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Student reinvention of Euler's method: An integrated analysis of one small group's individual and collective mathematical progress
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 by integrating four analytic constructs: individual conceptions, individual participation, collective mathematical practices, and collective disciplinary practices. Using video data of one small group of four students in an inquiry-oriented differential equations classroom, we analyze a ten-minute segment in which the students engage in the process of reinventing Euler's method. We see a central intellectual contribution of this work to be elaborating and coordinating the four methodological constructs with greater cohesiveness and coherence.

Introduction

In this paper we advance a methodological approach for documenting the mathematical progress of learners as an integrated analysis of individual and collective activity. Our primary research goal in this paper is to demonstrate an approach for coordinating individual and collective analyses to gain greater explanatory and descriptive power, with the intention to better understand the individual and collective meaning making processes. Our epistemological stance is that learning mathematics is a human activity of mathematizing, "social through and through" (Cobb & Yackel, 1996, p. 181). In our research we aim to account for the complexity of not only the mathematical conceptions that individual students form as they participate in and interact with others in classroom activities, but also the mathematical reasoning that is developing and living in the collective space. In [START_REF] Rasmussen | Examining individual and collective level mathematical progress[END_REF], we offered four constructs through which to delineate and map out mathematical progress: two individual constructs and two collective constructs. That paper served to introduce those four constructs for the purpose of expanding [START_REF] Cobb | Constructivist, emergent, and sociocultural perspectives in the context of developmental research[END_REF] original interpretative framework for the emergent perspective. In particular, the focus of the 2015 paper was on explicating those four particular constructs through analyzing data from a classroom teaching experiment in linear algebra [START_REF] Wawro | Individual and collective analyses of the genesis of student reasoning regarding the Invertible Matrix Theorem in linear algebra[END_REF]. We saw this as a first step in developing a more robust theoreticalmethodological approach to analyzing individual and collective mathematical progress and we anticipated that "future work will more carefully delineate methodological steps needed to carry out the various ways in which analyses using the different combinations of the four constructs can be coordinated" (Rasmussen et al., 2015, p. 279). Using data from a differential equations classroom about student reinvention of Euler's method, we see a central intellectual contribution of this work to be elaborating and coordinating these four constructs with greater cohesiveness and coherence.

Theoretical background

Drawing on the emergent perspective [START_REF] Cobb | Constructivist, emergent, and sociocultural perspectives in the context of developmental research[END_REF], a guiding axiom of our research is that learning is both a process of individual construction and participation as well as enculturation into collective practices. Because of our focus in this current paper on integration through analysis, we created the image shown in Figure 1. The imagery of interlocking puzzle pieces is intended to convey the centrality of interaction and connection between the four constructs that is central to our analysis for characterizing individual and collective mathematical progress. In this configuration of the interconnected nature of the four analytical constructs, we leverage the theory of symbolic interactionism [START_REF] Blumer | Symbolic interactionism: Perspectives and method[END_REF]. Premises of symbolic interactionism include that a person acts towards things on the basis of the meanings that the person holds for those things, and the meanings of those things arise out of the human interaction that one has with others. It is precisely for this reason that the center puzzle piece of Figure 1 is "Interactions", for it is the interactions that constitute the substance and glue connecting the four analytic constructs.

The construct of individual mathematical conceptions is the lens through which we examine what conceptions individual students bring to bear in their mathematical work. To do so, we focus on mathematical meanings, which are not inherent and intrinsic to a concept, but rather take form in the process of interaction between people. Symbolic interactionism emphasizes the interpretative process involved in the development of meaning as an individual responds to, rather than simply reacts to, another's actions. The construct of individual participation is the lens through which we examine the ways in which an individual student contributes to the mathematical progress that occurs across small group and whole class settings. Because meanings are social products arising out of the human interaction that one has with others, we operationalize a student's participation as the ways in which they interact in these small group and whole class settings.

The investigation of the collective community's mathematical progress is the focus of the final two constructs: collective mathematical practices and collective disciplinary practices. A collective mathematical practice is a normative way of reasoning about a particular mathematical concept that emerges in a particular community as its members solve problems, represent their ideas, share their thinking with others, etc., and the production of these normative ways of reasoning constitutes the mathematical progress of the classroom community. A collective disciplinary practice refers to a way to characterize how mathematicians typically go about their professional work [START_REF] Zandieh | Defining as a mathematical activity: A framework for characterizing progress from informal to more formal ways of reasoning[END_REF]. This construct allows us to document the mathematical progress of the community in terms of the typical activities that tend to characterize those of the mathematics profession (e.g., defining, algorithmatizing, computing, symbolizing, and theoremizing).

Methodology

The data for this study come from a semester-long classroom teaching experiment in a differential equations course conducted at a medium sized public university in the United States. We selected a 10-minute small group episode from the second day of class because of its potential to illustrate the coordination of all four constructs. There were four students in this group: Liz, Deb, Jeff, and Joe (all names are pseudonyms). There were 29 students in the class. Class met four days per week for 50minute class sessions for a total of 15 weeks. Data for this paper are video and transcript of Liz, Deb, Jeff, and Joe working together, uninterrupted by the teacher or other students, through a task (Figure 2) in their small group in which they essentially reinvented Euler's method.

Consider the following rate of change equation, where P(t) is the number of rabbits at time t (in years): dP/dt = 3P(t) or in shorthand notation dP/dt = 3P. Suppose that at time t = 0 we have 10 rabbits (think of this as scaled, so we might actually have 1000 or 10,000 rabbits). Figure out a way to use this rate of change equation to approximate the future number of rabbits.

• At t = 0.5 and t = 1. • At t = 0.25, t = 0.5, t = 0.75, and t = 1 Be prepared to share the reasoning behind your approach with the rest of the class. Organize your results in tabular and graphical form. In the first phase of our analysis we immersed ourselves in the data, with cycles of watching the video, creating transcripts according to talk turns, and taking notes of relevant gestures, pauses, or other non-verbal interactions among the four students. In the second phase of the analysis we created a table with columns for turn number and speaker, transcript, and four additional columns, one for each construct. We then embarked on coding the transcript per the four constructs, returning to the video as needed. We examined the coding across columns for relationships among the constructs [START_REF] Strauss | Basics of qualitative research techniques[END_REF]. The three authors worked collaboratively on each aspect of the coding until consensus was reached.

The coding for each construct was a mix of a priori and emergent codes. For collective mathematical progress, we used Toulmin's Model of Argumentation [START_REF] Toulmin | The uses of argument[END_REF] as adapted by [START_REF] Rasmussen | A methodology for documenting collective activity[END_REF] to identify ways of reasoning that function-as-if-shared. Briefly stated, Toulmin delineated six different aspects that comprise the structure of an everyday argument (Claim, Data, Warrant, Backing, Qualifier, and Rebuttal). We identified 16 arguments and used the three criteria detailed in [START_REF] Rasmussen | A methodology for documenting collective activity[END_REF] to document the emergence of ideas that function-as-ifshared. In total, we identified four mathematical ways of reasoning that functioned as-if shared.

For disciplinary practices we focused on algorithmatizing, which we define as the practice of creating and using algorithms. This choice was made because the mathematical progress of this small group work entails students engaging in the first steps of creating an algorithm. These first steps lay the relational (Skemp, 1978) foundation for how to use P values and dP/dt values to approximate a future population value. An expert will recognize students' work as Euler's method, although the students do not as of yet know that what they are reinventing is in fact Euler's method. Through a process of open coding we went through the data looking for aspects of students' mathematical thinking that refer to values and relationships between these values that students were creating and using in their first steps in creating this algorithm. More specifically, students' creation of the Euler method algorithm involved the following: engaging in goal-directed activity, isolating attributes, forming quantities, creating and verbalizing relationships between quantities, investigating the generality of the procedure, and expressing these relationships symbolically.

In order to document how individual students contribute to the mathematical progress occurring in their community of practice (which addresses our analytical construct of student participation), we adapted [START_REF] Krummheuer | Representation of the notion of "learning-as-participation" in everyday situations in mathematics classes[END_REF] production design roles of Author: the participant is responsible for both the content and formulation of an utterance; Relayer: the participant is not responsible for the originality of either the content nor the formulation of an utterance; Rephraser: the participant attempts to express the content of a previous utterance in his/her own words; and, Leverager: the participant takes part of the content of a previous utterance and attempts to express a new idea. These roles highlight two main threads through which one can delineate originality of an utterance: semantically (i.e., according to the content) and syntactically (i.e., according to the formulation). Our open coding also led to a new category of participation role -that of facilitator design. We identified four different ways in which these students facilitated the flow of ideas in their small group. These four roles are: Focuser: the participant directs the group's attention to a particular mathematical issue; Elicitor: the participant attempts to bring out another's idea; Checker: the participant seeks agreement or sensibility of an utterance; and Summarizer: the participant pulls ideas together.

To analyze the mathematical conceptions that an individual brings to bear in their mathematical work with respect to a particular concept, we document the individual's mathematical enacted, developed, and enlarged meanings for that concept. In any dataset in which students are doing mathematics there will likely be several concepts at play, each of which might have multiple meanings for the students. Our first step in identifying relevant concepts is to do what some refer to as an a priori analysis. While we did not formally do this for this analysis, we did start by grounding ourselves in the mathematics that students would likely leverage and develop to solve the task at hand. Rate of change in general and 𝑑𝑃/𝑑𝑡 in particular for this task were, perhaps not surprisingly, identified as key concepts for reinventing the Euler method algorithm. We then turned to the literature to gain insight into the wealth of meanings that characterize a student's mathematical thinking for that concept (e.g., [START_REF] Zandieh | A theoretical framework for analyzing student understanding of the concept of derivative[END_REF]. Our literature-informed open coding led to the following codes for the different meanings of 𝑑𝑃/𝑑𝑡 that the students engaged: as an instantaneous rate of change, as an indicator of the initial rate of change, as a ratio of two changes, as an indicator for how the population is changing, as a unit ratio, as a unit ratio that can decremented, as a quantity that can take on different values.

In the final phase we developed a narrative that told the story of the students' collective and individual mathematical progress. Our guiding question for this phase was: In what ways did each construct influence or relate to the others? The imagery of the interlocking puzzle pieces from Figure 1 kept our focus on the interactions among constructs. To address this guiding question and create the storyline, we looked for notable milestones or shifts in focus in students' mathematical progress, and divided the transcript into four segments accordingly. We then wove together the story of that progress in terms of the interrelated constructs.

Sample results

The 10-minute small group work was divided into four segments -Getting started, Making first step progress, Deciding to repeat, and Using smaller time increments. We separate the analysis into these four parts to reflect the small group's slight shifts in focus as they made progress on the task. Due to space constraints, we illustrate our coordinated four-construct analysis for only the first segment, Getting started. To visually highlight the four constructs and to suggest the weaving that is created by the integrated individual and collective analysis, we capitalize the first letter of argumentation elements (e.g., Data), italicize participation roles (e.g., focuser), underline particular meanings (e.g., unit ratio), and bold algorithmatizing activities (e.g., isolating attributes).

Segment 1: Getting started

The first four minutes of small group work consists of 19 talk turns and the production of four arguments. We start by detailing the first of the four arguments, as this argument constitutes the basis for the small group's subsequent work and hence is the lynchpin for what follows. Through this argument, we highlight various individual participation roles, individual meanings that emerge, and the start of the students' collective disciplinary practice of algorithmatizing. The totality of Argument 1 (see Figure 3) occurs over the first 12 talk turns and involves contributions from three of the four students. In this argument the group determines, with justification, what the initial rate of change is. Because people often explicate the motivation or inspiration before stating a Claim, it is not unusual for arguments to unfold in a manner such that a Warrant or Backing comes before the Claim and Data. Moreover, parts of an argument are often repeated, and a complete argument may develop over multiple lines. All of this is the case in Argument 1. In attending to individual student participation within Argument 1, we see three of the students take on different production roles. Liz is the author for three components of the argument (Claim, Warrant, and Backing) because she is the first one to articulate the respective ideas (lines 1, 4, and 9). Jeff ( 12) plays the role of relayer for the Claim (which is that the initial rate of change is 30). Recall that a relayer is someone who restates a previously articulated idea. This is significant in this case because it provides evidence that Jeff shares and agrees with the Claim that Liz made. Jeff gives similar confirmation on what we coded as Liz's Warrant (see (9 Liz) in Figure 4). Joe, for his part, is also an author because he is the first to articulate the Data (line 2), although in what we coded as Argument 3 his interpretation of what the 10 means is incorrect and inconsistent with his groupmates' interpretation. Deb, who has seen this task before, intentionally pulls herself out of the discussion and hence allows space for her groupmates to develop their own ideas while she privately works the problem. Deb rejoins the discussion, however, in the next segment.

In attending to individual mathematical meanings within Argument 1 (lines 1-12), we see two different meanings articulated for 𝑑𝑃/𝑑𝑡. In particular, in the Claim for Argument 1, Liz plugs in the initial population value of 10 into the rate of change equation and gets 30, which she interprets to be the instantaneous rate of change. She says "the instantaneous rate of change is 30" while sketching an exponential graph and pointing her pen to where the graph intersects the vertical axis. In calculus, the notion of instantaneous rate of change is often associated with the slope of the tangent line at a point, and this might be how Liz interprets the 30; however, we do not have strong evidence for this graphical interpretation of instantaneous rate of change. A second meaning that emerges for 𝑑𝑃/𝑑𝑡 is the change in the population over the change in time, which we coded as a ratio of two changes. This discrete, ratio-based interpretation is authored by Liz (line 7) and is the Claim for Argument 2, which she provided in response to a question from Joe, "Are we trying to figure out what 𝑃 is?" With an eye towards the small group's collective disciplinary practice, the development of Argument 1 is also illustrative of the group's participation in the disciplinary practice of algorithmatizing. In particular, we see students contributing to two aspects of creating an algorithm: engaging in goaldirected activity (i.e., focusing on finding the initial rate of change) and isolating attributes (i.e., how to interpret the initial rate of change). Engaging in goal-directed activity coincides with the participation role of focuser, and isolating attributes coincides with articulating two different meanings for 𝑑𝑃/𝑑𝑡, as the initial instantaneous rate of change and as ratio of two changes. Recall that a focuser is one of four new facilitator roles that we found necessary to add to [START_REF] Krummheuer | Representation of the notion of "learning-as-participation" in everyday situations in mathematics classes[END_REF] set of production and recipient roles in order to capture newly identified participation roles.

We define a focuser as someone who directs others attention toward a specific goal or activity. Liz takes on this role in line 1 when she directs her and her groupmate's attention "To find out the rate of change initially, at that point in time, when time equals zero." With this statement Liz sets out a goaldirected activity of finding the initial value of 𝑑𝑃/𝑑𝑡, which an expert will see as a specific case of a component of the more general Euler's method algorithm. As demonstrated in Figure 4, this goal is realized with Liz and Jeff agreeing that the initial value of 𝑑𝑃/𝑑𝑡 is 30. Joe also acts as a focuser when in turn 6 he poses the following question to his group: "Are we trying to figure out what 𝑃 is?" With this question, Joe focuses his group on what attribute of the problem situation they are trying to determine, 𝑃 or 𝑑𝑃/𝑑𝑡. Joe's question prompts Liz to articulate the meaning for 𝑑𝑃/𝑑𝑡, namely as a ratio of two changes. As we show in Segment 2, this is a powerful meaning for this group that enables them to make use of isolating attribute of 𝑑𝑃/𝑑𝑡 to figure out a general approach to compute the change in population, which is a necessary component of the Euler method algorithm. Moreover, the two acts of focuser lead to the argument's Claim of actually finding the initial rate of change and interpreting this value as a ratio of two changes, respectively.

The last comment (12) that makes up Argument 1 is contributed by Jeff (12) who acts as a relayer by restating the Claim that the initial rate of change is 30, which is followed by Liz (13) asking her groupmates, "30, I mean does that make sense?" This first instance of anyone in this group "checking in" with their peers about their thinking gave rise to our identifying another new facilitator role, that of checker. Acting as a checker can serve multiple functions in a group. For example, it can lead to coherence among groupmates and build confidence in their ideas, it can open a space for someone to ask a clarifying question, and it can be an opportunity for someone to disagree. In this case, Liz acting as checker gives rise to Jeff indicating agreement, "Yeah, that makes sense" ( 14), and for Joe to offer a counter argument, which we coded as Argument 3. In this argument Joe asserts (incorrectly) that 10 is actually equal to 3𝑃(𝑡). Joe's incorrect Claim functions productively in the small group because it gives rise to Liz putting forth what we coded as Argument 4, shown in Figure 4, in which she counters Joe's interpretation of what the "10" refers to. As a whole, Argument 4 relates again to the algorithmatizing aspect of isolating attributes because it reasserts the meaning of 10 as the initial population and puts forth a new meaning for the quantity 𝑑𝑃/𝑑𝑡, namely as an indicator for "how the population is changing" (16 Liz). Joe does not object to Liz's argument; in the video, he appears to think quietly about what has been said. Thus far, the meanings for 𝑑𝑃/𝑑𝑡 include as an instantaneous rate of change, as a ratio of two changes, and as an indicator for how the population is changing. Developing meaning(s) for attributes that figure prominently in their mathematical work will serve to ground their reinvention of Euler's method as a product of their own reasoning and sense making.

Next, Liz and Jeff act as focusers in that they each ponder what now to do with the 30. In particular, Liz (17) says, "So if we have that [initial rate of change is 30], the question is how can we use that to help us figure out the population after, say, a half year has elapsed?" and Jeff (18) says, "how would we work time into the equation to get the next, uh, population or change in population?" As before, this particular facilitator role of focuser promotes students' goal-directed activity toward creating an algorithm. Deb (19) joins the discussion and says to the group, "That is exactly what I did."

Conclusion

The purpose of this paper is to promote a method for integrated analysis for documenting the mathematical progress of learners as an integrated analysis of individual and collective activity. The method illuminated for us the intricate connections between each type of analysis. The students' algorithmatizing propels the mathematical progression and is populated with particular arguments and mathematical meanings. The students participate by stating arguments and meanings (e.g., as author, relayer) but also by encouraging others to do so and highlighting important issues (e.g, as elicitor, focuser). The new facilitator roles are important both in shaping the in-the-moment integrated analysis and in reflection. Retrospectively, the method illuminated who participated and in what ways, who made what kinds of contributions to the arguments, and who was more active in facilitator roles. It also allowed us to examine relationships among the constructs, such as which meanings were central to the ways the reasoning that functioned as-if shared or to the algorithm's development.

Finally, this analysis has curricular and pedagogical implications. For instance, because of this analysis, changes have been made to the Inquiry-Oriented Differential Equations curriculum [START_REF] Rasmussen | Inquiry oriented differential equations: Course materials[END_REF], making it more clear to instructors the importance of the unit ratio meaning in the reinvention of Euler's method. Pedagogically, we find that the participation roles within the new facilitator design construct can be helpful to instructors in their classrooms as they establish expectations for ways that students can meaningfully participate within small groups.
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