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Students face a central challenge in their mathematics studies: On the one hand, they are supposed to build up an appropriate concept image for terms in university mathematics. On the other hand, they have to learn how to deal with formal definitions. Many studies have reported discrepancies between students' concept image and the formal concept definition. This paper explores whether students connect their concept image with the concept definition in task completion and reports on a study in which university calculus students solve four exercises on convergence of sequences. A process matrix was developed which visualises the connection between concept image and concept definition. In this paper, two possible ways of connecting concept image and concept definition are presented: Some students show an interplay of related terms and mathematical sentences, other students show an interplay of conceptions, visual representations and the formal concept definition.

Introduction

While working on calculus with students in university courses, considerable difficulties in the subject area of sequences and limits can be observed. The students usually find it difficult to develop appropriate ideas and images about the concept of convergence of sequences. Moreover, even when mental images have been developed, many students do not fall back on them while working on tasks at a formal mathematical level.

On the one hand, there are a number of studies that describe students' difficulties with the formal definition of convergence of sequences. The accumulation of quantifiers, moduli and inequations make the definition of convergence of sequences difficult for students to understand [START_REF] Herden | Eine Untersuchung zur Diskussion über Schwierigkeiten im Umgang mit dem Konvergenzbegriff[END_REF]. In a study by [START_REF] Vinner | The Role of Definitions in the Teaching and Learning of Mathematics[END_REF], students were asked to give a formal definition. It was found that only one out of 15 students could give a definition similar to the formal definition. [START_REF] Ostsieker | Analyse von Beweisprozessen von Studienanfänger/innen bei der Bearbeitung von Aufgaben zur Konvergenz von Folgen[END_REF] also found various difficulties in solving tasks on the convergence of sequences. The students' solutions showed logical problems, poor handling of algebraic notations and misunderstandings of the definition.

On the other hand, there are a number of studies that deal with learners' conceptions of sequences and limits. [START_REF] Davis | The notion of limit: Some seemingly unavoidable misconception stages[END_REF] have described various misconceptions about sequences and limits among students. Often students think that a limit could not be reached or they view the limit as a boundary. [START_REF] Ostsieker | Lernumgebungen für Studierende zur Nacherfindung des Konvergenzbegriffs[END_REF] found that approximately 30% of the students still have such misunderstandings even after having dealt with a calculus course.

There are studies, as presented above, that investigate learners' difficulties with the formal definition of convergence of sequences. There are also studies that focus on students' conceptions of convergence of sequences. However, there are only a few studies that investigate the link between conceptions or mental images and formal work. Alcock and Simpson (2004) have analysed students who have a tendency to solve tasks visually. In doing so, they described a group of students who succeeded in linking their own visualisations to the formal definition. Modifying their images and linking them with the formal definition contributed to the success in solving the tasks. Such linkings of visualisations and formal work have rarely been investigated before. The PhD project aims to describe qualitatively what the connection between concept image and concept definition is and how this is reflected in the students' task completion. This way, clues can be found to also support those students who work with visual images but cannot themselves establish a connection to formal definition. In addition to the connection between visual images and concept definitions, the dissertation project aims to identify other possible connections between concept image and formal work.

Theoretical Background

Tall and Vinner defined the terms concept image and concept definition in 1981 to describe their observation that students' associations with a concept are often not consistent with the formal definition. They "use the concept image to describe the total cognitive structure that is associated with the concept, which includes all the mental pictures and associated properties and processes" (Tall & Vinner, 1981, p. 152). Often only a small section of the concept image is activated by a particular stimulus. This section is called evoked concept image: "We shall call the portion of the concept image which is activated at a particular time the evoked concept image" (Tall & Vinner, 1981, p. 152). The counterpart to the concept image in the theory according to [START_REF] Tall | Concept image and concept definition in mathematics with particular reference to limits and continuity[END_REF] is the concept definition. This term is introduced as follows: "We shall regard the concept definition to be a form of words used to specify that concept" (Tall & Vinner, 1981, S. 152). They distinguish between a personal concept definition and a formal concept definition. The personal concept definition is the learner's reconstruction of the definition. The learner uses his or her own words to describe the concept. The formal concept definition is the definition which is also accepted by a mathematical community.

In order to investigate the connection between concept image and concept definition when working on exercises on convergence of sequences, it is useful to clarify the terms and to specify the components of the concept image and the concept definition. To do this, it must first be clarified on a theoretical level into which possible components the concept image can be subdivided. Only then can these components be analysed in the students' assignments. With recourse to other mathematics didactic theories the following components can be assigned to the theoretical construct of the concept image: Conceptions and mental pictures, associated properties and processes, examples, related concepts, visual or numeric representations, concept usage and theorem image. Klinger (2019) also describes conceptions and mental pictures as an important part of the concept image. To learn a concept, it is important to know the properties of the term. Learners should be able to place the term in a conceptual network with related terms. A repertoire of visual, verbal and numerical representations can also be identified as another part of the cognitive structure associated with the concept. It can be assumed that students also link concepts to the problems or exercises they have used the concepts to solve. These exercises or concept usages then form part of their concept image.

Mathematical theorems are always closely linked to a mathematical concept. Therefore, in this work, the theorem image is understood as a theoretical component of the concept image (Utsch & Lengnink, in press).

In addition to dealing with the definition, deductive reasoning with sentences also takes place at a high formal level. The study by [START_REF] Ostsieker | Analyse von Beweisprozessen von Studienanfänger/innen bei der Bearbeitung von Aufgaben zur Konvergenz von Folgen[END_REF] showed that students often work with parts of the definition such as 𝜀 or 𝑛 𝜀 . Here, a reference to the concept definition is recognisable, although not the entire definition is named or noted by the students. In order to describe the processes that take place during task processing, the concept definition should therefore be supplemented with further formal actions. Students' formal work can be described by the following parts of the concept definition: Dealing with the formal concept definition, using parts of the definition, using theorems from the lecture, using formal definitions of related concepts and working appropriately with algebraic notations. The theory adaptation is described in detail in Utsch and Lengnink (in press).

Research Questions

The aim of the PhD project is to provide an answer to the overarching question: How do students solve mathematical exercises on convergence of sequences? The focus will be on the interplay between concept image and concept definition. First, it will be investigated which components of the concept image and which components of the concept definition are introduced into the tasks. The following research questions are addressed:

1. Which components of the concept image are included by student teachers in assignments on convergence of sequences? 2. To what extent do students include the concept definition in their assignments and to what extent is there any other formal work? 3. How does the interplay between the parts of the concept image and the parts of the concept definition during the processing of tasks on convergence of sequences takes place?

Method Data Collection

A qualitative study was conducted in which 26 pre-service teachers were asked to complete four mathematical exercises in the summer semester 2019 and winter semester 2019/2020. Afterwards, a guided interview took place in each case. The students were videotaped and transcripts were taken. All students were in their third or fourth semester and were attending a calculus course. The participants were asked to verbalise aloud as many thoughts as possible that came to their minds while working on a task. This way, data is collected on the cognitive processes that occur simultaneously with the action. After the students were introduced to the method of thinking aloud, they worked on four mathematical exercise tasks. These tasks were designed in such a way that they are representative of tasks in higher education analysis and also enable the introduction of concept image and concept definition. This paper presents the students' work on task 3, which is shown in Figure 1. In this task the convergence of a sequence is to be proved. For this, the formal definition should be used. The idea for this task came from Prof. Dr. Thomas Bauer. 

Data Analysis

The transcripts of the interviews were analysed with a qualitative content analysis [START_REF] Mayring | Qualitative Inhaltsanalyse: Grundlagen und Techniken[END_REF]. For this purpose, a category system was developed deductively from the adaptation of the theory of concept image and concept definition described above. Concept image and concept definition are the upper categories of the category system. Under the category of the concept image, the components of the concept images described above are defined as subordinate categories: Conceptions and mental pictures, associated properties, examples, related concepts, visual representations, numerical representation, concept usage and theorem image. Each category includes further sub-categories. According to the theory adaption explained above, the upper category of concept definition contains, among others, the following categories: dealing with the formal concept definition, using parts of the definition, using theorems, using formal definitions of related concepts and working with algebraic notations. Here, too, there are further sub-categories. After reviewing all videos and a first coding, further categories were added inductively. In order to determine how large the sections assigned to the categories are, the material is divided into coding units. Coding units are delineated by a change in activity or mathematical content. A new coding unit also begins when new considerations are made without a change in activity or mathematical content, such as when an additional example is given. The category system is supplemented by a temporal axis to form a matrix, which is called process matrix in the following (Utsch & Lengnink, in press). The individual solution processes of the students can be represented as different paths in the matrix. This makes it possible to record typical processing steps and their sequences in process paths. In the process matrix, the coding units are assigned to appropriate categories in chronological order. A path is created in the matrix that reflects the sequence of coding. Consequently, the matrix reflects the process of a student's task solution. Two examples of the process matrices can be seen in Figure 2 and 3. After process matrices have been created for the transcripts of the students' solution processes, the data analysis takes place in two steps. In the first step, the process matrices of the students are compared and grouped together. The following questions help with the comparison: Characteristics of the groups are then described. This step of the analysis provides an overview of the entire cohort and all the tasks completed. The evaluation with the help of the process matrices provides an overview of the references to concept image and concept definition during the entire solution process. The focus is not exclusively on individual coding units, but on the context of the coding units. This way, the development of the students' work can be analysed. In addition, the process matrices offer a possibility to compare the task processing of different students and to abstract typical process matrices. It should be noted, however, that information is lost through the presentation using the process matrix. It was not coded whether a task processing is correct or incorrect, since the focus is first on a description of the interplay of concept image and concept definition. For this reason, a file-based interpretative analysis of the transcripts is carried out in a second step. The student's work is then analysed in detail and qualitative indications for support measures can then be formulated.

For the detailed analysis, the process matrices are an instrument to identify points in the task processing where an interplay of concept image and concept definition takes place. This interplay is evident in the matrix when a coding unit is assigned to both a concept image category and a concept definition category. Frequent switching between concept image categories and concept definition categories also indicates interplay. In Figure 2, I can see that student 17 often refers to related terms and to theorems. Thus, there is frequent switching between a concept image category and a concept definition category and in some coding units the categories are coded simultaneously. Figure 3 shows, especially in coding units 4-6, that the categories "Conceptions", "Visual representations" and "Formal concept definition" are coded at the same time. This indicates an interplay between concept image and concept definition. Student 19 uses a visual representation, shows conceptions concerning a value's neighborhood [START_REF] Greefrath | Aspects and "Grundvorstellungen" of the Concepts of Derivative and Integral[END_REF] and refers to parts of the formal concept definition.

The two matrices shown above are representative of two different types of interplay that could be identified by analysing the matrices for task 3: One group of students argues with related concepts and refers to mathematical theorems of the lecture notes, while another group of students refers to visual representations, their conceptions and the formal concept definition of convergence of sequences. These two groups are described in more detail below.

Discussion

A total of 26 process matrices were compared for task 3. It is surprising that in 15 matrices the formal concept definition is not coded at any time. This means that 15 students solve task 3 without reading the formal concept definition, explaining it in parts or asking questions about the formal concept definition. [START_REF] Vinner | The Role of Definitions in the Teaching and Learning of Mathematics[END_REF] has already reported that students have difficulties when they are asked to give a definition of convergence of sequences. The results of my study show that many students also do not use the formal definition to work on a problem-solving task like task 3. In addition, in three matrices neither the category "Theorems" nor the category "Formal concept definition" is coded. This indicates that these three students do not use any formal terminology to solve the task. A possible reason for the lack of formal processing could be the difficulties of students as reported by [START_REF] Herden | Eine Untersuchung zur Diskussion über Schwierigkeiten im Umgang mit dem Konvergenzbegriff[END_REF] and [START_REF] Ostsieker | Analyse von Beweisprozessen von Studienanfänger/innen bei der Bearbeitung von Aufgaben zur Konvergenz von Folgen[END_REF]. Accordingly, the matrices also show no interplay between concept image and concept definition. Another matrix also shows no interplay, so that in total there is no evidence of an interplay between concept image and concept definition in four process matrices.

Except for these four matrices, all other matrices can be assigned to one or both of the groups mentioned above. 16 matrices show a frequent occurrence of the categories "Related terms" and "Theorems". In 11 matrices, the categories "Conceptions", "Visual representations" and "Formal concept definition" are frequently coded together. Five matrices can be assigned to both groups, which is why they are counted twice here. In these matrices, sections can be identified in which either related concepts and theorems or the formal concept definition and visual representations are addressed. There are no coding units in which all these categories occur simultaneously.

A striking connection that is evident in 16 of the 26 students is the interplay between related terms and mathematical theorems. The matrix for one student in this group is shown in Figure 2. Related terms are part of a concept network for a term. For this reason, related terms are part of the "cognitive structure that is associated with a concept" (Davis & Vinner, 1986, p. 152). Related concepts are therefore part of the concept image. Most students refer to the concept of subsequence, which is closely related to the concept of sequence. However, they also work formally at the same time and include mathematical theorems in their argumentation. 10 of the 16 students first refer to the related concept and then use mathematical theorems. For these students, access to formal work with mathematical theorems possibly takes place through thinking about the related term. This shows the importance of a broad concept network as part of the concept image, which may have made it easier for the students to find a mathematical theorem. 12 of the 16 students refer to few other categories following the interplay of related terms and mathematical sentences. Mostly, students give this solution idea as the final solution of the task.

A second important connection is the interplay of formal concept definition, conceptions and visual representations. If these categories are coded at the same time, this indicates that the students have linked the formal concept definition to their concept image. Simultaneous coding of these categories is evident in 11 matrices. Alcock and Simpson (2004) have also described students who succeeded in linking their own visualisations to the formal definition. An example of a matrix is shown in Figure 3. In this matrix it can be seen that a visual representation is drawn right at the beginning of the student's work. The student talks about the values of the sequence approaching a fixed value. The student also describes an environment around the limit value, which is coded as conception of a neighborhood [START_REF] Greefrath | Aspects and "Grundvorstellungen" of the Concepts of Derivative and Integral[END_REF]. Parts of the formal concept definition are also included, which is why the category "using parts of the formal concept definition" was coded. In this case, the relationship of 𝜀 and 𝑛 𝜀 was talked about while drawing the image. The matrix shows that work is then done on a formal level. It is possible that the connection between visual work and formal work helped to find the entry point to a formal reasoning. Such passages are described in more detail in the file-based interpretative analysis in order to describe possible connections between concept image and concept definition even better.

Conclusion

The process matrices are a suitable tool to investigate a connection between concept image and concept definition. With the help of the process matrices, two possible links between concept image and concept definition could be found in the task processing on the convergence of sequences: An interplay of related terms and mathematical sentences and an interplay of conceptions, visual representations and the formal concept definition. This interplay is probably not only evident in task processing for convergence of sequences. In further studies, the process matrix could be used to identify possible connections between concept image and concept definition for other contents as well. In order to be able to describe the identified connections between concept image and concept definition in detail, the transcripts are currently being analysed using an interpretative method. This way, clues can be found to also support those students who work with their concept image but cannot themselves establish a connection to formal concept definition.
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