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Spectral gap and strict outerness
for actions of locally compact groups on full factors

BY AMINE MARRAKCHI' AND STEFAAN VAES?2

Abstract

We prove that an outer action of a locally compact group G on a full factor M is automat-
ically strictly outer, meaning that the relative commutant of M in the crossed product is
trivial. If moreover the image of G in the outer automorphism group Out M is closed, we
prove that the crossed product remains full. We obtain this result by proving that the in-
clusion of M in the crossed product automatically has a spectral gap property. Such results
had only been proven for actions of discrete groups and for actions of compact groups, by
using quite different methods in both cases. Even for the canonical Bogoljubov actions on
free group factors or free Araki-Woods factors, these results are new.

1 Introduction and main results

To every strongly continuous action G ~* M of a locally compact group G on a von Neumann
algebra M is associated the crossed product von Neumann algebra M x G. Questions on how
properties of the group action G ~® M are reflected by properties of the crossed product
M x G or the inclusion M C M x G are among the most fundamental questions in operator
algebras. When G is a discrete group, several of the basic questions are easy to answer. For
instance, for discrete groups G, we have that the relative M’ N M x G is as small as possible,
i.e. equal to the center Z(M), if and only if the action G ~* M is properly outer: if g € G\ {e}
and b € M are such that bagy(a) = ab for all a € M, then b = 0. In particular, for an action
G n~“ M of a discrete group G on a factor M, we have that M’ N M x G = C1 if and only if
the action « is outer, meaning that ¢, is an outer automorphism for every g € G \ {e}.

When the acting group G is no longer discrete, even these simple questions turn out to be
quite subtle. Following [Vae02], a strongly continuous action G ~* M on a factor M is called
strictly outer if M' N M x G = C1. It is easy to see that a strictly outer action o must be
outer. The converse is however by no means true (see e.g. Example 8 below). The main reason
why crossed products by discrete groups are easier to study is the availability of a Fourier
series decomposition for elements x € M x G : denoting by £ : M x G — M the canonical
conditional expectation and denoting by (ug)sec the canonical unitary elements in M x G, we
can define (z)g = E(zuy) and formally write = o (z)gug. When G is no longer discrete,
there typically is no normal conditional expectation of M x G onto M and there is no way to
define a Fourier series decomposition.

To illustrate the subtleness of strict outerness, we mention here one of the fundamental results
in modular theory for von Neumann algebras: by [CT76, Theorem 5.1], a trace scaling action
R ~Y N of the group R on a Il factor N is strictly outer. Because an inner automorphism is
obviously trace preserving, a trace scaling action is outer, but its strict outerness is one of the
deepest results in modular theory, established in [CT76].

In our first main result, we prove that outerness and strict outerness are equivalent for actions of
a locally compact second countable (lcsc) group G on a full factor with separable predual. Recall

'UMPA, CNRS ENS de Lyon, Lyon (France). E-mail: amine.marrakchi@ens-lyon.fr

2KU Leuven, Department of Mathematics, Leuven (Belgium). E-mail: stefaan.vaes@kuleuven.be.

S.V. is supported by FWO research project G090420N of the Research Foundation Flanders, and by long term
structural funding — Methusalem grant of the Flemish Government.



that a factor M with separable predual is called full if the group Inn M of inner automorphisms
of M is closed in the group of all automorphisms Aut M. When G is discrete, this result is
trivial, as mentioned above. When G is compact, this result was obtained recently in [BMO19]
using a method that is very specific for compact groups, making use of the subalgebra M of
G-invariant elements, which could very well be trivial when G is noncompact.

Our second main result concerns the fullness of the crossed product M x G when G is a lcsc
group acting on a full factor M with separable predual. For such full factors, one considers the
Polish group Out M = Aut M/Inn M. When G is discrete and M is a II; factor, this question
was solved by Vaughan Jones in [Jon81, Theorem 1]. Jones proved that if G ~* M is an outer
action of a discrete group G on a Il factor M and if the image of G in Out M is closed, then
M x G is full. More precisely, Jones proved that the inclusion M C M x GG has w-spectral gap
(see below) if and only of the image of G in Out M is closed. For arbitrary full factors M, not
necessarily of type IIj, the same equivalence was proven when G is discrete in [Mar16, HMV16]
(see also [Marl8al), and when G is compact in [BMO19]. The methods that were used in the
discrete case and in the compact case were rather disjoint. In our second main result, we prove
the equivalence in complete generality, for arbitrary full factors and locally compact groups,
concluding the line of research that started in [Jon81].

Let N C M be an inclusion of von Neumann algebras with separable predual. Generalizing
[Pop09, Section 2] beyond the II; setting, we say that N C M has w-spectral gap if for every
bounded sequence a,, € M satisfying a,b — ba,, — 0 x-strongly for all b € N, there exists a
bounded sequence d,, € N’ N M satisfying a,, — d,, — 0 *-strongly. We say that N C M has
stable w-spectral gap if 1 @ N C B(¢*(N)) ® M has w-spectral gap.

Theorem A. Let G ~“ M be a strongly continuous action of a lcsc group G on a factor M
with separable predual. Assume that M is full. Denote by m : Aut M — Out M the quotient
homomorphism.

1. If the action « is outer, then « is strictly outer.

2. The following three properties are equivalent.

(a) The action a is outer and the subgroup m(a(G)) of Out M is closed.
(b) The action « is strictly outer and M C M x G has w-spectral gap.

(¢) The action « is strictly outer and M C M x G has stable w-spectral gap.

In particular, if a is outer and w(a(Q)) is a closed subgroup of Out M, then M x G is a full
factor.

Given an ultrafilter w on N, we denote by P* the Ocneanu ultrapower of a von Neumann
algebra P with separable predual. So, whenever G ~“ M is an outer action on a full factor with
7(a(G)) being a closed subgroup of Out M, Theorem A says in particular that M'N(M xG)* =
C1. But the result of Theorem A is stronger, because it says that all bounded sequences
an, € M x G that asymptotically commute with M must be asymptotically scalar, without
requiring that (a,)nen belongs to (M x G)“.

A wide class of examples to which Theorem A applies is given by the free Bogoljubov actions
on free Araki-Woods factors. To every orthogonal representation U : R ~ Hp is associated
Shlyakhtenko’s free Araki-Woods factor M = TI'(Hg,U)"”, see [Shl96]. Whenever dimg Hg >
2, the von Neumann algebra M is a full factor. When U is the trivial representation, this
construction coincides with Voiculescu’s free Gaussian functor and M = L(Fqimg m,). The
construction is functorial: to every orthogonal transformation v € O(Hg) that commutes with
U is associated the free Bogoljubov automorphism «,, of M.



We can then use Theorem A to provide the following sufficient condition for the fullness of a free
Bogoljubov crossed product. For discrete groups, this result was proven in [Houl2, Theorem
A] for the free Gaussian case, and in [HT'18, Theorem B] for free Araki-Woods factors.

Corollary B. Let U : R ~ Hg be a strongly continuous action of R by orthogonal transfor-
mations of a separable real Hilbert space Hg with dimg Hg > 2. Denote by M = T'(Hg,U)”
the associated free Araki-Woods factor. Let G be a lcsc group. To every strongly continuous
orthogonal representation m : G — O(HRg) that commutes with U is associated the canonical
action G ~* M by free Bogoljubov automorphisms.

1. If 7 is faithful, then a, is strictly outer.

2. If w is faithful and 7(G) C O(HR) is closed, then M C M %, G has stable w-spectral gap.
In particular, M X, G is a full factor.

Note that the hypotheses of point 2 in Corollary B are automatically satisfied when 7 is a
faithful and mixing representation, e.g. when  is the left regular representation on L3 (G).
More generally, if there exists a unit vector £ € Hg such that (w(g)§, &) — 0 whenever g — oo
in G, then 7(G) is a closed subgroup of O(Hpg). So, when G satisfies the Howe-Moore property,
e.g. when G is a connected noncompact simple real Lie group with finite center like SL(n,R),
then for every orthogonal representation m of G, the subgroup 7(G) is closed.

It is very natural to try to generalize Theorem A to factors M that are not full, replacing Out M
in the hypotheses by the Polish group Aut M/Inn M. We discuss this problem in Section 4
and relate this to several open questions and partial results for outer actions of locally compact
groups on factors M that are no longer full.

2 Proof of Theorem A

To prove Theorem A, we can no longer use Fourier decompositions as in the discrete case,
and we can no longer use the co-amenability approach of [BMO19] which is too specific to the
compact case. Instead, we make substantial use of Hilbert bimodules. Fix a factor M with
separable predual.

Recall that a Hilbert M-M-bimodule ;;Hys gives rise to the unital x-representation 7wy of
M Qmax M°P on H given by

T (a ® bP)E = alb .
Recall that p;Hys is said to be weakly contained in p/ICps if ||y (T)|| < ||mxc(T)|| for all T €
M @max MOP.

Denote by L?(M) the standard Hilbert space of M, which we view as the trivial M-M-bimodule.
View Aut M as a Polish group. Whenever (X, u) is a standard o-finite measure space and
p: X — Aut M is a Borel map, we define the M-M-bimodule H(p) by

H(p) = L*(M)® L*(X,p) with (a-&-b)(z) = p(x) *(a)é(x)b foralla,be M,z € X. (1)

When X is a singleton, and p is thus determined by a single o € Aut M, we denote by H(«)
the corresponding M-M-bimodule. Its carrier Hilbert space is L?(M) and the bimodule action
is given by a - £ -b = a~!(a)éb.

The following is the main technical lemma that is needed to prove Theorem A.



Lemma 1. Let M be a full factor with separable predual. Denote by m : Aut M — Out M
the quotient homomorphism. Let (X, p) be a standard o-finite measure space and let p : X —
Aut M be a Borel map.

If a« € Aut M is such that m(a) does not belong to the support of (m o p)sp inside Out M,
meaning that there exists an open set V C Out M with m(a) € V and p((7op)~1(V)) = 0, then
H(a) is not weakly contained in H(p).

Proof. Since H(a @y H (o) = L2(M) and H(a )@y H(p) = H(p') where o/ (z) = a Lop(x),
we may assume that o = id. We can then choose a neighborhood V of the identity in Out M
such that 7(p(x)) € Out M \ V for p-almost every x € X.

We distinguish three cases according to the type of M.

Type II;. By [Jon81, Lemma 4], we can take ¢ > 0 and a finite subset F' C M such that for
all @ € Aut M \ 7=1(V) and all b € M, we have

ellbl3 < D llba — 6(a)bl3.

[

By taking § = p(x)~!, # € X, and integrating this inequality with respect to u, we obtain

ellél* < Y lle-a—a-€)?

acF

for all ¢ € H(p). But, since L?(M) has an M-central vector, if L?(M) was weakly contained in
H(p), we would find a sequence of unit vectors &, € H(p) such that ||&, -a —a-&,|| — 0. This
contradicts the inequality above. We conclude that L?(M) is not weakly contained in H(p).

Type IIo. Take p € M such that 7(p) = 1 where 7 is the semifinite trace of M. By
[HMV16, Theorem 3.3], we can take ¢ > 0 and a finite subset F' C pMp such that for all
6 c Aut M\ 7=1(V) and all b € 6(p)Mp, we have

ellbll3 < > llba — 6(a)b]3.

aceF

By taking # = p(z)~!, z € X, and integrating this inequality with respect to j, we obtain

elgP < NI a—a-¢|f

a€F

for all ¢ € p-H(p)-p. If L2(M) was weakly contained in #(p), then pL?(M)p = L?(pMp)
would also be weakly contained in p - H(p) - p as pMp-pMp-bimodules. Thus, we would find a
sequence of unit vectors &, € p- H(p) - p such that ||&, - a —a - &,|| — 0. This contradicts the
previous inequality. We conclude that L?(M) is not weakly contained in H(p).

Type III. This case is much more delicate and we need to use the technique of [Mar18b]. For
every faithful normal state w on M, we denote by &, € L?(M) the canonical positive vector
that implements w. Given two faithful normal states ¢ and ¢ on M, we denote by Ay, the
relative modular operator (see [Tak03, Theorem VIII.3.2 and Lemma IX.1.5]). Recall that Ay o,
. . . 1/2
is a positive nonsingular operator and that A¢ o
b€ M. Also, using Connes’ cocycle derivative,

is the closure of the linear map b§, — &yb,

Afﬁ,w = [Dy: Doy Afﬁ = J[Dy : DY)J Af; ,

In particular, Af DA Zt = o7 (b) and AY JIbIA Zt = Jof(b)J for all b e M, t € R. Given a
state ¢ on M and RS AutM we write 9( ) cpo 9 L



By [HMV16, Theorem 3.2], there exists a faithful normal state ¢ € M,, a constant ¢ > 0
and a finite set [ C M with af, = {,a" for all a € F such that for all b € M and all
6 € Aut M \ 7= 1(V), we have

ellbéol® < 3 llbag, — O(@)bél* + imf b€, = Aol
acl
Denote Ag = Ag(y),,- It follows that
2 - * _ 2 1 inf 1€ — ZNAY2¢)2
ellgll” < ;Héa 0(a)]” + \inf 1€ = A% L]l

for all § € Aut M \ 7=1(V) and all ¢ in the domain of Aé/z.

Let A be the decomposable operator on #H(p) obtained by integrating = — App)-1- Then, we
can integrate the previous inequality to obtain

2 T S W AL/2402
el = D llg-a” —a €l + inf fle = AAMZ] (2)
acl
for all £ € H(p) in the domain of Al/2,

Assume that L?(M) is weakly contained in H(p). We then find a state w, on B(H(p)) such
that

We(Ta(p) (@ @) = (a,b,&p) forall a,be M.
Since A#O(b)A,; " = o (0(b)) = 0(cf (b)), while ALTDIA, ™ = Jof(b).J for all b€ M, t € R
and 6 € Aut M, we get that

Al Ty(py (@ @ DP) AT = 71'7_[(/))(0'20(&) ® af (b)°P) .
We also have that (o] (a)é,07 (b), &) = (a€yb, &,). We can thus apply the method of [Marl8b,

Lemma 4.1] and may assume that w, is strongly invariant under Ad A,

By [Mar18b, Theorem 3.2], this means that w, belongs to the weak* closed convex hull of
E C B(H(p))*, where & is defined as the set of states w on B(H(p)) for which there exists a
net of unit vectors & € H(p) and a net of positive numbers A\; > 0 such that &; belongs to the
domain of A2 for every i and

(T, &) — w(T) for all T € B(H(p)), and [|& — NAY2G[| = 0. (3)
Define the operator T' € B(H(p)) by
T = Z T (@®1=1® (a*)P)" 730, (a®1-1® (a*)P) .
acF

Since a, = £, a* for all a € F, we get that w,(T") = 0. Since w, belongs to the weak* closed
convex hull of £, we can take w € £ such that w(T") < /2, where ¢ > 0 is as in (2). Take a
net of unit vectors & € H(p) and a net of positive numbers A\; > 0 such that &; belongs to the
domain of A/2 for every i and such that (3) holds. It follows that

lim Y & -a* —a- &P =w(T) <e/2 and [|& — NAY2E]| = 0.
a€F

But then (2) leads to the contradiction that e < e/2. O

The following lemma is an easy observation.



Lemma 2. Let M be a factor with separable predual. Let X be a locally compact second
countable Hausdorff space and let p : X — Aut M be a continuous map. Let p be a o-finite
Borel measure on X. If x € X belongs to the support of u, meaning that () > 0 for all open
sets U with x € U, then H(p(x)) is weakly contained in H(p).

Proof. Choose a decreasing family of open sets U, C X that form a neighborhood basis of
x € X. Since u(U,) > 0, we can choose Borel sets V,, C U,, such that 0 < u(V,) < +oo.
For every n, consider the unit vector n, € L*(X,u) given by 1, = u(V,)~"/?1y,,. Whenever
€€ L?(M) and a,b € M, it follows from the continuity of p that

lim () (@ ® D) (€ ® ), § @ 1) = (Tpy(p(a) (@ @ BP)E, E) -

Therefore, [|73(p)) (T)EIl < Nma(py (DI €], for every T € M @uax M and ¢ € L*(M), so
that H(p(z)) is weakly contained in H(p). O

Also the following lemma is straightforward.

Lemma 3. Let M be a von Neumann algebra, H a Hilbert space and a,, € M@ B(H) a bounded
sequence satisfying a,(1QT) — (1®T)a, — 0 x-strongly for every compact operator T € K(H).

Then for any unit vector § € H with associated vector state we on B(H), the bounded sequence
dn = (Id ® we)(an) in M satisfies an, — dp ® 1 — 0 x-strongly.

Proof. Fix a unit vector £ € H. Assume that M C B(K). Take p € K and n € H arbitrary.
Define the rank one operator T' € K(H) by T'(() = (¢,&) n. Then,

an(p®@n) =a,(1@T)(p®¢) and (d, @) (p®@n)=1T)a, (pRE) .

It follows that ||(a, — d, ® 1)(p ® n)|| — 0. So, a, — d, ® 1 — 0 strongly. By symmetry, also
ay —df ®1 — 0 strongly and the lemma is proven. O

We are then ready to prove Theorem A.

Proof of Theorem A. We define o : M — M @ L*>(G) : a(a)(g9) = ag-1(a), so that M x G is
realized as the von Neumann subalgebra of M ® B(L?(G)) generated by a(M) and the unitary
operators 1 ® Ay, g € G, where )\, is the left translation by g. We thus denote by «(M) the

canonical copy of M inside M x G. We also denote by A the left Haar measure on G.

For every nonnegligible Borel set A C G, we denote by H(A) the M-M-bimodule associated
with the map A — Aut M : g — o4 and the Haar measure A on A, as in (1). We denote by
TA M @max M — B(H(A)) the corresponding *-homomorphism.

1. Write N = a(M)'NM®B(L?*(G)). We claim that A" = 19 L>(G). Note that 1 L>(G) C N
and
1@ L®(@) NN =a(M)NM&L>®(G) =1 L*(G), (4)

because M is a factor. In particular, Z(N) C 1 ® L*(G). To prove the claim, it thus suffices
to show that 1 ® L>®°(G) C Z(N), because it then follows from (4) that

N CZINY NN C 18 L¥G) NN C18L¥G).

Fix a compact subset K C G. It thus suffices to prove that 1 ® 1x € Z(N).

Since Z(N) C 1® L*>®°(G), we can take a Borel set A C G such that K C A and such that 1®14
is the central support of 1 ® 1x in A/. We have to prove that A(A\ K) = 0. Define the closed



set L C G as the support of the measure A|4 on G. By definition A(A \ L) = 0. Choose g € L.
By Lemma 2, the M-M-bimodule H(g) is weakly contained in H(A) = H(G, A\ 4). Viewing N
as the algebra of bounded M-M-bimodular maps on H(G), it follows that the M-M-bimodules
H(K) and H(A) are quasi-equivalent. Thus, H(g) is weakly contained in H(K). Since K C G
is compact, (moa)(K) C Out M is compact, and thus closed. By Lemma 1, we must have that
m(ag) € m(a(K)). Since 7o « is injective, it follows that g € K. Since g € L was arbitrary, we
have proven that L C K. Since A\(A\ L) =0, also A(A \ K) = 0 and the claim is proven.

To prove the first part of the theorem, take T' € a(M) N M x G. By the claim above, T' = 1® F
for some F' € L>®(G). Denote by U, € U(L?(M)) the canonical unitary implementation of the
automorphism «a4. By definition, the elements of M x G commute with the unitary operators
Uy ®pp, where p, denotes the right regular representation on L?(G). It follows that F' € L*>(G)
commutes with all right translations, so that F' € Cl1.

2. The implication (c) = (b) is trivial. To prove that (b) = (a), assume that (a) does not
hold. If « is not outer, we find a unitary a € U(M) and an element g € G \ {e} such
that d = a(a)(1 ® \y) commutes with o(M). Then the constant sequence d says that (b)
does not hold. If « is outer, but m(a(G)) is not closed in Out M, we can choose a sequence
gn — 00 in G such that 7(ag,) — id in Out M. So we find a sequence a,, € U(M) such that
Bn = Aday, o oy, — id in Aut M. Write d,, = a(an)(1 ® Ag,). Let b € M be arbitrary. Since
Brn — id in Aut M, we have that 3, 1(b) — b — 0 strongly. Then also

a(b)d, — dpo(b) = d, (B, 1 (b) —b) — 0 strongly.
Also, 3,(b*) — b* strongly, so that
(a(b)dy, — dpae(b))* = dy, a(b* — B (b*)) — 0 strongly.

We have thus proven that d,a(b) — a(b)d,, — 0 *-strongly for all b € M. Assume that ¢, € C
such that d,, —t,1 — 0 *-strongly. Choose an arbitrary unit vector ¢ € L?(M) and an arbitrary
compact neighborhood K of e in G. Since g, — oo, we get that g, K N K = () for all n large
enough. So, for large enough n, we get that (d,(§®1k),{®1x) = 0. We conclude that ¢,, — 0.
So, d, — 0 x-strongly. This is impossible because d,, is a sequence of unitary operators. So,
(b) does not hold.

We now prove the difficult implication (a) = (c). So, assume that « is outer and that w(a(G))
is closed in Out M. Let H be a separable Hilbert space and a,, € B(H) ® (M x G) a sequence
such that |la,|| < 1 for all n and a,(1 ® a(b)) — (1 ® a(b))a, — 0 *-strongly for all b € M.
We have to prove the existence of a bounded sequence f, € B(H) such that a, — f, ® 1 — 0
x-strongly. We again make use of the bimodules H(A) as introduced in the beginning of the
proof, together with the corresponding #-representations 74 of M ®ax M°P on L2(M)® L?(A).

Since G and Out M are Polish groups and 7o o : G — Out M is a continuous homomorphism
with closed range, the map 7 o « is closed.

Step A. We prove that for every open subset Y C G with complement L = G\ U, the sequence
X, € BH)®M® B(L*(G)) defined by X,, = (101®17)a,(1®1®1) converges to 0 strongly.

Fix a unit vector n € H and write Y;, = X,,(n ® 1 ® 1). Note that [|Y,] < 1 for all n. We
have to prove that Y'Y, converges to 0 weakly. Assume that this is not the case. After
passage to a subsequence, we may assume that Y'Y, converges weakly to a nonzero S €
M ® B(L*(U)). Because a,(1 ® a(a)) — (1 ® afa))a, — 0 *-strongly for all @ € M, we have
that (1 ® wr (7)Y, — Yomy(T) — 0 x-strongly for all T € M ®ypax MOP.

For all ¢, € L?(M) ® L*(U), we have that

((Y;Ynﬂu (T) - Ty (T)Y;Yn)g’ :U’>
= ((Yamy(T) = A @ 7 (T))Yn)E, V) + (Yn&, (L@ wr(T7))Yn = YV (T7)) 1)



so that Y)Y, my(T) — my(T)Y, Y, — 0 weakly for all T € M ®max M°P. It follows that S
commutes with m,(T), so that S € M ® B(L*(G)) N a(M)'. By 1, we get that M = 1 ® F,
where F' € L>°(U) is not essentially zero. We can then choose a compact subset K C U and a
C > 0 such that A(K) > 0 and F(z) > C~! for all x € K.

Define Z, = Y, (1 ® 1xF~'/2). Note that || Z,| < C'? for all n. We still have that (1 ®
wr(T))Zn— Znmi (T) — 0 sx-strongly for all T' € M ®uax M°P. By construction, Z*Z, — 1®1x
weakly. For any T' € M ®mpax M and every & € L?(M) ® L*(K, )\), we have

[(mxc(T)E,€) = {1 @ Lio)mx (D)€, €)] = lim [(Z5 Zumic (T)E, )]
< limsup CV/2 || Z,m i (T)€| ||€]| = limsup C*2||(1 & 71, (T)) Zn€]| ||€]]
< Cllrn (D)) lI€N? -

So, the homomorphism 7 (T) — 7g(T) is well defined and continuous. We thus conclude
that H(K) is weakly contained H(L). Choose k € K in the support of |k, meaning that
AMK NW) > 0 for every open subset W C G with k& € W. By Lemma 2, H(«y) is weakly
contained in H(K') and is thus weakly contained in H(L).

Since L C G is a closed subset and 7 o «v is a closed map, 7(«(L)) is a closed subset of Out M
and m(ay) € m(a(L)). The weak containment of H(ay) in H(L) thus contradicts Lemma 1.
This concludes the proof that X,, converges to 0 strongly.

Step B. If U C G is open and A(U\U) = 0, then a,(101®1y) — (1®1®1y)a, — 0 *-strongly.

Write V = G \ U. Applying step A to the open sets U and V, we get that the sequences
1®1®1ly)a,(l1®1®1y) and (1 ®1® 1y)an(l ® 1 ® 1y) converge to 0 strongly. Since
ly =1— 1y in L™(G), it follows that

an(1®101y) — (1010 1y)a, =(101®1y)a, (1010 1y) — (1010 1y)a,(1®1®1y) =0

strongly. The same holds for the sequence a;, so that step B is proven.

Step C. For every bounded continuous function F' : G — C, we have that a,(101® F) — (1®
1® F)a, — 0 *-strongly.

Fix a continuous function F' : G — (0, 1). It suffices to prove that a, (191 F)—(1®1® F)a, —
0 *-strongly. Choose a probability measure A; on G such that A\; ~ A. Define the probability
measure g on R by pu = Fi(A;). Fix an arbitrary ¢ > 0. Since p has at most countably
many atoms, which all belong to (0,1), we can choose 0 = tg < t; < --- < t;, = 1 such that
w({t;}) =0forall0 <i<kandt;—t;—1 <eforall ]l <i<k. Define, for 1 <i <k, the open
subsets

Ui={g€G|ti1 <F(g) <ti}.

Since u({t;}) = 0 for all i and since A\; ~ )\, we get that AU; \ U4;) = 0 for all 1 < i < k. Also,

defining
k
FO = Z t; 11/{7; )
i=1

we get that |F — Fp|| < e. By step B, a,(1®1® Fy) — (1 ® 1 ® Fy)a, — 0 *-strongly. So, for
every ¢ > 0, the sequence a,(1®1® F) — (1®1® F)a, — 0 lies at operator norm distance
less than 2¢ of a sequence that converges to 0 x-strongly. So, step C is proven.

Step D. Define the unitary U € B(L*(M)) ® L>°(G) by U(h) = U}, for all h € G. Then, there
exists a sequence d,, € B(H ® L?(M)) such that ||d,| < 1 for all n and (1 ® U)a,(1 @ U*) —
dn ® 1 — 0 *-strongly.



Write b, = (1@ U)a,(1 @ U*). Let F € Cy(G). Since U commutes with 1 ® F', it follows from
step C that b,(1®1® F) — (1® 1 ® F)b, — 0 *-strongly. Since a,, € B(H) ® (M x G), we
have that a, commutes with 1 ® U, ® p, for every g € G and n € N. Thus, b, commutes with
1®1® py for all n € N and g € G. Denoting by C;(G) the reduced C*-algebra given by the
right regular representation of G, we find that b,(1®1®7T) = (1®@1®T)b, for all T € C;(G).
Since the operator norm closed linear span of Cy(G) C5(G) equals K(L*(G)), it follows that
b(1®1®T)— (1®1®T)b, — 0 *-strongly for all T € K(L?(G)). Step D then follows from
Lemma 3.

Step E. With U and d,, as in step D, the sequence ¢, € B(H ® L?(M)) ® L*°(G) given by
en=01U")(d,®1)(1®U) satisfies ¢,(12b®1) — (1®b®1)c, — 0 *-strongly for all b € M.

Since a,(1 ® a(b)) — (1 ® a(b))a, — 0 *-strongly and a(b) = U*(b ® 1)U, the sequence d,
satisfies d,,(1®b) — (1®b)d,, — 0 *-strongly for all b € M. Take u € H® L*(M) and n € L*(G)
arbitrary. Then,

[(en1®b®1) — (1Qb® 1)en) (@ n)l?

- /G ()2 (1 & UZ)dn(1® Ugb) — (18 bU? ) dn(1 ® Uy))ul|? dg

For every fixed g € G and b € M, we have that d,(1 ® oy(b)) — (1 ® ay(b))d,, — 0 strongly.
Conjugating with U, also

(1@ U)dn(1@ Uyb) = (1@ bU)dn(1® U,) — 0 strongly.

It then follows from the dominated convergence theorem that the sequence in (5) tends to 0.
We have proven that ¢,(1@b® 1) — (1®b® 1)¢, — 0 strongly for all b € M. By symmetry,
also ¢ (1®@b®1) — (1®@b® 1)c; — 0 strongly and step E follows.

End of the proof. By step D, the sequence ¢, in step E satisfies a,, — ¢, — 0 *-strongly.
Since a, € B(H)® (M x G) ¢ B(H)® M ® B(L*(G)), we have that a, commutes with
1® JbJ ®1 for all b € M. Therefore, ¢,(1® JbJ ®1) — (1 ® JbJ ® 1)¢, — 0 *-strongly for
every b € M. Since M is a full factor, [Marl8b, Theorem A] says that the operator norm
closed linear span of M JMJ contains K(L?(M)). The previous observation and step E then
imply that c,(1® T® 1) — (1® T ® 1)e, — 0 *strongly for every T € K(L?(M)). Since
cn € B(H® L*(M)) ® L*®°(G), Lemma 3 provides a sequence F,, € B(H) ® 1 ® L*(G) such
that ||F,]| <1 for all n and ¢, — F,, — 0 *-strongly.

Then also a, — F,, — 0 x-strongly. Conjugating with 1 ® U, which commutes with F},, and
using step D, we find that d, ® 1 — F,, — 0 sstrongly. Fix a unit vector ¢ € L?(G) and
denote by we the corresponding vector state on B(L?*(G)). Define the sequence f, € B(H)
such that f, ® 1 = (id ® id ® we)(F,). Then, || fu|| < 1 for all n € N. Since d, ® 1 — F,, = 0
x-strongly, also d,, — f, ® 1 — 0 *-strongly. Conjugating with 1 ® U*, it follows from step D
that a, — f,, ® 1 ® 1 — 0 x-strongly. So (c) holds. O

3 Free Bogoljubov actions and proof of Corollary B

Corollary B is an immediate consequence of Theorem A and the following result on free Araki-
Woods factors. We expected that Proposition 4 would be well known and available in the
literature, but this does not seem to be the case, not even in the case of the free Gaussian
functor (i.e. Bogoljubov transformations of free group factors).

Proposition 4. Let U : R ~ Hy be a strongly continuous action by orthogonal transforma-
tions of a separable real Hilbert space Hg with dimg Hg > 2. Denote by M = T'(Hg,U)" the



associated free Araki-Woods factor, which is a full factor. Denote by w: Aut M — Out M the
canonical quotient homomorphism.

Define the closed subgroup G = {v € O(HR) | vUy = Upv for allt € R} of O(Hg). For every
v € G, denote by o, the associated Bogoljubov automorphism of M. Then, the homomorphism
G — Out M : v — m(aw) is injective, has closed range and is a homeomorphism onto this range.

Note that Proposition 4 covers in particular the case where Uy = 1 for all t € R. Then, M =
I'(Hg,U)" = L(Fgimg 1, ) and every v € O(Hg) defines the free Bogoljubov automorphisms a,,
of M. Proposition 4 then says that O(Hg) — Out M is injective, with closed range and is a
homeomorphism onto this range.

Also note that, with the notation of Proposition 4, the transformations U; belong to G. There-
fore, Proposition 4 also reproves the result that Connes’ 7-invariant of a free Araki-Woods
factor T'(Hg,U)"” equals the weakest topology on R that makes the map t — U; continuous.
This was proven in [Shl97, Corollary 8.6] when U is not weakly mixing and in [Vae04, Théoréme
2.7] in general.

Before proving Proposition 4, we need a few elementary lemmas.

The first lemma is proven by Popa’s spectral gap method. The proof is very similar to the
proof of [Pop06, Lemma 2.2]. For completeness, we provide the details adapting the proof to a
type III setting.

Lemma 5. Fori € {1,2}, let (M;, ;) be von Neumann algebras with a faithful normal state,
and with a separable predual. Define (M, ) = (My,¢1) * (M, p2) and let Ey : M — M; be
the canonical p-preserving conditional expectation. Let P C My be a von Neumann subalgebra
that is the range of a faithful normal conditional expectation. Assume that P has no amenable
direct summand.

If x, € M is a bounded sequence and oy : P — Mj is a sequence of faithful, unital, normal
x-homomorphisms such that rn,a — ap(a)x, — 0 strongly for all a € P, then x, — E1(x,) — 0
strongly.

Proof. For every von Neumann algebra (Q,w) with a faithful normal state, we denote by
L?(Q,w) the standard Hilbert space for @ realized by completing @ w.r.t. the scalar product
(x,y) =w(y*z). As a @-bimodule, we have a-b-c = aba“ji/Q(c) for all a,b,c € M with ¢ being
sufficiently analytic.

Fix a faithful normal conditional expectation £ : M; — P and choose a faithful normal state
11 on M satisfying ¢ o & = 1. Define the faithful normal state 1) on M by ¢ = ¢ o Ej.
Denote M © My = {z € M | E1(x) = 0}. We also write M? = {a € M; | ¢;(a) = 0}. Whenever
w € M 1is defined as an alternating product of elements in M} and My, starting and ending
with a ‘letter’ from M5, we have, for all a,b € My,

Ei(w*awb) = p1(a) p(w*w)b so that (awb,w)y = Y(w*awdb) = ¢1(a)P1(b) p(w*w) .
It follows that there exists an M;j-bimodular isometry
U:L*(M© My, ¢) — K = (L*(My, 1) @ L*(My,41))

where the M;p-bimodule structure on K is given by the left action in the first tensor factor
L?(Mjy, 1) and the right action in the second tensor factor L2(My,1).

Write y, = x,, — E1(z,) € M © M;. Note that y, is still a bounded sequence in M satisfying
Yna — ap(a)y, — 0 strongly for all @ € P. Define the bounded linear maps

Y, : L*(P,41) — K : Yu(a) = U(yna) .
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Note that sup,, [|Y,| < sup, ||yn|| < +00. Take £ > 0 such that ||Y,|| < & for all n € N. By
construction, Y, (¢ - a) = Y,(¢) - a for all ¢ € L2(P,41) and a € P. Also by construction,
llam(a) - Yo (b) — Yi(a - b)|| — 0 for all a,b € P. Given a € P, the sequences ||an(a)| and ||Y||
are bounded, so that ||ay,(a) - Y, (€) — Yy(a-&)|| — 0 for all @ € P and &€ € L(P, ).

Define the *-representations 7, : P ®ag P°® — B(K) by m,(a ® b°P)§ = ay(a) - £ - b. Note that
|7 (T)|| = | MT)|| for every T € P ®q1g P°P, where X is given by the coarse P-bimodule. Also
define € : P ®a1g PP — B(L*(P,41)) : e(a ® b°P)¢ = a - £ - b. We have proven that

T (T)Y, — Ype(T) — 0 strongly for every T' € P ®q14 PP, (6)

We claim that Y;, — 0 strongly. Let S € B(L?(P,11))" be any weak limit point of the bounded
sequence Y,'Y,,. Since

(Y Yae(T) = e(T)YYn)8, 1) = ((Yne(T) — mn(T)Yn)E, Yops) + (Yag, (mn (T7) Y = Yo (T7)) 1)

it follows from (6) that S commutes with e(T") for all T' € P ®,); P°?. Thus, S € Z(P). For
all &,n € L2(P7 Y1) and T € P ®a14 P°P, we get that

[(Se(T)¢, m)| < lim sup (Y Yae(T)E, m)| = fim sup [(Yae(T)E, Yan)|

< & |lnll timsup || Yae(T)E[l = & ]| limsup |7, (T)Ya ]| < &2 [[€] [nll INT)]] -
n n

We conclude that ||Se(T)|| < k2 [|A(T)]| for all T' € P ®41g P°P. If S is nonzero, it follows that
P has an amenable direct summand. So, S = 0 and the claim that Y,, — 0 strongly is proven.

Since y, = Y,,(1), we have proven that ||y,||2,,, — 0. Thus, y, — 0 strongly. O

Proposition 6. For i € {1,2}, let (M;, ;) be a von Neumann algebra with a faithful normal
state and separable predual. Assume that (M, p1) has no amenable direct summand and that
My # C1. Denote by Aut(M;, ¢;) the Polish group of state preserving automorphisms.

Define (M, p) = (M1, ¢1) * (Ma,p2). Then M is a full factor. Denote by w: Aut M — Out M
the natural quotient homomorphism. Then, the homomorphism

0 : Aut(My, 1) x Aut(Ma, p2) — Out M : O(a, f) = w(a * )

is faithful, has closed range and is a homeomorphism onto this range.

Proof. Tt suffices to prove the following statement: if a,, € Aut(Mi, 1) and 5, € Aut(Ma, ¢2)
are sequences of state preserving automorphisms such that Adu} o (ay, * 5,) — id for some
sequence of unitaries u, € M, then o, — id, 8, — id and u,, — ¢(uy)1l — 0 *-strongly. By
taking a,, = 5, = id, this then says in particular that M is full.

Denote by E; : M — M; the canonical ¢-preserving conditional expectation. For every a € My,
we have that una — an(a)u, — 0 strongly. It follows from Lemma 5 that u, — Ei(u,) — 0
strongly.

Write v, = (apn * B,) 1 (u}). Then also Adv} o (a;! * 3,1) — id. Applying the previous
paragraph, it follows that ||v, — E1(vp)|2,, — 0. Since a, * B, is state preserving and commutes
with Ey, we conclude that |u;, — E1(u})|l2,, — 0, so that w; — Ei(u;,) — 0 strongly. In

n
combination with the previous paragraph, we have proven that u, — E(u,) — 0 *-strongly.

Write z,, = Ej(uy,). Note that ||z,|| < 1 for all n. Since My # C1, we can fix b € My with
w2(b) = 0 and @2(b*b) = 1. Since u}fn(b)un, — b weakly and w,, — z,, — 0 strongly, we get
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that a8, (b)z, — b weakly and thus Ey(z} 5, (b)x,) — b weakly. The left hand side equals
lo1(2n)|? Br(b). Therefore,

([o1(@n)l? Bu(b), b) = (Ba(z},Bn(b)an), b) — (b,0) = 1.

Since |¢1(zyn)| < 1 and [(Bn(b),b)] < 1 because 3, is state preserving, we conclude that

lp1(xn)] — 1. Since ||zy|| < 1 for all n, this implies that x, — p1(x,)1 — 0 *-strongly. It
thus follows that u, — ¢(u,)1 — 0 *-strongly.

Then also Adu, — id, so that ay, * 8, — id. By restricting to M;, it follows that «,, — id and
B — id. O

Lemma 7. Let Hg be a separable infinite dimensional real Hilbert space. Let V,, € O(HR) such
that (Vi)nen is weakly convergent. Let N € N.

There exist orthonormal vectors {ey,...,ex}, orthonormal vectors {fi,...,fn} and W, €
O(HR) such that

Whe; = e; and W,V,e; — fi in norm for everyi € {1,...,N}, and

(Re; +Rf;) L (Rej +Rf;) foralli,je{l,...,N} withi#j. @

An analogous result holds for a weakly convergent sequence of unitaries on a separable infinite
dimensional Hilbert space.

Proof. Let V,, — T weakly. Note that ||T']] < 1. Inductively choose unit vectors {ej,...,en}
such that whenever ¢ < j, we have that e; L {e;, Te;, T*e;, T*Te;}. Define puy, = Vier, — Tey,
and define a, > 0 such that o2 = 1 — || Teg||>. By construction,

Voer =Tex + pikn »  Hen — 0 weakly, and  ||pg || — o -

When i # j, we have that V,e; L V,ej. Also, Te; L Te; by construction. Therefore, for i # j,
we have

0 = (Vaei, Vnej) = (Tei, pjn) + (Wi, T€j) + (lin, tjn) -
Since g, — 0 weakly, it follows that (i, fjn) — O.

Define K as the linear span of all the vectors e; and Te; with i € {1,...,N}. Let L = K.
Since py, — 0 weakly, || Px g n|l = 0. Put ny. = Prptkn, so that ||pg, — k.|| — 0. It follows
in particular that ||ng | — o and that (1;,,7;,) — 0 when i # j.

Choose orthonormal vectors {g1,...,gn} in L. By the Gram-Schmidt procedure, we can choose
W,, € O(Hg) such that W, = ¢ for all £ € K and Wy, ny, , — aigx in norm. By construction,

WnVner — Tep + g in norm.

Define f, = Tex + apgr. By construction, the conclusion of the lemma holds. ]

Proof of Proposition 4. When Hp is finite dimensional, the group G is compact. By [HT18,
Lemma 3.2], every «,, with v € O(Hg)\ {1} is an outer automorphism of M and the proposition
follows. We thus assume that Hp is infinite dimensional.

The spectral measure class of the orthogonal representation (Uy)ier is a symmetric measure
class on R that we denote by pu.

Case 1 : there is no a > 0 such that the measure class p is concentrated on {—a,a}. We can
then choose a Borel set i/; C R such that U4; = —U; and such that both U7 and its complement
Us = R\ Uy have positive measure. Make this choice such that 0 € Us. Denote by Hﬁé C Hp
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the spectral subspace corresponding to U;. We have Hr = Hﬂlg &) HH% and G = G; X Go. Then
the free Araki-Woods factor (M, ¢) = I'(Hg,U)" is the free product of the free Araki-Woods
factors (M;,¢;) = F(H&,U)”. Since 0 ¢ U, we have that dimg Hﬂ% > 2, so that M; has
no amenable direct summand. Since G = G; X G, we identify G with a closed subgroup of
Aut(My, p1) x Aut(Ma, ¢2). Proposition 4 then follows from Proposition 6.

Case 2 : the measure class u is concentrated on {—a,a} for some a > 0. Let V,, € G be
a sequence such that 7(ay,) — id. We have to prove that V,, — 1 weakly. Passing to a
subsequence, we may assume that V,, — T weakly and we have to prove that T" = 1. Take
unitaries u,, € U(M) such that Ad ) o ay;, — id.

We claim that there exist 2-dimensional real subspaces Kﬂlg, Kﬁ C Hp and a sequence W,, € G

with the following properties: the subspaces K]f% are globally invariant under (Uy)er, we have
KHIQ il KH%, writing Kg = K]Ilg + KH%, we have that W,& = £ for all £ € Kr and n € N, and

W,Vn€é — F¢ in norm, for all £ € K,

where F : Kg — Hp is an isometry that commutes with (U;);cr and satisfies (K& + F(K3)) L
(KR + F(KR)).

When a = 0, we have that U; = 1 for all t € R. In that case, the claim follows from Lemma 7,
by taking Ki = Rej + Rey and K32 = Reg + Rey.

When a > 0, write A\ = exp(a). We can then identify the complexification Hr + iHr with a
Hilbert space of the form H @ H, where H is a (complex) Hilbert space, U;(£,7) = (A€, A~47)
and Hg = {(£,€) | € € H}. Then, G is identified with U(H), with every unitary V € U(H)
giving rise to the orthogonal transformation of Hg defined by restricting V &V to Hg. So, we
view V,, € G as the sequence V,, ® V,.

By the complex version of Lemma 7, we can choose orthonormal vectors {e1,es} and {f1, fa}
in H, and unitaries W,, € U(H) such that Wy,e; = ¢; for all n € N and ¢ € {1,2}, while
Wy Vye; — fi in norm. Also, (Cey 4+ Cf) L (Ceg 4+ Cfs). We can now define Ki, C Hg by

Kf& = {(ze;,z6;) | z € C}

and use the orthogonal transformations W,, & W,,. Again, the claim is proven.

Write Lf = K + F(KE). Define LY = (L + L2)*. We find the free product decomposition
(M, p) = (Mo, o) * (My, 1) * (Ma, @2), where M; = I'(Lk,U)”. Denote by E; : M — M; the
canonical ¢-preserving conditional expectation. For i € {1,2}, we also have the subalgebras
P, C M; given by P, = F(Kﬁé,U )”. Note that there exists a faithful normal conditional
expectation of M; onto P;. Since Kﬁé is 2-dimensional, the von Neumann algebra P; is a
nonamenable factor.

The restriction of F' to K& gives rise to the state preserving embedding 3; : P, — M;. Write
Up, = aw, (uy). Since Adu), o ary;, — id, we get that

|lav;, (a)un — upall2,, — 0 for all a € M.
Since ayy, is state preserving and W, = ¢ for all £ € K]%@ it follows that
law, v, (a)vn, — vpalla, — 0 for all a € P

Since W, V,& — F¢ for all € € Kﬁé, we get that

law,v, (@) — Bi(a)|l2,, — 0 for all a € P;. (8)
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Since [|¢ o Adw} o ay;, — ¢|| — 0 and since ¢ is invariant under ayy, and ayw, v, , we get that
oo Ad v} — ¢ll2,, — 0. It then follows from (8) that |aw,v, (a)v, — Bi(a)vy||2,, — 0 for all
a € P;. We thus conclude that

|Bi(a)vy, — vpalla,, — 0 for all a € P;.

By Lemma 5, we get that v, — E;j(vn)|l2,, — 0. Since Ey(Fa(z)) = ¢(x)1 for all x € M,
we conclude that ||v, — ¢(vy)1|2,, — 0. Since ayy, is state preserving, it follows that ||u, —
©(un)l|l2,, — 0. In particular, |¢(u,)| — 1. This means that u, — ¢(un)l — 0 *-strongly.
Thus, Adu, — id. Then also ay, — id, from which it follows that V,, — 1 strongly, so that
T=1. O

4 Questions, comments and counterexamples

We start by providing the following easy examples of outer actions that are not strictly outer.

Example 8. First, if M is a factor of type 111y whose T-invariant is trivial and if ¢ is a faithful
normal state on M, the action R ~?" M by modular automorphisms is outer, but the crossed
product M X R is not even a factor. In particular, o is not strictly outer.

Second, if " is a countable abelian group and I' ~/ (X, u) is an essentially free, probability
measure preserving, weakly mixing action, then the dual action a of K = T on the crossed
product II; factor M = L*(X) xgI' is outer, but again, the crossed product M x, K =
L>(X)® B(£*(I")) is not even a factor.

Note that in Example 8, the actions on M are by approximately inner automorphisms: in
[ConT4, Proposition 3.9] (see also [MT12, Corollary 6.24]), it was proven that every modular
automorphism of a type Illg factor is approximately inner, while in the second example, it
follows from the Rohlin lemma (see [OW79]) that for every w € K, there exists a sequence of
unitaries u,, € U(L>(X, p)) such that fg(u,) — w(g)un, — 0 *-strongly for every g € I'. Then,
Adu} — a, in Aut M.

In combination with Theorem A, this thus leads naturally to the following question, asking
whether actions by not approximately inner automorphisms are automatically strictly outer.

Question 9. Let G ~n* M be a strongly continuous action of a lcsc group G on a factor M with
separable predual. Denote by 7 : Aut M — Aut M /Inn M the natural quotient homomorphism.

Does the faithfulness of m o @ imply that « is strictly outer?

One should not expect to give an easy proof for a positive answer to question 9. Indeed, when
M is a Il factor, G = R and R ~® M is a trace scaling action, the relative commutant
theorem [CT76, Theorem 5.1] says that the action « is strictly outer. Since « is trace scaling,
it is trivial that the homomorphism from R to Aut M /Inn M is faithful. Therefore, a positive
answer to question 9 also has to cover the notoriously difficult relative commutant theorem in
modular theory.

In the very specific case of a tensor product action with one of the tensor factors being full,
the following result provides a positive answer to question 9.

Proposition 10. Let G ~* N and G ~? M be strongly continuous actions of a locally compact
group G on factors N and M. Consider the diagonal action v4 = ag @ By of G on N @ M.

If B is strictly outer, then ~y is strictly outer.
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Proof. Definey: N@M — N®@ M & L>(G) : v(d)(g) = v4-1(d), so that (N ® M) x, G is the
von Neumann subalgebra of N ® M ® B(L?(G)) generated by (N @ M) and 1 ® 1 ® L(G).
We similarly define 8 : M — M ® L*>(G) so that M xg G is the von Neumann subalgebra of
M @ B(L?*(Q)) generated by 3(M) and 1 ® L(G).

Denote by N C B(H) the standard representation of N and let (Ug)4e be the canonical
implementation of the action a. Define the unitary U € B(H)® 1® L*(G) by U(g) = U, ® 1.
Then,

0:(N®M)x,G— BH)® (M xgG):0(T) = UTU* (9)

is a well defined *-homomorphism satisfying
f(y(a®b) =a®@p(b) and (1R1RA) =U,®1@A;, forallae N,be M, geG.

Let a € y(N ® M) N(N ® M) x, G. Then, 0(a) is an element of B(H) ® (M xg G) that
commutes with 1 ® (M ). Since f is strictly outer, we conclude that #(a) =b®1® 1 for some
be B(H).

Since 0(a) commutes with N ® 1 ® 1, we get that b = JcJ with ¢ € N. Since a belongs to
N ® M ® B(L*(G)), we get that a commutes with JdJ ® 1 ® 1 for every d € N. Note that
U(JdJ ®1®1)U* belongs to B(H) ®1® L*°(G) and is given by the function g — Jagy(d)J @ 1.
Since 0(a) = JeJ ® 1 ® 1 commutes with all these operators, we conclude that ¢ € Z(N) = C1.
Thus, a € C1. O

In Theorem A, we have proven that crossed products M X, G are full whenever M is full and
the homomorphism G — Out M is faithful and has closed range. In light of question 9, it is
natural to try to prove a similar result without assuming that M is full, under the hypothesis
that the homomorphism G — Aut M /Inn M is faithful and has closed range. One may expect
that this condition should be sufficient to prove that centralizing sequences of M x, G (see
below for terminology) are equivalent with asymptotically G-invariant centralizing sequences
in M. This leads to the following question, for which we again provide positive evidence in the
case of a product action (see Proposition 12).

Recall that a centralizing sequence in a von Neumann algebra N with separable predual is a
sequence a, € N satisfying sup,, ||an| < +o0 and ||w - a,, — ap, - w|| — 0 for every w € N,. A
centralizing sequence (ay)nen is said to be trivial if there exists a bounded sequence t, € C
such that a, — t,1 — 0 *-strongly. Note that a factor N with separable predual is full if and
only if all centralizing sequences in N are trivial.

Question 11. Let G ~* M be a strongly continuous action of a lcsc group G on a fac-
tor M with separable predual. Denote by 7 : Aut M — Aut M/Inn M the natural quotient
homomorphism. Make the following assumptions.

e The homomorphism 7 o « is faithful and has closed image.

e Every centralizing sequence a,, € M satisfying oy(an) — a, — 0 *-strongly for every g € G,
is trivial.

Does it follow that M x G is a full factor?

Question 11 is much more challenging than question 9. While question 9 is trivial for discrete
groups G (because then every outer action is strictly outer), question 11 is even open when G is a
discrete group and M is a II; factor. The problem is that we have no analogue of Lemma 1 when
M is no longer full. The only positive result in this direction is provided by [Con75, Theorem
3.1] saying that for a II; factor M and a single automorphism « € Aut M, we have that the
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trivial bimodule L?(M) is weakly contained in H(a) if and only if « is approximately inner.
Even for a countable family of automorphisms, this is not clear: assume that o, € Aut M,
n € N, is a sequence of automorphisms of a II; factor M. Assume that the identity id does not
belong to the closure of {m(a,) | n € N}, where 7 : Aut M — Aut M/Inn M is the quotient
homomorphism. Can we conclude that the trivial bimodule L?(M) is not weakly contained in
P,.cn H(an) ? When M is of type Il or type III, the situation is even more delicate, since
then Lemma 1 is no longer true. For instance, when « is a trace scaling automorphism of the
hyperfinite Il factor M, the bimodules L?(M) and H(a) are weakly equivalent, but « is not
approximately inner.

As in Proposition 10, we give a positive answer to question 11 in the case of product actions.

Proposition 12. Let G A* N and G ~? M be strongly continuous actions of a lesc group G
on factors N and M with separable predual. Denote by v, = ag @ By the diagonal action of G
on N ® M. Consider the following two statements.

1. (N® M) xy G is a full factor.

2. Every centralizing sequence a, € N satisfying og(an) — an — 0 x-strongly for every g € G,
s trivial.

Then, 1 = 2. If 8 is strictly outer and that M C M xg G has stable w-spectral gap, then also
2=1.

From Theorem A, it thus follows that the two statements in Proposition 12 are equivalent when
G ~% N is an arbitrary action and G ~% M is an action on a full factor for which the resulting
homomorphism G — Out M is faithful and has closed image.

Proof. We use the same notation as in the beginning of the proof of Proposition 12.

We first prove that 1 = 2. Take a centralizing sequence a,, € N satisfying ag4(a,) — a, — 0
«-strongly for every g € G. It follows from the dominated convergence theorem that ~y(a, ®
1) —a, ®1®1 — 0 *-strongly. We get for every w € (N ® M ® B(L*(G)))« w.r.t. the norm of
(N® M ® B(L*(G))). that

|lw-v(a, ®1)—w-(a, @1 1)]| =0, [y(a,®1) w—(a,®1®1) -w||—0 and
lw-(a,®1®1)—(a, ®1®1) -w|]| —0.

It follows that [|w - y(a, ®1) —y(an ® 1) -w|| — 0 for all w € (N ® M @ B(L?*(G)))«. A fortiori,
(v(an ®1))nen is a centralizing sequence in (N ® M) x, G. By 1, the sequence (y(an ® 1))nen
is trivial, so that also the centralizing sequence a,, € N must be trivial.

We then prove the more subtle converse implication 2 = 1, assuming that j is strictly outer and
that B(M) C M x3G has stable w-spectral gap. Fix a centralizing sequence a,, € (N®M ) x,G.
We may assume that ||a,| < 1 for all n. We use the homomorphism 6 defined in (9). Since
(an)nen is centralizing, we get that 6(a,)(1 ® B(b)) — (1 ® B(b))8(an) — 0 *-strongly for every
b e M. Since B(M) C M xg G has stable w-spectral gap and trivial relative commutant, we
find a sequence b,, € B(H) such that [|b,|| <1 for all n and 0(ay,) — b, ® 1 ® 1 — 0 x-strongly.
It follows that a, — U*(b, ® 1 ® 1)U — 0 *-strongly.

Denote by A a left Haar measure on G. Fix a Borel set V C G with 0 < A(V) < +o0. Denote
by wy the vector state on B(L?(G)) given by the unit vector A(V)~'/21y. Fix a normal state
w € M,. Since a, € N® M @ B(L*(G)), define the sequence ¢,, € N by ¢, = (id®@w @wy)(ay).
Since a, — U*(b, ® 1 ® 1)U — 0 *-strongly, we define

d, = )\(V)_l/ UsbyUy dg
%
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and conclude that ¢, — d,, — 0 *-strongly. Note that ||d,| < 1 for all n € N.

We claim that b, — d, — 0 *-strongly. For every g € G, we have that (1®1® A})an(1® 1 ®
Ag) — an — 0 x-strongly. Applying 6, it follows that

(Uy @ 1@ A))0(an)(Ug @ 1@ Ag) — 0(an) — 0 *-strongly.

Since 0(a,) —b, @ 1®1 — 0 *-strongly, we conclude that Usb,Uy — b, — 0 *-strongly for every
g € G. The claim then follows from the dominated convergence theorem.

Since ¢, — d,, — 0 x-strongly, it follows from the claim above that ¢, —b,, — 0 *-strongly. Then
also a, —U*(¢, ®1®1)U — 0 *-strongly. Note that U*(¢, @ 1® 1)U = (¢, ®1). Since (an)neN
is a centralizing sequence in (N ® M) x., G and since y(/N ® 1) is a von Neumann subalgebra,
it follows that (¢p,)nen is a centralizing sequence in N. Since a,, asymptotically commutes with
1®1® Ay, we also get that ay(c,) —c, — 0 *-strongly for every g € G. By the assumption of 2,
we find a bounded sequence t,, € C such that ¢, —t,1 — 0 *-strongly. Then also a, —t,1 — 0
x-strongly and 1 is proven. O

Remark 13. Consider the setting of Proposition 12. We have actually proven the following
two statements.

1. Whenever (ay)nen is a centralizing sequence in N satisfying a4(ay) — a, — 0 *-strongly for
every g € G, the sequence a, ® 1 is centralizing in (N ® M) %, G.

2. Assume that § is strictly outer and that M C M xg G has stable w-spectral gap. Then, for
every centralizing sequence (b, )nen in (N ® M) %, G, there exists a sequence (an)nen as in
1 such that b, — a, ® 1 — 0 *-strongly.

In [Jon81, Theorem 6], Jones proved that if Z ~* M is an outer action on a full 11 factor
then the crossed product M x, Z is full if and only if the image of Z in Out M is closed. In
general, assume that G is a countable group and G ~® M is an outer action on a factor M
with separable predual. In [Marl8a, Theorem A], the following two implications are proven.

1. If M is full and the image of G in Out M is closed, then M %, G is full.
2. If G is amenable and M %, G is full, then M is full and the image of G in Out M is closed.

In Theorem A, we have proven that statement 1 still holds for lesc groups G. As the following
example shows, statement 2 is wrong for locally compact G. But a weaker variant of statement 2
might still be true for lcsc groups, see question 15.

Example 14. Let K be an infinite compact abelian group and let I' C K be any countable
dense subgroup. Choose a strongly continuous outer action K ~? N of K on a full factor
N, e.g. the Bogoljubov action of K on L(F,) associated with the left regular representation
of K as we recalled in Section 3. We restrict 8 to an action of I' on N and define M =
N x5 T'. Denote G = [ and define a = 0 as the dual action of G on M. Since N C M®%,
we get that (M®) N M = C1 and it follows that « is strictly outer. Note that G is a second
countable compact abelian group. The crossed product M x, G = N® B(¢?(I')) is a full factor.
Nevertheless, M is not a full factor. This follows by taking a sequence g,, € I' such that g, — oo
in I" and g, — e in K, so that oy, — id in Aut N. We claim that the associated unitaries
ug, € M form a nontrivial centralizing sequence in M. Denote by N C B(H) the standard
representation of N and let (Uy)ger be the canonical implementation of the action . Then,
M = N xgT can be viewed as the von Neumann subalgebra of B(H) @ L(I') generated by
N ® 1 and the unitary operators U, ® Ay, g € I'. Since oy, — id, we have Uy, — 1 »-strongly.
Since the unitaries 1 ® A\, commute with B(H) @ L(I'), it follows that the sequence Uy, ® Ay,
is centralizing for N x5 I'.
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Question 15. Let G be an amenable lcsc group and let G ~“ M be an outer action on a full
factor M with separable predual. Assume that M x, G is full. Does it follow that the image
of G in Out M is closed?

Remark 16. Finally observe that Example 14 and Question 15 are quite subtle. In Example
14, the factor M X, G is full and thus, there is no nontrivial centralizing sequence (ap)nen
in M satisfying ogy(an) — ap, — 0 s-strongly for all ¢ € G. On the other hand, whenever
A C G is a countable subgroup, it follows from [Marl8a, Theorem 3.3] that there exists a
nontrivial centralizing sequence (an)nen in M satisfying ay(an) — an — 0 *-strongly for all
g € A. This can be seen as follows. Choose an ultrafilter w on N and denote by M% the
Ocneanu ultrapower. Then, M’ N M% is a diffuse von Neumann algebra with a faithful normal
state o given by lim,_, a, = p(a)l weakly for every element a € M’ N M% represented by a
centralizing sequence (a,)nen. The canonical action A ~* M'N MY is thus ¢-preserving. Since
A is an abelian group, it follows from [Marl8a, Theorem 3.3] that this action is not strongly
ergodic. Using a diagonal argument, we then find the required centralizing sequence.

It then also follows that there exists a nontrivial centralizing net (a;)ics in M satisfying ag(a;) —
a; — 0 x-strongly for all ¢ € G. Since the dominated convergence theorem fails for nets, we
cannot deduce that (a;);c; defines a nontrivial centralizing net in M X, G, which would have
been absurd.
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