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c Department of Mechanical Engineering, University of Maryland, Baltimore County, 1000 Hilltop Circle, Baltimore, MD 21250, USA   

A R T I C L E  I N F O   

Communicated by Luigi Garibaldi  

Keywords: 
Rotor system 
Uncertainty 
Faults 
Stability 
Reliability and optimization 
Vibration control 

A B S T R A C T   

Uncertainty handling and analysis of rotor systems have been active research areas during the last 
two decades. This paper provides a state-of-the-art review on the research progress of uncertainty 
treatment in rotor systems. Firstly, sources of uncertainties are identified and then classified 
according to their nature. Secondly, the most popular uncertainty analysis methods are sum
marized based on different types of uncertainties, including their basic principles, strengths and 
limitations. Thirdly, the dynamic characteristics of rotor systems under various uncertainties are 
described in detail, i.e., the natural characteristics and unbalanced responses, faulted rotor dy
namics, stability problems and parameter identifications. Then, the reliability analysis, optimi
zations and vibration control for uncertain rotor systems are reviewed. Finally, comments on the 
latest research progress are made and outlooks on future research directions are highlighted. It is 
expected that this review will provide useful guidelines for designers and researchers towards the 
more efficient handling of uncertainty and robust dynamic analysis for rotor systems as well as 
insightful prospects, showing where extra efforts are needed.   

1. Introduction 

A rotating system is one of the most fundamental motion elements in mechanical systems and has wide applications in areas such as 
energy, aeronautics and astronautics. Many of these applications including aero-engines, gas turbines and electric generators serve a 
critical role in the civil and military sectors. One of the challenges for engineers and researchers working in rotating machinery is to 
provide a deep understanding of various dynamics phenomena encountered during machine operations and to model and predict the 
vibration responses of complicated rotor systems [1–4]. Thus, the robust dynamic characteristics analysis, design optimization, and 
effective maintenance of rotor systems are always hot research areas in the engineering community to ensure the safe and smooth 
operations of such rotating systems. Developments in engineering and science make extra demands on the performance and func
tionality of rotor systems, the robust design with high reliability, efficient optimization to satisfy different requirements, and precise 
dynamics assessments and control have become increasingly important. This requires not only taking into account the complexity of 
rotors through detailed mathematical modeling but also promoting an innovative vision and more sophisticated approaches to 
progress towards more reliable predictions of the dynamic behaviors of rotors. Thus the pressing needs originated from engineering 
draw the attention of researchers to the uncertainty quantification (UQ) [5] in rotating systems, which forms a consensus that UQ plays 
a prominent role in the modern rotordynamics and predictive maintenance. Advances in numerical tools and enormous improvements 
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in modern computing resources have made the missions possible. In fact, a large number of works [6–11] emerged on the UQ of 
rotordynamics and the number is rising rapidly with time. 

The uncertain factors in practical large-scale rotor systems can be diversified regarding their generation process. Indeed, there are 
many ways uncertainties can be introduced into rotor systems and the dynamics are susceptible to these ubiquitous uncertainties. 
Manufacture errors will cause the geometries of essential components of rotor systems to vary from time to time although controlled by 
tolerance. The material properties can also have dispersions during this process which bring about anisotropy or defects. The external 
excitations, thermal effects during service, wear of critical components and material degradations are difficult to quantify or even 
sometimes unpredictable. In addition, model simplifications, measurement and simulation errors contribute to the complexity. Those 
variabilities have deep influences on the natural characteristics and dynamics of rotor systems, causing performance deviations from 
the initial design, vibration deteriorations and even unexpected dynamic behaviors. For example, the vibrations of well-balanced 
rotors on balancing machines can easily exceed the allowed amplitudes when assembled on a real aeroengine, which can degrade 
the performance of the machine during operations and cause critical safety issues. 

When different uncertainties are considered, traditional and deterministic methods in rotor dynamic analysis will be insufficient to 
properly handle the aforementioned uncertainties associated with rotor systems [12–14]. The dynamic responses of an uncertain 
mechanical system can show moderate nonlinearity with respect to the uncertainty input although the system itself is linear. 
Therefore, certain techniques dedicated to the UQ of rotordynamics must be incorporated. From a computational point of view, UQ 
aims to quantitatively estimate various kinds of uncertainties and their predicted effects on the dynamics of rotor systems. However, 

Nomenclature 

UQ uncertainty quantification 
QoI quantity of interest 
AMB active magnetic bearing 
MCS Monte Carlo simulation 
PCE polynomial chaos expansion 
RMT random matrix theory 
PDF probability density function 
CDF cumulative distribution function 
LHS Latin hyper-cube sampling 
PM perturbation method 
K-L Karhunen-Loève 
EOM equation of motion 
LST least square technique 
ROM reduced order model 
MET maximum entropy theory 
PD probability distribution 
MCMC Markov Chain Monte Carlo 
FST fuzzy set theory 
FEM finite element method 
MF membership function 
IA interval algorithm 
TIM Taylor interval method 
TIF Taylor inclusion function 
CIF Chebyshev inclusion function 
FRF frequency response function 
HBM harmonic balance method 
AFT alternating frequency/time technique 
ANM asymptotic numerical method 
PAI polar angle interpolation 
RBDO reliability-based design optimization 
RDO robust design optimization 
PVC passive vibration control 
AVC active vibration control 
LMI linear matrix inequalities 
PID proportional-integral-derivative 
LQR linear quadratic regulator 
RMSE root mean square error 
LOO leave-one-out 
QQ-plot Quantile-quantile plot  
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appropriate descriptions or mathematical modeling of uncertainties should be done in the first place. This preliminary stage, which is 
sometimes neglected, corresponds to one of the key phases essential for optimal use of the UQ tools and the proposal of adequate 
responses to the real problems faced by engineers and their need to robustly predict the vibratory behaviors of complex rotor systems. 
Generally, a specific taxonomy of various uncertainties is used to characterize their properties and sources although an appropriate 
selection is somewhat tricky due to the quality of information available and the discrepancy in perspectives across the disciplines, such 
as the structural reliability and robust control theory [15–17]. Nevertheless, the domains of the uncertainties have fundamental 
impacts on the applicability of different UQ methods for uncertainty analysis in rotordynamics. Researchers developed many models to 
suit different cases, such as random, fuzzy and interval variables. When the uncertainties are classified, suitable UQ methods need to be 
chosen according to their respective prerequisites, working mechanism, numerical performance and whether they are intrusive or non- 
intrusive. In different uncertainty domains, various UQ approaches [18–20], as well as solutions to improve efficiency and accuracy, 
have been proposed [21–23]. Not all procedures are available in specific situations and principles exist for selection [24]. 

To date, researchers have carried out many meaningful investigations in various aspects of rotor dynamics within the uncertain 
context and sensitivity analysis, such as calculating the Sobol index [25]. Typically, two types of uncertainty analysis frames can be 
found in the literature according to their computation purposes as shown in Fig. 1, i.e., forward uncertainty analysis or propagation 
[26] and backward uncertainty analysis or inverse inference [27]. The first category is mainly concerned with the uncertainty 
propagation from uncertainties in the system input to the dynamic output [28–31]. The input contains all kinds of sources and is 
represented by the rotor model parameters or loads, such as stiffness, damping, geometry and mass unbalance. Through the UQ 
performed based on the rotor physical model, the effects of different uncertainties on the dynamics are predicted. The output could be 
any of the dynamic characteristics such as the unbalanced response and it can be termed as the quantity of interest (QoI). The backward 
inference is data-driven and often involves estimating and reducing uncertainty in the input from measured data [32]. Of course, one 
can carry out forward uncertainty analysis based on reverse inference. The applications of the backward analysis typically concern 
parameter identifications and model calibration/updating. Currently, as evidenced by the literature, considerably more efforts have 
been put into the forward uncertainty analysis [33–35]. It is natural since the backward analysis is generally a tougher task. In essence, 
they are connected and rely on each other for reliable computations. 

Although a large number of studies have been reported in rotordynamics with consideration of various uncertainties, a compre
hensive state-of-the-art review in this field is unavailable. Thus, this work attempts to give a systematic overview of uncertainty 
sources identified in the literature and their classifications, popular analysis approaches used and their strengths and limitations as 
well as the reported rotor dynamic characteristics under uncertainty. The scope of this paper mainly covers uncertainty propagations 
but also summarizes essential efforts in the inverse analysis. For interested readers, the recent progress in reliability analysis of rotor 
systems and vibration control under uncertainty is provided as well. The discussions on the research trends and gaps and future di
rections that still need great efforts are summarized. It should be mentioned that this paper only includes works with explicit use of 
uncertainty. The scope of rotor systems in this review is mostly concerned with the classical shaft-disk-bearing rotor systems. Rotating 
elements in helicopters, pure motors, wind turbines blades and drones or unmanned aerial vehicles are not included because they 
largely belong to other disciplines. 

The rest of this paper is organized as follows. Section 2 identifies the main sources and classifications of various uncertainties 
associated with rotor systems. The popular uncertainty analysis procedures and justifications are described in Section 3 according to 
the domain of uncertainty. Detailed dynamic characteristics of rotor systems under uncertainty are reviewed and discussed in Section 
4. In Sections 5 and 6, the progress of rotor reliability assessment and vibration control with uncertainty is summarized. Section 7 
identifies the main gaps and limitations, and the outlooks for future research directions are proposed. In the last section, conclusions 
are drawn. 

Uncertainties 

Input
Rotor System 

Models
Predicted 

Dynamics

Parameters 

Estimation
Rotor System 

Models
Measured 

Data

Uncertainty Propagation Analysis

Inverse Uncertainty Inference

Fig. 1. Uncertainty propagation and inverse inference in rotor systems.  
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2. Sources of uncertainty and classifications 

In this section, the main sources of uncertainties in rotor systems studied in the literature are summarized and analyzed first. Then, 
the classifications and mathematical signatures for various uncertainties are explained, which is a prerequisite step to allow the 
modeling of rotor systems under uncertainty and choosing the appropriate uncertainty analysis methods. 

2.1. Sources of uncertainty 

An engineering rotor system is complicated in nature and almost every part of its life cycle can introduce uncertainties from 
manufacturing to its operations and further maintenance. Uncertainty makes the rotor simulation model not being able to represent 
real situations. In the literature, researchers presented inconsistent categorizations of rotor system uncertainties. This review attempts 
to identify and summarize those investigated uncertainties according to their types and relationships to the rotor dynamic system. 
From a perspective of general physical rotor systems, uncertainties can arise in the following main forms: (1) model parameters 
uncertainty, (2) boundary conditions uncertainty, (3) external loads uncertainty, (4) faults uncertainty, (5) observations uncertainty 
and (6) model uncertainty. It should be noted that the above categorization is not strictly rigorous or exhaustively according to the 
taxonomies in uncertain structural dynamics and overlay a little with each other although a unified approach cannot be found as well 
in the latter. However, the provided characterization method can help the rotordynamics community to identify and manage various 
uncertainties more efficiently based on the nature of the discipline and research interests. In the rest of this subsection, we explain 
elaborately the four types of uncertainties with their causes. 

(1) Model parameters uncertainty. This type of uncertainty is often intuitively considered in the first place by many researchers in 
the field of structural dynamics, which can be explained by an easy and well-accepted understanding of their origins in real engineering 
practice. The physical model parameters of rotor systems exhibit uncertainty in different ways. First of all, the manufacture of rotors is 
controlled by tolerance and sometimes contains errors or defects. The materials used can distribute unevenly in components such as 
shafts and discs, namely, the material dispersions. Thus, the geometries and material properties of the system will show certain degrees 
of uncertainty. What also affects them is the working environment, e.g., temperature and medium. These are the so-called environ
mental variations and manufacturing tolerances [36,37]. Other reasons for parameter alterations are assembling errors, components 
wear and material degradation. The assembling state is mutually agreed to have significant influences on the dynamics of rotors and 
engineers can produce different assembles, which involve alignment, tightening of bolted joints and so on [38]. During long-time 
services, the materials of critical components will develop progressive asymmetrical wear and degradation due to scratches and 
friction during abnormal operations like rubbing, which is uncertain and very difficult to quantitatively describe at a specific time. It 
also contributes to the imbalance distributions of rotor systems as inherent randomness of a natural process. Although mass imbalance 
is often regarded as a typical fault, it cannot be completely eliminated and thus we treat it as a general model parameter that cor
responds to the most common internal excitation in a rotor system. The uncertainties of this type finally take the form of variabilities in 
the model parameters of rotor systems, including shaft lengths and diameters [39], Young’s modulus (shaft stiffness) [40], density and 
damping ratio [41], disc diameters and mass [42], residual imbalance distribution [43] and its magnitude and phase [44]. Some 
researchers also consider the uncertain axial stiffness [45] and cumulative pitch deviations [46]. Another sub-type is uncertainty in the 
external loads on rotor systems. Apart from the internal load of imbalance excitations, rotor systems are also subject to various external 
loads. They have direct effects on the dynamic responses of rotors and cannot escape from uncertainty as well. Specifically, these 
uncertainties are considered in external excitations on rotor systems including white noise disturbance [47], base excitations [48] and 
seismic excitations [49–51]. It should be noted that generally several origins for model parameter uncertainties are taken into account 
by combining several aspects that come from both geometries [52] and material properties of the rotor system. The main drawbacks of 
multi-considerations are the potential complexity in the uncertainty propagation analysis, and the difficulty of providing a precise 
understanding of the observed phenomena and the roles of individual uncertain parameters. 

(2) Boundary conditions uncertainty. It refers specifically to the indeterministic variations in rotor supporting structures. This is 
also a major source of uncertainties and has aroused much attention of researchers worldwide. As explained in [41], the supporting 
stiffness of a rotor system consists of three main parts, i.e., the support structure, the squeeze film damper and the bearing. Never
theless, they are affected significantly by the loads, assemble states and temperatures. The connecting structures can be varied and 
provide unpredictable stiffness to the rotor system. Most importantly, nearly all commonly used bearings in rotor systems, e.g., 
journal/slider bearings, rolling element bearings and active magnetic bearings (AMB) are exposed to uncertainties and they have 
become the special focuses of many researchers. Journal bearings operate with lubricant fluid forces to support the rotating shaft, 
which is significantly dependent on the loads, rotating speed and lubricant viscosity [53–55]. The latter has a strong relationship with 
lubricant temperature and the temperature can be difficult to control. What’s more, a motor is unlikely to provide strictly constant 
drive torques on the rotor and subsequently the angular speed is unsteady. Recent researches also suggest that the micro-abrasive 
effects and surface roughness in hydrodynamic journal bearings also affect their performances [56–58]. As a result, fluid-induced 
forces acting on the shaft are uncertain or we can interpret as the bearing or seal dynamic coefficients, i.e., stiffness and damping, 
are uncertain quantities [59]. It is critical for the rotor system to understand bearing reaction forces since they are major factors 
causing vibration instabilities such as the well-known oil whirl and oil whip [60]. Similar fluid nature uncertainty is also found in 
labyrinth seals [61]. Combined with assembling and manufacturing errors, the asymmetric coefficient and relative phase of two 
bearings in a rotor system are studied as uncertainties [62]. Rolling bearings generally have multiple substructures and are susceptive 
to defects caused by manufacturing and wear. Ball-inner race contact uncertainties are considered when assessing the rotor’s posi
tioning precision [63]. The AMBs are very high-precision components and significant influences by uncertainty should be avoided. 
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Wang et al. [64] established a two-degree-of- freedom AMB model with uncertain parameters induced by the environment and ma
terials, such as magnetic permeability. 

(3) External loads uncertainty. This category mainly corresponds to the variabilities in any external loads on rotor systems, such as 
the unsteady aerodynamic forces, axial loads [65–68] and external noise disturbances [47,69–72]. 

(4) Faults uncertainty. In this type, the uncertainties are introduced by typical faults in rotor systems. Even though this category can 
be considered to have correlations with model parameter uncertainty, we make this type a separate source to guide the reader’s 
attention to their desired topics because faulted rotor dynamics are always the special focus of many engineers and researchers. 
Generally, the dynamics of rotor systems with typical faults are more difficult to understand and can show more complex vibration 
behaviors [1], which often are nonlinear, with consequently the appearance of new amplitude peaks. Currently, the investigated faults 
involving uncertainties are shaft asymmetry, misalignment, cracks, rubbing, initial bow and coupled faults. Faults related parameters 
can exhibit uncertainties. On the one hand, early faults are hard to detect, and their development is sometimes unpredictable. On the 
other hand, modeling or defining accurately the intermittent faults or non-surface defects is not an easy task even if a fault is diagnosed. 
Therefore, it is practically beneficial to model them within the uncertainty context. Shaft asymmetry typically depicts the irregular 
cross sections of the shafts due to manufacture or crack. The asymmetry depth is considered uncertain by Didier et al. [73]. Crack faults 
are often induced by defects, and wear and their forms are affected by the weight of the system. The bending stiffness of the cracked 
shaft is decreased compared with an intact one. Multiple researchers investigated the uncertain factors of crack faults such as crack 
depth [74–76]. As engines get more compact, the clearance between the stator and rotor is becoming smaller. Other faults and im
balances will increase the vibration amplitudes of rotors operating at high rotation speeds. Thus, rotor and casing contact is prone to 
occur. However, this process is rather complicated and involves several structures and disciplines, such as mechanics, friction and 
thermal effects. To predict the inherent variabilities in the rubbing process, works have been done to take the initial clearance, contact 
stiffness and friction coefficient uncertainties into consideration [77–79]. The bow fault represents the initial deformation of rotors 
caused by thermal effects or self-weight. The uncertainty in bow amplitude and phase was studied in Didier’s work [73]. Uncertain 
misalignments in rotor systems are normally found in two cases, i.e., parallel and angular misalignments [80–82]. They generate 
reaction forces and moments in the coupling and deteriorate the vibrations of the system. Uncertainty in this fault is related to 
assembling and evolution of status during operation. The amplitudes, i.e., offset of centerlines in parallel misalignment and angle in 
angular misalignment, are variables to be studied [73,83–85]. 

(5) Observations uncertainty. It covers the errors and noise in measurement, data recording, storing and computation rounding or 
errors. Data or signal is deemed always accurate in traditional rotor dynamics analysis and its uncertainty has not been fully assessed 
yet. The data scarcity or information inadequacy is enriching observation uncertainty too. This type of uncertainty often interacts with 
others and influences the rotor system simultaneously, causing it difficult to accurately track and separate. From the reported works, 
some efforts are dedicated to the measurement uncertainty analysis in rotordynamics [86–89]. 

(6) Model uncertainty. Modeling error is another important type of uncertainty, which currently has not attracted sufficient 
attention in rotordynamics. It represents the discrepancy between the model output and any experimental observations caused by 
simplifications and imperfections of the constructed model, but this type of uncertainty is not included in the parameters of the 
established computational model (those uncertainties represented in the model are referred to as parametric uncertainties in this 
context). Note that although the computational model can be refined using model updating techniques, it is improved from certain 
angles and it is never identical to the real system. The nonparametric probabilistic method [5] is found to be capable of dealing with 
model and/or parametric uncertainties in computational models of rotor systems [39,90]. 

A brief summarization of the investigated sources and specific forms of uncertainties in rotor systems found in the literature is 
illustrated in Table 1 with representative references. It is worth mentioning that rotor systems can operate under multiple and 
multifold uncertainties described in the table. The number of uncertain parameters may increase significantly when dealing with 

Table 1 
Sources of uncertainty in rotor systems.  

Type Sub-types Parameters References 

Model parameters Geometries Shaft length and diameter, disc diameter and thickness [36,39,46,91–93] 
Material properties Young’s modulus 

Density, damping, disc mass and inertial moments 
[39,40,92,94] 
[39,41,91,95] 

Imbalance Amplitude and phase [40,42–44,96–98] 
Boundary conditions Joints and couplings Stiffness and damping [36,41,45,92,94,99–102] 

Journal bearings Lubricant viscosity and clearance [43,60,62,67,103–109] 
Rolling bearings Contact stiffness [63,110] 
AMBs Permeability and current [64,111,112] 

External loads Noise excitations 
Axial loads 

Random process parameters 
Amplitude and phase 

[47,69–72,11365–68] 

Typical faults Asymmetry Asymmetry depth [73,114] 
Bow Amplitude and phase [73] 
Crack Crack depth [74,75,115] 
Misalignment Lateral and angular magnitude [73,84,116,117] 
Rubbing Contact stiffness, initial clearance and friction coefficient [65,77–79,118] 

Observation Measurement Noise and errors [86–89,119] 
Model uncertainty – – [39,90,120–122]  
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realistic models and leads to major difficulties in uncertainty analysis. Therefore, this may require the development of advanced 
numerical techniques to be able to take all these uncertainties into account simultaneously with an acceptable computational time. We 
must point out that it would be impossible in the current context to provide a full list of all uncertainties in various rotor systems in 
engineering due to different structural configurations and environments. However, anyone designing and analyzing rotor dynamics 
with the explicit use of uncertainty analysis may consider the above-mentioned uncertainty sources. 

2.2. Classifications 

While tracking the sources provides the physical point of view of different uncertainties, classification of them is more concerning 
the mathematical aspect since a specific taxonomy will make the modeling of the rotor dynamic systems with various uncertainties and 
actual computations possible. The most recognized taxonomy proposed in risk assessment classifies various uncertainties into two 
types: aleatory and epistemic uncertainties [123–125]. Aleatory uncertainty is used to describe the inherent variability or randomness 
in a physical system and natural process. It is irreducible and intrinsic, which means human will not be able to suppress it from learning 
more knowledge or collecting more information and data. Therefore, it is also called objective uncertainty. The most common ex
amples of this type of uncertainty in rotor systems are the manufacturing tolerance and error, environmental variations and the related 
model parameters. Instrumental or measurement errors are sometimes also included in this type. Epistemic uncertainty usually arises 
from incomplete knowledge of the physical system and human factors. Due to the lack of knowledge, simplifications and assumptions 
are made in any phase of the modeling. That is typical epistemic uncertainty. It can be reduced or even eliminated through gathering 
more information and gaining more knowledge of the rotor system under study. Thus, it is also named subjective or cognitive un
certainty. Typical examples are the boundary conditions and physical laws that remain misunderstood. 

Generally, aleatory uncertainty is often associated with a probabilistic description based on the fact that enough statistical in
formation is gathered. Quantifying epistemic uncertainty is more difficult since less prior information is available. The epistemic 
uncertainty can be processed by the non-probabilistic theories or probabilistic theories with PDFs assigned. It is important to un
derstand the major difference in the treatment of these two types of uncertainties from the engineer’s point of view. The epistemic 
uncertainties are related to the lack of information (i.e., evaluated points in the predefined design space). More model evaluations 
through more evaluated points in the design space of interest can significantly reduce epistemic uncertainties, the associated disad
vantage is of course the increased cost. On the contrary, as far as aleatory uncertainties are concerned, adding more points would only 
lead to a better knowledge of the chosen probabilistic description and therefore a more reliable accuracy of output results via the 
uncertainty analysis process. Of course, one of the limitations associated with both aleatory and epistemic uncertainties is the 
compromise between reasonable calculation times and confidence in the accuracy and reliability of the output results. In other words, 
the engineer’s expertise and the most accurate prior knowledge of the identification and quantification of various uncertainties are 
important assets for the construction of an efficient mathematical model to propagate uncertainties and deduce the associated 
vibrational response of a rotor system. This naturally puts the interest in the inverse uncertainty inference process back at the focus of 
the discussion. 

Researchers tried to use different mathematical models to make the best of available information and reflect the lacking extent, 
such as evidence, fuzzy or imperfect and interval variables. In another sense, it aims to benefit most from the limited data. In uncertain 
rotor systems, the random or stochastic modeling of uncertainties is the most common practice [40,126–128] and relevant theoretical 
frameworks are more sophisticated. Then, the accurate stochastic modeling of uncertainties is a topic of primary importance [129]. 
Indeed, the construction of the prior stochastic models and the underlying parameters must be chosen to best fit the input data and to 
try to reproduce their impacts on the vibrational response, via the uncertainty propagation process, as faithfully as possible. Fuzzy 
variables are the second choice as these models need less prior information [53,100,106,130]. Interval modeling of uncertainties 
emerged only recently but is gaining momentum due to its relief of requirements in other models [41,42,95,131]. The most popular 
uncertainty models used in rotordynamics, i.e., the probabilistic, fuzzy and interval variables, are illustrated in Fig. 2. 

Different modeling of uncertainties is important and will lead to different choices of the UQ approaches in further analyses [132]. 
One should decide the uncertainty model according to the specific problem encountered and how much prior information is available. 
Even if it is a common routine that an uncertain factor is described as aleatory, i.e., random variable, the researcher can choose to use 
the non-probabilistic models to avoid human assumptions when a reliable probability distribution model is not obtained. This is not 
rare because large-scale rotor systems are often equipped in heavy-duty rotating machineries, such as gas turbines and aero engines. It 

Fig. 2. The most popular uncertainty models used in uncertain rotordynamics.  
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is obviously not easy to obtain sufficient statistical data because of the limited samples and high expenses for long-time tests. Occa
sionally, hybrid uncertainty modeling can be a better choice [13,36,118,133–136]. For example, the probability-interval hybrid 
uncertain model [137] is widely employed for mechanical systems subject to both probabilistic and non-probabilistic uncertain 
parameters. 

The above discussion illustrates the uncertainty modeling in general rotor systems, which involves the identification of uncertainty 
sources, classification of the uncertainty identified, management or handling of the uncertainty and lastly characterization using the 
probabilistic (parametric/non-parametric) and non-probabilistic representations. A general tree map of this process is shown in Fig. 3. 

3. Uncertainty quantification methods 

In this section, the popular uncertainty analysis methods in rotor dynamics are summarized, and their strengths and limitations are 
illustrated. It must be pointed out that UQ approaches shown in this section are by no means exhaustive and there are plenty of them in 
the structural uncertain dynamics and risk assessment. However, the most common and prevailed methods are compared according to 
the current research progress in uncertain rotor systems. Based on the uncertainty types and their mathematical models, two main 
kinds of uncertainty analysis methods are available, i.e., probabilistic methods [138] and non-probabilistic methods [139]. The 
popular probabilistic approaches in UQ are the Monte Carlo simulation (MCS) [140–142], polynomial chaos expansion (PCE) 
[143,144], random matrix theory (RMT) [145,146], Bayesian inference [147] and Kriging surrogate [148,149]. All methods have 
applications in uncertain rotordynamics. The common non-probabilistic methods include the fuzzy theory [150], evidence theory 
[151], imprecise theory [152] and interval approaches [153,154]. Among them, applications of the fuzzy and interval methods are 
common in rotordynamics uncertainty analysis. It should be noted that these methods are different choices to quantify uncertainties 
with their pros and cons. 

In what follows, the core principles of the most popular methods applied in rotordynamics, and a comparison will be demonstrated. 

3.1. Probabilistic methods 

Probabilistic uncertainty analysis methods are widely used in uncertain rotor systems. They rely on rigorous probability theories 
with the prerequisite that the PDFs (or joint PDFs) of uncertainties are known. Specifically, there are many probabilistic or stochastic 
formulations reported in the literature for the purpose of uncertainty analysis in rotor systems, such as the MCS, PCE and Kriging. In 
this subsection, the principles and main ideas are explained. 

Uncertainty modeling

Uncertainty 
sources

Uncertainty 
classification

Uncertainty 
management

Uncertainty 
Characterization

Supports
uncertainty

Loads
uncertainty

Faults 
uncertainty

…

Aleatory 
uncertainty

Epistemic  
uncertainty

Probability 
theory

Fuzzy set 
theory

Interval 
analysis

Hybrid 
approaches

…

Probabilistic 
representation

Non-
probabilistic 
presentation

Fig. 3. General tree map of uncertainty modeling.  
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3.1.1. Montel Carlo simulation 
The MCS is a simple but powerful tool for statistical analysis, which is very intuitive and straightforward. It is capable of dealing 

with all stochastic problems with known PDFs and cumulative distribution functions (CDFs), such as the Gaussian distribution, uni
form distribution and Gamma distribution. As an external sampling-based method, the MCS is non-intrusive and can be applied to 
various probabilistic problems in different disciplines regardless of the complexity or nonlinearity. It yields the unbiased mean and 
variance of stochastic results and further users can plot the confidence intervals or percentiles. The major disadvantage of MCS is its 
low convergence rate, which means it requires a large number of parameter samplings to produce accurate and reliable outputs and 
incurs overwhelming computation costs, especially when the original problem is already expensive to evaluate. Generally, tens of 
thousands of samples are used in uncertain rotor dynamics and often the MCS results are used as references [94,155]. Researchers have 
proposed to use the Latin hyper-cube sampling (LHS) method to improve the sampling efficiency and then reduce the cost of the crude 
MCS [62,156,157]. The LHS divides the input uncertainty into small portions with the same probability according to the distributions 
of the uncertainty and then produces samples in each segment. As a result, the sample numbers on hypercubes are the same and the 
total number is decreased considerably, making the application of the MCS to costly models possible. 

3.1.2. Perturbation method 
The perturbation method (PM) has been applied in stochastic analysis for a long time. The basic idea is that for a perturbed vi

bration system, where the perturbation is small compared to the original values, the fluctuations can be expressed by low order terms 
of zero-mean random quantities based on the Taylor expansions. Generally, a first- or two-order expansion is sufficient to obtain 
satisfactory approximations in linear or nonlinear problems. According to this theory, an uncertain parameter can be expressed in its 
first-order perturbation form [91] 

bj = bj0(1 + εj), j = 1, 2,…,m (1)  

where bj represents the jth uncertain parameter, bj0 is its original value, εj denotes the perturbation term, which should be small, and m 
is the number of uncertainties. The eigenvalues or critical speeds of the rotor system are uncertain as well and they are modeled by the 
two-order expansion as 

ω = ω0 +
∑m

j=1
ω̂jεj +

∑m

j=1

∑j

k=1
ω̂jkεjεk, j = 1, 2,…,m (2)  

where ω is the uncertain critical speed and ω0 is the initial value, ω̂j and ω̂jk are the first- and second-order perturbation terms. 
Similarly, other quantities or matrices associated with uncertainties can be re-written in this way. Then, submit those perturbation 
formulations into the deterministic system equation and find the coefficients of the small perturbation term ε with the same order, 
which should be equal for both sides of the equation. The above deduction should eliminate the random perturbation terms but keep 
their coefficients and allow one to obtain a set of recurrence equations. The further evaluation procedure follows a deterministic 
routine and post-processing. It must be noted that including higher-order perturbations will significantly increase the calculation 
burden and complexity. Expected accuracy is only guaranteed for trivial fluctuations of the initial values, i.e., considerably small 
variations of the uncertainties. 

3.1.3. Polynomial chaos expansion 
The PCE is an efficient and powerful tool for stochastic uncertainty analysis in general dynamic systems. The stochastic finite 

element method (SFEM), where the PCE is associated with the Galerkin projection, proposed by Ghanem and Spanos [143] has been 
successfully applied to various uncertain problems. In this method, the stochastic process or variable is expressed by orthogonal bases 
of the standard random variables with Gaussian properties. The polynomial chaos bases stem from the homogeneous chaos theory of 
Wiener. Different probability models have their corresponding optimal orthogonal polynomials, e.g., the Hermite polynomials are 
associated with normal distributions and the Legendre polynomials are the bases for uniform distributions. As previously stated, this 
illustrates once again the need to precisely identify the stochastic modeling of uncertainties and the importance of the inverse un
certainty inference process in order to achieve results in accordance with real observations. The process of inverse uncertainty 
inference can allow a definition of a distribution law in agreement with experimental observations, which will have an impact on the 
choice of the PCE mathematical basis and consequently on the output results via the uncertainty propagation analysis. 

A random variable input s is taken as an example to briefly explain the theory. By using the Karhunen-Loève (K-L) expansion, it can 
be expanded as 

s = s+
∑∞

j=1
sjξj (3)  

where s is the mean of the random variable input s, sj represents the jth expansion term and {ξ1, ξ2, ξ3, ⋯} is a set of orthogonal 
standard random variables. Generally, only finite terms are retained in calculation and the expansion in Eq. (3) is truncated to P terms. 
Then the QoI, X, which normally is the dynamic response, can be expressed by 
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X =
∑P

j=0
Xjϕj(ξ) (4)  

where Xj denotes the jth PC coefficient to be solved and ϕj(ξ) is the jth order generalized scalar Askey-Wiener polynomial chaos based 
on the multi-dimensional random variable vector ξ = {ξ1, ξ2, ⋯, ξm}. 

In Eq. (4), the number of homogenous chaos or PCE coefficients is 

P =
(m + p)!

m!p!
− 1 (5)  

in which p is the PC order. The expressions of polynomial chaos ϕj(ξ) are associated with the one-dimensional or multi-dimensional 
orthogonal polynomial depending on the dimension of uncertainty and type of probability model. 

To evaluate the PC coefficients Xj, Eqs. (3) and (4) can be submitted into the equations of motion (EOM) of the deterministic system 
and the intrusive Galerkin projection is then used [143]. However, the process is intrusive and may be less friendly to complicated 
problems than the non-intrusive implementation, where the rotor dynamic problems deterministic solver can be called as a whole. In 
other words, the non-intrusive process allows the calculation of chaos expansion coefficients for response metrics of interest, based on 
a set of simulation response evaluations. This process can be seen as a simulation black box. Conversely, an intrusive method does not 
require the sampling of uncertainties in the propagation process as well as the associated verification of convergence. However, the 
intrusive PCE requires a rewriting of the equations of the problem which can sometimes be complicated and needs also modifications 
to a numerical solver. Here, we illustrate the procedures of the non-intrusive scheme. Multiplying both sides of Eq. (4) by ϕj(ξ) and 
rearranging the equation yield 

Xj =
E[X(ξ) ⋅ ϕj(ξ)]

E[ϕ2
j (ξ)]

(6)  

where E[⋅] denotes the expectation operator. In calculating Eq. (6), the orthogonality of polynomials is used as follows: 

ϕ0(ξ) ≡ 1,E[ϕi(ξ)ϕj(ξ)] = δijE[ϕ2
j (ξ)] (7)  

with δij being the Kronecker function. The expectation E[ϕ2
j (ξ)] in Eq. (6) can be exactly calculated in closed form while E[X(ξ) ⋅ ϕj(ξ)] is 

expressed as 

E[Xj ⋅ ϕj(ξ)] =
∫

ρ(ξ)Xjϕj(ξ)dξ (8)  

where ρ(ξ) represents the weight. Eq. (8) may be evaluated numerically by the Gaussian quadrature. The zeros of orthogonal poly
nomials are used as collocations for uncertain parameters. The sparse grid technique can be applied to improve the computation 
efficiency in multi-dimensional uncertain problems [21], which will reduce the total collocations. In the case that the number of 
collocations and the number of unknown PC coefficients disagree, the least square technique (LST) can be applied as 

X = ([T(ξ)]T T(ξ))− 1T(ξ)]T X̃ (9)  

where X = [X0,X1,⋯,XP− 1]
T is the vector of PC coefficients, the transform matrix T(ξ) is configured by the chaos basis {ϕ(ξ)} and X̃ 

represents the model output matrix at selected collocation sets. Their expressions can be found in [158]. When the PC coefficients are 
determined, the statistics of the system can be calculated, such as the mean and variance: 

X = X0 (10)  

σ2(X) =
∑P

i=1
X2

i E[ϕ2
j (ξ)] (11) 

Normally, low PC orders will produce satisfactory estimations of the random dynamics of uncertain rotor systems. The applications 
of the PCE include linear and nonlinear problems [40,78,80]. However, the number of uncertainties considered simultaneously is 
generally small if no additional techniques are applied, such as sparse grids. In addition, it is sometimes necessary to combine the PCE 
technique with other approaches to deal with non-linear problems in the presence of uncertainties [75]. In the case of a non-intrusive 
process, this is not a particular problem, except for the computation time and the storage of the data, because it aims to use a non-linear 
solver that is generally already implemented, for each sample of the distribution law. On the other hand, if an intrusive process is used, 
this requires a thorough rewriting of different steps in the solution process. 

3.1.4. Kriging modeling 
The Kriging surrogate model or meta-model is a non-intrusive spatial statistics-based technique also known as the Gaussian process 

modeling that aims to establish an unbiased estimation function. It is an interpolation tool that uses a small number of data produced 
from original systems to predict unknown quantities. The mapping between input and output parameters is approximated by the 
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surrogate function to avoid repeated calls to the original system model. It should be noted that the Kriging surrogate is a method of 
interpolation based on the Gaussian process, but it can also be used for epistemic uncertainties, which is superior to the response 
surface method when non-linear behaviors and/or when functions with discontinuities or strong variations must be approximated. The 
method has been used in UQ, optimizations and parameter identifications [12,36,108,159–161]. For a predefined input vector x, the 
system output y(x), i.e., QoI, can be metamodeled by 

y(x) = f (x)T β+ z(x) (12)  

where β is the regression coefficients, f(x) designates a linear combination of basis functions and z(x) represents the realization of a 
stochastic process with zero mean and the covariance as 

Cov[z(x(1)), z(x(2))] = σ2R(θ, x(1), x(2)) (13)  

in which x1 and x2 are two input vectors, σ2 is the variance of the stochastic process z(x), θ denotes the correlation parameter vector for 
fitting the model and R(θ, x(1), x(2)) defines the spatial correlation, which is calculated by 

R(θ, x(1), x(2)) =
∏m

j=1
Rj(θj, x(1)j , x(2)j ) (14)  

with m being the number of inputs. The choice of the correlation function is a crucial step in the creation of the kriging meta-model. It is 
necessary to choose according to the nature of the rotor problem under study. The commonly used Kriging correlation functions are the 
linear, exponential, Gaussian, and Matern autocorrelation functions. 

To fully determine and calibrate the surrogate model, the LHS can be used to obtain the samples of input. Then the optimal 
regression coefficients are computed by the LST as 

β = (FT R− 1F)− 1FT R− 1Y (15)  

where F is a matrix of functions values of f(x) calculated at samples of inputs, Y is the original system output values at inputs samples 
and R designates the correlation matrix whose entries are obtained from Eq. (14). Generally, a separate test data set from the original 
system is used to validate and improve the surrogate model apart from the data used to build it, which is called training data. The 
goodness of the model can be evaluated by various metrics, such as the root mean square error (RMSE) which is a classical metric to 
provide the average distance between the predicted values from the kriging meta-models and the reference values in the dataset (for a 
predefined number of comparison points). Classically, a convergence study by increasing the number of points used for the con
struction of the Kriging meta-model must be carried out to judge the relevance of the latter. More sophisticated indicators [149] such as 
the leave-one-out (LOO) strategy or the classical normal quantile–quantile plot graph (normal QQ-plot) can also be used as diagnostics 
to validate the relevance of kriging meta-models. One of the main advantages of these indicators is that they give also how well the 
meta-model predicts the values at unknown locations without requiring the use of additional computations. 

To be noted that a non-intrusive meta-modeling method Polynomial-Chaos-Kriging (PC-Kriging) derived from the combination of 
PCE and Kriging has been proposed in [36] to predict the critical speeds and the dynamic response for rotordynamics with un
certainties, in the case of a high number of uncertain parameters and with parameters of different nature, namely parametric and 
random. 

3.1.5. Random matrix theory 
The RMT is a non-intrusive nonparametric modeling technique that does not need the prior PDFs of uncertainty. Therefore, it is 

generally deemed capable of dealing with the model form uncertainty. A reduced-order model (ROM), which serves as the mean 
model, can be used to improve efficiency in complex structures. It employs the maximum entropy theory (MET) to estimate the PDFs of 
random matrices and then the sampling method is applied to obtain the random responses of uncertain systems. The method is firstly 
proposed in the uncertain structural dynamics [146] and later introduced into the uncertain rotordynamics, such as the works of 
Murthy et al. [90,121,122], Gan et al. [39,120,162] and Feng et al. [163]. 

To obtain the PDF of a symmetric and positive definite matrix An×n, which usually refers to the mass, stiffness and damping 
matrices in rotor systems, the following three constraints should be fulfilled: 

d̃A = 2n(n− 1)/4
∏

1⩽i⩽j⩽n
dAij (16)  

where pA and A are the PDF and the mean of matrix A, v follows the Gama law and the expression of d̃A reads 

d̃A = 2n(n− 1)/4
∏

1⩽i⩽j⩽n
dAij (17) 

Then, the PDF of A can be obtained by using the MET as [39,146] 

pA = cA(det(A))
λ− 1exp

(

−
n − 1 + 2λ

2
tr(A− 1AT)

)

(18) 
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with tr(⋅) being the trace operator, λ the Lagrange multiplier and 

cA =
(2π)− n(n− 1)/4

((n − 1 + 2λ)/2)n(n− 1+2λ)/2

( ∏n
l=1Γ((n − l + 2λ)/2)

)
(det(A))

(n− 1+2λ)/2 (19)  

where Γ(x) =
∫+∞

0 tx− 1e− xdt, x > 0 is the Gama function. A dispersion control parameter can further be defined: 

δA =

[
1

n − 1 + 2λ

(

1 +
(tr(A))

2

tr(A)
2

)]1/2

(20) 

When the dispersion control parameter δA tends to zero, λ tends to infinity and the random matrix approaches its mean in prob
ability. The Cholesky factorization can be applied here to the random matrix: 

A = LT
ALA (21)  

in which LA is the upper triangular matrix. It is convenient for the matrices not satisfying symmetric and positive definite in rotor 
systems, such as the skew-symmetric gyroscopic matrix, refer to the work of Murthy et al. [122] for more information. Based on the 
above theory and the factorization in Eq. (21), one can further use probabilistic methods to carry out stochastic analysis using the built 
PDFs, such as the MCS. 

The MRT usually treats linear uncertain problems and its capability in nonlinear cases should be exploited and tested further. It 
cannot include the correlations between matrices and the physical meaning is not clear in the response space [163]. It should be also 
noted that the additional uncertainty can be introduced in determining the dispersion control parameter, which measures the un
certainty level in nonparametric modeling and should be estimated and calibrated from measurement data. 

3.1.6. Bayesian inference 
The Bayesian inference method is applied in rotor dynamic systems mainly for inverse uncertainty analysis, including fault 

diagnosis [164–166], model updating [167,168] and parameter identification [169,170], such as bearing parameters. In the Bayes 
scheme, expert knowledge is used in the process of model calibrations. Unknown parameters or uncertainties are given an estimated 
priori probability distribution (PD) without observations. The priori probability models will be updated from measurement or cal
culations where the likelihood of observations based on model prediction acts as the criteria. Then, the posterior PD is obtained using 
the updated data. The basic theory involves the conditional probability calculation. For instance, if A and B are two stochastic events, 
the probability of A given B is defined by 

P(A|B) =
P(AB)
P(B)

, P(B) > 0 (22)  

where P(AB) represents the joint probability for the simultaneous occurrence of both events A and B. Then the Bayesian theorem is 
given as 

P(B|A) =
P(B)P(A|B)

P(A)
=

P(B)P(A|B)
∫

P(B)P(A|B)dB
(23)  

in which P(B) is the priori PD indicating the current model and P(A|B) denotes the likelihood function observing A when B happened. 
P(B|A) is the posterior PD which represents the updated models of B with observations of A. The likelihood function is given in [166]. 
The above deduction is quite simple. However, the computational burden and priori probabilities will grow excessively in cases where 
a large number of random events are involved. Generally, the analytic posterior PDs cannot be obtained, and the Markov Chain Monte 
Carlo (MCMC) could be employed to approximate the posterior PDs by extracting random samples in the parameter space. The 
Metropolis-Hastings method is one of the representatives. 

3.2. Fuzzy set theory 

Fuzzy set theory (FST) is proposed by Zadeh [171] to model the uncertainties with limited or sparse data, i.e., imprecise infor
mation. In rotordynamics, the FST has been applied for uncertainty analysis [100,101,104,135], control [172] and fault diagnosis 
[130,173]. In contrast to regular crisp sets, which have fixed boundaries, the fuzzy sets use a membership function (MF) to define to 
what extent a number belongs to the sets. The degree of membership of a fuzzy variable can vary continuously between 0 and 1 while in 
crisp sets it is either 0 or 1. In the latter, it degrades to interval models. The FST is a possibility theory rather than probabilistic even 
though it has been successfully extended to stochastic analysis [132]. The MFs establish the relationships between uncertain variables 
and fuzzy sets. Without loss of generality, let us take a triangular fuzzy set, as shown in Fig. 2(b), for an example (complex cases such as 
trapezoidal fuzzy sets or multi-dimensional sets can be more complicated, but the principles are similar). Its MF can be given by 
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μf (x) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

0, x⩽a
x − a
b − a

, a⩽x⩽b

x − c
b − c

, b⩽x⩽c

0, x⩾c

, μf (x) ∈ [0, 1] (24)  

where a, b and c are the minimum, most likely and maximum values of the set, respectively. If the fuzzy variable equals the most likely 
value, i.e., b, the MF value is 1 and those for other fuzzy variables can be proportionally interpolated. 

When the fuzzy uncertainty model is defined, the following fuzzy dynamics analysis can be described by two steps [132]. The first 
step is based on the α-cut method to discrete the fuzzy input. The α-cut method uses given MF values (α levels) to extract the corre
sponding variable intervals with the same MF value. There is no common rule that how many MF values should be included but the 
ultimate purpose is robust estimations. The second step is finding the possible QoI intervals based on optimization strategies with the 
constraints being the intervals at different α levels. Thus, the efficiency of FST relies largely on the optimization method. 

3.3. Interval methods 

Interval methods are newly emerged uncertainty analysis methods in rotor systems. The uncertainties are described by a pair of 
numbers denoting the lower and upper bounds in which range the uncertain variables are expected to vary. Therefore, they are also 
called uncertain-but-bounded quantities, i.e., their strict distributions are unknown but the intervals are always easier to know. This 
description of uncertainty is the easiest and simplest. The practice of interval uncertainty analysis in dynamic systems results in the 
interval output of the QoIs. However, the direct application of interval algorithm (IA) may lead to enormous overestimations although 
the basic arithmetic operations rules are readily available. The excessive estimation of output bounds leads to results of less signifi
cance. Efforts have been made to control the overestimations by proposing new methods. The PM can also be used in interval form 
besides the theory described in Section 3.1. The demonstration of it, however, is skipped because its core idea is similar to the Taylor 
interval method (TIM), which will be included in this sub-section. The recently established non-intrusive CIM will also be illustrated. It 
should be noted that correlations between interval variables are not considered, otherwise the convex modeling should be employed 
[174–176]. The readers are referred to [177,178] for more information about correlations of uncertainties and convex models. 

3.3.1. Taylor interval method 
The TIM is similar to the PM in terms of requiring that the uncertainty levels remain small in order to be effective. Similarly, it is an 

intrusive implementation indicating that uncertainty is injected into the modeling process of rotor systems [83,179–181]. The first- 
order Taylor expansion can be employed to describe output bounds of QoIs directly and explicitly, say the vibration response q: 

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

qT
min(t) = min

h∈H
q(t,H) = q(t,Hc) −

∑m

j=1

⃒
⃒
⃒
⃒
∂q(t,H)

∂hj

⃒
⃒
⃒
⃒

qT
max(t) = max

h∈H
q(t,H) = q(t,Hc) +

∑m

j=1

⃒
⃒
⃒
⃒
∂q(t,H)

∂hj

⃒
⃒
⃒
⃒

(25)  

where t is time, superscript c denotes the mid-points of uncertain interval input and H is a vector of interval parameters defined by 
⎧
⎪⎨

⎪⎩

H = [h1, h2, ⋯, hi, hm]
T
, i ∈ [1, m]

hi =
[
hL

i , hU
i

]
=
[
hc

i − hR
i , h

c
i − hR

i

]
, hR

i =
hU

i − hL
i

hc
i

(26)  

in which superscripts L, R and U represent the lower bound, interval radius and upper bound, respectively. For interval inputs in the 
system, a perturbation is given as 

{
H = Hc + ΔH, |ΔH|⩽HR

hi = hc
i + Δhi, |Δhi|⩽hR

i
(27) 

Then those expansions, including inputs and outputs are submitted to the original EOM for further manipulations. It could be 
difficult to extend to higher orders since obtaining the partial derivative in the expansion is computationally expensive or even 
impossible. It is also termed the Taylor inclusion functions (TIF) in [182] and it was found the results have greater overestimation 
compared to the Chebyshev inclusion function (CIF), which will be explained in the next sub-section. 

3.3.2. Chebyshev interval method 
The CIM is a non-intrusive framework based on the Chebyshev orthogonal polynomials. Wu et al. [182] proposed the CIF for 

nonlinear dynamic systems under interval uncertainties, where a vehicle suspension problem and a double pendulum problem were 
studied. Till now, it has been extended into multiple research areas like gear systems, multi-body systems and pipe systems [183], due 
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to its excellent performance and convenience. The main theory will be briefly explained. For any interval variable x ∈ [a, b], the n- 
degree Chebyshev polynomial is defined by 

Cn(x) = cosnθ, with θ = arccos
2x − (b + a)

b − a
(28)  

where θ ∈ [0, π]. This projection translates any physical interval inputs into the standard variables in [-1, 1]. In multi-dimensional 
cases, it evolves to 

Cn1 ,n2 ,⋯,nm (x1, x2, ⋯, xm) = cosn1θ1cosn2θ2⋯cosnmθm (29) 

Then, the input interval variables are deemed as standard intervals after the projection without causing ambiguity. The n-order 
Chebyshev approximation for multi-dimensional uncertainty problems with the QoI y(t, x) is given by 

y(t, x) =
∑n

i1=0

∑n

i2=0
⋯
∑n

im=0

1
2pyi1 ,i2 ,⋯,im Ci1 ,i2 ,⋯,im (x) (30)  

where p represents the total number of zeros that appear in the set of subscripts i1,i2,⋯,im, yi1 ,i2 ,⋯,im 
denotes the Chebyshev coefficients 

to be determined and x is the input interval vector x = [x1, x2, ⋯, xm]
T
∈ [− 1, 1]m. 

To evaluate the coefficients, the multi-dimensional Mehler integration is used as 

yi1 ,i2 ,⋯,im =

(
2
ℓ

)m∑ℓ

j1=0

∑ℓ

j2=0
⋯
∑ℓ

jm=0
y(t, cosθj1 , cosθj2 , ⋯, cosθjm )cosi1θj1 cosi2θj2 ⋯cosimθjm

(31)  

where ℓ designates the number of interpolations, which should not be less than n + 1 for the sake of accuracy. The interpolations are 
actually the zeros of degree Chebyshev polynomials, which can also be used for stochastic collocations [184]: 

⎧
⎨

⎩

θj1 , θj2 , ⋯, θjm ∈ {θ̂}

θ̂ j =
2j − 1

ℓ
π
2
, j = 1, 2, ⋯, ℓ

(32) 

The y(t, cosθj1 , cosθj2 , ⋯, cosθjm ) is the model output of the deterministic system at the interpolation point x =

[cosθj1 , cosθj2 , ⋯, cosθjm ]
T. Thus, it is evidently shown that the original solver will be only executed at interpolations as a black box. 

After computing all the coefficients, the QoI output bounds are calculated as 

yI = [yL, yU ] =
1

2my0,⋯,0 + [− 1, 1]
∑

0⩽i1 ,…,im⩽n

i1+⋯+im⩾1

(
1
2

)p⃒
⃒yi1 ,i2 ,⋯,im

⃒
⃒ (33) 

The above inclusion operation may lead to overestimations caused by the interval arithmetic. 
From Eqs. (31) and (32), we can notice that the quadrature points will increase in tensor form leading to the curse of dimension. In 

fact, there are several variants of this method. In [42], the dimension-wise Chebyshev method was employed to treat interval un
certainties individually under the assumption that they are independent. However, it involves derivative calculation. The LST is 
introduced to calculate the Chebyshev coefficients in a regression way similar to the response surface method in [158], where the 
collocations are largely reduced to improve the efficiency and the numerical Gaussian quadrature is avoided. The improved interval 
method is called the Chebyshev collocation method. It was further proved that the accuracy of the method mainly depends on the 
collocations rather than the basis functions [185]. Eq. (33) can be further processed by the MCS or an optimization method, such as the 
particle swarm optimization, to tighten the final interval of the output result to reduce overestimations [186]. Inspired by the above 
Chebyshev method, a polynomial surrogate model was constructed for the interval analysis of cracked rotor systems subject to interval 
uncertainties [74]. 

3.4. Summarization and comparison 

Probabilistic or stochastic methods are developed based on mature statistical theories and their mathematical deductions are 
rigorous. Plenty of statistical information about the output can be obtained, such as any orders of the statistical moments, especially the 
ensemble mean and standard variance. One can predict a confidence interval using the stochastic responses and even the probability of 
any response values. That is very beneficial to engineering for a confident design and dynamic analysis. The prerequisite of imple
menting these methods is that the PDFs or joint PDFs of uncertain variables are already known or there is sufficient data to derive such 
a reliable distribution model. If the requirement is not met and hypotheses are used, the validity of results is questionable. Subjectively 
choosing a standard probability law model or introducing unreasonable assumptions may produce misinterpreted results and even 
incorrect conclusions. Looking more closely, the MCS is simple and reliable, but it requires a huge amount of tedious computation. The 
intrusive PM is best suited for small variations and cannot be used for large range uncertainties. The PCE may produce the spurious 
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peaks of dynamic systems near resonance and improvements can be found regarding the accuracy and efficiency [94,187]. In Kriging 
modeling, the order and correlation functions play a vital role in the accuracy of surrogate models. The non-intrusive PC-Kriging 
method derived from a combination of the PCE and Kriging allows modeling rotor system with aleatory and epistemic uncertainties 
simultaneously. In this case, classical indicators can be used to validate the relevance of such advanced Kriging-based surrogate 
modeling or increase the efficiency of surrogate models [36]. The capability of the RMT in dealing with uncertain nonlinear rotor 
systems remains exploited. The Bayesian inference suffers from obtaining the priori probability distributions for complicated rotor 
problems. 

The fuzzy approaches, which are built on the basis of imprecise data, are applicable for the cases with partial true and partial false 
variables. The limited data is taken into consideration compared with interval methods, although it is not enough to derive the PDFs. It 
also leads to mathematical imprecisions [188]. When the uncertain input of rotor systems requires complex fuzzy expressions, finding 
the appropriate membership functions can be very difficult or it is somewhat empirical. Misleading results will be produced if they are 
not applied correctly. 

Interval approaches can be easily applied to general uncertain dynamic systems since only the lower and upper bounds of uncertain 
inputs are needed, which brings much convenience in some cases. The major disadvantage of interval methods is that data within the 
interval input, if any, are not made use of. Essentially, the outputs are interval-based quantities similar to the inputs. However, the 
variability pattern of the system output interval ranges is lost completely [188]. For example, there may be a few scattered data 
observations for the uncertain parameters of rotor systems, which is highly possible, but only the dispersion bounds are used in interval 
uncertainty analysis. In addition, the interval methods usually give conservative dynamics estimations compared with other types of 
methods and they suffer from overestimations. The most notable situation is direct applications to complicated calculations, where the 
overestimations cumulate and finally give large-range interval predictions that obviously make no sense. The TIM is similar to the PM 
to some degree in that it cannot be used for large-range uncertainties. What’s more, it is difficult to obtain high orders of the derivatives 
required in the TIM in order to be accurate in complex and nonlinear uncertain cases. The CIM and its variational versions may subject 
to the curse of dimension. Efforts have been made to improve its ability to deal with high-dimensional and nonlinear uncertain 
problems [189]. 

Apart from the above points, the way the UQ methods work, i.e., intrusive or non-intrusive, is of great importance in more 
complicated problems. The intrusive methods integrate the uncertainties in the modeling process of the rotor systems without any 
generality, which means an extensive reprogramming of both the existing codes and solvers for rotor dynamic systems and the UQ 
methods. Its advantage is that the solutions can be obtained accurately and efficiently. The PM, spectral methods (the K-L expansion) 
and TIM are typically intrusive. The non-intrusive approaches, however, treat the deterministic dynamic problem of rotor systems as a 
black box by surrogate models based on the theories such as orthogonal approximation. As such, the original solvers can be well 
preserved without much modification. These methods have excellent generality and will easily adapt to different systems and prob
lems. The uncertainty in the final output will be extracted via the post-processing of the model outputs at parameter samples or 
collocation points. The MCS, Kriging and CIM or their variants are popular non-intrusive approaches. The PCE and Bayesian inference 
can be both intrusively and non-intrusively implemented. The non-intrusive methods can be implemented in connection with the 

Extract bounds 
or statistical 

moments, etc.

Uncertainty is 
enclosed in the 

solutions.

(a) (b) 

Fig. 4. Schematic demonstration of the general process of (a) non-intrusive, black-box and (b) intrusive, open-box.  
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commercial software, unlike the intrusive process which generally remains handmade code and therefore is commonly used by ex
perts. From a perspective of industrial versatility, the non-intrusive techniques are generally recommended for large-scale rotor 
systems, which involve complex modeling and solution process. One of the major drawbacks is that the non-intrusive approaches can 
be very costly in terms of computation time and data storage since a number of calculations are needed to converge and consequently 
obtain a correct representation of the outputs (for example to find the PCE coefficients which best match a set of response values 
obtained from a design of computer experiments in agreement with a PDF predefined). For the intrusive approaches, the required 
computational time is by nature very low compared to a non-intrusive process given that only one calculation is necessary. However, 
the required rewriting of the equations of the problem can sometimes be complicated and the modifications to a numerical solver are 
painful. Even if this does not represent a major theoretical problem in terms of mathematical rewriting [48,64,75], it can be quite 
complicated to set up when many uncertainties are considered. 

For a better illustration, the differences between intrusive and non-intrusive UQ approaches in rotor dynamic analysis are depicted 
in Fig. 4. 

Further, a primary concern in the UQ of the dynamics of rotor systems is the computational accuracy and efficiency. As pointed out 
previously, the various UQ techniques are divided into intrusive methods and non-intrusive methods. The intrusive methods are 
generally very efficient since they do not require repeated runs of the physic models while the non-intrusive methods often induce 
many run times of the deterministic model, i.e., they are referred to as the sampling-based methods. Naturally, one expects the UQ 
methods to give accurate estimations while they remain highly efficient. This involves the two basic sides in general uncertainty 
analysis. On the one hand, the calculated results must be accurate enough or the errors are in an acceptable range otherwise the efforts 
made will not make sense. On the other hand, the computational cost should be low. Obviously, the computation time required by the 
UQ methods depends on the specific machine used, the degree of complexity of the deterministic problem (such as the number of DOFs 
and nonlinearity) and the number of uncertainties included. However, we will discuss the required cost by comparing the needed total 
run times of the deterministic model, which excludes the performance difference of the machines. Then, the problem arises in twofold: 
the complex physical models and the curse of dimensionality. For general large-scale rotor models established, which is mandatory for 
industrial applications, the burden of a deterministic simulation can be overwhelmingly heavy, especially when nonlinearities are 
included. Moreover, the sampling-based UQ methods will normally require a tensorial number of uncertain parameter samples if many 
uncertainties are present, leading to the cost rising on an exponential basis. Then, the realization of uncertainty analysis will be nearly 
impossible if an enormous number of simulation runs are needed even though the modern computing resources are more advanced 
than before. However, the contradiction between accuracy and efficiency cannot be solved once for all because the issue is deeply 
rooted and the two sides are closely linked to each other. A compromise or trade-off is generally the way out by proposing dedicated 
techniques, such as the sparse girds and regressions [23], intending to maintain sufficient accuracy and reduce the simulation burden. 
Generally, the traditional MCS is a crude sampling method and its convergence is low. Thousands or tens of thousands of simulations 
are required to secure reliable dynamics output of the uncertain system. Its results are generally deemed to be accurate enough and 
therefore the MCS is frequently used to validate other probabilistic methods, such as the PCE. However, in some cases, MCS is not 
applicable due to the high cost of computational models of rotor systems. It is then necessary to implement robust estimators to 
validate the convergence of the solution obtained. Efforts can be found in the literature to improve the efficiency of the traditional MCS 
by proposing variational methods [190]. Similar to the traditional MCS, the scanning method, which evenly generates samples for 
interval uncertain parameters, is often employed as a reference to other interval methods, such as the CIM. The numerical performance 

Table 2 
Summarization of popular uncertainty analysis methods for rotor systems.  

Type Method Strength Limitations References 

Probabilistic MCS Intuitive 
Non-intrusive 
All PDFs supported 

Low convergence rate [47,62,82,89,99,117,157,194–198] 

PM Can solve nonlinear problems Small levels of uncertainty 
Difficulty in high order terms 

[77,91,199–201] 

PCE Fast 
Non-intrusive and intrusive 

Cannot model correlation 
Spurious oscillations near vibration resonances 

[40,44,45,78,80,109,116,156,202,203] 

Kriging Fast 
Non-intrusive 

Attention should be paid to correlation functions [12,36,108,159–161,204] 

RMT Nonparametric 
Prior PDFs not mandatory 

Difficult to select dispersion control parameters [39,90,121,122] 

Bayes Backward uncertainty inference Difficult to define the priori PD in complicated 
problems 

[164–167,169] 

Fuzzy FST Require limited information only 
Can handle partial true and partial 
false 

Possibility and necessity measures required 
Difficult to define membership functions 

[54,100,101,104,130,173,205,206] 

Interval IA Straightforward Large overestimation [41,207] 
TIM Can solve nonlinear problems Small levels of uncertainty 

Difficulty in high order terms 
[83,179,180] 

CIM Fast 
Non-intrusive 
Suitable for large level uncertainty 

High burden for a large number of uncertainties 
Possible large errors near vibration resonances 

[38,42,75,97,131]  
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of other UQ methods described previously is generally better than the MCS and scanning method, but one should judge individually 
based on the dimensions of both the physical model and uncertainties in the uncertain rotor dynamic problem under study. 

It is also worth mentioning that physical parameters in rotor systems always stay strictly positive. Although the results are not likely 
to be influenced from a mathematical point of view, it is not rigorous in physics-based computations. Hence, the unreasonable 
parameter samples, if present, produced in the sampling-based methods like the MCS should be disregarded [13,40]. The advantages 
and disadvantages of the popular UQ methods described above are summarized in Table 2 and representative references of their 
applications to uncertain rotor dynamics analysis are provided as well. There are also other UQ approaches in the other disciplines but 
not yet applied to rotordynamics, such as the evidence theory or Dempster-Shafer theory [191], imprecise probability [192] and 
interval probability [193]. 

Based on the above discussions of different UQ methods as well as their pros and cons, we give some remarks regarding the choice 
of the approaches when one attempts to carry out the uncertainty analysis of rotor systems. The most important supports for choosing a 
UQ method are the details available and the computational budget [24]. The type of data available will affect the most appropriate 
method one should choose. Moreover, the differences between intrusive and non-intrusive implementations have significant meanings 
for convenience in complex engineering scenarios. On the other side, the sampling of uncertainties has to be considered according to 
the computational burden that one can bear. To sum up, the choice of the methods largely depends on the specific situations and the 
preference of users. 

4. Dynamic characteristics with uncertainty 

In this section, the detailed research progress of dynamic characteristics of uncertain rotor systems is summarized. The classifi
cation is made by the main content and the characteristics discussed in the works, which covers the general natural characteristics and 
dynamic response, investigations that include typical faults of rotor systems, stability problems and inverse parameter identification. 

To enable a more effective and insightful discussion of the uncertain rotordynamics, the most classic EOMs of a generalized rotor- 

Fig. 5. Natural characteristics and shaft orbits of uncertain rotor systems: (a) the Campbell diagram [18], (b) the variability of the third forward 
mode shape (vertical lines indicate the standard variation) [18] and (c) orbits of an uncertain rotor with multiple faults [73]. 
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Fig. 6. The evolutions of the average and average ± standard deviation of the critical speeds and the associated maximum amplitudes for the first 
four modes of a rotor-bearing system with random parameters [36]. 
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bearing system based on the FEM are provided as follows: 

Mẍ + (C + ωG)ẋ + Kx = W + Ql + Qnl (34)  

where x is the vector of displacements, ω defines the rotational speed of the rotor, M and G are the global mass and gyroscopic matrices 
including mass and gyroscopic matrices of the shaft and rigid discs, C and K are the external damping and stiffness matrices of the shaft 
and bearing support. To be noted that W defines the vector of gravity forces, Ql represents the linear forces on the rotor system 
(normally the imbalance force for the complete rotor system) and Qnl denotes the nonlinear forces, which could be introduced by the 
presence of typical faults or bearing supports. If the rotor system is linear, Qnl will be a vector of zeros. A brief description of the FE 
modeling, as well as the expressions of the matrices, are provided in Appendix A. 

4.1. Natural characteristics and unbalanced responses 

The natural characteristics in this paper specifically refer to the critical speeds and mode shapes of rotor systems, which are the 
fundamental points to be taken care of in designing and dynamic analysis. Further, the most concerned is the vibration responses of the 
systems under imbalance excitations and they are analyzed from different perspectives in the time domain and frequency domain as 
well as their sensitivities [208]. In practice, the vibrations of a rotor system should not exceed the allowed maximum amplitude to 

(b)

(a)

Fig. 7. Transient and steady-state responses of an uncertain overhung rotor system: (a) the accelerating transient responses with the interval 
unbalance [42] and (b) the steady-state responses with the interval damping [13]. 
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ensure safe operations of the whole equipment. The uncertainties stemming from various sources make the situation more complicated 
[92,194,209,210]. Based on Eq. (34) and the formulations given in Appendix A, we can gain insights into the impacted matrices and 
vectors in the EOMs of the rotor systems when different uncertainties are taken into consideration. For example, the bending stiffness 
of a shaft depends on the moments of inertia of the shaft cross sections I and Young’s modulus E. Therefore, any uncertainties in the 
geometries of the shafts will affect the stiffness matrix K of the EOMs and the uncertain density will lead to variations in the mass 
matrix M. Similarly, the uncertainties in the geometric and material properties of the discs can cause dispersions of the mass and 
stiffness matrices, and additionally the gyroscopic matrix G, the linear imbalance excitation forces Ql and the gravitation force W. The 
variability of the external loads, if any, is reflected by changes in Ql as well, such as the noise disturbances. Boundary conditions 
uncertainty is typically introduced by supports such as various bearings. It induces the uncertain stiffness and damping matrices (K, C), 
and sometimes the uncertain nonlinear forces Qnl, such as the nonlinear ball bearing forces and nonlinear oil film forces in journal 
bearing or simply a cubic stiffness term. The EOMs of rotor systems with typical faults will have additional variabilities depending on 
different faults and there are interactions between different matrices and vectors due to nonlinearities, which will be discussed later. 
To be noted that if the Rayleigh damping model is used, i.e., the proportional damping with respect to the mass and stiffness matrices, 
all the uncertainties affecting the mass and stiffness matrices will have an impact on the damping matrix. 

To clarify key issues in the stochastic rotor systems, many works have been carried out based on the applications of the PCE 
[45,55,92,94,156,202]. Sarrouy et al. [18] presented the stochastic Campbell diagram and the corresponding mode shape variability 
based on the PCE with 10 % dispersions in the density of a disc, as shown in Fig. 5(a) and Fig. 5(b). Didier et al. [40] formulated the 
spectral implementation of PCE for an in-depth investigation of the frequency responses and further extended it to an uncertain rotor 
subject to support excitation [48]. Didier et al. [73] also showed the shaft orbits of an uncertain rotor system with multiple faults, see 
Fig. 5(c). Gan et al. [39] showed the unbalance responses of a Jeffcott rotor using the max, min and mean values based on the 
nonparametric modeling. The effects of disc position, i.e., the offset, and the gyroscopic force were discussed. It was found that un
certainties in the unbalanced force and the bounded noise excitation cause the widened variation ranges of critical speeds and the 
vibration amplitude. A comprehensive study was carried out by Sinou et al. [12] to exploit the use of Kriging surrogate modeling to 
predict the forward and backward critical speeds of a flexible rotor with probabilistic uncertainties. It was proved that the proposed 
method has high efficiency and accuracy. Further, an advanced Kriging surrogate model based on the PCE was proposed to establish a 
hybrid meta-model for the natural characteristics and responses sensitivity analysis of a rotor with many random and epistemic un
certainties [36], the evolutions of critical speeds and the associated maximum vibration amplitudes for the first four modes are 
illustrated in Fig. 6. To be noted that a sensitivity analysis based on the Sobol index can be directly performed from the Kriging meta- 
models without any additional cost. Liu et al. [91,200] used the Riccati perturbation transfer matrix method to study the critical speeds 
of a rotor system with random mass density and section diameter. Comparison between the first-order and two-order perturbations 
shows that the latter has slightly better accuracy, but the complexity is greatly increased. It was also demonstrated that the PM has 
significant errors for large uncertainty levels. 

Rotor dynamic balancing is an important step before it is assembled into an engine, which ensures the vibration amplitudes fall 
within the allowed range. Datz et al. [44] quantified the effects of the stochastic uncertainty in the balancing weights on the influence 
coefficients and further the response amplitudes. A heavy-duty high-speed gas turbine rotor from industry was investigated experi
mentally. Recently, Zhao et al. [175] analyzed the performance of a transient balancing scheme with uncertainty propagation based on 
a Bently rotor test rig. 

The PDFs of the critical speeds were obtained in [101] for the fuzzy random rotor model. Qiu and Rao [100] applied a fuzzy 
approach to analyze the dynamics of a rotor system with nonlinear restoring forces. The bifurcation, orbits and Poincare map were 
presented and compared under different fuzzy stiffness. The intrusive interval analysis was applied to a finite element (FE) rotor system 
in [41] where the geometric properties, support stiffness and imbalance excitation were modeled as interval inputs. The mode shapes 
and steady-state responses were compared with the results from MCS. Further, the CIM was used to quantify the dispersions and a 
correction method was proposed to improve the accuracy of response bounds near resonance [97]. Fu et al. [13,42,131] investigated 
the transient, steady-state vibration responses of an uncertain rotor with an overhung disk under interval or hybrid uncertainties using 
the non-intrusive UQ methods, as shown in Fig. 7. A few works also studied the uncertain dynamics of dual-rotor-bearing systems 
[96,161,211]. Capiez-Lernout et al. [212] defined the blade manufacturing tolerances for the mistuned industrial bladed disks and 
Capiez-Lernout et al. [213] further analyzed the mistuning effects and relevant uncertain dynamics based on the nonlinear ROMs using 
the nonparametric probabilistic approach. Picou et al. [214] presented a robust analysis of the influences of the geometric non
linearities in rotating bladed disks with the intentional and unintentional mistuning. Xie et al. [215] proposed a monitoring method of 
the blade damage by using the frequency domain statistics extracted from the random vibration of the shaft. The effects of friction 
parameter uncertainties in blades system with underplatform dampers were investigated by Yuan et al. [216] and the nonlinear 
dynamical response under uncertainty was analyzed. 

The dynamics of rotor systems under the fuzzy or random uncertainties associated with different kinds of bearings are the most 
heated research topics [53–55,60,103,104,108,111,117,195,217–223], among which the journal bearings are major focuses of many 
researchers. For uncertainties in journal bearings, three main points were generally investigated, i.e., the rough surfaces, radial 
clearance and lubricant viscosity (caused by lubricant temperature variations). Those uncertainties will be reflected in the dynamic 
coefficients of journal bearings and further the vibration behaviors of the rotor-bearing systems [224]. Envelopes of the uncertain 
transient responses of a flexible rotor supported by journal bearings were discussed by Cavalini et al. [104] based on fuzzy analysis. 
Kriging metamodel was used to represent the thermohydrodynamic models of three kinds of bearings in a Francis hydropower unit 
[108], i.e., a cylindrical journal bearing, a tilting-pad journal bearing and a tilting-pad thrust bearing. 

The research on nonlinear rotordynamics under uncertainty is more difficult than the linear studies since there are interactions 
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between nonlinearities and uncertainties. Some papers investigated the nonlinear dynamics of the rotor-AMBs systems [64,225,226] 
and cracked rotor systems [47,75,76,115,227,228]. Nonlinear analysis techniques, such as the alternating frequency/time technique 
(HB-AFT), orthogonal polynomial approximation and linearization, are used to deal with nonlinearities. The detailed introduction of 
the above contributions will be presented in the later dedicated sections. Here, we discuss a special and critical issue posed in nonlinear 
uncertain dynamics. Nonlinearity in uncertain rotor systems will bring great challenges to frequency response function (FRF) com
putations [155]. In FRFs of linear uncertain rotor systems, there is always one single corresponding amplitude for a frequency. 
However, the FRFs for nonlinear rotors have turning points which means one frequency may correspond to multiple amplitudes, 
including stable and unstable solutions. Thus, the original quantification method by using the frequency as a control parameter in 
linear FRFs will fail in nonlinear cases. As shown in Fig. 8, each curve can be a sampled FRF from an uncertain and nonlinear dynamic 
system. In Fig. 8(a), the nonlinear terms are neglected and the system degrades to linear cases. It is noticed that the UQ method will 
easily find sampled values from every FRF at fixed frequencies. In Fig. 8(b), the situation is much more complicated. There may be two 
or three solutions for one single frequency. Moreover, the path-following techniques produce different frequency steps for different 
sample FRFs. This can be concluded as sample solutions obtained from different FRFs are not on the ‘same condition’ and are further 
incomparable from the perspective of UQ methods. Sinou et al. [155,229] treated the frequency as an uncertain input and expanded on 
the PC basis apart from other random parameters. Then, the envelopes of the stochastic responses were obtained for nonlinear systems 
with cubic stiffness and also contact problems based on the HB-AFT. An intrusive PCE was implemented in the HBM process to build 
the nonlinear response from a limited number of runs of the computational model. Sarrouy et al. [230,231] proposed to use the phase 
of vibration as a new control parameter in linear stochastic systems to eliminate multimodality and discontinuity in FRFs. This 

Fig. 8. Fixed frequency views: (a) linear FRFs and (b) nonlinear FRFs.  
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viewpoint may also be inspiring for solving the multi-solution issue in nonlinear systems with uncertainties although till now no 
relevant research has been reported to clarify how to transfer back to the frequency measure from the phase measure. Peradotto et al. 
[232] applied the asymptotic numerical method (ANM) to stochastic FRFs calculation of a rotor system with cubic stiffness and verified 
the results by MCS. Panunzio et al. [233] further generalized the method to deal with the Gibbs phenomenon and introduced an arc- 
length ratio, which ensures resonance points of FRFs or the turning points are reached simultaneously. Fu et al. [234] proposed a polar 
angle interpolation (PAI) method as a non-intrusive post-processing technique to tune the different nonlinear FRF samples of a rub- 
impact dual-rotor system, as shown in Fig. 9. The fixed frequency view in the traditional sense is replaced by the polar angle view, 
which has only one amplitude for a given polar angle (the amplitude samples are regenerated via interpolation with a fixed polar step 
length). However, it must be pointed out that the PAI method may be clumsy or even fail in nonlinear FRFs with extreme curvature or 
there are more than three amplitudes for a fixed frequency. 

From the reported works on rotordynamics with uncertainty, several general points can be summarized. An essential feature found 
is that the deviations of QoIs depend on the uncertainty level of inputs. Normally, larger variations of inputs on rotor systems lead to 
more significant dispersion of the output QoIs although different forms may be presented according to the type of uncertainty used, 
such as variance or standard variance in stochastic analysis and bounds in interval cases. The second point that should be pointed out is 
that the effects of uncertainty can be different for rotor systems regarding different model configurations and physical values. In fact, 
sensitivities of uncertainties play vital roles, and they naturally vary from case to case. Finally, it is noticed that influence patterns 
depend on whether the inherent characteristics of the rotor system under study will be affected by the input uncertainties. For instance, 
damping in a linear rotor system mainly controls the vibration amplitudes and its effects are mainly found in resonance regions. Thus, 
the uncertainty of damping in linear rotor systems causes the deviations of vibration responses only near the critical speeds and no 
obvious changes can be found in critical speeds themselves. Imbalance uncertainty affects vibration amplitudes only as well, but it has 

P1 P3

P2 

(b) (c)

(a)

Fig. 9. Polar angle interpolation for nonlinear FRF uncertainty prediction [234]: (a) the polar sampling view, (b) and (c) accurate predictions of the 
multi-solution response bounds. 
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universal influences at all rotation speeds. For uncertainties that alter the natural characteristics of rotor systems, the results are totally 
different. As evidenced by the literature, the lower bound in interval problem or lower envelope in stochastic problem has a single 
sharp peak while the upper bound or upper envelope has an expanded resonance band [93]. The bandwidth depends on the level of 
input uncertainty. In the band region, amplitudes are high compared to deterministic values. However, the amplitude at the very 
critical speed has not deviated very much from the deterministic resonance peak but is almost identical. The new resonance peaks in 
upper bounds locate at new rotation speeds. Whether the vibration peak is shifted to the left or right depends on the uncertainty 
considered. This phenomenon was found both in linear and nonlinear uncertain rotor systems as well as general mass-spring vibrators 
[155,229], as shown in Fig. 10. For anti-resonance peaks, the pattern is reversed. 

4.2. Dynamics of faulted rotors 

Faults are common in rotating machinery for a variety of reasons and they significantly affect the dynamics of rotor systems. If one 
fault occurs and proper maintenance is not carried out in time, other secondary faults will successively appear. For example, 
misalignment or bow of the shaft can lead to high vibration amplitudes which may induce contact of the rotor and stator, i.e., rub- 
impact. Faults reduce the lifetime of rotating machinery and can even cause catastrophic accidents. Thus, fault mechanism and 
diagnosis are important research areas in rotordynamics. The uncertainty associated with common faults has attracted the attention of 
researchers in recent years. As summarized in Section 2.1, uncertainty analysis was extended to rotor systems with several typical 
faults, such as bow, misalignment, asymmetry, crack and rub-impact faults. It is worth clarifying once again that the mass imbalance of 
a rotor system is not classified as a fault but as a model parameter to distinguish from Section 4.1. in this paper although the rotor 
imbalance is admitted as one of the most common faults in rotor systems. 

Fig. 10. The FRFs of uncertain dynamical systems: (a) linear rotor system, (b) nonlinear rotor system and (c) nonlinear two-degrees-of-freedom 
system. (Reproduced from [42,155,229]) 
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4.2.1. Bow fault 
The bow corresponds to an initial deformation of the rotor which can be caused by thermal effects or gravity effects on off-line 

machines. The fault adds a linear force to the EOMs [73]: 

fbow = fbow
c cos(ωt+φbow) + fbow

s sin(ωt+φbow) (35)  

where the constant φbow, fbow
c and fbow

s are the initial phase of the bow, the amplitudes for the cosine and sine terms, respectively. Thus, 
we can notice that the uncertainty in a bow fault will have influences on the linear force vector Ql. 

Didier et al. [73] studied the stochastic nonlinear responses of a rotor system subjected to uncertainties on both the amplitude and 
the phase of the bow. A high variability on the first and third harmonic components due to uncertainties in bow characteristics was 
observed whereas no sensitivity on the second and fourth harmonic components was detected. These results can be explained by the 
fact that the forces that model the bow are linear and the rotor model studied has coupling terms between odd harmonics. 

4.2.2. Misalignment fault 
Misalignment fault in rotor systems often refers to the parallel and angular mismatch of shafts connected by couplings due to 

manufacturing or assembling errors. The effects of the parallel misalignment are represented by additional forces at the coupling node 
[73]: 

fm1 = Nkm1δm1[sin(ωt), 1 − cos(ωt), 0, 0 ]T (36)  

where N, km1 and δm1 denote the number of bolts in the coupling, the stiffness of bolts and the amplitude of the parallel misalignment, 
respectively. From Eq. (36), it is evident that the uncertainty in the parallel misalignment adds to the variability of the linear forces Ql. 

An angular misalignment will bring two terms to the EOMs of the rotor system, i.e., a parametric stiffness and a reaction force [73]: 
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where r, km2 and δm2 are the radius of bolts, the additional stiffness and the amplitude of the angular misalignment, respectively. As 
shown in Eq. (37), the variability related to the angular misalignment induces changes in the system stiffness matrix and the linear 
force vector. There will be couplings between the first a few orders of frequency components in the dynamic responses due to the non- 
synchronous stiffness and forces. 

Asymmetry of shaft, misalignment and bow coupled faults were investigated by Didier et al. [73] to study the stochastic nonlinear 
dynamic responses of a rotor system. Uncertainties in the mass imbalance, Young’s modulus, depth of asymmetry, amplitude of bow, 
relative displacement of the parallel misalignment and angular misalignment were considered. Both the envelopes of the stochastic 
FRFs and shaft orbits were presented. Misalignment fault in rotating systems is mainly induced by assembling errors. The lateral offset 
between the centerlines of two parallel shafts is termed parallel misalignment and the angle between two consecutive shafts is called 
angular misalignment. Li et al. [116] modeled angular misalignment in a rotor system with cubic support stiffness. Considering un
certainties in damping, stiffness coefficient and angular misalignment fault, the authors illustrated the mean response time history, 
orbit and PDFs of amplitude, in which P-bifurcation was observed. The initial angular misalignment uncertainty of rolling element 
bearings stemmed from mounting was studied in [82]. The PDFs and CDFs for rating life and fatigue life of the bearings and spindle 
were discussed in detail by two cases. It was found that the rating life of the spindle system is greatly reduced by the uncertain 
misalignment in rear bearings. Recently, interval analysis was introduced to misalignment fault studies [83]. Fu et al. [84] used a 
Legendre interval collocation method to quantify the effects of misalignment uncertainty on the dispersions of n× harmonic com
ponents. The results show that the uncertainty in parallel misalignment propagates into the 1× and 3× components while uncertainty 
in angular misalignment mainly affects the 2× and 4× components. Misalignment in the uncertain journal bearings and the stochastic 
lubrication were investigated as well [235]. 

4.2.3. Asymmetry and crack fault 
Asymmetry is a common fault in rotating machinery that is classically due to the geometry of shafts, asymmetric coupling, or the 

presence of cracks. For example, a breathing transverse crack can be modeled by recalculating the moments of inertia of the damaged 
shaft element and the stiffness loss due to the crack. Then the final form of the stiffness matrix of the cracked rotor system is expressed 
as [75,227] 

⎧
⎪⎨

⎪⎩

K̃ = K − g(t)Kcrack, g(t) =
1 − cos(ωt)

2
Kcrack = diag(0, ⋯, 0, Kloss

j , 0, ⋯, 0)
(38) 
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where g(t), Kloss
j and Kcrack are the breathing function to simulate the time-variant behaviors of the crack geometry (a cosine function is 

commonly used), the stiffness reduction of the damaged shaft element (j indicates the cracked element number), and the augmented 

Fig. 11. Harmonics analysis of a cracked rotor system with the interval crack depth [75]: (a) 2× component and (b) 4× component.  

Fig. 12. The 2× displacements for a cracked rotor with stochastic uncertainties in Young’s modulus and excitations (solid lines for the non- 
dimensional crack depth 1 and dashed lines for 0.5) [76]: (a) mean of horizontal response, (b) standard variance for horizontal response, (c) 
mean of vertical response and (d) standard variance for vertical response. 
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Kloss
j in global form, respectively. ω corresponds to the rotational speed of the rotor system. The parametric stiffness matrix K̃ will 

interact with the displacement vector x, introducing the couplings of the frequency components in the vibration responses as evidenced 
in the HBM deduction process [75]. Thus, complicated behaviors may be observed when uncertainties exist in the cracked system. 

The quantification of the effects of uncertain geometrical properties, such as the depth of the asymmetry for a rotor shaft, on the 
variability of the nonlinear response of a rotor system, was investigated by Didier et al. [73]. Results illustrated that uncertainty in the 
asymmetric section properties induces evident variations of the static, 2× , 3× and 4× harmonic components while the variation of the 
first harmonic component remains very small. Consequently, variations on the global nonlinear response were not drastically affected 
because the first harmonic component represents the predominant vibration of the global nonlinear response of the rotor system. Sinou 
and Jacquelin [94] studied the nonlinear response of a rotor system with uncertain stiffness and asymmetric coupling that involves 
time-dependent terms. 

A crack in the shaft is a frequently seen fault in rotor systems because of wear or defects. It breaches the structural integrity of rotor 
systems and lots of efforts have been put to detect crack faults [157]. The depth of a breathing crack and other model parameters are 
considered as interval variables to reveal their impacts on the frequency components in the nonlinear responses of a rotor system based 
on the interval descriptions [75], as demonstrated in Fig. 11. Sinou et al. [76] investigated the stochastic nonlinear responses of a rotor 
system with a transverse breathing crack when the stiffness of the shaft and the excitation forces were uncertain. The harmonic re
sponses, illustrated in Fig. 12, are found to have spurious peaks near resonances and sub-resonances due to the nonlinearities and the 
high sensitivity of the system to uncertainties. The spurious peaks in the responses of uncertain mechanical systems are deemed as 
inaccurate estimations. Considering a crack in the middle span of a rotor (this causes high sensitivities of the responses to un
certainties), Fu et al. [228] revealed the roles of the Chebyshev surrogate model parameters in the prediction accuracy and efficiency. 
It is found that the Chebyshev order is the key factor in reducing those false peaks. The role of the PC order and the improvement 
strategy for reducing the spurious peaks are also discussed in [94,233]. Breathing cracks can evolve to open cracks. Subsequently, the 
dynamics of an uncertain hollow-shaft rotor system with an open crack were studied [236] using the CIM. Leng et al. [47] studied the 
bifurcation and chaos response of a cracked rotor subject to random disturbance. The above-mentioned investigations suggest that it is 
practically insufficient to use linear approach-based condition monitoring techniques, i.e., monitoring frequency shifts and variations 
in modal parameters, for detecting damages with the presence of uncertainties, which lead to variations of the monitored features as 
well. The recommended damage indicators are the appearance of the n× harmonic components at sub-critical speeds, i.e., 1/n of the 
critical speeds. Moreover, interactions between the imbalance and breathing cracks lead to more significant deviations in the hori
zontal direction than in the vertical direction [76]. In other works, the Kriging surrogate model was used to identify crack damage in a 
rotor system based on the super-harmonic nonlinear characteristics [204,227]. Chen and Guo [237] considered measurement un
certainty and proposed the interval Gauss function as kernels of an interval crack fault diagnosis method. An optimization method was 
then applied to improve the classification accuracy which was verified via an example. 

4.2.4. Rub-impact fault 
Rub-impact fault represents the contact between the rotor and stator as the clearance between them is reached when the rotor 

experiences severe vibrations. In practice, the rub-impact fault is usually caused by other faults that significantly increase the vibration 
amplitudes of the rotor or the rotor and casing are not concentric. During their contact, the rotor continues to operate which generates 
the tangential friction force and normal impact force on the disc node, which can be written in the fixed coordinates frame as [234] 

(a) (b)

Fig. 13. The amplitude-frequency responses of an uncertain rub-impact dual-rotor system (Red-uncertain response ranges; blue solid line- 
deterministic) [234]: (a) interval unbalance excitations and (b) interval rotor/stator contact stiffness. 

C. Fu et al.                                                                                                                                                                                                              



Mechanical Systems and Signal Processing 183 (2023) 109619

26

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

Fx = H(xr, yr)Krub(1 −
δrub
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x2
r + y2
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√ )(xr − μyr)
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δrub
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⎩
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1, if
̅̅̅̅̅̅̅̅̅̅̅̅̅̅

x2
r + y2

r

√

− δrub⩾0
(39)  

where H(xr, yr) and (xr, yr) are the Heaviside function and the displacements of the disc center. Symbols δrub, μ and Krub represent the 
radial clearance, friction coefficient and contact stiffness between the rotor and stator, respectively. The forces expressed in Eq. (39) 
are non-smooth and piecewise nonlinear, causing difficulties in the UQ of a rub-impact rotor. 

Most researchers focused on the dynamic analysis and fault diagnosis of rubbing rotors in a deterministic sense. Researchers 
gradually paid attention to uncertainty propagation in rotor systems with rubbing events [77]. Yang et al. [201] presented the sto
chastic bifurcation and chaos of a rub-impact rotor system considering random stiffness and random excitation. Results showed that 
the nonlinear response can be promoted when the rotational speed is near the 1/2 first-order critical speed and suppressed over it. Guo 
et al. [238] modeled uncertainty in a Jeffcott rotor/stator with synchronous full annular rub as weak random disturbances. The 
diffusion and persistence under different conditions are studied, especially the mechanism of noise-induced escape from synchronous 
full annular rub towards dry friction backward whirl with large vibration amplitudes. Mixed aleatory and epistemic uncertainties were 
considered in [134] and the likelihood method was applied to obtain the nonlinear responses of a Jeffcott rotor. Ma et al. [78] studied a 
rubbing rotor based on the gPCE formulation in conjunction with the HB-AFT. Uncertainties in the rub-impact fault-related parameters 
were investigated to reveal their effects on nonlinear steady-state responses of the rotor model. The above investigations used the 
analytical Jeffcott rotor model as a research object to highlight the propagation mechanism of various uncertainties. However, this 
simple model may limit the practical applications. Fu et al. [79] extended the interval analysis to an overhung rotor system subject to 
rub-impact in which the clearance between rotor and stator, contact stiffness and friction coefficient were used as uncertain variables. 
However, it lacks exploitation of deeper nonlinear characteristics since time history responses can exhibit limited information. Further, 
Fu et al. [234] studied the deviation ranges of the nonlinear FRFs of a dual-rotor rub-impact system subject to interval uncertain 
parameters and found interesting variation patterns when the model parameters (such as the disk imbalance) and fault-related pa
rameters (such as the rotor/stator contact stiffness) are uncertain, as presented in Fig. 13. 

Several studies exploited dynamics under other faults within an uncertain context. Garoli et al. [166] proposed to combine the 
gPCE and Bayesian inference to identify the bearing wear fault parameters. Experimental measurements are used in the comparison of 
the stochastic and deterministic approaches. A fuzzy fault tree analysis was carried out by Li et al. [173] where the uncontained event 
of an engine rotor was on the top of a fault list covering over twenty faults in total. Castro et al. [222] applied a deep learning method to 
diagnose the ovalization fault of hydrodynamic journal bearings for model-based condition monitoring. The results proved that the 
deep learning method used is a powerful tool to predict ovalization faults in bearings. Tian et al. [239] investigated the effects of the 
uncertain defect size of the inter-shaft bearing in a dual-rotor system. The local defect size variability on the ball bearing inner raceway 
caused the main characteristics of the system to vary tremendously. An entropy method was used to diagnose the rolling bearing fault 
in a rotor-bearing system [240]. 

From a pragmatic point of view, the uncertainty treatment in faulted rotor systems attempts to gain a deeper understanding of the 
vibration behaviors of the faulted systems under uncertainty, and further promote the more robust detection or monitoring of these 
faults based on the uncertain responses. It is evident from the above-reported literature that many issues remain to be exploited on the 
topic of uncertainty analysis for faulted rotor systems and the robust diagnosis of typical faults. The vibrations of rotor systems with 
faults are already complicated and the quantitative uncertainty treatment is extremely challenging. Currently, simple rotor models are 
often used, and experimental works are insufficient. 

4.3. Stability analysis 

Instability issues in rotating systems are aroused by multiple sources. A rotor operating in unstable regions is very dangerous 
because the vibrations and noise produced will aggravate significantly [65]. From the reported literature on stability analysis with 
uncertainty, three main aspects are concerned, i.e., axial loads, oil film bearings and AMBs. Other investigated sources include un
certainty in support motion [241] and parametric excitations (not axial forces) which were modeled by a combination of harmonic 
terms and stationary stochastic processes [242]. Szolc and Konowrocki [81] modeled the overhung rotor system in a heavy blower 
applied in the mining industry and the stability and sensitivity were discussed in detail with stochastic imperfections included. In 
[243], normal variables were used to model the relative phase of two bearings to represent the uncertainty of fit position and 
installation. A 3D solid element rotor model was considered and quasimodes analysis for determining stable regions was carried out 
based on Hill’s determinant method. The rotor-AMBs systems with uncertainty often involve vibration control and thus will be 
summarized in Section 6. 

In rotor-bearing systems, axial forces at two ends of the shaft induced by external actions can cause the system to experience 
parametric instabilities. Lateral deflections of a slightly bent shaft with creep will increase gradually with time due to the axial loads, 
which are generally compressive. The shaft can collapse if a certain threshold is reached. Young et al. [66] studied the lateral vibrations 
of a rotor-ball bearing system with axial forces represented by the sum of a static force and a random process with a zero mean, which 
were analyzed by the stochastic average method. The first- and second-moment stability criteria were determined proving that the 
first-moment response is always stable. Bai and Zhang [67] obtained the Lyapunov exponent of a stochastically excited rotor system 
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and presented the almost sure asymptotic stability, where a dissipated quasi-integrable-Hamiltonian system with a stationary ergodic 
process was used to represent the rotor. Results showed that translation motions of the rotor system are generally stable, but angular 
motions can significantly affect the almost sure asymptotic stability. Pavlović et al. [244] revealed the influence of rotatory inertia on 
stochastic stability and concluded that it cannot be neglected in short shafts where transverse shear should be considered. Further, the 
cases of viscoelastic rotating shafts were investigated [127,245,246] showing viscoelasticity increases the almost sure stability. 

Oil-film bearings are prone to cause instabilities in many rotor systems. However, faithful and accurate models required to predict 
the reliable dynamic behaviors of rotor-bearing systems are difficult to establish. In fact, the dynamic coefficients are changing with 
external factors such as load, temperature and rotation speed. Therefore, it is appropriate to introduce uncertainty representations for 
robust dynamic analysis. Sun et al. [109] investigated the stability of an uncertain rotor supported on misaligned journal bearings and 
demonstrated that the stability threshold increases with misaligned angles. As shown in Fig. 14, the stochastic stability thresholds can 
take any intersections of the 95 % confidence intervals of the run-up curves and the borderlines. Moustafa and El-Awady [105,198] 
realized that single-valued quantities are not adequate for oil-film bearing dynamic coefficients and they introduced interval analysis 
for stability studies of rotor-bearing systems, where the bearing clearance, oil film stiffness and damping coefficients, as well as the 
shaft flexural rigidity, were interval uncertainties. Garoli and de Castro [80] investigated the period-doubling (oil whirl) and quasi- 
periodic motions (oil whip) induced by the fluid-induced instabilities in a rotor-bearing system with uncertainties in bearings, 
namely, the uncertain lubricant viscosity and radial clearance. Further, Visnadi and de Castro [195] pointed out that uncertainty in the 
radial clearance has more influence on the stability than that in lubricant viscosity. Rough surfaces in hydrodynamic journal bearings 
were modeled by transverse and longitudinal long narrow ridges and valleys in [217]. The stability characteristics of a rigid rotor 
supported on the imperfect hydrodynamic journal bearings were then investigated by the so-called SFEM. It was shown that transverse 
roughness significantly increases the rotor’s stability while isotropic roughness slightly decreases it and longitudinal roughness re
duces it. 

It is found that existing works on stability analysis of rotor systems with uncertainty mainly used analytical rotor models. Moreover, 
instabilities induced by other events of rotor systems under uncertainty have not been studied, such as dry friction. 

4.4. Parameter identification 

Parameter identification is a typical inverse inference process aiming to identify unknown model parameters in a rotor system. 
Subsequently, uncertainty analysis in this area essentially fits into backward inference such as Bayesian inference. Estimation of 
unknown parameters under uncertainty such as measurement error is meaningful for robust system identification [247], accurate 
modeling and damage assessment [248]. Although model updating of rotor systems is closely related to parameter estimation and 
calibration, it is a dedicated topic in general dynamic systems and has its own principles [167,168,249]. This paper, which concen
trates on uncertainty treatment, will not cover much of that area. 

The most common research objectives in the literature concerning parameter identification with uncertainty in rotor systems are to 
identify imbalance [170], bearing properties [89,160,199,250,251] and damages [166,252]. Mao et al. [253] proposed a micro- 
genetic algorithm with the advance and retreat method to identify the eccentricity of the spindle-tool system subject to random in
puts and outputs. Identification results for random deviations up to 5 % showed that error in the identified eccentricity for both motor 
and wheel is no greater than 0.47 %. Further, Mao et al. [180] used mixed interval and random descriptions for the uncertainty in 
unbalance identification process based on perturbation of transient responses of the rotor. In [254], the authors proposed to identify 
unbalance using an uncertainty-based combination of signal processing techniques, including Fourier transform and quasi-harmonic 
fitting of signal denoised with Hilbert-Huang transform, Hilbert vibration decomposition, and wavelet packet decomposition. The 
simulations and experimental results showed the validity of the data fusion, which reduces measurement uncertainty between 10 and 

Fig. 14. Stochastic stability thresholds of a rotor with misaligned journal bearings [55].  
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40 %. 
Tiwari and Vyas [255] carried out the stiffness parameter estimations of rolling element bearings based on random responses of the 

nonlinear rotor-bearing system, in which the random uncertainty primarily comes from progressive deterioration of the bearing 
surfaces and subsurfaces. It can also identify the magnitude and angular location of mass imbalance and damping ratio in the system. 
Experimental validation proved the effectiveness of the proposed method. Tyminski et al. [169] employed Bayesian inference to es
timate dynamic coefficients of hydrodynamic journal bearings. The MCMC method was applied to evaluate the influences of journal 
bearing’s uncertainties on the overall behavior of these components. A rotor-journal bearing platform was developed to obtain prior 
distributions of random parameters. Then, various case studies were performed that confirmed the efficiency of the Bayesian method 
on rotor-bearing system parameters identification. Garoli et al. [256] proposed the combined implementation of the Bayesian infer
ence and gPCE for identification of the AMB parameters and subsequently a sensitivity analysis was accomplished. Lu et al. [204] 
established a Kriging surrogate model based on the super-harmonic features, i.e., the 2× responses, to identify crack damages in rotor 
systems. Results suggest that a few samples will be sufficient for the surrogate model and it is robust to noise. It was also pointed out 
that more crack features are needed to improve the reliability of the surrogate method for real industrial applications. Han et al. [257] 
proposed a method based on an improved Kriging surrogate model with multi-point addition criterion and evolutionary algorithm for 
structural parameters identification in rotor systems, such as the bearing parameters and clearance in rub-impacts. Numerical veri
fication with 10 % Gaussian noise and experimental validation of rotor-bearing system experiencing rub-impact were conducted, 
justifying the causes of the discrepancies between the experimental and FEM results were inevitable uncertainties in material prop
erties and boundary conditions. 

5. Reliability assessment and optimization 

This section summarizes the reliability analysis of rotor systems in uncertain scenarios and optimizations of design and dynamic 
analysis, which is important for risk assessment [258]. These two aspects can be investigated jointly to obtain optimal solutions in a 
reliability sense. 

5.1. Reliability assessment 

Reliability generally represents the probability that a system performs its expected function without any failure within a certain 
period of time (before any failure occurs) [259]. It has profound significance in analyzing the reliability of rotor systems in the phases 
of design and operation [120,260–262] and further guides the fatigue life assessment [263,264]. Li et al. [265] reviewed the recent 
advances in reliability analysis of aero-engine rotor systems. 

Reliability assessment usually consists of two major steps: The first is to determine failure modes defined by the limit state functions 
and the second is to calculate the probabilities of failure modes or reliability indices. A fundamental effort to calculate reliability is the 
following integral of the PDFs or joint PDFs of uncertainties over the entire safe region: 

R = Pr(Z > 0) =
∫

Z>0
f (X)dX (40) 

Z(x)=0

x1

x2

O

Z(x)<0
Failure region

Z(x)>0
Safe region

Fig. 15. Safe region, limit state function and failure region.  
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where X is the random responses, f(X) designates the joint PDF and Z represents the state function. As illustrated in Fig. 15, the safe 
region, limit state function and failure region can be defined by values of the state functions as 

{
Z = g(X, Ω)⩽0, safe state

Z = g(X, Ω) > 0, failure state (41)  

where Ω denotes the rotation speed. The expression of the state function g depends on the failure modes of specific problems. Once it is 
defined, the reliability index can be calculated as 

β =
μg

σg
(42)  

with μg and σg being the mean and standard variance of g. 
Reliability criteria and calculation of the integral in Eq. (40) can be difficult for nonlinear rotor systems. When interval uncertainty 

is taken into consideration, then it evolves to interval-probability reliability analysis, where the limit sate functions form a belt defined 
by upper and lower bounds. Then, the robust optimization normally follows to fully determine reliability bounds. Zhang et al. [266] 
developed a statistical fourth-moment method for the reliability analysis of a rubbing Jeffcott rotor where the reliability integral was 
obtained by the Edgeworth series technique. In the rubbing rotor problem, the state function was defined as whether rubbing occurs: 

Z = g(r, δ) = δ − r (43)  

where δ is the clearance between the rotor and stator and r denotes the radial deflection of the rotor. Further, the reliability sensitivity 
was obtained by derivatives [267]. Yang et al. [118] used a likelihood-based approach for reliability analysis of the nonlinear rub 
rotor/stator system with mixed aleatory and epistemic uncertainties. Bayesian techniques were employed to reduce the cost of 
computation. Effects of rotation speed, friction coefficient and clearance on the system reliability were discussed. The proposed 
method enables the incorporation of different kinds of data, such as sparse point data, probabilistic distribution and intervals. 

Stress-strength interference in nonlinear rotor systems was investigated by Zhu et al. [268] using commercial software and the 
reliability model was established. The state function was defined by the material strength and dynamic stress of the rotor system. The 
sensitivity of reliability to the mean and variance of basic random variables was then calculated. It was revealed that the increase of the 
mean of shaft radius and material strength tends to make the rotor reliable while others tend to make it fail and an increase of variances 
of all parameters tends to make the system invalid. Bai et al. [269] applied probabilistic and nonprobabilistic hybrid reliability analysis 
to the blisk of aero-engine using the dynamic substructural extremum response surface decoupling method, where the tuned and 
mistuned blisks were considered. The authors presented the maximum failure probabilities of various dynamic characteristics of the 
considered blisk, including the natural frequency, modal displacement, modal stress, modal strain energy and vibration responses. 
Zhang et al. [63] examined the dynamic reliability of the rotor’s positioning precision induced by varying compliance vibration of ball 
bearings. The contact uncertainty coefficient was modeled as the Bernoulli distribution to calculate the instantaneous contact prob
ability. They found that increases in the mean and variance of elastic models, clearance and ball diameter decrease the dynamic 
reliability of the system. Recently, Ma et al. [270] studied the reliability of a rubbing rotor system based on the Kriging surrogate 
modeling strategy and pointed out that the gap between the rotor and stator plays a vital role in the reliability of the system. 

5.2. Optimization under uncertainty 

Optimization techniques help designers to find the best solutions in design space in terms of various parameters such as the 
geometric dimensions and bearing locations [271,272]. Global optimal solutions are obtained with additional efforts to avoid being 
trapped in local optimums for non-convex or nonlinear problems [114]. Traditional optimizations generally exclude uncertainties in 
rotor systems. Optimizations of problems with various uncertainties taken into consideration were firstly proposed by Taguchi et al. 
[273], which is called robust optimization. Robust optimizations of rotor systems involving uncertainty mainly fall into two categories: 
reliability-based design optimization (RBDO) and robust design optimization (RDO). To be more specific, RBDO imposes some 
probability constraints in the process of optimization while RDO finds optimal designs that are insensitive to the variabilities of un
certainties. The fundamental theory of RBDO can be expressed as 

minimize F(x)
subject to Pf = P[Gj(X)⩽0]⩽pj

(44)  

where F(X) represents the objective function for optimization, Pf is the probability of the current design satisfying constraints imposed, 
G(X) denotes the limit state function derived from the design requirement specified constraints and pj is the target failure probability 
for the jth design variable. A value of G(X) less than zeros implies failures of the system. A typical formulation of RDO is given in [159] 
as 

find d, μX

minimizing f̃ =
1 − α

û
E
[
f (d, X, P) +

α
σ̂ σ[f (d, X, P)]

] (45)  
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and 

subject to

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

E[g(d, X, P) − βσ[g(d, X, P)]]⩾0
σ[c(d, X, P)]⩽σU

dL⩽d⩽dU

μL
X⩽μX⩽μU

X

(46)  

where d denotes the deterministic design variables, X represents random design variables, P is random parameters, μX is the mean of X, 
f̃ denotes the objective function, g is the constraints function, c is constraints on variance, superscripts L and U represent lower and 
upper values, β is the feasibility index, notations with a cap mean normalization parameters and α is the weight factor ranging from 0 to 
1. It can also be adapted to optimize just the mean or variance by setting the value of α to 0 or 1. 

These two types of optimizations with or without probability constraints have seen a range of applications in uncertain rotor 
systems. In designing a rotor system, it is expected that working rotation speeds stay away from critical speeds of the system to avoid 
resonance vibrations. In the probabilistic domain, Xu et al. [102] proposed an intelligent RDO method in combination with different 
techniques including the PCE, radial basis function (RBF) neural network and evolutionary algorithms for a gas turbine rotor system 
with uncertain support stiffness. Then, the robust solutions were obtained by the multi-object optimization algorithm NSGA-II. It can 
be seen from Fig. 16 that the optimized design yields the lower mean and standard variations of the responses and the margin of the 
critical speed is larger than the initial design. Ritto et al. [107] considered uncertainties in many parameters of a rotor model, such as 
bearing stiffness and diameter, as the design parameters to ensure working speeds are as far away as possible from natural frequencies, 
where the Campbell diagram was adopted to derive the objective function and penalty functions were introduced. A multi-stage 
centrifugal compressor with stochastic uncertainty in the residual mass unbalances and stiffness of journal bearings was investi
gated by Stocki et al. [159]. The study aimed to minimize the weight of the compressor while maintaining robustness to uncertainties, 
reducing the risks of dangerous stress concentrations, and rubbing events. Dynamic balancing is an important and powerful tool to 
reduce vibrations induced by mass imbalance. Li et al. [274] proposed a robust balancing scheme by formulating a convex optimi
zation problem to handle stochastic uncertainties in the influence coefficient as well as in vibration responses. The second-order cone 
programming was then used to solve the optimization problems. Application of the method to a 1150 MW nuclear turbine-generator 
system showed that the proposed robust balancing method outperforms other methods, such as the min–max balancing. The excellent 
performance of robust balancing solved by convex optimization problems was experimentally validated by Huang [275]. Mass flow 
rate and pressure ratio in stall margin were modeled as stochastic uncertain parameters and the RBDO based on the Pareto-optimal 
analysis was carried out for the NASA stage 37 axial compressor [276]. After optimization, the probability of safe operation (no 
stall) increases to 95 % with improved efficiency and weight. Jia et al. [277] used the six-sigma method to optimize vibration responses 
of a rotor considering the uncertain distribution of mass imbalance, i.e., uncertain amplitude and phase. Experiments showed that the 
standard deviations of vibration amplitudes at disks and accelerations at bearings decreased between 14 % and 46 %. 

For design parameters that are subject to uncertainty but cannot be modeled as stochastic variables, non-probabilistic optimization 
can be a viable alternative. Shiau et al. [278] applied interval descriptions of the inner radius of shafts and proposed an interval genetic 
algorithm (IGA) to minimize shaft weight and/or transmitted force. Also based on the IGA, Hong et al. [279] optimized a rotor system 
based on many design parameters to ensure there is an adequate margin between working speeds and critical speeds. Feng et al. [280] 
focused on a drive-shaft system with both random and interval hybrid uncertain parameters to optimize the axial friction force on the 

Fig. 16. Robust optimizations of a gas turbine low-pressure rotor system [102].  
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system. The deterministic system model was verified by experiments. Due to hybrid uncertainty input, the lower bound of reliability of 
the system was considered as the objective function which is restricted to be no less than 99.9 %. 

A summarization of works done in robust optimization of rotor systems under uncertainty is given in Table 3 with representative 

Fig. 17. Control of an uncertain rotor-ABM system [64]: (a) rotor system, (b) magnetic forces and (c) time history of the rotor controlled by 
different methods. 

Table 3 
Representative works on optimization of uncertain rotor systems.  

Type Objectives Uncertainties Method Reference 

Probabilistic Minimize mean and variance of 
response 

Support stiffness uncertainty An intelligent robust design approach Xu et al. [102] 

Probabilistic Adequate margins between working 
speeds and critical speeds 

Stiffness of bearing, diameter 
and mass 

A global optimization algorithm based 
on a restart procedure and local 
searches 

Ritto et al. [107], 
Lopez et al. [272] 

Probabilistic Minimize weight Residual unbalances and 
journal-bearing stiffness 

LHS-based reliability optimization Stocki et al. [159] 

Probabilistic Reduce the largest residual vibration 
amplitude 

Influence coefficient matrix 
and initial vibration data 

Convex optimization Li et al. [274], 
Huang [275] 

Probabilistic Maximize efficiency and minimize 
weight 

Mass flow rate and pressure 
ratio in stall margin 

Reliability-based design optimization Hong et al. [276] 

Probabilistic Minimize vibration amplitude Magnitude and phase of 
unbalance 

Six-sigma method Jia et al. [277] 

Non-probabilistic Minimize shaft weight and/or 
transmitted force 

Inner radius of shaft Interval genetic algorithm Shiau et al. [278] 

Non-probabilistic Adequate margins between working 
speeds and critical speeds, bearing 
load 

Many model parameters Interval genetic algorithm Hong et al. [279] 

Hybrid Lower bound of reliability above 
99.9 % 

Axial friction force Reliability-based optimization Feng et al. [280]  
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references. The types of uncertainty used, optimization objectives, uncertainties included, and key methods applied are also illustrated. 
From Table 3, it can be seen that most of the studies were carried out using stochastic representations and a few applied interval 
models. Yet, no fuzzy-type reliability analysis of rotor systems is found. Moreover, hybrid reliability assessment in this field concerning 
multiple types of uncertainties has just emerged and many issues remain to be solved. 

6. Vibration control with uncertainty 

Vibration control of rotor systems seeks to suppress the vibration amplitudes and improve stability to ensure reliable operations 
[281]. It can be divided into passive vibration control (PVC), such as the squeeze film dampers and nonlinear energy sinks, and active 
vibration control (AVC), such as the AMBs, depending on whether the control strategy needs external energy. If uncertainty is 
involved, it is further classified as robust control [282,283]. The AVC with uncertainty is frequently investigated while the PVC under 
uncertainty can be fitted into the analysis of the uncertain dynamics. 

In rotor systems equipped with AMBs, rotating shafts are levitated by magnetic forces, and this avoids mechanical contact between 
bearings and journals, reducing wear of components. Control strategies can be conveniently applied to AMBs working as a mechatronic 
system. Parameter changes or uncertainties in AMBs can bring dispersions, which then require the robust control schemes for better 
control performances. Carvalho et al. [172] proposed a robust neuro-fuzzy controller which achieves an optimal balance between 
vibration attenuation performance and robustness. Better performances in terms of energy efficiency and vibration attenuation than 
the proportional-integral-derivative (PID) controller were observed via the experiments of a flexible rotor-AMBs test rig. Lauridsen 
et al. [112] designed three controllers, i.e., a H∞ controller, a µ controller and a linear parameter varying controller for AMBs subject to 
uncertain and changing dynamic seal forces. Notable performance improvement was observed in the robust control compared with 
traditional controls. Liu et al. [284] used the lumped system uncertainties to model the external disturbances and parameter variations 
in a rotor-AMBs system. Then, feedback linearization was applied for transforming mismatched uncertainties into virtual inputs. The 
PID with the second-order differential was proposed to guarantee the closed-loop stability and avoid the power amplifier saturation. 
Simulation and experiment results proved its efficacy. Wang et al. [64] investigated the uncertain magnetic permeability in an AMB 
and found that this random uncertainty affects the Hopf bifurcation of the rotor-AMB system shown in Fig. 17(a). Fig. 17(b) shows the 
magnetic forces generated by the AMB and they are directly linked to the permeability. Then, a hybrid feedback control method was 
proposed to control the Hopf bifurcation behaviors based on a linear control scheme and a nonlinear stochastic strategy. Results 
showed that the hybrid method has the best performances, as evidenced by Fig. 17(c). Considering leakages in the magnetic circuit and 
the non-flat shape of the magnetic circuit at the gap in electromagnets, Kato et al. [225] revealed the effects of parametric uncertainties 
in the electromagnetic force model on the equilibrium positions and their stability. In addition, the stability of the AMB was improved 
by choosing the proper parameter value based on feedback linearization. Li et al. [285] developed an accurate nominal model for a 
high-speed rotor test rig with AMBs, and a robust controller synthesis was proposed with uncertainty representations. The advanced 
control methods based on H∞ and µ synthesis successfully validated the rotor model established. Ren et al. [286] defined an interval 
type-2 model-based fuzzy logic controller for a rotor-AMB system to achieve fast and stable levitation by compensating the uncertainty 
through the well-designed membership functions. Experiments show the advantages of the proposed controller over the conventional 
linear quadratic regulator (LQR), H∞ and type-1 fuzzy logic controllers. 

Nonlinear terms, unbalance, parameter variations, and uncertain terms were considered by Inoue et al. [287] for vibration control 
and unbalance estimation of a nonlinear rotor system supported on a single-row deep groove ball bearing. The disturbance observer 
was designed to suppress the vibration amplitudes all over the rotation speeds with mass unbalances being identified. Therefore, the 
proposed method serves as a dynamic balancing strategy as well. Chen et al. [288] formulated the robust-stable and quadratic finite- 
horizon optimal active vibration controller with low trajectory sensitivity. Linear matrix inequalities (LMI) were used to represent the 
robust stabilizability condition. It was found that the method can effectively suppress the vibration of the flexible rotor system and also 
avoid the possibilities of both spillover induced and time-varying parameters perturbations induced instability. Koroishi et al. [17] 
incorporated electromagnetic actuators to consider parametric uncertainties and the LMI was adopted to determine the gains of the 
electromagnetic actuator in the LQR control. It was found the method is robust for parameters with an uncertainty level − 20% to +20 
%. The LMI was also employed in a rotor system subject to seismic excitations [49], in which the performances of the H2, H∞ and mixed 
H2/H∞ controllers were compared. Results obtained indicate that the mixed H2/H∞ control delivers the best suppressions in both the 
frequency and time domain given that the performance index is chosen properly. Riemann et al. [289] found that the influences of 
gyroscopic terms in rotor systems are important, which require speed-dependent control. They considered uncertainties in rotation 
speeds and proposed to use the mixed µ synthesis techniques. Uncertainties in flexible mode frequencies and their modal damping 
values of the plant model, uncertainties in the current and position stiffness values of the AMBs and uncertain rotation speed were 
studied in [290]. They showed that the deployment of an add-on controller for gyroscopic effect cancellation is feasible. 

7. Discussions and outlooks 

Due to discipline differences, the development and applications of uncertainty analysis in rotordynamics lag behind those of 
structural dynamics. Yet, the uncertainty handling has aroused increasing attention in the research community of rotordynamics in 
recent years to carry out robust design, dynamic analysis and fault diagnosis. So far, many successful attempts have been made to apply 
different kinds of UQ methods concerning various uncertainties. The reported dynamics cover many aspects of rotordynamics, 
including the natural characteristics, transient/steady-state responses, faulted system vibrations and diagnosis, reliability analysis, 
optimizations and control. Although significant progress has been made, several gaps or directions need more effort. Giving an 
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exhaustive list of topics of interest for future developments is not possible. However, some interesting outlooks for future research are 
as follows.  

(1) Identify uncertainty sources and their variation coefficients based on measured data. In the literature, the stochastic variable, 
stochastic process, fuzzy number and interval variable are introduced in the UQ of rotor systems. The obtained analysis results 
can serve the purpose of sensitivity and influence pattern investigation of uncertainties and guide the design and dynamic 
analysis. In fact, many of these uncertainty models in the literature are pre-defined and chosen subjectively by the researchers. 
Moreover, the uncertainty level is chosen as percentages of the deterministic values and it generally is defined as 1 %, 5 % and 
10 %, etc. This process of identifying uncertainty and its uncertainty level has no standard protocol and varies between re
searchers. A basic goal of the UQ is finding out the main uncertainties and evaluating their influences, and then reducing the 
uncertainties or minimizing the potential risks. The gap here is that it lacks an effective method to derive major uncertainty 
sources and levels from measurements and observations from real rotordynamic machines. Bridging this gap will allow much 
more easy engineering implementations and make uncertainty analysis more case-sensitive. Indeed, this preliminary choice 
directly impacts the final results given by the uncertainty propagation analysis and users should use discretion in choosing the 
tools to build an effective uncertainty model. Examples using different theories to determine uncertainties from experimental 
data can be found in [291–294]. As previously stated, the first key point in a robust design process for rotor systems in the 
presence of uncertainties is inverse uncertainty inference. 

(2) Develop more effective and powerful UQ methods. The various uncertainty analysis methods currently applied in rotordy
namics have their strengths, but also limitations. The primary concerns are of course the accuracy and efficiency or an excellent 
trade-off between them. If the number of uncertainties is large, say tens or hundreds, the required computation cost of both 
probabilistic and non-probabilistic methods will be prohibitive even though there are some improvements based on certain 
techniques [295]. The application and enhancement of non-probabilistic approaches should be further exploited for practical 
situations when data does not support known probability law and avoid introducing too many human assumptions. In addition, 
recently emerged machine learning methods [296,297] may possibly contribute to the state-of-the-art. However, the devel
opment of such methods must go hand in hand with a mastered vision of the most important physical phenomena involved in 
rotordynamics. In other words, such developments should not lead to black boxes only but should support the solid develop
ment of efficient and reliable design tools, which are adapted to real needs and problems encountered in rotordynamics.  

(3) More efforts should be devoted to the nonlinear dynamics of uncertain rotor systems. It is a major challenge to most of the 
research practice and UQ methods when the rotor system under study experiences strong nonlinearity, which is very common 
due to the nonlinear support structures, typical faults and the nonlinearities in many kinds of bearings. The deeper nonlinear 
behaviors and mechanisms need to be revealed more thoroughly and also how system nonlinearity interacts with different 
uncertainties. Indeed, even if a few works have already achieved considerable progress on this subject, some issues have not 
been settled for good and these advanced methods are not yet transferable to real industry because of the scientific expertise and 
mathematical models associated with such approaches. Moreover, the decent solution of nonlinear systems with multiple so
lutions under uncertainties, and the characterization and evolution of the associated nonlinear signatures, are still open 
problems.  

(4) Experimental rotordynamics research with uncertainty. As can be evidenced from the publications, most of the contributions 
were published without experimental validations. This is natural since specific uncertainty is extremely difficult to accurately 
simulate and control, especially for the relatively complex rotor systems. Numerical simulations on uncertainty analyses are 
important for the understanding of the phenomena associated with rotor systems under uncertainty. However, the variabilities 
of the natural characteristics, critical dynamic responses and any other important findings should be also experimentally 
verified and it is mandatory to demonstrate the various techniques proposed are reliable. Some works present good results that 
are validated experimentally, for example, the analyses of measurement uncertainty [88], the parameter identification of faults 
or bearings [166,256], characterizing the influence of uncertainty in rotor balancing [44,175], control problems [225] and 
validations of nonlinear FRFs [298]. However, the number of experimental studies on this topic is limited and it is far from 
sufficient because standard strategies and mature experiment methods are still missing. How to design effective auxiliary de
vices and controllably carry out dedicated experimental investigations are future directions of great significance. This point 
naturally goes in close connection with the notion of inverse uncertainty inference. 

(5) Many issues need to be solved within the industrial context. Existing researches show very few applications to large-scale in
dustrial rotating systems. Most of the publications were completed on analytical rotor models or laboratory system scales. It will 
certainly make meaningful progress if the uncertainty analysis is applied in practical scenarios with efforts to promote the most 
advanced theory. For these cases, the ROMs can alleviate the computation burden to some extent [299,300]. It also remains 
unclear which UQ methods will benefit most from the joint use of the reduced-order modeling. 

8. Concluding remarks 

Given the significance of uncertainty analysis for rotor systems, this study aims to deliver a comprehensive review on the latest 
progress in this area. Sources of various uncertainty and their classifications are illustrated in detail. The popular probabilistic, fuzzy 
and interval types of uncertainty analysis methods are described and their merits and limitations in applications are discussed. Many 
aspects of existing publications on uncertain dynamic characteristics of rotor systems are summarized as well as reliability, optimi
zation and vibration control issues. Discussions on the progress made point out that the main directions that need more effort in this 
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area are building uncertainty models and their variation levels based on measurements, analyzing the uncertain dynamics of nonlinear 
rotor systems, developing more efficient and powerful uncertainty analysis methods that can treat a large number of uncertain var
iables, devoting to the experimental validations and engineering scenario applications. We hope this review can provide useful in
formation for designers on the uncertainties in rotor systems that need to identify, the methods to choose the correct models for them 
based on available data and how to select the most suitable analysis methods according to different research purposes. 
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Appendix A 

The main objective of this appendix is to give one of the most classical linear formulations for general rotor systems composed of 
shaft, disks and bearings. More complex formulations for dual rotors, the addition of faults (misalignment, bow, crack, rub-impact, etc) 
or specific bearing elements exist. The interested reader is referred to the references and discussions in this review for more details. 

In the following we consider a two-node Timoshenko beam element of length l corresponding to the nodal displacement q =

[ v1 w1 θ1 ψ1 v2 w2 θ2 ψ2 ]
T, as shown in Fig. A1. 

For a symmetrical solid shaft, the expression of the element mass matrix Me = Me
1 + Me

2 (the sum of the translational and rotary 
mass matrices), the stiffness matrix Ke, the skew-symmetric gyroscopic matrix Ge and the damping matrix Ce can be written by 

Me
1 =

ρSl
420

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

156 0 0 − 22l 54 0 0 13l
156 22l 0 0 54 − 13l 0

4l2 0 0 13l − 3l2 0
4l2 − 13l 0 0 − 3l2

156 0 0 22l
156 − 22l 0

Sym. − 4l2 0
− 4l2

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

Me
2 =

ρI
30l

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

36 0 0 − 3l − 36 0 0 − 3l
36 3l 0 0 − 36 3l 0

4l2 0 0 − 3l − l2 0
4l2 3l 0 0 − l2

36 0 0 3l
36 − 3l 0

Sym. 4l2 0
4l2

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

Fig. A1. Degrees of freedom for a Timoshenko beam element.  

C. Fu et al.                                                                                                                                                                                                              



Mechanical Systems and Signal Processing 183 (2023) 109619

35

Ke =
EI

(1 + β)l3

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

12 0 0 6l − 12 0 0 6l
12 − 6l 0 0 − 12 − 6l 0

(4 + β)l2 0 0 6l (2 − β)l2 0
(4 + β)l2 − 6l 0 0 (2 − β)l2

12 0 0 − 6l
12 6l 0

Sym. (4 + β)l2 0
(4 + β)l2

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

Ge =
ρI
15l

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 − 36 3l 0 0 36 3l 0
0 0 3l − 36 0 0 3l

0 − 4l2 3l 0 0 l2

0 0 3l − l2 0
0 − 36 − 3l 0

0 0 − 3l
skew − sym. 0 − 4l2

0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

and Ce = αKe. E and ρ are Young’s modulus of elasticity and density of the rotor shaft. I is the second moment of area about any axis 
perpendicular to the rotor axis. The shear coefficient is given by G = E

2(1+ν) with the shear modulus β = 12EI
GSl2. ν is Poisson’s ratio, S is the 

area of the cross section and α is a proportional factor to stiffness. 
For the element damping matrix, one of the most classical forms is to consider the proportional damping Ce = βKe (or Ce = βKe +

αMe) can be used, where the constant β is the proportional factor to stiffness (where the constant β and α are the proportional factors to 
stiffness and mass, respectively). 

By considering that the rotor axis is along the x-direction and the disc is symmetric, the element mass and gyroscopic matrices Md 

and Gd for one disc corresponding to its degrees of freedom [ ud vd θd ψd ]
Tare given by 

Md =

⎡

⎢
⎢
⎣

md 0 0 0
0 md 0 0
0 0 Id 0
0 0 0 Id

⎤

⎥
⎥
⎦ and Gd = ω

⎡

⎢
⎢
⎣

0 0 0 0
0 0 0 0
0 0 0 − Ip
0 0 Ip 0

⎤

⎥
⎥
⎦

where md is the mass of the disc and (Ip, Id) are the polar moment of inertia about the rotor axis and the diametral moment of inertia 
about any axis perpendicular to the rotor axis, respectively. 

When considering the modeling of the bearing support, a particularly useful type is to consider the linear stiffness and damping. 
However, many formulations exist depending on the specific bearing components of the rotor applications studied, see [1–4] for more 
details. 

The above formulation illustrates the main formulation based on the FEM and the detailed expressions for different elements. 
Assembling of these matrices leads to the global EOMs of a general rotor-bearing dynamic system, as given in Eq. (34). The specific 
forms of additional matrix and vectors due to faults are breifly discussed in their respective sections and readers are referred to relevant 
references cited for more detailed modeling of these faults. 
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