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. Subject to verification of the two-dimensional structure, understanding and applying seem to be more important than evaluating, synthesizing or validating, with the discrepancy increasing as an exam approaches.

An introduction: On teachers' expectations and students' reactions

It seems to be generally acknowledged among researchers in university mathematics education that university mathematics "students do spend a significant amount of time reading the proofs that their professors present to them" (Weber, 2012, p. 463). Equally well known is the fact that as readers, they often fail to satisfy their teachers' expectations: Several studies (e.g., [START_REF] Selden | Validations of proofs considered as texts: Can undergraduates tell whether an argument proves a theorem[END_REF][START_REF] Weber | Mathematicians' perspective on their pedagogical practice with respect to proof[END_REF], show that undergraduate students fail to "determine the validity of even relatively simple purported proofs" (Inglis & Alcock, 2012, p. 359).

Compared to research in constructing proofs, studies and theories on reading proofs have been underrepresented in university mathematics education until the late 2000's [START_REF] Mejía-Ramos | Argumentative and proving activities in mathematics education[END_REF]. Research in validating, evaluating or understanding proofs has increased since then [START_REF] Metzler | Expert and novice approaches to reading mathematical proofs[END_REF][START_REF] Kempen | Begründen und Beweisen im Übergang von der Schule zur Hochschule: Theoretische Begründung, Weiterentwicklung und wissenschaftliche Evaluation einer universitären Erstsemesterveranstaltung unter der Perspektive der doppelten Diskontinuität [Reasoning and proving in the transition from school to college: Theoretical motivation[END_REF], especially studies focusing on university mathematics teachers, their teaching aims and teaching practices (e.g., [START_REF] Weber | Mathematicians' perspective on their pedagogical practice with respect to proof[END_REF] or on the learning outcome and learning difficulties of their students (e.g., [START_REF] Metzler | Expert and novice approaches to reading mathematical proofs[END_REF][START_REF] Mejía-Ramos | An assessment model for proof comprehension in undergraduate mathematics[END_REF]Selden &[START_REF] Selden | Validations of proofs considered as texts: Can undergraduates tell whether an argument proves a theorem[END_REF][START_REF] Mayring | Qualitative content analysis: Theoretical background and procedures[END_REF].

Still, these perspectives are not sufficient to explain proof reading activities in university teaching contexts: We need to consider students reasons to do (or skip) certain tasks [START_REF] Braun | Lernumwelten in der Hochschule [Learning environments at college[END_REF], and we need to do so on a deeper level than considering intrinsic (e.g., interest) and extrinsic motivation (e.g., exams). This becomes even more relevant in the light of the important role self-regulated learning plays at university level (Goeller, under review). Which kind of understanding, evaluation or validation do students seek when spending their time on a presented proof? Their reading intentions might differ from our teaching aims, which might influence their reading processes, as [START_REF] Weber | Why and how mathematicians read proofs: An exploratory study[END_REF] showed considering mathematics experts' reading. For example, students might focus on formulas to validate the proof (Inglis & Alcock, 2012), while they were supposed to understand and later apply a new proof method, hence fail to achieve our teaching aims. To provide a first insight into students' reading intentions, this paper approaches the following research question: In which situations do students read fully spelled out proofs and what are their intentions when doing so?

Why read a proof at all? A brief literature review

In line with modern action theory that closely links actions with intentions [START_REF] Henning | Historische Überblicke: Gegenwart[END_REF], mathematics education splits the outer activity of reading a proof into three goal-driven inner activities: Understanding a given proof, validating it (i.e. judging its correctness) and evaluating it against any other criterion ( [START_REF] Mejía-Ramos | Argumentative and proving activities in mathematics education[END_REF][START_REF] Selden | A comparison of proof comprehension, proof construction, proof validation and proof evaluation[END_REF]. Here, intentions may be defined in line with Anscombe (as presented by [START_REF] Henning | Historische Überblicke: Gegenwart[END_REF] as answers to the `Why'question sufficiently directly related to the action. Especially, intentions need to explicitly link to the proof, to its mathematical content or to proving. Performance goals that "focus on the attainment of positive judgements" (Göller, under review, p.1) are rather indirect, therefore called intentions for the future [START_REF] Henning | Historische Überblicke: Gegenwart[END_REF] and not in the focus of this study. The three classical reading intentions to validate, understand or evaluate may and should be refined [START_REF] Selden | A comparison of proof comprehension, proof construction, proof validation and proof evaluation[END_REF]: In 2012, Mejía-Ramos et al. presented an assessment model for proof comprehension in seven facets. These facets can be considered as a concretion of the main intention to understand a proof. Another set of possible reading intentions is derived from the discussion on functions of proof (well-summarized in [START_REF] Kempen | Begründen und Beweisen im Übergang von der Schule zur Hochschule: Theoretische Begründung, Weiterentwicklung und wissenschaftliche Evaluation einer universitären Erstsemesterveranstaltung unter der Perspektive der doppelten Diskontinuität [Reasoning and proving in the transition from school to college: Theoretical motivation[END_REF]. For example, reading a proof for personal conviction about the theorem needs to be distinguished from reading it as a personal cognitive challenge. These functions interfere with lecturers' reasons to show proofs in class, as reported by [START_REF] Weber | Mathematicians' perspective on their pedagogical practice with respect to proof[END_REF]. In particular, the reasons for reading a proof are not necessarily found in the proof itself: One can read it to grasp the complexity of the proven theorem [START_REF] Weber | Mathematicians' perspective on their pedagogical practice with respect to proof[END_REF], or to gain a deeper understanding of a definition it contains [START_REF] Kempen | Begründen und Beweisen im Übergang von der Schule zur Hochschule: Theoretische Begründung, Weiterentwicklung und wissenschaftliche Evaluation einer universitären Erstsemesterveranstaltung unter der Perspektive der doppelten Diskontinuität [Reasoning and proving in the transition from school to college: Theoretical motivation[END_REF]. Looking at expert mathematicians' reasons to read a proof, Weber and Mejía-Ramos (2011) stress the role of the reading situation (like reviewing or reading pusbished proofs) and its influence on the reading intentions. Figure 1 shows possible reading intentions from all above sources.

Design of the two-stage study

Due to the lack of research on students' intentions when reading proofs, the overview of possible intentions in Figure 1 may be incomplete or inappropriate. Therefore, I decided on a two-stage study design: In a first step, I tried to identify and structure students' reading contexts and intentions in an open format. Secondly, I developed a closed survey to learn about the importance of situations and intentions, to verify their structure and to evaluate impact factors such as the number of terms of study in mathematics, the study program and general motivational components.

First stage: Open-ended survey

In order to reach a high number of participants and thus gain a broad insight into prevalent reading intentions, I decided to use very short and open written questions that were answered by 133 students at the University of Göttingen in Mai 2018: 1) In which situations do you read proofs? 2) Which aims do you have in doing so?

The participants studied for a bachelor's degree in mathematics (scientific studies: 42.6%, teachers' program: 45.9%, other courses: 11.5%), mainly in their second term (68,1%). Their answers were coded using qualitative content analysis. This rule-based method to categorize written communication was established by Philipp Mayring and is widely spread among German speaking qualitative researchers. Its core is a category system that provides detailed descriptions and common examples for each category. The categories may either be developed a-priori on basis of theory or inductively from the data [START_REF] Mayring | Qualitative content analysis: Theoretical background and procedures[END_REF]. A modification of his method, provided by [START_REF] Steigleder | Die strukturierte qualitative Inhaltsanalyse im Praxistest: Eine konstruktiv kritische Studie zur Auswertungsmethode von Philipp Mayring[END_REF], allows to consider both empirically and theoretically developed categories. A more detailed description of the qualitative methodology and the resulting category system is given in Spratte (under review). This stage results in 9 different reading situations and 17 possible reading intentions.

Second stage: Closed survey

The open-ended self-reports from the first stage are inappropriate to reveal actual frequencies of reading contexts. Therefore, for all situations mentioned by more than 5% of all participants in the first stage, the students taking part in the second stage were asked to rate on a 5-stage Likert scale: How often do these reading contexts occur? How often are you confronted with fully spelled out proofs in each of these contexts? How often do you actively engage with these proofs in each of these contexts? Further, I chose three reading situations and asked the students to rate the importance of each reading intention in these contexts on a 4-stage Likert scale. Besides the 17 intentions from the qualitative stage, theoretical considerations (described below) were used to amend the questionaire to 23 possible reading intentions common for each reading situation. Thus, the items were formulated as follows: When I follow a proof [context, e.g. during a lecture], I want to [intention, e.g. visualize the proof]: (Applies frequently -sometimes -rarely -never).

The survey has been completed by 147 students from six German universities so far, roughly half of them participating in a scientific and in a teachers' program respectively. Half of the participants were in their first year, another quarter in the second, the remaining in their third year or above, including some graduate students heading towards a master's degree (9% of all participants). Additionally, for this paper I used data from 44 incomplete responses where appropriate. Usually, many of these compulsory written exercises ask students to construct proofs related to the content of the lecture [START_REF] Weber | Viel Beweisen, kaum Rechnen? Gestaltungsmerkmale mathematischer Übungsaufgaben im Studium [Much proving, little calculus? Constitutive criteria of mathematical exercises in academic studies[END_REF]. Note that only in this context the number of proofs actively read exceeds the number of proofs presented according to the students' ranking. This raises the question which proofs the participants referred to: Do they read their own approach to validate, a proof from class to apply its method or another ones' solution for this or a similar task to copy [START_REF] Kirsten | Validieren im Beweisprozess -Formen des Validierens und ihre Relevanz für studentische Beweiskonstruktionen [Validation in the proving processforms of validation and their relevance for students' proof construction[END_REF][START_REF] Weber | Viel Beweisen, kaum Rechnen? Gestaltungsmerkmale mathematischer Übungsaufgaben im Studium [Much proving, little calculus? Constitutive criteria of mathematical exercises in academic studies[END_REF]? If the students use proofs from class to learn how to prove, they would act in line with an important teaching aim [START_REF] Weber | Mathematicians' perspective on their pedagogical practice with respect to proof[END_REF]. Nevertheless, this reading situation offers a broad variety of sub-situations, and needs more detailed investigation than this paper allows to.

Do students read the proofs we show them? On the reading contexts

Why do students read the proofs we show them? On the reading intentions

Figure 3 gives an overview of all reading intentions found in the first stage, including the percentage of students the category applied to. Here, a main category was only chosen if none of its subcategories (indented in Figure 3) applied. The inter-rater agreement (i.e. the number of consistently given codes times number of raters divided by number of all ratings) is 0.92. The lack of precision that is reflected in frequent use of main categories instead of subcategories is most likely a result of the short question format. Note that during the first stage, no answer referred to evaluative reading of proofs. Verification played a minor role, while understanding the proof, the proven statement or the related thematic field were mentioned frequently. To reveal gaps in the set of possible reading intentions for the closed survey, the categories from Figure 4 were sorted among two dimensions as shown in Figure 4. The first dimension is the object of interest, i.e. the proof itself, the statement it establishes or other mathematical content, e.g. definitions or theorems used. The second dimension refers to the cognitive level of the learning activity within Bloom's taxonomy [START_REF] Bloom | Taxonomy of educational objectives: The classification of educational goals[END_REF]. One item considering evaluation was included for each object of interest. Additionally, students' answers from main categories with many divergent ratings were discussed with the co-raters again and theoretically funded, but not mentioned intentions were revised, which led to three additional items (italic in Figure 4).

Figure 5 shows the means and standard deviations for each of the 23 reading intention in each of the three reading situations considered. Though the number of participants is still small and thus standard deviation is rather high, there seem to be common tendencies of importance for memorizing, validating and evaluating when moving from lecture to follow-up work to preparation of the exam. All in all, the data from Figure 5 suggest that Bloom's cognitive levels may be found within the data. There is no clear evidence for the structure according to objects of interest so far. 

Figure

  Figure 1: Theory-based hypothetic reading intentions (using 1: Kempen, 2017; 2: Mejía-Ramos et al., 2012; 3: Weber, 2012; 4: Weber & Mejía-Ramos, 2011)
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 2 Figure 2 lists all reading contexts found during the first stage including descriptive analysis from the second stage. Besides visiting a lecture (including preparation and follow up work), written exercises in relation to the course play an important role as reading contexts.
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 2 Figure 2: Reading contexts in both stages. Stage 1: percentage of participants who fall into category, Stage 2: Occurrence of the situation, of proof presentation and active proof reading in the situation
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 3 Figure 3: Reading intentions found in stage 1: percentage of participants who fall into category
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 45 Figure 4: Two-dimensional structure of reading intentions

Summary and further perspective

I am planning to increase the number of participants in the second stage in December 2021 in order to verify the structure of reading intentions using a confirmatory factor analysis. Subject to this verification, Figure 4 provides a framework of students' intentions when reading proof that will deepen our understanding of their readingan activity that is indeed an important part of undergraduate studies in mathematics in the eyes of the students, as the data on the reading contexts reveals. As the reading intentions described above are theoretically based and happened to fill the whole range of Bloom's taxonomy, there is evidence that the system is indeed valid.

Having increased the number of participants, the influence of the number of terms of study in mathematics, the study program and general motivational components on the reading intentions shall be investigated. Taking into account Selden and Selden's (2003, p. 27) warning that students' self-reports on reading proof differ from their actual performance, the influence of the reading intentions on the reading process including reading strategies and its outcome need to be studied for further validation.

Especially interesting is the role of evaluative reading: Students' decision to skip certain proofs when revising the lecture most likely bases on a judgement of the proof and on the mathematical self-concept. Thus, evaluation of a proof does not always require substantial proof comprehension [START_REF] Selden | A comparison of proof comprehension, proof construction, proof validation and proof evaluation[END_REF]. Rather, a certain type of evaluation is a prerequisite to every attempt to understande. These relations to motivation theory and to coping strategies promise deep insight into students' actual everyday learing (Göller, under review).