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Research showed that university students struggle with the mathematical language, particularly when beginning mathematics studies. Therefore, we investigate a group of 15 mathematics students from a German university that were interviewed at seven different times during their first year of study to describe the process of their language development. Focusing on the aspect of definitions as a specific part of mathematical language, our results imply three types of students with respect to their development of mathematical language. Students of the first type seem to have an adequate understanding of mathematical language from the beginning. By contrast, students of the third type have severe problems and show no real development, whereas students of the second type start also with severe problems, but show improvement during their first year of study. The main aim of this paper is to describe and analyze the development of a student belonging to the second type.

Introduction

The transition from school to university is strongly influenced by a transition from schoolmathematical language to university-mathematical language. According to Gueudet (2008, p. 244), the mathematical language at universities can be seen as a gatekeeper that ensures or impedes access to the mathematical community: "It is the language of advanced mathematics, required to enter the mathematical community, and to communicate inside this community". Furthermore, [START_REF] Seaman | Mathematical sophistication among preservice elementary teachers[END_REF] describe the development of the mathematical language as part of mathematical sophistication, by which they mean the "enculturation into the community of practicing mathematics" (p. 170). Mathematical language at universities is the basis of stating and using mathematical definitions, understanding mathematical concepts and developing mathematical argumentations and proofs [START_REF] Moore | Making the transition to formal proof[END_REF]. Schleppegrell (2007, p. 140) stated: "the language [of a discipline] and learning [a discipline] cannot be separated". This deep dependency of language and mathematical learning is widely accepted in mathematics education research (e.g., [START_REF] Morgan | Word, definitions and concepts in discourses of mathematics, teaching and learning[END_REF][START_REF] Pimm | Speaking mathematically[END_REF][START_REF] Tabach | Classroom engagement towards using definitions for developing mathematical objects: the case of function[END_REF]. However, research showed that university students struggle with the mathematical language, especially when beginning mathematics studies (e.g., [START_REF] Gueudet | Investigating the secondary-tertiary transition[END_REF]. The students' difficulties with mathematical language could be understood as a potential reason for the high dropout rate in mathematics studies (e.g., [START_REF] Heublein | Student Drop-out from German Higher Education Institutions[END_REF].

Whereas the topic of language and mathematics has been studied from various perspectives, especially in recent years, research concerning the development of mathematical language as a main part of students' mathematical sophistication, is sparse. Therefore, we contribute to this line of research with a project conducted within the Competence Center for Higher Education in Mathematics (khdm, www.khdm.de) that has the aim to investigate the process of mathematics students' development of mathematical language within their first year of studies. In this paper, we focus on definitions as a specific part of mathematical language that seem to provide a specific obstacle for mathematics students [START_REF] Alcock | Definitions: Dealing with categories mathematically[END_REF][START_REF] Moore | Making the transition to formal proof[END_REF]. For example, [START_REF] Edwards | The Role of Mathematical Definitions in Mathematics and in Undergraduate Mathematics Courses[END_REF] have shown, that many freshmen in mathematics are unable to understand and apply mathematical definitions correctly, which can lead to further problems, e.g. with proofs (cf. [START_REF] Moore | Making the transition to formal proof[END_REF]. Other studies showed similar results for prospective mathematics teachers, who were not able to formulate precise definitions [START_REF] Özyildirim Gümüs | Investigation on How Pre-service Elementary Mathematics teachers write and use mathematical definitions[END_REF][START_REF] Zazkis | Exemplifying definitions: a case of a square[END_REF]. To conclude, our main question for this paper is the following: What development of the mathematical language do students show within their first year of study?

Construct and content of mathematical language

Characterizing the mathematical language and its key features, one usually finds a subdivision into word, sentence and text level (e.g., [START_REF] Prediger | The language dimension of mathematical difficulties[END_REF]. Mathematical symbols can be understood as specific linguistic entities and therefore they can be assigned on the word level (Meyer & Tiedemann, 2017). Symbols in mathematics are used as abbreviations for mathematical objects or technical terms and without them, many abstract objects, constructs and thus meanings could not be described and grasped [START_REF] Schleppegrell | The language of schooling. A functional linguistics perspective[END_REF]. Besides symbols, the mathematical vocabulary (technical terms) is to be classified on the word level. Compared with everyday language, mathematical vocabulary can be divided into three categories (cf. [START_REF] Maier | Mathematik und Sprache[END_REF][START_REF] Monaghan | Problems with the Language of Limits[END_REF]: The first category includes words that are not used in everyday language (e.g. "bijection"), the second words that are used in everyday language with largely similar meanings, for example "completeness". Words that occur in both registers but have different meanings are assigned to the third category (e.g. "field" or "series").

On the sentence level, there are certain norms and rules about how mathematical symbols may be linked with each other and may be linked to words. For this, it is possible to establish references between different concepts and objects and to express mathematical relationships [START_REF] Maier | Mathematik und Sprache[END_REF]. Furthermore, special patterns of grammar and syntactical structures like using long and dense noun phrases, passive voice and the verbs "be" and "have" are typical for mathematical language (e.g. [START_REF] Schleppegrell | The language of schooling. A functional linguistics perspective[END_REF][START_REF] Maier | Mathematik und Sprache[END_REF]. Definitions as an important element of mathematical language are to be located at the sentence level. Mathematical definitionsin contrary to definitions in general -do "have the property that everything satisfying it belongs to the corresponding category and that everything belonging to the category satisfies the definition." (Alcock & Simpson 2002, p. 28). Definitions in mathematics do not include more properties than necessary to describe the relationship or the object that should be defined. Further, usually only previously defined terms are used. Grammatically, in the (conditional) subordinate clause the condition or premise is presented and in the main clause the consequence resulting from the premise, the conclusion, is described (Meyer & Tiedemann, 2017). Regarding the transition from school mathematics to university mathematics there are changes concerning mathematical definitions (cf. [START_REF] Chesler | Minding the nouns and verbs: definitions that respect knowledge development[END_REF]: In school mathematics, objects and terms mostly have an experimental or descriptive basis, using less formalism and a more informal language instead of the exact terminology [START_REF] Reiss | From high school to university mathematics: The change of norms[END_REF], whereas "they are specified by formal definitions and their properties reconstructed through logical deductions" (Tall 1992, p. 495) in university mathematics.

Mathematical theorems are another important element of mathematical language, which often consist of more than one sentence and are therefore located at the text level (Meyer & Tiedemann, 2017). Besides theorems, proofs are of course assigned to the text level. Generally, properties of technical jargon such as completeness or precision are also characteristically for mathematical language.

Method

The students were analyzed concerning their language development in a longitudinal setting at seven different times in their first year of study and were interviewed at these seven times. The group of students we interviewed comprises 15 students (of which ten were female and five male), all beginning with their mathematics studies (prospective mathematics teachers (upper secondary school) and mathematics students). We obtained them through convenient sampling and they were paid for making the interviews in the same way student workers are paid. The interviews lasted about 30 to 60 minutes and were transcribed completely. In the interviews, among other aspects, the students were asked to read specific mathematical sentences providing theorems or definitions, to formulate specific theorems, to describe the meaning of mathematical objects or to give definitions. One of the tasks was to give a definition of the term function (other terms that should be defined were for example linear combination and divisibility). The interviewer asked the participants to write down the definition and to read it out loud afterwards. If necessary, the participants were asked, how a particular phrase or term in their definition should be understood. If the interviewer noticed that the participants had difficulties in defining the term, he asked them to try to explain these difficulties.

To evaluate the collected data, we developed a coding scheme on the basis of preliminary interviews for analyzing the definitions provided by the students (cf. [START_REF] Kuckartz | Qualitative Inhaltsanalyse. Methoden, Praxis, Computerunterstützung. Grundlagentexte Methoden[END_REF]. These codes were used to describe differences among the students and to identify developments in the students' mathematical language use. We coded the students' use of symbols and technical terms with the following codes:

the number of symbols, quantifiers, variables and arithmetic operators the number of sets and symbols for set operations the number of technical terms

In addition, we coded failures that are apparent in the students' written answers. As failures we coded the number of undefined variables, missing parts of a definition, erroneous terms

After coding the students written answers, we analyzed and compared, what the missing parts and erroneous terms in the students' definitions exactly were. An example for our coding process referring to a student's solution concerning the definition of the term function is given in Figure 1: The student used eleven symbols overall in her definition. In detail, she used two (different) variables that are defined (𝑎 ∈ 𝐴 and 𝑏 ∈ 𝐵), six symbols for sets or set operations (𝐴, 𝐵, ∈) and one calculus symbol (→). She further used four technical terms and there are no erroneous terms in her definition. Finally, the aspect of the uniqueness of the assignment is not mentioned explicitly (the student wrote "ein" which translates to "a" or "one" but not "genau ein" which translates to "exactly one"), so based on the written answer we coded that as a missing part of the definition. For each excerpt of students' expression, we show the original expression and a translation.

2) Image 𝑓: 𝐴 → 𝐵 assigns every 𝑎𝜖𝐴 of the definiton set a 𝑏𝜖𝐵 of the value set 

Results

From the perspective of qualitative analysis on the basis of the codes described above, we identified three types of students with respect to the development of mathematical language regarding the questions and tasks in the interviews about definitions. Students who can be summarized to a first type (three out of the 15 participants) use mathematical language from the beginning with little or no errors. They use technical terms correctly, the variables that they used are defined and they rarely use irrelevant terms in their definitions. Still, a development of mathematical language can be observed among these students. In the course of their first year of study, their definitions become more precise by avoiding ambiguous terms and an adjustment of word orders. On the other hand, students who were unable to formulate the required definitions in the first interview, or at most incomplete and incorrect definitions, can be summarized to a third type (seven out of the 15 participants). These students start at a low level and hardly any development is seen in their use of mathematical language when trying to define the requested terms over the course of the interviews. Instead of generally valid definitions, students of this type can usually only give examples, so most of their definitions are no sentences in a linguistical sense. Besides that, they often do not define the variables they use and use fewer technical terms than students of the other two types. The second type is represented by students, who have difficulties at the beginning with the use of mathematical language and, therefore, especially with defining mathematical objects. Still, a positive development can be observed during their first year of study. Out of the 15 participants, five belong to this type.

As mentioned before, we focus on a student representing the second type who showed heavy difficulties referring to her mathematical language at the beginning of mathematics studies and analyze her development. Table 1 shows the definitions of the term function from the first, fourth and last interview of a student of the mentioned type. In the first interview, she only managed to write down three symbols (two symbols for sets and one calculus symbol) and besides the fact that not all functions are from ℝ to ℝ, it remains unclear how this even exemplifies a function. The student seems not to be able to connect her expression of an assignment with more information that it could become a meaningful mathematical sentence. Being asked what characterizes definitions in mathematics and what differences between theorems and definitions are, the student answered the following in the first interview: "A definition [...] that is, that one, […] has an assumption and that one somehow tries to explain by a solution in a mathematical way. [...] I would say a theorem, um, a theorem is basically a formula perhaps. [...] The theorem was rather that one writes down this formula and with defining, it was rather that one deduces something.". A definition for her at that point was an "(explained) assumption" and "something deduced"an ambiguous and vague description that she could not explain further. Her definition from the fourth interview is at least a complete sentence, but she used no symbols this time. We coded six different technical terms instead, but three of them are irrelevant for the definition of the term function (e.g. surjective). There are no erroneous terms in the definition, but she used the ambiguous formulation "to project" and furthermore, the aspect of uniqueness is missing. In her fourth interview, she describes definitions first as "basis for proofs" and then as "basis for theorems", so it seems that at least the deductive character of mathematics has become clearer to her and she can better distinguish definitions and theorems from each other: "A definition is there to give a mathematical proof. [...] Well, a theorem is, so to speak, when I (...) want to prove something and for this proof I then apply various corollaries, I think they are called, and lemma and perhaps also definitions. [...] And the definition is so to speak what I use for the theorem.".

She managed to produce a more elaborated definition in her last interview (Table 1). In that definition, she used fifteen symbols (the variable she used is defined) and three different technical terms, but we coded again the aspect of the uniqueness of the assignment is missing explicitly. She explains the following about definitions and theorems in general in her last interview: "[...] when you have a term or an expression, that the definition is simply a more detailed explanation of that term or expression. And a mathematical theorem [...] basically just, um, a statement or rule. [...] If you have previously defined something, a term, the theorem simply serves to explain how you calculate with this definition". She describes more concretely what she thinks a definition is ("definitions explain terms") and expresses more clearly, that for her theorems are based on definitions.

The question of what characterizes a mathematical definition could not be answered correctly or only vaguely by almost all participants at the beginning. However, differences between the three types can be observed here as well, and these differences continue to manifest themselves over the course of the first year of study. While students of the first type at least usually answer in their first interview that definitions, unlike theorems, do not need to be proved and must be unambiguous, students of the second and third type are usually not aware of the difference between theorems and definitions, cannot answer the question at all or give a nonsense response. Nevertheless, a positive development can be observed among those students who can be assigned to the second type as described below, whereas for students of the third type it seems not to be clear, even in later interviews, what characterizes definitions in mathematics.

Discussion

We investigated students' development of a mathematical language as a crucial part of students' mathematical sophistication in our study and focused in this paper on the students' ability to formulate mathematical definitions, for what a precise and elaborated mathematical language is necessary (cf. [START_REF] Moore | Making the transition to formal proof[END_REF][START_REF] Zazkis | Exemplifying definitions: a case of a square[END_REF][START_REF] Chesler | Minding the nouns and verbs: definitions that respect knowledge development[END_REF]. As mentioned above, our results indicate a division into three types of students. On the one hand, the students we assigned to the first type already seem to have a good knowledge of the mathematical language at the beginning of their studies. They are able to define familiar terms linguistically correctly and almost without errors and the mathematical language does not seem to be a barrier when they access new content. They quickly adapt to the conventional mathematics language and the deductive structures of university mathematics experienced in their courses and lectures. Therefore, it is reasonable to assume that they do not need specific language support to master their mathematics studies successfully. By contrast, students of the third type are unable to formulate adequate definitions in most cases and have serious problems with using mathematical language. They make errors in linking symbols to each other and use more colloquial paraphrases. It should be noted that during their first year of study the majority of students we assigned to the third type dropped out of their mathematics studies (five of seven). For those in this group who participated in all interviews and did not drop out of their studies, we assume that they will have low chances of success in their studies, particularly because of their difficulties with mathematical language.

The students of the second type are to be classified between these two groups. Here, a positive development can be observed in the course of the interviews as we presented before in more detail, but even at the end of their first year of study, they are still far from being able to use mathematical language adequately and reach the goal of mathematical sophistication. Especially at the beginning of their studies, mathematical language seems to be a barrier for them. Together with the higher pace in university lectures compared to school classes and the new content, a cumulation of different transition problems can occur (cf. [START_REF] Gueudet | Investigating the secondary-tertiary transition[END_REF]. Another noticeable aspect is that students in this group sometimes try to use new mathematical symbols quite quickly and they succeed in doing so to some extent. However, whereas students of the first type seem to have grasped the meaning of the symbols they use, it is at least debatable whether students of the second type actually already use all symbols meaningfully. Following [START_REF] Berger | The Functional Use of a Mathematical Sign[END_REF] hypotheses, this form of functional use and imitation could help students to learn using mathematical language correctly -but it is not clear whether these students will succeed by the end of their studies and achieve the linguistic sophistication that is necessary without specific opportunities for support or whether they remain on the level of imitating phrases based on school mathematical knowledge. Therefore, we assume that these students seem to need substantial support for developing their mathematical language. One possible option could be to discuss failures in using the mathematical language appropriately so that their failures could be used in a productive sense [START_REF] Loibl | Knowing what you don't know makes failure productive[END_REF]. To reveal the relevance of a sophisticated mathematical language, it could also be helpful to confront these students with examples where an ambiguous school-related language is not appropriate. Whereas students of the first type at least have the right idea of what characterizes definitions in mathematics, it turned out that this is not clearly the case for students of the second type. Thus, another supportive measure could be a learning unit that points out the importance of definitions in mathematics and in which the students practice defining.

Due to our small sample and the qualitative approach, we cannot generalize our results or quantify how many students belong to one of the types. However, the results of our study imply that a larger group of students has problems with developing a sophisticated mathematical language.
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 1 Figure 1: Example of the definition of the term function from a student (first type, fourth interview)Besides being asked to give and write down definitions of specific terms, the students were asked by the interviewer to explain what characterizes mathematical definitions in general and what differences they see between definitions and theorems. The interview transcripts were analyzed and coded following Mayring's procedure of inductive category development (cf.[START_REF] Mayring | Qualitative content analysis: theoretical foundation, basic procedures and software solution[END_REF].

Table 1 : Examples of a student's definition of a function (first, fourth and last interview)
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2) be A and B non-empty sets, then a mapping can be found that assigns 𝑎 ∈ 𝐴 to a 𝑓(𝑎) ∈ 𝐵.

Thereby, a mapping is called function if 𝐴, 𝐵 ∈ ℝ, ℂ.