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A new result on the incommensurability among diagonals of Regular Polygons

It is well-known that the ratio between the length of the diagonal and the side of a square is an irrational number. Similarly the ratio between the length of the diagonal and the side of a regular pentagon is the irrational number , the celebrated golden number. What about other regular polygons?

A regular hexagon P6 has more diagonals of different length, and by elementary geometry students can show that the side of P6 is commensurable with the longest diagonal of P6 and it is incommensurable with the shorter one.

It is natural to ask: what about regular n-gons if n>6?

First, we observe that in this case Pn has diagonals of different length, so that two questions arise: Q1) Is the side of a regular n-gon commensurable with some diagonal? Q2) Which are the regular n-gons admitting pairs of commensurable diagonals?

The following recent result, whose proof has been tested in undergraduate courses, provides the answers to the above questions (see [START_REF] Vincenzi | Commensurable diagonals in regular n -gons[END_REF].

Theorem: Let Pn be a regular n-gon, and let l and l' be two diagonals of Pn with different length l < l'. Then, l and l' are commensurable if and only if n = 6m and l' = 2l, where l' is a diagonal of maximum length (see Fig. 2). 1) The answer to question Q1 is negative for every n>6.

2) The statement contains the answer to question Q2.

3) Any non-equilateral triangle whose vertices are those of a regular n-gon has at most two commensurable sides. 4) The vertices of a (right) Pythagorean triangle (integer sides) cannot coincide with three vertices of any regular n-gon. 5) Diagonals of different lengths of P15, (resp. P16, P17, P19, …) are pairwise incommensurable.

A laboratory activity

A laboratory activity on this topic had been hold in academic courses. The description and the results on this activity were showed in the poster presented at CERME12 (see here).

The main features of this laboratory are:

1) To point out the main criticisms of the students on this topic, with consequent discussion.

2) To give some thematic insights on the subject that can stimulate curiosity and interest, such as the above ones. 3) To let the students work independently in order to produce new questions on this topic (see, for instance, here).
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 1 Figure 1: (Left) The side l and the diagonal d of a square are incommensurable. (Right) The side l and the diagonal d of a regular pentagon are incommensurable

Figure 2 :

 2 Figure 2: (Left) P36 admits a pair of commensurable diagonals. (Right) Diagonals of different length in P27 are incommensurable Consequences of the above theorem: