,T] x R? — R to be uniformly continuous and such that a
satisfies the uniform ellipticity condition Zgjzl ai j(t,x)&& > ME? for t € [0,T], ,& € RY

and for some A > 0. Let us consider the second order operator

d d
A(t7 l‘) = Z Qi j (t, fn)axlm] + Z bi(t7 x)aml + C(t7 l‘)
i,j=1 i=1
and the PDE
(74) owu(t,x) = A(t,z)u(t,z) + f(t,z), (t,z) € [0,T] x R?
u(0, ) = ug(z), x € R%

Theorem A.3 (Theorem 5.1.9 in [20]). Let a;j,b;,c, f be uniformly continuous functions
belonging to CO¥([0,T] x RY) with 0 < v < 1, and let ug € C>T*(R?). Then PDE (74) has a
unique solution u € CH*17([0,T] x RY) and

[uller2+v (o,77xray < C(lluolle2+v ray + [ flcow o, xra))-
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