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As a first step in an investigation of what is done to prepare prospective upper secondary teachers to teach calculus, an international survey of calculus in upper secondary school, at university and in teacher education was conducted. As a result, 14 national accounts, written by experts in the field, were collected. These were then analyzed, focusing on the institutional context, the role of the content in the institutions and differences in content between institutions. Differences and similarities between the countries, as described in the accounts, are presented, and implications of the results regarding how Klein's double discontinuity plays out in the different countries are discussed.

Calculus topics such as elementary functions, derivatives and integrals are an important part of the upper secondary mathematics curriculum in most countries. Calculus is also, in one form or another, a major part of undergraduate mathematics studies at most, if not all, universities. Hence, calculus is also likely to take a prominent place in the education of prospective secondary teachers. However, it is less clear to what extent prospective secondary teachers are being prepared for teaching calculus through their university studies. In this paper, findings from an international survey on calculus in secondary, university and teacher education, will be used to shed some light on this question.

The double discontinuity

Of course, the problem of transition between different levels of the educational system is nothing new. More than a hundred years ago, Klein wrote:

The young university student found himself, at the outset, confronted with problems, which did not suggest, in any particular, the things with which he had been concerned at school (…) When, after finishing his course of study, he became a teacher, he suddenly found himself expected to teach the traditional elementary mathematics in the old pedantic way. [START_REF] Klein | Elementarmathematik vom höheren Standpunkte I[END_REF](Klein, /1932, p. 1) , p. 1) Recent research has shown that this double discontinuity is still with us. The first part of it, the secondary-tertiary transition, has long been recognized as creating difficulty for students, and has been the object of much research (e.g., [START_REF] Gueudet | Investigating the secondary-tertiary transition[END_REF]. Attempts to ease this transition include, for instance, so-called "bridging courses" at the university level, designed to prepare students for university mathematics, widely implemented in Germany (e.g., [START_REF] Biehler | Different goals for pre-university mathematical bridging courses: Comparative evaluations, instruments and selected results[END_REF] and elsewhere; and mathematics support centres, organised within universities to aid students struggling with their mathematics studies. Such centres have become common in the UK, but are implemented also in other countries [START_REF] Matthews | Evaluation of mathematics support centres: a literature review. Teaching Mathematics and Its Applications[END_REF].

The second discontinuity, from university mathematics studies back to teaching in secondary school, has received relatively less attention within the mathematics education research community. Still, although prospective upper secondary mathematics teachers typically take university mathematics courses equivalent to a bachelor's degree, several studies (e.g., [START_REF] Wasserman | Mathematics teachers' views about the limited utility of real analysis: A transport model hypothesis[END_REF][START_REF] Zazkis | Advanced mathematical knowledge in teaching practice: Perceptions of secondary mathematics teachers[END_REF] indicate that many secondary mathematics teachers view much of their mathematics studies at university as largely irrelevant to their teaching practice. Restricting the scope to calculus, [START_REF] Yan | Calculus for teachers: Perspectives and considerations of mathematicians[END_REF] investigated mathematicians' views of how a calculus course for prospective teachers should be designed; the respondents generally argue for less content but taught more thoroughly and rigorously, with greater emphasis on connections and underlying ideas. In the US, a team of mathematics education researchers and mathematics educators have developed a real analysis course specifically designed for teacher education and built around examples of school-teaching situations, emphasizing how real analysis content can be made relevant in a school mathematics context [START_REF] Wasserman | Making real analysis relevant to secondary teachers: Building up from and stepping down to practice[END_REF]. The course has been evaluated with respect to student learning, in terms of real analysis content as well as pedagogical content knowledge and increased understanding of secondary mathematics, and outcomes were mostly positive [START_REF] Fukawa-Connelly | An evaluation of ULTRA; an experimental Real Analysis course built on a transformative theoretical model[END_REF].

There are a couple of comparative studies of relevance for the present study. In an overview of calculus teaching at the high school level across Europe, [START_REF] Törner | Calculus in European classrooms: curriculum and teaching in different educational and cultural contexts[END_REF] found that, in all seven countries studied, calculus notions were introduced informally, and noted "the informal introduction of the concepts (…) does not seem to encourage the progression to the formal definitions later at university" (p. 558). [START_REF] Buchholtz | Future mathematics teachers' professional knowledge of elementary mathematics from an advanced standpoint[END_REF], on the other hand, build on the double discontinuity and Klein's notion of elementary mathematics from an advanced standpoint to investigate the mathematical knowledge of prospective secondary mathematics teachers in Germany, China, Hong Kong and South Korea. They conclude that "future teachers often do not seem to be able to link school and university knowledge systematically" (p. 107). Explicitly addressing this problem, and the second part of the double discontinuity, [START_REF] Winsløw | Klein's double discontinuity revisited: contemporary challenges for universities preparing teachers to teach calculus[END_REF], developed a course for prospective mathematics teachers, aimed at linking academic mathematical knowledge with the needs of the teaching profession. The relation between real analysis at university and calculus in secondary school is central to both the course and the paper, which aims to identify obstacles to the establishment of relationships between university and school mathematics. In doing so, Winsløw and Grønbaek focus on three aspects of the double discontinuity: the institutional context, the role of the subject (for instance student, teacher, prospective teacher) within the institution, and the difference in mathematical content (2014, p. 64). Some of these aspects will be central also to the analyses in this paper, the role of the subject however less so. Rather, we will consider the role of the content in the different contexts, where, for instance, calculus can play a more or less central role in teacher education programs and in school curricula. In the light of the above, the question that this study sets out to answer is the following: Focusing on these three aspects, what characterizes the double discontinuity concerning calculus in the countries in the survey?

The surveyselection, creation and analysis of national accounts

The data analysed in this paper grew out of a conference on calculus in upper secondary and beginning university mathematics, held at the University of Agder, Norway (Monaghan et al, 2019). In discussions at the conference, the question was raised of what is done in teacher education in different countries to prepare teachers to teach calculus. As a first step in answering this question, the idea was put forward of putting together a "database" of what calculus is taught at the upper secondary, university and teacher education levels in different countries. After the conference, having first written our own accounts of the situation in Sweden and England, respectively, I and John Monaghan emailed a selection of conference participants asking them to write accounts of 2-3 pages outlining the role and position of calculus at the three different levels in their countries (or regions), attaching our own reports for reference. For the university and teacher education levels, they could limit the account to their own universities if they wished. Through a "snowballing" process, we ended up with accounts from 14 countries: Cyprus, Denmark, England (UK), France, Germany, Greece, Israel, Japan, Mexico, New Zealand, Norway, Peru, Quebec (Canada) and Sweden. All were written during 2019-2020, and reflect the situation in the respective countries at that time. Although most of the countries on this list are European, all continents except Africa are represented. However, in other respects the variety is smaller, with the list containing, for instance, mainly high-income countries. Hence, we make no claims of representativity in the selection.

In another paper (Viirman et al., submitted) we look more closely at the cases of England, France and Sweden, building on expanded versions of the accounts and focusing on the notion of limit. Here, however, I will provide an overview of the whole set of accounts, with a view on how the double discontinuity plays out in the different countries. In so doing, I am fully aware that the accounts are subjective, and represent the views of their authors. In a sense the data resemble those of an interview study, where sources for interviewees' claims are rarely available. Still, the accounts refer to documents such as national curricula, textbooks and course syllabi. Moreover, the authors of the accounts are all mathematics education researchers, knowledgeable on the topic of calculus in education. Hence, the accounts can be viewed as indicative of the situation in the different countries concerning calculus in the three educational settings. In the analysis, I first categorized the content of the accounts according to institutional context (upper secondary, university or teacher education). I then traced similarities and differences both within and across countries, focusing on the institutional context, the role of calculus in the different institutions and the character of the content. For instance, concerning upper secondary school, what is said in the accounts of the relative importance of calculus in the curricula, and of the type of content that is included? Concerning teacher education, how much and what type of calculus content is included? Are there courses on the didactics of calculus, etc? The results of this analysis were then organised to enable discussion of how the double discontinuity plays out in the different countries in the survey.

Results

Upper secondary school

With the exception of public secondary schools in Peru, some differential and integral calculus is taught in all countries in the survey. However, there are notable differences between countries regarding what is taught and to whom. Generally, the accounts contain little information on what percentage of upper secondary students take calculus, but where figures are provided the extremes are Japan, where 98% of youths enrol and most of them take at least some differential calculus, and England, where less than 20% of students taking A-levels (upper secondary academic stream studies) choose mathematics. Typically, courses including calculus content are elective, but required for STEM studies at university. Here, Germany stands out: "Every student who wants to acquire a school leaving certificate allowing him to study at university needs to take Calculus at school." This does not hold for any of the other countries in the survey. At the other end of the spectrum, New Zealand has a system that allows for great variety of choice in modules taken, between schools as well as for the individual student.

As for the type of content, the basics of calculus (elementary functions, derivatives and integrals) are part of the syllabi in all countries in the survey. However, in some cases (e.g. A-levels in England, Collégial1 in Quebec) students have the opportunity to study quite a bit more, including content considered as university level in many other countries. Examples mentioned in the accounts include l'Hospital's rule (Greece, Quebec), Maclaurin series (Quebec) and integration by parts (England, Japan, Norway). The level of rigour also differs. Here, France, Greece and Cyprus stand out, with a greater emphasis on proof than, for instance, Germany, where the "main aim of teaching these Calculus concepts at school is not that students know their formal definitions and can prove their properties, but that they get ideas about the meaning of these concepts in contexts and are able to use them for problem solving". A similar emphasis on problem solving can be found in New Zealand, where all four modules mentioned in the account are named "Apply […] in solving problems". In other countries, the curricula emphasise techniques and methods: "one can observe that rules of differentiation and integration play an important role in the curricula" (from the Norwegian account). On a related note, several accounts (e.g. Denmark, Germany, Sweden) emphasise that limits are not treated as a separate topic, but only in connection to definitions of derivative and integral. The limit concept is invariably (with the partial exception of France) described as being treated "informally". Finally, mention should also be made of Israel, where a new curriculum, building on ideas from mathematics education research, is currently being implemented where the concepts of derivative and integral are introduced based on ideas of rate of change and accumulation, respectively. "Other characteristics of the curriculum are extensive links to everyday (and some scientific) situations (…) and a tight link between content and mathematical reasoning habits."

University

At this level, differences between countries are less profound. However, the accounts mainly focus on mathematics for mathematics majors; mathematics as a service subject for, for instance, engineering students is mentioned in passing, if at all. Moreover, the accounts mostly address the situation at the authors' own universities, and what is presented below should be read in that way. Furthermore, a couple of the accounts (Israel, New Zealand) contain very little information about general mathematics education at university, focusing solely on teacher education. Still, it is fair to say that judging from the accounts the content of undergraduate calculus courses at university is similar across countries: limits, continuity, differential and integral calculus of one and several variables, sequences and series, differential equations, etc. Instead, differences mainly concern the level of rigour. Here, France, Germany, Greece and Cyprus stand out by upholding a fairly high level of rigour already from the beginning of university studies, whereas in, for instance, Sweden, Norway and England rigour is introduced later, in courses typically called "Real analysis" or something similar. This is to some extent reflected in the language, where neither French nor German use the term "calculus", instead using "analysis" throughout. Some of the accounts mention aspects of beginning university calculus related to the first part of the double discontinuity. For instance, in the English account it is stated that "mathematics degrees expect that students have studied A-level Mathematics (or its equivalent) but typically begin by revising Alevel content". Similarly, in Sweden, mathematics study programs at university often begin by revisiting those parts of the upper secondary curriculum where it is known from experience that many students struggle. Concerning the situation in Germany, "certainly the transition problem from school to university, namely the question how students can cope with the Calculus courses (…), becomes more severe". Two reasons for this are given in the account. First, a much larger percentage of upper secondary school students entering university, meaning that "the type of students who attend the calculus courses (…) is totally different". Second, curriculum changes in upper secondary school, with a focus on "the acquisition of general mathematical literacy".

Mathematics teacher education

Before zooming in on the position of calculus in teacher education, we will touch fairly briefly on the general institutional context in the different countries. The main distinction concerning the organisation of upper secondary mathematics teacher education is between countries where the main path to teaching is through designated upper secondary teacher education programs (Germany, Japan, Peru, Norway, Sweden) and those where prospective teachers first study for a degree in their chosen subject and then take some form of postgraduate teacher education (Denmark, France, Israel, New Zealand). Furthermore, in a few of the countries in the survey (Collégial in Quebec, Cyprus, Greece, Mexico), upper secondary teachers require no formal qualifications beyond a degree in mathematics. To further complicate the picture, there is rarely only one way to qualify as an upper secondary teacher. For instance, in both Japan and Sweden, it is also possible to first pursue a degree in mathematics and then take postgraduate teacher education, and in New Zealand, to counter teacher shortage, several new routes into mathematics teaching have been introduced. Here, England stands out by having a highly diversified system for educating prospective secondary teachers, including postgraduate teacher training at university and various school-based teacher training programs. In recent years, the former "has diminished under political pressure". It should also be pointed out that in several countries, for instance Denmark, New Zealand and Sweden, teachers in upper secondary school are expected to teach two subjects, and if they choose mathematics as their second subject their content knowledge can be relatively weak.

No matter how teacher education is organised, calculus can play two roles in it. On the one hand, it is a central part of the content prospective mathematics teachers are expected to study. This is selfevident in those systems where students first take a degree in mathematics, but judging from the accounts, who nearly all report that prospective teachers are expected to study a fair amount of undergraduate calculus, it is true also for designated mathematics teacher education programs. On the other hand, and this harks back to the question asked in the introduction, calculus forms part of the content that upper secondary mathematics teachers are expected to teach, suggesting that some knowledge of the didactics of calculus is also of relevance.

Looking first at calculus as content of the mathematical education of prospective teachers, it should be mentioned that in many countries, universities have great freedom in designing their teacher education. Many of the accounts mention national guidelines, but these are rarely specific regarding content, meaning that there can be great variation between universities. Examples are given in the accounts from Japan and Quebec, which both compare teacher education programs in different universities, where the amount of mathematics differs by nearly a factor two. Still, as already mentioned, calculus content is almost always included. Here however, England and New Zealand stand out. Since there are so many different routes into mathematics teaching, guaranteeing that prospective teachers have studied a sufficient amount of mathematics becomes difficult. A further observation is that also in those universities where there are specialised teacher education programs, students normally take their mathematics courses together with students from other programs. This is often the case in, for instance, Germany, Norway and Sweden. "Only sometimes, if the university has sufficient capacities, these courses are offered in a teacher specific version" (from German account). At most, the prospective teachers might have specially designed tutorials. This implies that even in designated teacher education programs, calculus courses only to a limited degree cater to the specific needs of prospective teachers. Thus, there is potentially a need for mathematics education courses to address the didactics of calculus. However, judging from the accounts, the degree to which this is done varies wildly, between countries as well as between universities in the same country. Again, many of the accounts mainly describe the situation at the authors' home universities. The accounts from Denmark, France, Germany and Israel mention calculus-specific didactical elements in teacher education, while those from, for instance, Norway, Sweden and Japan report a lack of calculus-specific didactics. Germany has a strong tradition in subject-matter didactics, and universities typically offer courses on the didactics of calculus as part of their teacher education programs. In Israel, the Ministry of Education initiated a book on the teaching and learning of calculus, to be used in teacher education and inservice training for practicing teachers, and in Greece and Mexico, although such courses are not formally required to qualify as a teacher, some universities offer mathematics education courses or programs, including the didactics of calculus. Finally, the English account mentions a governmentsupported project, Teaching A-level Mathematics, "designed to support secondary Mathematics teachers who are preparing to teach A-level Mathematics for the first time". According to the account, "teaching and learning calculus is its most significant feature".

Discussion

Having presented the results of the analysis of the 14 national accounts, we now turn to the question of the implications of these for the double discontinuity. Concerning the secondary-tertiary transition, the two countries whose accounts most directly address it, England and Germany, are also countries that have spent considerable effort in remedying it, through bridging courses [START_REF] Biehler | Different goals for pre-university mathematical bridging courses: Comparative evaluations, instruments and selected results[END_REF] and mathematics support [START_REF] Matthews | Evaluation of mathematics support centres: a literature review. Teaching Mathematics and Its Applications[END_REF]. Comparing these accounts with the others in the survey, factors likely to contribute to a more difficult transition stand out. In Germany, there is a notable difference between an upper secondary curriculum emphasising "general mathematical literacy" and a university tradition with a strong emphasis on rigour. In comparison, in France and Greece, where the upper secondary curriculum is more inclined towards rigour, the transition appears to be less abrupt. In England, only a small percentage of students take A-level mathematics, leading to difficulty in recruiting students and requiring universities to accept students with weaker mathematical background. By contrast, in the Japanese case, where a much larger percentage of students take a fair amount of mathematics in upper secondary school, the account does not emphasise difficulties with the transition so strongly. A further source of transition problems, emphasised by [START_REF] Törner | Calculus in European classrooms: curriculum and teaching in different educational and cultural contexts[END_REF], is the role of digital technology. Perhaps surprisingly, this issue is almost completely absent from the accounts. A possible explanation for this is that the use of digital tools is not seen as content-specific, and is therefore not deemed relevant in an account focusing on calculus. The secondary-tertiary transition is a problem in many countries [START_REF] Gueudet | Investigating the secondary-tertiary transition[END_REF] and Germany and England mainly stand out through the systematic nature of the measures taken to address it. Other accounts hint at difficulties with the first discontinuity. In Sweden, for instance, courses that in practice serve as bridging courses have been introduced in the first semester at university.

As for the second discontinuity, one source of difficulty revealed by the analysis is the diversity of routes into the teaching profession. The less control teacher educators have over the preparation of prospective teachers, the less opportunity they have to address the second discontinuity. In the light of this, it is not surprising that a program such as "Teaching A-level Mathematics" has been developed in England, where teacher education is highly diversified. However, it is perhaps unexpected that Japan, Norway and Sweden, who all have specialised teacher education programs, lack calculusspecific didactics, at least in the programs discussed in the reports. A possible explanation might be that such issues are addressed in the regular calculus courses, but at my own university I know that this is not the case, and the Japanese account also denies this. Where calculus-specific didactics is included, this is seemingly either due to didactic tradition in specific countries (France, Germany, Israel) or due to efforts by particular people, as in the Danish case [START_REF] Winsløw | Klein's double discontinuity revisited: contemporary challenges for universities preparing teachers to teach calculus[END_REF]. It is also worth pointing out that it is not always clear from the accounts what the didactical elements consist of. Some accounts (France, Germany) seemingly imply a more theoretical approach, while others (England, Israel) seem more geared towards the practicalities of teaching calculus. Still, judging from previous research (e.g., [START_REF] Wasserman | Mathematics teachers' views about the limited utility of real analysis: A transport model hypothesis[END_REF], a major contributor to the second discontinuity is the perceived lack of relevance of (particularly) more advanced calculus and analysis knowledge for the teaching profession, and here courses addressing calculus topics from a didactic perspective could be helpful. I am currently involved in developing such a course at Uppsala University, and in future research I plan to investigate to what extent it is successful in this regard.

Collégial is a two-year program mandatory for those students wishing to pursue university studies. It comes on top of 11 years of compulsory schooling, and thus partly corresponds to the later part of upper secondary school in most of the other countries in the survey.
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