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Abstract10

We derive effective models from heterogeneous Cosserat media using asymptotic homog-11

enization and taking into account size effects observed experimentally. The classification of12

the effective equations depends on the hierarchy of four characteristic lengths: the size of the13

heterogeneities `, the Cosserat intrinsic lengths of the constituents `coss and `chiral, and the14

overall characteristic length of the domain L. Depending on the different scale interactions15

between `coss, `chiral, `, and L we obtain either an effective Cauchy continuum or an effective16

Cosserat continuum with or without centrosymmetry. Herewith, we extend the work of Forest,17

Pradel, and Sab (Int. J. Solids Structures 38 (26-27): 4585-4608 ’01) by accounting for chiral18

effects.19

MSC 2020: 74Q05, 74Q15, 74M25, 74L1520

Keywords: Scale-zize effects, Cosserat continuum, chirality, homogenization, non-local effects21

1 Introduction22

Natural materials such as bone, conch shells, spider silk etc. are high-performing biological com-23

posites of impressive mechanical properties and superior performance unmatched by human en-24

gineered counterparts. What allows natural materials to possess these superior properties are25

sophisticated hierarchical microstructures [GTAB17], [LGQ+16], [BSDH17], [SBR+15], [GSA+21],26

[ACN20], [ANC22]. This is not a surprise as Nature, after all, has had billions of years to perfect27

its designs. On the other hand, many engineering applications have been limited to the use of ho-28

mogeneous materials in the past, either due to simplicity of design or limitations of manufacturing29

capabilities. However, the contemporary progression and developments in additive manufacturing30

technology, has led to a widespread adoption of composites. A composite is a material formed by31

two (or more) constituent materials with very different physical (or chemical) properties. Typical32

engineered composites include ceramic matrix composites, fiber-reinforced polymers, and many33

other advanced composite materials. What makes composites appealing for applications is that34

∗Email: grigor.nika@kau.se
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the composite material product usually has characteristics different from the individual constituent35

components [OS07]. These characteristics that result from the combination of preferred constituent36

properties allow one to make microstructured composites with programmable properties i.e. low37

weight to strength ratio, desired buckling modes, auxeticity, etc..38

The underlying theme of composite materials is that they are characterized by a hierarchical mi-39

crostructure. Generalized continuum theories [Tou62], [MT62], [Tou64], [Min64], [ES64a], [ES64b],40

[Min65], [Eri66], [ME68], [Now72] are thought to have applications in the modeling of materials41

with microstructure, such as granular or fibrous materials, or materials with a lattice structure.42

One of the earliest generalized continuum theories is that of the Cosserat brothers [CC09]. Cosserat43

materials have seen a recent resurgence as certain materials with microstructures have been shown44

experimentally to obey Cosserat (sometimes referred to as micropolar) elasticity rather than clas-45

sical elasticity [Lak83], [PL86], [Lak93], [Lak95], [RL17]. Moreover, Cosserat elasticity predicts46

size effects which, in contrast, classical elasticity theory has no mechanism to describe size ef-47

fects [Lak95], [Eri99], [HPL16], [OS07]. Furthermore, Cosserat elasticity is general enough to allow48

modelling of chiral type of microstructures. Chiral (or non-centrosymmetric) composite materials49

lack a center of symmetry; they are not invariant to inversion of coordinates [HPL16]. Chirality50

may be present at different scales in the composite and is a characteristic of engineered composites51

containing twisted fibers [LB82] or a granular microstructure [GDM20].52

On the other hand homogenization methods are particularly well suited for the analysis of hetero-53

geneous media with periodic structure [BLP78], [SP80], [BP89], [CD00], [MV10]. The technique of54

homogenization has been applied widely to derive effective equations, both of local and non-local55

nature, in mechanics, physics, chemistry, and in other natural sciences since they can account for56

the influence of volume fraction, distribution, and morphology. However, the technique of homog-57

enization lacks the ability to predict size effects as they pertain to the mechanical behavior of58

the heterogeneous media [FPS01]. The suggested remedies to overcome this impasse is to enrich59

the continuum. This can be done in multiple ways but two methods appear to be more domi-60

nant so far: Enrich the continuum by allowing higher gradients of the displacement field [TB96],61

[ZZA97], [SC00], [NM22] or enrich the continuum by allowing higher order of additional degrees62

of freedom [FS98], [FPS01], [For13], [Nik21]. The latter is a point of focus in this article. Specif-63

ically, we are interested in heterogeneous non-centrosymmetric Cosserat media with a periodic64

microstructure. To be more precise, in this work we examine the asymptotic behavior of a non-65

centrosymmetric heterogeneous periodic Cosserat elastic solid Ω with period ` that is governed by66

the system of equations,67

−div σ = fff in Ω,

−div µ− εεε:σ = ggg in Ω,
(1.1)

with σ the non-symmetric stress tensor, µ the couple-stress tensor, εεε the Levi-Civita tensor with68

εεε:σ =
∑3
j,k=1 εεεijkσjk for i ∈ {1, 2, 3}, fff are body forces, and ggg are body couples. Moreover, for69

i, j ∈ {1, 2, 3}, the constitutive relations are given by,70

σji =
3∑

k,`=1

(Ejik`γk` + Cjik`κk`), (1.2)

µji =
3∑

k,`=1

(Ck`jiγk` + Mjik`κk`). (1.3)

Here we have defined non-symmetric strain tensor and the torsion tensor (or curvature-twist tensor71

or curvature tensor or curvature) respectively, by,72
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γji:=∂xjui −
3∑

k=1

εεεkjiϕk and κji:=∂xjϕi for i, j ∈ {1, 2, 3}, (1.4)

where uuu is the displacement and ϕϕϕ is the rotation. Additionally, thermodynamic relations impose73

the following symmetry on the tensors Ejik` and Mjik`;74

Ejik` = Ek`ji and Mjik` = Mk`ji. (1.5)

The tensor Cjik`, which expresses the chirality effects and, in general, does not possess this type75

of symmetry [Now72]. If Cjik` ≡ 0 then the material is called centrosymmetric and there is a vast76

literature addressing this type of materials [Now72], [FS98], [FPS01], [Nik21].77

The paper is organized as follows: In Section 2 we perform a dimensional analysis of the problem78

and we define the two Cosserat intrinsic lengths of the constituents `coss and `chiral. Moreover, we79

list five different cases on how the four characteristic length scales, `coss, `chiral, `, and L, compare80

and provide a list of notation employed throughout the article. In Section 3 we introduce the81

model in the ε periodic framework and set up the different homogenization schemes. In Section 4 we82

carry out the asymptotic expansions and derive the effective equations (and the corresponding local83

problems) for each considered case. Finally, in Section 5 we provide some conclusions, commentary,84

and some perspective.85

2 Dimensional analysis86

Using the dimensional analysis introduced in [FPS01] we extend the work in [Nik21] by allowing87

chirality effects. In doing so, we obtain a hierarchy of models based on the scaling of the Cosserat88

intrinsic length, `coss, and the chirality length scale, `chiral, with respect to the overall length of89

the domain or the length of the periodic cell.90

Let L be the characteristic length of the domain Ω and ` the characteristic length of the periodic91

cell. We define the dimensionless coordinates, displacement, and rotation,92

xxx∗ =
xxx

L
, uuu∗(xxx∗) =

uuu(xxx)

L
, ϕϕϕ∗(xxx∗) = ϕϕϕ(xxx). (2.1)

In non-centrosymmetric Cosserat media there are two additional scale parameters that important,93

namely, the Cosserat intrinsic length `coss of the constituents [FPS01], [FS98], and the chirality94

coefficient `chiral. The Cosserat intrinsic length and the chiral intrinsic length are defined as follows,95

M = E `2coss, C = E `chiral, (2.2)

where E = maxzzz∈Y`
|Ejikl(zzz)|, C = maxzzz∈Y`

|Cjikl(zzz)|, M = maxzzz∈Y`
|Mjikl(zzz)| for i, j, k, l ∈96

{1, 2, 3}, and Y` = (−`/2, `/2]d is the periodic cell characterizing the body Ω. Additionally, the97

non-symmetric strain and curvature non-dimensionalize, respectively, as,98

γ∗ = γ and κ∗ = Lκ. (2.3)

Moreover, we define the non-dimensional stress, couple-stress, and fourth order material tensors99

as follows,100

σ∗ = E−1σ, µ∗ = (EL)−1µ, (2.4)
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101

E∗(xxx∗) = E−1E(xxx), C∗(xxx∗) = C−1C(xxx), M∗(xxx∗) = M−1M(xxx) (2.5)

We remark that the fourth order material tensors,102

E∗ = {E∗jik`(xxx∗)}3j,i,k,`=1, C∗ = {C∗jik`(xxx∗)}3j,i,k,`=1, M∗ = {M∗jik`(xxx∗)}3j,i,k,`=1 (2.6)

are Y ∗ periodic where,103

Y ∗ =
`

L
Y, Y :=

(
−1

2
,

1

2

]3

. (2.7)

Hence, the system of equations in (1.1) scales as,104

−div σ∗ = fff∗ in Ω,

−div µ∗ − εεε:σ∗ = ggg∗ in Ω,
(2.8)

where fff∗, and ggg∗ are the appropriately scaled body forces and body couples (see [FPS01, Eq. (14),105

pg. 4589]) and with constitutive laws,106

σ∗ji =
3∑

k,`=1

(
E∗jik`γ

∗
k` +

`chiral

L
C∗ijk` κ

∗
k`

)
for i, j ∈ {1, 2, 3}. (2.9)

µ∗ji =

3∑

k,`=1

(
`chiral

L
C∗k`ij γ

∗
k` +

(
`coss

L

)2

M∗jik`κ
∗
k`

)
for i, j ∈ {1, 2, 3}. (2.10)

Thus, one can generate an ε periodic problem by defining the nondimensional number ε as the107

ratio of `/L and let ε → 0 to obtain an effective medium. However, different cases ought to be108

considered depending on how `coss and `chiral scale with ` and L, respectively. Here we consider109

the cases,110

`coss/L ∼ ε, `chiral/` ∼ ε, (HS 1)

`coss/L ∼ ε, `chiral/` ∼ 1, (HS 2)

`coss/L ∼ ε, `chiral/L ∼ 1, (HS 3)

`coss/L ∼ 1, `chiral/` ∼ 1, (HS 4)

`coss/L ∼ 1, `chiral/L ∼ 1. (HS 5)

2.1 Physical interpretation of the scalings111

Different cases are considered when passing to the limit, depending on the relative ratios repre-112

senting the constitutive intrinsic lengths `coss and `chiral with respect to the characteristic lengths113

` and L. Five cases are considered in this work. The first case corresponds to a limiting process for114

which the Cosserat intrinsic length is of the same magnitude as the heterogeneities, namely, `coss/`115
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remains constant (`coss/` ∼ 1 or, equivalently, `coss/L ∼ ε), with three sub-cases `chiral/L ∼ ε2,116

`chiral/L ∼ ε, and `chiral/L ∼ 1, when ε goes to zero. These correspond to homogenization schemes117

(HS 1), (HS 2), (HS 3), respectively.118

The remaining cases correspond to the situation for which `coss/L remains constant with two sub-119

cases where `chiral/L ∼ ε (or `chiral/` ∼ 1), and `chiral/L ∼ 1 corresponding to schemes (HS 4)120

and (HS 5), respectively, as ε goes to zero. These assumptions lead to different homogenization121

schemes with complex local problems even in the case where a classical Cauchy medium is recovered.122

Naturally, one could consider different scalings than the ones proposed above (see [Nik22]). We123

will not address other type of scalings here. Rather we will leave their treatment to future work.124

Lastly, we remark that we are mostly concerned in deriving effective constitutive laws and not so125

much on existence and uniqueness of solutions for each of the aforementioned cases. For a rigorous126

treatment, for some of the schemes mentioned above, we refer the interested reader to the work in127

[Nik22].128

Notation129

To expedite the presentation of our results, here onwards we will make use of the following notation:130

- Throughout the article we employ the Einstein summation notation of repeated indices unless131

otherwise stated.132

- The third order tensor εεεijk is the Levi-Civita symbol that is equal to 1 if (i, j, k) is an even133

permutation of (1, 2, 3), −1 if it is an odd permutation, and zero if any index is repeated.134

- Tensor contraction: Let vvv be a vector, A and B be second order tensors, C a third order135

tensor, and D a fourth order tensor. We define the following combinations of tensor-tensor136

or tensor-vector contractions:137

1. A:B = Aij Bij (Frobenius inner product for second order tensors)138

2. εεε:A = εεεijk Ajk (contraction leads to a vector)139

3. C·vvv = Cijk vi (contraction leads to second order tensor)140

4. D:A = DijklAkl (contraction leads to second order tensor)141

- The symbol 〈·〉 is defined to be the average of a quantity over the unit cell Y ,142

〈·〉 :=
∫

Y

· dyyy (2.11)

3 The microscopic model143

We consider an elastic composite with periodic microstructure of period ε occupying a region144

Ω. The region Ω, that the composite occupies, is assumed to be a bounded, open set of R3.145

Y = (−1/2, 1/2]3 is the unit cube in R3 and Z3 is the set of all vectors with integer components.146

For every positive ε, let Nε be the set of all points m ∈ Z3 such that ε(m+ Y ) is strictly included147

in Ω. Denote by T be the closure of an open subset in Y with sufficiently smooth boundary, while148

T εm := ε(m + T ) will represent the region containing one of the material phases (see Fig. 3.1).149

Hence, we can define the following subsets of Ω:150

Ω1ε:=
⋃

m∈Nε

T εm , Ω2ε:=Ω\Ω1ε, Ω:=Ω1ε ∪ Ω2ε.
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R3

Ω

Γ0

Γ0

ε

ε

ε

εY

Figure 3.1: Schematic of the heterogeneous Cosserat medium with perfect transmission conditions.

The exterior boundary of Ω will be denoted by Γ0 and nnn will denote the unit normal on Γ0 pointing151

in the outward direction. Therefore, the heterogeneous Cosserat continuum is characterized by the152

following coupled system,153

−div σε = fff in Ω,

−div µε − εεε:σε = ggg in Ω,

uuuε = 000 on Γ0,

ϕϕϕε = 000 on Γ0.

(3.1)

Here σε is the stress, µε is the couple-stress, uuuε is the displacement, and ϕϕϕε is the rotation.154

The system of equations (3.1) characterizes the mechanical deformation that the body undergoes.155

The equations are fully coupled and the system is closed with homogeneous Dirichlet boundary156

conditions on Γ0.157

3.1 Constitutive relations158

The stress and couple-stress are related to the strain and curvature-twist, respectively, though the159

fourth order material tensors Eε(xxx), C̃ε(xxx), and M̃ε(xxx) by the relation (see [Now72]),160
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[
σε

µε

]
=

(
Eε C̃ε

C̃ε> M̃ε

)[
γε

κε

]
(3.2)

3.1.1 Form of the tensors when the material is isotropic161

When the material is isotropic, the tensors Eε, M̃ε, and C̃ε, have the following form,162

Eεjik`(xxx):=Ejik`(
xxx

ε
)

= (ϑ(
xxx

ε
) + α(

xxx

ε
)) δjk δi`

+ (ϑ(
xxx

ε
)− α(

xxx

ε
)) δj` δik + %(

xxx

ε
) δij δk`,

(3.3)

M̃ε
jik`(xxx):=M̃jik`(

xxx

ε
)

= (θ(
xxx

ε
) + β(

xxx

ε
)) δjk δi`

+ (θ(
xxx

ε
)− β(

xxx

ε
)) δj` δik + ρ(

xxx

ε
) δij δk`,

(3.4)

C̃εjik`(xxx):=C̃jik`(
xxx

ε
)

= c1(
xxx

ε
) δk` δij + c2(

xxx

ε
) δik δj` + c3(

xxx

ε
) δi` δjk.

(3.5)

The parameters ϑ and % are the classic Lamé constants (usually denoted by µ and λ in linear163

elasticity) that one encounters in a typical Cauchy medium, while α is often referred to as the164

micropolar couple modulus [HH17]. The parameters θ, ρ, and β are the remaining Cosserat165

parameters that one must determine when the medium is assumed to be centrosymmetric. Lastly,166

the parameters c1, c2, and c3 correspond to chirality. Therefore, in comparison with classical167

Cauchy material, one has to compute 9 parameters instead of 2 for a non-centrosymmetric Cosserat168

medium.169

4 Multiscale asymptotic method170

In the context of asymptotic homogenization we have two spatial variables characterizing slow171

and fast scales under the assumption of scale separation and enough smoothness of all functions172

involved. All fields are regarded as functions of the slow, xxx, and fast, yyy, variables and are expanded173

in a two-scale series as follows,174

uuuε(xxx) =

∞∑

i=0

εi uuu(i)(xxx,yyy), φφφε(xxx) =

∞∑

i=0

εiφφφ(i)(xxx,yyy) with yyy =
xxx

ε
. (4.1)

Likewise, any derivative is split in a way to represent the two scales as follows,175

∇ ∇x + ε−1∇y. (4.2)
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The above rule is very general and can be applied to all first order differential operators such as176

the divergence or curl operators. Hence, using the above two-scale expansions we have,177

γε = ε−1∇yuuu(0)+ε0
(
∇xuuu(0) +∇yuuu(1) − εεε·ϕϕϕ(0)

)

+ε1
(
∇xuuu(1) +∇yuuu(2) − εεε·ϕϕϕ(1)

)
+ O(ε2),

(4.3)

κε = ε−1∇yϕϕϕ(0)+ε0
(
∇xϕϕϕ(0) +∇yϕϕϕ(1)

)

+ε1
(
∇xϕ(1) +∇yϕ(2)

)
+ O(ε2).

(4.4)

4.1 Effective equations under HS 1178

If `coss/` ∼ 1 and `chiral/` ∼ ε then `coss/L ∼ ε and `chiral/L ∼ ε2, respectively. Hence, the stress179

and couple-stress expand as follows:180

σε = ε−1σ(0) + ε0σ(1) + ε1σ(2) + O(ε2), (4.5)

µε = ε1µ(0) + ε2µ(1) + ε1µ(2) + O(ε3), (4.6)

where181

σ(0) = E:∇yuuu(0), (4.7)

σ(1) = E:
(
∇xuuu(0)+∇yuuu(1)−εεε·ϕϕϕ(0)

)
, (4.8)

σ(2) = E:
(
∇xuuu(1)+∇yuuu(2)−εεε·ϕϕϕ(1)

)
+ C:∇yϕϕϕ(0), (4.9)

µ(0) = C:∇yuuu(0)+M:∇yϕϕϕ(0), (4.10)

µ(1) = C:(∇xuuu(0)+∇yuuu(1)−εεε·ϕϕϕ(0)) + M:(∇xϕϕϕ(0)+∇yϕϕϕ(1)). (4.11)

This leads to the following two-scale expansion of the balance of momentum and moment of182

momentum of (3.1):183

div σε = ε−2divyσ
(0)+ε−1

(
divxσ

(0) + divyσ
(1)
)

+ε0
(

divxσ
(1) + divyσ

(2)
)

+ O(ε),
(4.12)

div µε + εεε:σε = ε−1εεε:σ(0) + ε0
(

divyµ
(0) + εεε:σ(1)

)
+ O(ε). (4.13)

By substituting the above expansions in (3.1) and matching powers of ε we obtain a cascade of184

equations.185

At order ε−2: We obtain the following elliptic system,186
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−divy

(
E:∇yuuu(0)

)
= 0 in Y,

uuu(0)(xxx,yyy) is Y -periodic.
(4.14)

The above equation has a unique solution up to a constant in xxx which implies that uuu(0)(xxx,yyy) ≡187

uuu(0)(xxx) and in effect σ(0) ≡ 0.188

At order ε−1: Making use of the previous result that σ(0) ≡ 0, we are left with the equation,189

−divy

(
E:
(
∇xuuu(0)+∇yuuu(1)−εεε·ϕϕϕ(0)

))
= 0 in Y,

uuu(1)(xxx,yyy) is Y -periodic,

ϕϕϕ(0)(xxx,yyy) is Y -periodic.

(4.15)

From here we recognize the form uuu(1) and ϕϕϕ(0) to be the following (written in component form),190

u
(1)
i (xxx,yyy) = ζk`i (yyy) ∂x`

u
(0)
k (xxx) + ci(xxx), (4.16)

ϕ(0)
ν (xxx,yyy) = ξk`ν (yyy) ∂x`

u
(0)
k (xxx), (4.17)

where the correctors ζζζk` and ξξξk` are the local solutions satisfying the following variational problems,191

ζζζpq ∈ H1
per(Y ;R3),

∫

Y

ζζζpq dyyy = 0,

∫

Y

Ejik`(yyy)

(
1

2
δkp δq` + ∂y`ζ

pq
k

)
∂yivj dyyy = 0,

(4.18)

for all vvv ∈ H1
per(Y ;R3).192

ξξξpq ∈ H1
per(Y ;R3),

∫

Y

ξξξpq dyyy = 0,

∫

Y

Ejik`(yyy)

(
1

2
δkp δq` + εεενk` ξ

pq
ν

)
∂yivj dyyy = 0,

(4.19)

for all vvv ∈ H1
per(Y ;R3).193

At order ε0: At this order we obtain the system of effective equations,194

−divyσ
(2) − divxσ

(1) = fff in Ω× Y,
−divyµ

(0) − εεε:σ(1) = ggg in Ω× Y,
uuu(1)(xxx,yyy),uuu(2)(xxx,yyy) is Y -periodic,

ϕϕϕ(0)(xxx,yyy),ϕϕϕ(1)(xxx,yyy) is Y -periodic.

(4.20)
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Averaging over Y and using the periodicity of the displacement and rotation fields in Y we obtain195

the following system,196

−divx

〈
σ(1)

〉
= fff in Ω,

−εεε:
〈
σ(1)

〉
= ggg in Ω.

(4.21)

In order to render the above system in a more familiar form, we rewrite the vector field ggg using the197

Levi-Civita tensor as follows: gi = 1
2εiηλεpηλgp. Moreover, using the decomposition of the vector198

fields at order ε−1 we obtain,199





−divxσ
eff = FFF in Ω,

σeff :=Eeff :∇xuuu(0)+
1

2
εεε·ggg,

Eeff
jipq:=

∫

Y

Ejik`
(
δkpδq`+∂ykξ

pq−εεενpqζpqν
)
dyyy,

FFF :=fff+
1

2
curlxggg,

σeff =
(
σeff
)>

(4.22)

This is precisely the model that was recovered in [FPS01] by two-scale expansions under their HS 1200

scheme and rigorously proved in [Nik21] by the method of periodic unfolding. We remark, however,201

that both works [FPS01] and [Nik21] started from a centrosymmetric heterogenous Cosserat solid.202

The reason why we arrived at exactly the same effective model as [FPS01] and [Nik21] is due to203

the scaling of the chirality coefficient.204

4.2 Effective equations under HS 2205

If `coss/` ∼ 1 and `chiral/` ∼ 1 then `coss/L ∼ ε and `chiral/L ∼ ε, respectively. Hence, the stress206

and couple-stress expand as follows:207

σε = ε−1σ(0) + ε0σ(1) + ε1σ(2) + O(ε2), (4.23)

µε = ε0µ(0) + ε1µ(1) + O(ε2), (4.24)

where208

σ(0) = E:∇yuuu(0), (4.25)

σ(1) = E:
(
∇xuuu(0)+∇yuuu(1)−εεε·ϕϕϕ(0)

)
+C:∇yϕϕϕ(0), (4.26)

σ(2) = E:
(
∇xuuu(1)+∇yuuu(2)−εεε·ϕϕϕ(1)

)
+C:

(
∇xϕϕϕ(0)+∇yϕϕϕ(1)

)
, (4.27)

µ(0) = C:∇yuuu(0), (4.28)

µ(1) = C:(∇xuuu(0)+∇yuuu(1)−εεε·ϕϕϕ(0))+M:∇yϕϕϕ(0). (4.29)
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Two-scale expansion of the balance of momentum and moment of momentum of (3.1) leads to:209

div σε = ε−2divyσ
(0)+ε−1

(
divxσ

(0) + divyσ
(1)
)

+ε0
(

divxσ
(1) + divyσ

(2)
)

+ O(ε),
(4.30)

div µε + εεε:σε =ε−1
{

divyµ
(0) + εεε:σ(0)

}

+ε0
(

divxµ
(0) + divyµ

(1) + εεε:σ(1)
)

+ O(ε).
(4.31)

At order ε−2: As in the case under the scheme HS 1 we obtain that uuu(0) is a function of xxx210

alone and that σ(0) ≡ 0. Moreover, under this scheme the fact that uuu(0) is a function of xxx implies211

additionally that µ(0) ≡ 0 as well.212

At order ε−1: Making use of the previous results obtained at order ε−2, namely that σ(0) ≡ 0213

and µ(0) ≡ 0, we are left with,214

−divy

(
E:
(
∇xuuu(0)+∇yuuu(1)−εεε·ϕϕϕ(0)

)
+C:∇yϕϕϕ(0)

)
= 0 in Y,

uuu(1)(xxx,yyy) is Y -periodic,

ϕϕϕ(0)(xxx,yyy) is Y -periodic.

(4.32)

We recognize the form uuu(1) and ϕϕϕ(0) to be the following (written in component form),215

u
(1)
i (xxx,yyy) = θk`i (yyy) ∂x`

u
(0)
k (xxx) + ci(xxx), (4.33)

ϕ(0)
ν (xxx,yyy) = ϑk`ν (yyy) ∂x`

u
(0)
k (xxx), (4.34)

where the correctors θθθk` and ϑϑϑk` are the local solutions satisfying the following variational problems,216

θθθpq ∈ H1
per(Y ;R3),

∫

Y

θθθpq dyyy = 0,

∫

Y

Ejik`(yyy)

(
1

2
δkp δq`+∂y`θ

pq
k

)
∂yivj dyyy = 0,

(4.35)

for all vvv ∈ H1
per(Y ;R3).217

ϑϑϑpq ∈ H1
per(Y ;R3),

∫

Y

ϑϑϑpq dyyy = 0,

∫

Y

{
Cjik`(yyy) ∂ykϑ

pq
` +Ejik`(yyy)

(
1

2
δkp δq`+εεενk` ϑ

pq
ν

)}
∂yivj dyyy = 0,

(4.36)

for all vvv ∈ H1
per(Y ;R3).218

At order ε0: Using the fact that uuu0 is independent of yyy we obtain the system of effective equations,219
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−divyσ
(2) − divxσ

(1) = fff in Ω× Y,
−divyµ

(1) − εεε:σ(1) = ggg in Ω× Y,
uuu(1)(xxx,yyy),uuu(2)(xxx,yyy) is Y -periodic,

ϕϕϕ(0)(xxx,yyy),ϕϕϕ(1)(xxx,yyy) is Y -periodic.

(4.37)

Averaging over Y and using the periodicity of the displacement and rotation fields in Y we obtain220

the following system,221

−divx

〈
σ(1)

〉
= fff in Ω,

−εεε:
〈
σ(1)

〉
= ggg in Ω.

(4.38)

As in the previous scheme, we rewrite ggg using the Levi-Civita tensor and using the decomposition222

of the vector fields at order ε−1 we obtain,223





−divxσ
eff = FFF in Ω,

σeff :=Deff :∇xuuu(0)+
1

2
εεε·ggg in Ω,

Deff
jipq:=

∫

Y

{
Ejik`

(
δkpδq` + ∂ykθ

pq
)
+
(
Cjik` ∂ykϑ

pq
` − Ejik` εεενk` ϑ

pq
ν

)}
dyyy,

FFF :=fff+
1

2
curlxggg,

σeff =
(
σeff
)>
.

(4.39)

The resulting model generalizes the model under the scheme HS 1 by allowing for chiral effects to224

be present in the microscale. This can be readily seen if one sets the tensor C ≡ 0 then Deff ≡ Eeff
225

from HS 1.226

4.3 Effective equations under HS 3227

If `coss/` ∼ 1 and `chiral/L ∼ 1 then `coss/L ∼ ε. Hence, the stress and couple-stress expand as228

follows:229

σε = ε−1σ(0) + ε0σ(1) + ε1σ(2) + O(ε2), (4.40)

µε = ε−1µ(0) + ε0µ(1) + ε1µ(2) + O(ε2), (4.41)

where230
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σ(0) = E:∇yuuu(0)+C:∇yϕϕϕ(0), (4.42)

σ(1) = E:
(
∇xuuu(0)+∇yuuu(1)−εεε·ϕϕϕ(0)

)
+C:

(
∇xϕϕϕ(0)+∇yϕϕϕ(1)

)
, (4.43)

σ(2) = E:
(
∇xuuu(1)+∇yuuu(2)−εεε·ϕϕϕ(1)

)
+ C:

(
∇xϕϕϕ(1)+∇yϕϕϕ(2)

)
, (4.44)

µ(0) = C>:∇yuuu(0), (4.45)

µ(1) = C>:(∇xuuu(0)+∇yuuu(1)−εεε·ϕϕϕ(0)), (4.46)

µ(2) = C>:(∇xuuu(1)+∇yuuu(2)−εεε·ϕϕϕ(1))+M:∇yϕϕϕ(0). (4.47)

The corresponding two-scale expansion of the balance of momentum and moment of momentum231

of (3.1) become,232

div σε = ε−2divyσ
(0)+ε−1

(
divxσ

(0)+divyσ
(1)
)

+ε0
(

divxσ
(1)+divyσ

(2)
)

+ O(ε),
(4.48)

div µε + εεε:σε = ε−2divyµ
(0)+ε−1

(
divxµ

(0)+divyµ
(1)+εεε:σ(0)

)

+ε0
(

divxµ
(1)+divyµ

(2)+εεε:σ(1)
)

+ O(ε).
(4.49)

At order ε−2: At this order we obtain the following set of equations,233

−divy

(
E:∇yuuu(0)+C:∇yϕϕϕ(0)

)
= 0 in Y,

−divy

(
C>:∇yuuu(0)

)
= 0 in Y,

uuu(0)(xxx,yyy) is Y -periodic,

ϕϕϕ(0)(xxx,yyy) is Y -periodic.

(4.50)

We can observe from the second equation of (4.50) that uuu(0)(xxx,yyy) = uuu(0)(xxx). Thus, we can conclude234

iteratively that E:∇yuuu(0) ≡ 0, leading to divy

(
C:∇yϕϕϕ(0)

)
= 0 with ϕϕϕ(0)(xxx,yyy) Y -periodic. Hence,235

we obtain ϕϕϕ(0)(xxx,yyy) = ϕϕϕ(0)(xxx).236

At order ε−1: Using the results obtained above, namely, σ(0) ≡ 0 and µ(0) ≡ 0 we arrive at the237

following system,238

−divyσ
(1)=0 in Y,

−divyµ
(1)=0 in Y,

uuu(1)(xxx,yyy) is Y -periodic,

ϕϕϕ(1)(xxx,yyy) is Y -periodic.

(4.51)

Substituting σ(1) = E:
(
∇xuuu(0) +∇yuuu(1)−εεε·ϕϕϕ(0)

)
+C:

(
∇xϕϕϕ(0) +∇yϕϕϕ(1)

)
and µ(1) = C>:(∇xuuu(0) +239

∇yuuu(1) − εεε·ϕϕϕ(0)) in (4.51) we obtain,240
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−divy

(
E:
(
∇xuuu(0)+∇yuuu(1)−εεε·ϕϕϕ(0)

)
+C:

(
∇xϕϕϕ(0)+∇yϕϕϕ(1)

))
=0 in Y,

−divy

(
C>:(∇xuuu(0)+∇yuuu(1)−εεε·ϕϕϕ(0))

)
=0 in Y,

uuu(1)(xxx,yyy) is Y -periodic,

ϕϕϕ(1)(xxx,yyy) is Y -periodic.

(4.52)

From the second and fourth equations of system (4.52) we obtain,241

u
(1)
` (xxx,yyy)=wpq` (yyy)γ(0)

pq (xxx)+c`(xxx) with γ(0)
pq (xxx):=∂xpu

(0)
q (xxx)−εεενpqϕ(0)

ν (xxx), (4.53)

where wwwpq solves,242

wwwpq ∈ H1
per(Y ;R3),

∫

Y

wwwpq dyyy = 0,

∫

Y

Ck`ji(yyy) (δkp δq`+∂y`w
pq
k ) ∂yivj dyyy = 0,

(4.54)

for all vvv ∈ H1
per(Y ;R3).243

Once we have determined wwwpq for p, q = 1, 2, 3 we can use the first and third equations of system244

(4.52) to obtain,245

ϕ
(1)
` (xxx,yyy)=wpq` (yyy)γ(0)

pq (xxx)+χpq` (yyy)κ0
pq(xxx)+c`(xxx) with κ(0)

pq (xxx):=∂xp
ϕ(0)
q (xxx), (4.55)

where χχχpq solves,246

χχχpq ∈ H1
per(Y ;R3),

∫

Y

χχχpq dyyy=0,

∫

Y

(
Ejik`(yyy) (δkp δq`+∂y`w

pq
k ) +Cjik`(yyy)∂ykχ

pq
`

)
∂yivj dyyy=0,

(4.56)

for all vvv ∈ H1
per(Y ;R3).247

We note that systems (4.54) and (4.56) form a one-way coupled system of equations, unlike the248

previous cases so far.249

At order ε0: The effective system under this scheme has the following form,250

−divyσ
(2) − divxσ

(1)=fff in Ω× Y,
−divyµ

(2) − divxµ
(1) − εεε:σ(1)=ggg in Ω× Y,

uuu(1)(xxx,yyy),uuu(2)(xxx,yyy) is Y -periodic,

ϕϕϕ(1)(xxx,yyy),ϕϕϕ(2)(xxx,yyy) is Y -periodic.

(4.57)

Integrating over the cell Y we have,251
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−divx

〈
σ(1)

〉
= fff in Ω,

−divx

〈
µ(1)

〉
−εεε:

〈
σ(1)

〉
= ggg in Ω.

(4.58)

Here,252

σ
(1)
ji =

(
Ejik`(δkpδq` + ∂ykw

pq
` ) + Cjik`∂ykw

pq
`

)
γ0
pq

+ Cjik`
(
δkpδq` + ∂ykχ

pq
`

)
κ0
pq

(4.59)

µ
(1)
ji = Ck`ji(δkpδq` + ∂ykw

pq
` )κ0

pq. (4.60)

Hence, the effective system is of Cosserat type,253





−divxσ
eff = fff in Ω,

−divxµ
eff−εεε:σeff = ggg in Ω,

[
σeff

µeff

]
=

(
Eeff Ceff

Ĉeff 0

)[
γ0

κ0

]
in Ω,

Eeff
jipq=

∫

Y

(
Ejik`(δkpδq`+∂ykw

pq
` )+Cjik`∂ykw

pq
`

)
dyyy,

Ceff
jipq=

∫

Y

Cjik`(δkpδq`+∂ykχ
pq
` ) dyyy,

Ĉeff
jipq=

∫

Y

Ck`ji(δkpδq`+∂ykw
pq
` ) dyyy.

(4.61)

We remark that since the local problems are one-way coupled, the systems of equations in (4.54)254

and (4.56) can be solved iteratively in order to build the effective tensors Eeff , Ceff , and Ĉeff .255

Moreover, the moments appearing in this scheme seem to be a property of the chiral geometry256

alone.257

4.4 Effective equations under HS 4258

If `coss/L ∼ 1 and `chiral/` ∼ 1 then `chiral/L ∼ ε. Hence, the stress and couple-stress expand as259

follows:260

σε = ε−1σ(0) + ε0σ(1) + ε1σ(2) + O(ε2), (4.62)

µε = ε−1µ(0) + ε0µ(1) + ε1µ(2) + O(ε2), (4.63)

where261
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σ(0) = E:∇yuuu(0), (4.64)

σ(1) = E:
(
∇xuuu(0)+∇yuuu(1)−εεε·ϕϕϕ(0)

)
+C:∇yϕϕϕ(0), (4.65)

σ(2) = E:
(
∇xuuu(1)+∇yuuu(2)−εεε·ϕϕϕ(1)

)
+C:

(
∇xϕϕϕ(0)+∇yϕϕϕ(1)

)
, (4.66)

µ(0) = M:∇yϕϕϕ(0), (4.67)

µ(1) = C:∇yuuu(0)+M :
(
∇xϕϕϕ(0)+∇yϕϕϕ(1)

)
, (4.68)

µ(2) = C:(∇xuuu(0)+∇yuuu(1)−εεε·ϕϕϕ(0))+M:
(
∇xϕϕϕ(1)+∇yϕϕϕ(2)

)
. (4.69)

The corresponding two-scale expansion of the balance of momentum and moment of momentum262

of (3.1) become,263

div σε = ε−2divyσ
(0)+ε−1

(
divxσ

(0)+divyσ
(1)
)

+ε0
(

divxσ
(1)+divyσ

(2)
)

+O(ε),
(4.70)

div µε+εεε:σε=ε−2divyµ
(0)+ε−1

(
divxµ

(0)+divyµ
(1)+εεε:σ(0)

)

+ε0
(

divxµ
(1)+divyµ

(2)+εεε:σ(1)
)

+O(ε).
(4.71)

At order ε−2: At this order we obtain the following set of equations,264

−divy

(
E:∇yuuu(0)

)
=0 in Y,

−divy

(
M:∇yϕϕϕ(0)

)
=0 in Y,

uuu(0)(xxx,yyy) is Y -periodic,

ϕϕϕ(0)(xxx,yyy) is Y -periodic.

(4.72)

Arguing as before, we obtain that uuu(0)(xxx,yyy) = uuu(0)(xxx) and ϕϕϕ(0)(xxx,yyy) = ϕϕϕ(0)(xxx). Consequently,265

σ(0) = µ(0) ≡ 0.266

At order ε−1: Using the results obtained above, namely, σ(0) ≡ 0 and µ(0) ≡ 0 we arrive at the267

following system,268

−divyσ
(1)=0 in Y,

−divyµ
(1)=0 in Y,

uuu(1)(xxx,yyy) is Y -periodic,

ϕϕϕ(1)(xxx,yyy) is Y -periodic.

(4.73)

Substituting σ(1)=E:
(
∇xuuu(0)+∇yuuu(1)−εεε·ϕϕϕ(0)

)
and µ(1)=M:

(
∇xϕϕϕ(0)+∇yϕϕϕ(1)

)
we obtain,269
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−divy

(
E:
(
∇xuuu(0)+∇yuuu(1)−εεε·ϕϕϕ(0)

))
=0 in Y,

−divy

(
M:
(
∇xϕϕϕ(0)+∇yϕϕϕ(1)

))
=0 in Y,

uuu(1)(xxx,yyy) is Y -periodic,

ϕϕϕ(1)(xxx,yyy) is Y -periodic.

(4.74)

From (4.74) we obtain,270

u
(1)
` (xxx,yyy)=ηpq` (yyy)γ(0)

pq (xxx)+c`(xxx) with γ(0)
pq (xxx):=∂xp

u(0)
q (xxx)−εεενpqϕ(0)

ν (xxx), (4.75)

and271

u
(1)
` (xxx,yyy)=$pq

` (yyy)κ(0)
pq (xxx)+c`(xxx) with κ(0)

pq (xxx):=∂xpϕ
(0)
q (xxx), (4.76)

where ηηηpq solves,272

wwwpq ∈ H1
per(Y ;R3),

∫

Y

wwwpq dyyy=0,

∫

Y

Ejik`(yyy) (δkp δq`+∂y`η
pq
k ) ∂yivj dyyy=0 for all vvv ∈ H1

per(Y ;R3),

(4.77)

and $$$pq solves,273

wwwpq ∈ H1
per(Y ;R3),

∫

Y

wwwpq dyyy=0,

∫

Y

Mjik`(yyy) (δkp δq`+∂y`$
pq
k ) ∂yivj dyyy=0 for all vvv ∈ H1

per(Y ;R3),

(4.78)

At order ε0: The effective system under this scheme has the following form,274

−divyσ
(2)−divxσ

(1)=fff in Ω× Y,
−divyµ

(2)−divxµ
(1)−εεε:σ(1)=ggg in Ω× Y,

uuu(1)(xxx,yyy),uuu(2)(xxx,yyy) is Y -periodic,

ϕϕϕ(1)(xxx,yyy),ϕϕϕ(2)(xxx,yyy) is Y -periodic.

(4.79)

Integrating over the cell Y we have,275

−divx

〈
σ(1)

〉
=fff in Ω,

−divx

〈
µ(1)

〉
− εεε:

〈
σ(1)

〉
=ggg in Ω.

(4.80)

Using the information obtained at the scale ε−1 we can write σ(1) and µ(1) as follows:276
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σ
(1)
ji =Ejik`(yyy) (δkp δq`+∂y`η

pq
k ) γ0

pq, (4.81)

µ
(1)
ji =Mjik`(yyy) (δkp δq`+∂y`$

pq
k ) κ0

pq, (4.82)

Hence, the effective equations are of Cosserat type,277





−divxσ
eff=fff in Ω,

−divxµ
eff−εεε:σeff=ggg in Ω,

[
σeff

µeff

]
=

(
Eeff 0
0 Meff

)[
γ0

κ0

]
in Ω,

Eeff
jipq=

∫

Y

Ejik`
(
δkpδq`+∂ykη

pq
`

)
dyyy,

Meff
jipq=

∫

Y

Mjik`

(
δkpδq`+∂yk$

pq
`

)
dyyy.

(4.83)

This is precisely the model that was recovered in [Nik21] under HS 2 by the method of periodic278

unfolding from a centrosymmetric heterogenous Cosserat solid. Under our current scheme the279

resulting effective constitutive law is also of a centrosymmetric Cosserat solid, where the chiral280

effects are no longer present due to the scaling.281

4.5 Effective equations under HS 5282

If `coss/L ∼ 1 and `chiral/L ∼ 1, the stress and couple-stress expand as follows:283

σε = ε−1σ(0) + ε0σ(1) + ε1σ(2) + O(ε2), (4.84)

µε = ε−1µ(0) + ε0µ(1) + ε1µ(2) + O(ε2), (4.85)

where284

σ(0) = E:∇yuuu(0)+C:∇yϕϕϕ(0), (4.86)

σ(1) = E:
(
∇xuuu(0)+∇yuuu(1)−εεε·ϕϕϕ(0)

)
+C:(∇xϕϕϕ(0)+∇yϕϕϕ(1)), (4.87)

σ(2) = E:
(
∇xuuu(1)+∇yuuu(2)−εεε·ϕϕϕ(1)

)
+C:

(
∇xϕϕϕ(1)+∇yϕϕϕ(2)

)
, (4.88)

µ(0) = C>:∇yuuu(0)+M:∇yϕϕϕ(0), (4.89)

µ(1) = C>:(∇xuuu(0)+∇yuuu(1)−εεε·ϕ(0))+M:
(
∇xϕϕϕ(0)+∇yϕϕϕ(1)

)
, (4.90)

µ(2) = C>:(∇xuuu(1)+∇yuuu(2)−εεε·ϕϕϕ(0))+M:
(
∇xϕϕϕ(1)+∇yϕϕϕ(2)

)
. (4.91)

The corresponding two-scale expansion of the balance of momentum and moment of momentum285

of (3.1) become,286
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div σε = ε−2divyσ
(0)+ε−1

(
divxσ

(0)+divyσ
(1)
)

+ε0
(

divxσ
(1)+divyσ

(2)
)

+O(ε),
(4.92)

div µε+εεε:σε = ε−2divyµ
(0)+ε−1

(
divxµ

(0)+divyµ
(1)+εεε:σ(0)

)

+ε0
(

divxµ
(1)+divyµ

(2)+εεε:σ(1)
)

+O(ε).
(4.93)

At order ε−2: At this order we obtain the following set of equations,287

−divy

(
E:∇yuuu(0)+C:∇yϕϕϕ(0)

)
=0 in Y,

−divy

(
C>:∇yuuu(0)+M:∇yϕϕϕ(0)

)
=0 in Y,

uuu(0)(xxx,yyy) is Y -periodic,

ϕϕϕ(0)(xxx,yyy) is Y -periodic.

(4.94)

Unlike the previous schemes so far, system (4.94) remains fully coupled and must be solved simul-288

taneously. The variational formulation of (4.94) is:289

Find (uuu(0),ϕϕϕ(0)) ∈ H1
per(Y ;R3)×H1

per(Y ;R3) such that,
∫

Y

(
vvv:E:uuu(0) + vvv:C:ϕϕϕ(0)+uuu(0):C>:www+www:M:ϕϕϕ(0)

)
dyyy=0,

(4.95)

for all (vvv,www) ∈ H1
per(Y ;R3) × H1

per(Y ;R3). The above form is evidently bilinear and coersive on290

H1
per(Y ;R3) × H1

per(Y ;R3) by [HH69, Thm. 3.1] (see also [HN70]). Hence, by the Lax-Milgram291

theorem has a unique solution up to a constant function in xxx. Thus, we have uuu(0)(xxx,yyy) = uuu(0)(xxx)292

and ϕϕϕ(0)(xxx,yyy) = ϕϕϕ(0)(xxx), and hence, σ(0) = µ(0) ≡ 0.293

At order ε−1: Using the results obtained above, namely, σ(0) ≡ 0 and µ(0) ≡ 0 we arrive at the294

following system,295

−divyσ
(1)=0 in Y,

−divyµ
(1)=0 in Y,

uuu(1)(xxx,yyy) is Y -periodic,

ϕϕϕ(1)(xxx,yyy) is Y -periodic.

(4.96)

Substituting σ(1) = E:
(
∇xuuu(0) +∇yuuu(1) − εεε·ϕϕϕ(0)

)
+C:(∇xϕϕϕ(0)+∇yϕϕϕ(1)) and µ(1) = C>:(∇xuuu(0) +296

∇yuuu(1) − εεε·ϕ(0))+M:
(
∇xϕϕϕ(0)+∇yϕϕϕ(1)

)
in (4.96) we obtain,297

−divy

(
E:
(
∇xuuu(0)+∇yuuu(1)−εεε·ϕϕϕ(0)

)
+C:(∇xϕϕϕ(0)+∇yϕϕϕ(1))

)
=0 in Y,

−divy

(
C>:(∇xuuu(0)+∇yuuu(1)−εεε·ϕ(0))+M:

(
∇xϕϕϕ(0)+∇yϕϕϕ(1)

))
=0 in Y,

uuu(1)(xxx,yyy) is Y -periodic,

ϕϕϕ(1)(xxx,yyy) is Y -periodic.

(4.97)
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From (4.97) we postulate that uuu(1) and ϕϕϕ(1) have the same structural form, namely,298

u
(1)
` = ϕ

(1)
` = ω1,pq

` γ(0)
pq + ω2,pq

` κ(0)
pq + c`(xxx) (4.98)

where as before γ(0):=∇xuuu(0)−εεε·ϕϕϕ(0) and κ(0):=∇xϕϕϕ(0). Moreover, the local solutions (ωωω1,pq,ωωω2,pq)299

satisfy,300

(ωωω1,pq,ωωω2,pq) ∈ H1
per(Y ;R3)×H1

per(Y ;R3),
∫

Y

ωωω1,pq dyyy=0,

∫

Y

ωωω2,pq dyyy=0

∫

Y

(
Ejik`

(
δkp δq`+∂y`ω

1,pq
k

)
+Cjik`∂y`ω

1,pq
k

+Cjik`
(
δkp δq`+∂y`ω

2,pq
k

)
+Ejik`∂y`ω

2,pq
k

)
∂yivj dyyy=0,

∫

Y

(
Ck`ji

(
δkp δq`+∂y`ω

1,pq
k

)
+Mjik`∂y`ω

1,pq
k

Mjik`(yyy)
(
δkp δq`+∂y`ω

2,pq
k

)
+Ck`ji∂y`ω

2,pq
k

)
∂yiwj dyyy=0,

(4.99)

for all (vvv,www) ∈ H1
per(Y ;R3) × H1

per(Y ;R3). Again, we remark that this system must be solved301

simultaneously by invoking [HH69, Thm. 3.1] and then the Lax-Milgram lemma.302

At order ε0: The effective system under this scheme has the following form,303

−divyσ
(2) − divxσ

(1) = fff in Ω× Y,
−divyµ

(2) − divxµ
(1) − εεε:σ(1) = ggg in Ω× Y,

uuu(1)(xxx,yyy),uuu(2)(xxx,yyy) is Y -periodic,

ϕϕϕ(1)(xxx,yyy),ϕϕϕ(2)(xxx,yyy) is Y -periodic.

(4.100)

Integrating over the cell Y we have,304

−divx

〈
σ(1)

〉
= fff in Ω,

−divx

〈
µ(1)

〉
− εεε:

〈
σ(1)

〉
= ggg in Ω.

(4.101)

Using the information obtain at the scale ε−1 we can write σ(1) and µ(1) as follows:305

σ
(1)
ji =

{
Ejik`(yyy)

(
δkp δq` + ∂y`ω

1,pq
k

)
+ Cjik`(yyy) ∂y`ω

1,pq
k

}
γ0
pq

+
{
Cjik`(yyy)

(
δkp δq` + ∂y`ω

2,pq
k

)
+ Ejik`(yyy) ∂y`ω

2,pq
k

}
κ0
pq,

(4.102)

µ
(1)
ji =

{
Ck`ji(yyy)

(
δkp δq` + ∂y`ω

1,pq
k

)
+ Mjik`(yyy) ∂y`ω

1,pq
k

}
γ0
pq

+
{
Mjik`(yyy)

(
δkp δq` + ∂y`ω

2,pq
k

)
+ Ck`ji(yyy) ∂y`ω

2,pq
k

}
κ0
pq.

(4.103)
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Hence, the effective equations are of Cosserat type,306





−divxσ
eff = fff in Ω,

−divxµ
eff − εεε : σeff = ggg in Ω,

[
σeff

µeff

]
=

(
Eeff Ceff

Ĉeff Meff

)[
γ0

κ0

]
in Ω,

Eeff
jipq=

∫

Y

{
Ejik`(yyy)

(
δkp δq`+∂y`ω

1,pq
k

)
+Cjik`(yyy) ∂y`ω

1,pq
k

}
dyyy,

Meff
jipq=

∫

Y

{
Mjik`(yyy)

(
δkp δq`+∂y`ω

2,pq
k

)
+Ck`ji(yyy) ∂y`ω

2,pq
k

}
dyyy,

Ceff
jipq =

∫

Y

{
Cjik`(yyy)

(
δkp δq`+∂y`ω

2,pq
k

)
+Ejik`(yyy) ∂y`ω

2,pq
k

}
dyyy,

Ĉeff
jipq=

∫

Y

{
Ck`ji(yyy)

(
δkp δq`+∂y`ω

1,pq
k

)
+Mjik`(yyy) ∂y`ω

1,pq
k

}
dyyy.

(4.104)

The chiral effects are present at the macroscopic level through the tensors Ĉeff and Ceff and manifest307

themselves in a rather complex way through the coupled system of local problems.308

5 Conclusions309

In this work we derived effective models accounting for various size effects widely observed exper-310

imentally in the behavior of elastic materials with microstructure for different scale interactions.311

We performed a non-dimensionalization that introduced a new intrinsic length that accounts for312

microstructures with chiral effects. Moreover, we used the method of multiscale asymptotic expan-313

sion to obtain and classify the effective equations into two categories: Classical Cauchy continua314

or generalized continua. The classification depends on how the characteristic lengths `coss and315

`chiral compare with the length of the period ` and and the overall characteristic length L. The316

corresponding local problems, upon which the effective coefficients are constructed, are enriched317

with additional local variables accounting for rotations, and hence chiral effects, hereby, extending318

the work in [FPS01] and [Nik21].319

Lastly, we would like to emphasize that the modelling of size effects in a multiscale setting is a320

subject that should bear a more profound investigation than the one afforded in this article. Recent321

experimental and computational work has has shown that scale-size effects are prevalent even in322

myocardium tissue [TAG22], hence, opening up the possibility of using generalized continuum323

mechanics in modeling the biomechanics heart tissue.324
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