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Introduction

Complex path integrals appear in various undergraduate mathematics curricula (e.g., for pure mathematics students, pre-service teachers, or engineers) and have many applications in pure and applied mathematics (e.g., computing Riemann integrals). Yet, there is only very little research on educational issues of complex analysis education so far (e.g., [START_REF] Oehrtman | Experts' construction of mathematical meaning for derivatives and integrals of complex-valued functions[END_REF]. Regarding the heterogeneity of students attending courses in complex analysis and deep curricular connections of complex to real analysis, it is relevant to analyze various ways to define complex path integrals, and how real analytic notions, which are usually foreseen earlier in mathematics curricula, can be used for that purpose. Moreover, [START_REF] Oehrtman | Experts' construction of mathematical meaning for derivatives and integrals of complex-valued functions[END_REF] indicate that even experts in complex analysis struggle interpreting complex path integrals, so the epistemological endeavor undertaken here is likely to contribute to the teaching and learning of complex analysis. Hence, I address the following question: "How can complex path integrals be defined and how are these definitions substantiated?" Theoretical frame and methodology [START_REF] Greefrath | Aspects and "Grundvorstellungen" of the concepts of derivative and integral. Subject matter-related didactical perspectives of concept formation[END_REF] introduce the notion of mathematical "aspects": "An Aspect of a mathematical concept is a subdomain of the concept that can be used to characterize it on the basis of mathematical content" (Greefrath et al., 2016, p. 101;emph. and capital. orig.). For example, the product sum aspect characterizes Riemann integrals as limits of "product sums" and the anti-derivative aspect as the difference of the values of a primitive function at the upper and lower bound of integration. The last aspect actually requires an additional constraint (continuous instead of integrable integrands), and so do several characterizations of complex path integrals. Therefore, I follow Roos (2020) in distinguishing aspects from "partial aspects", which are only valid under additional constraints.

Definitions from approximately 50 textbooks from Cauchy's time to present and articles on interpretations of complex path integrals (see [START_REF] Hanke | Intuitive mathematical discourse about the complex path integral[END_REF] for some references) were analyzed with regard to the constraints imposed on the integrands (e.g., continuity or holomorphicity) and the paths of integration. In addition, I analyzed connections to real analysis as well as authors' substantiations for the definitions in order to abstract them into aspects and partial aspects of complex path integrals.

Exemplary results

Whereas the poster presents all (partial) aspects, I can only indicate four aspects (Table 1) and one partial aspect here. Assume that 𝑓 = 𝑢 + 𝑖𝑣 is a complex function defined on the trace of a simple continuously differentiable path 𝛾: [𝑎, 𝑏] → ℂ. The product sum aspect resembles that for Riemann integrals. Making use of the substitution aspect, the complex path integral is defined by symbolically substituting 𝑧 = 𝛾(𝑡) into ∫ 𝑓(𝑧) 𝛾 d𝑧. The mean value aspect characterizes 1 𝐿(𝛾) ∫ 𝑓(𝑧) 𝛾 d𝑧 as the average of the values obtained by rotating and dilating 𝑓(𝑧) by the unit tangential vector at 𝑧 on the path of integration, not the values of 𝑓 itself. The vector analysis aspect expresses ∫ 𝑓(𝑧) 𝛾 d𝑧 in terms of two real path integrals, which can be interpreted as the flow and flux of the so-called Pólya vector field 𝒘 = (𝑢, -𝑣) 𝑇 associated to 𝑓 along and across the path of integration. Therefore, there is a risk of confusion in the last two aspects in terms of what is averaged or which vector field occurs. One of the partial aspects is the residue partial aspect, which characterizes the complex path integral for closed paths and holomorphic integrands as a finite sum of residues. 

Table 1 : Four aspects of complex path integrals

 1 𝑡 0 < ⋯ < 𝑡 𝑛 = 𝑏 ranges over the partitions of [𝑎, 𝑏], (𝛥𝛾) 𝑘 ≔ 𝛾(𝑡 𝑘-1 ) -𝛾(𝑡 𝑘 ), and 𝜉 𝑛,𝑘 ∈ [𝑡 𝑘-1 , 𝑡 𝑘 ] are tags. 𝑓 ∘ 𝛾) ⋅ (𝑇 ∘ 𝛾) on the trace of 𝛾,where 𝑇 is the unit tangent vector at the path of integration

	Product sum aspect: ∫ 𝑓(𝑧) 𝛾 complex Riemann sums ∑ 𝑓 (𝛾(𝜉 𝑛,𝑘 )) d𝑧 is the limit of 𝑛 𝑘=1 (Δ𝛾) 𝑘 , where 𝑎 = Mean value aspect: value of (Substitution aspect: ∫ 𝑓(𝑧) 𝛾 d𝑧 is the complex Vector analysis aspect: ∫ 𝑓(𝑧) 1 𝐿(𝛾) ∫ 𝑓(𝑧) 𝛾 𝛾 d𝑧 is equal to d𝑧 is mean
	number ∫ 𝑓(𝛾(𝑡))𝛾′(𝑡) 𝛾	d𝑡.	∫ 𝒘 𝛾 d𝐓 + 𝑖 ∫ 𝒘

𝛾 d𝐍, where 𝒘 = (𝑢, -𝑣) 𝑇 .

Acknowledgment

This project is part of the "Qualitätsoffensive Lehrerbildung", a joint initiative of the Federal Government and the Länder which aims to improve the quality of teacher training. The programme is funded by the Federal Ministry of Education and Research (no. 01JA1912). The author is responsible for the content of this publication.