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Studying teaching in lectures at the university level is a topic of particular interest in mathematics education as lectures are still the predominant mode of teaching at the advanced level. In this study, the aim is to examine the teaching of mathematical proofs in a complex analysis course offered to second-year bachelor students of mathematics and science, using the commognitive framework. We focus on the mathematical discourse for proof teaching and specifically on the proving routines for the connections among the arguments within the proofs. In particular, three sub-routines were identified: setting the proof, applying, and computing. The lecturer performed these routines for the students intending for meaningful connections within the proof. We conclude by providing implications for education and future research.

The commognitive framework [START_REF] Sfard | Thinking as communicating: Human development, development of discourses, and mathematizing[END_REF] highlights, among other issues, the fine aspects of teaching in lectures that concern the communication of proof in lecturers' mathematical discourse for teaching. Routines have an important role in both teaching and learning mathematics; they are the patterns that appear repeatedly within a discourse as results of rules, which indicate the when and how one should perform the pattern [START_REF] Lavie | Routines we live by: From ritual to exploration[END_REF]. While starting engaging with mathematical discourse, the routines of a learner (namely rituals) are process-oriented and relate to performance. [START_REF] Lavie | Routines we live by: From ritual to exploration[END_REF] asserted that one of the teaching goals might be to help learners move toward outcome-oriented routines (namely explorations). A shift of the focus of the learners from the process to the outcome could be identified by addressing the changes in their performance [START_REF] Lavie | Routines we live by: From ritual to exploration[END_REF]. When it comes to teaching for the facilitation of the changes in the performance of the learners, the researchers could seek for the characteristics of routines in the lecturer's mathematical discourse for teaching that aid the learner's move toward explorations.

In this study, we focus on the teaching that aims at the facilitation of changes related to proof production. In doing so, we seek for characteristics in the proving routines of the lecturer while teaching in lectures. The proving routines are the patterns that appear in the discourse of the lecturer while proving. In our case, the changes are intended for the students but are performed by the lecturer and identified as characteristics of the routines. The focal point of this study is on one of the changes, the change of bondedness [START_REF] Lavie | Routines we live by: From ritual to exploration[END_REF]. The change of bondedness, in this study, is the move from a list of unrelated arguments within a proof to a sequence of arguments related to each other. Thus, bondedness, as a characteristic of the proving routines of the lecturer's discourse, is concerned with the connections between the different arguments of a proof. As the lecturer of this study stated at the beginning of a lecture: I urge you to take some notes and carefully look at how the various statements I'm going to make relate to one another, which one implies which one, what are the essential assumptions in each theorem.

The connections among the different arguments within the proof are an important aspect of proof production because the formal proof consists of sequences of arguments where the last is the theorem, which is aimed to be proven [START_REF] Tall | Cognitive development of proof[END_REF]. Within the sequence, axioms and other results (theorems, lemmas, definitions) are used. Tall and his colleagues presented a macro level description of the connections, whereas with commognition we are seeking for the identification of the connections at the micro level by focusing on the routines governed by bondedness within a proof. Also at a macro level, [START_REF] Lew | Lectures in advanced mathematics: Why students might not understand what the mathematics professor is trying to convey[END_REF] identified the key points in the presentation of a proof by an exemplary lecturer and it appeared that the students did not recognize them. One explanation was that the students mainly focused on what was written on the blackboard and not on the verbal explanation of the key points by the lecturer.

The use of the commognitive framework seems promising to highlight a communicational aspect of university teaching even if there is a lack of dialogue in this context. For example, [START_REF] Kontorovich | Minding mathematicians' discourses in investigations of their feedback on students' proofs: a case study[END_REF] highlighted the communicational aspects of the lecturer's feedback and the importance of didactical discourse on proof (DDP) for the reflection on the given feedback not only for mathematicians but also for all the communities related to proof and proving. Thus, studying the teaching of proof by using commognition adds to the discussion and understanding of the attempts of the lecturers to communicate mathematical proof with the student in university lectures. Not directly focused on a proof-oriented course, [START_REF] Viirman | The functions of function discourse -University mathematics teaching from a commognitive standpoint[END_REF] studied the teaching practices of lecturers during the teaching of functions in introductory university courses. The researcher identified the different routines in the mathematical discourse of the lecturers and provided a categorization of construction routines (which aim at the creation of new endorsed narratives) and substantiation routines (which focus on the decision to endorse an earlier presented narrative). He distinguished the emerging routines into types; for example, the different types of substantiation routines included definition verification, proof, and claim contradiction. In the follow-up study [START_REF] Viirman | University Mathematics Lecturing as Modelling Mathematical Discourse[END_REF], the courses analyzed were introductory, so proof and proving were not central. However, the study of proving routines is fruitful in analyzing mathematical activity at university, because proof is core of many introductory courses at the university level. In this study, we focus on the proving routines of a lecturer to get insights into making connections within a proof.

Methodology

This study is part of a wider ongoing doctoral project that aims to characterize proof teaching in proof-oriented university courses. For this study, we investigated proof teaching in online lectures of a second-year complex analysis course. Formal proof raises difficulties for the students. It is important to highlight how the lecturer attends to the connection among the different arguments for the facilitation of students to endorse a proof. The connections in our case indicate the intended change to bondedness. Thus, our research question is "How does bondedness within proof emerge in the proving routines of the mathematical discourse of proof teaching of the lecturer?"

The lecturer in this case study was a theoretical mathematician with less than five years of teaching experience. The course concerned a group of bachelor students enrolled in mathematics or science (physics, astronomy) degree programs. In total, 242 students were registered, while between 30 and 80 students attended the live (online) lectures, which were recorded and students had the possibility to watch anytime. In this course, complex valued functions were defined in the complex plane and their properties were explored. The lectures were based on the textbook while the lecturer referred to the chapters and the topics that were covered in each lecture. The data were generated from the transcripts of five (out of 16) live lectures. The data analysis had two stages and we used the commognitive framework [START_REF] Sfard | Thinking as communicating: Human development, development of discourses, and mathematizing[END_REF] for the identification of the proving routines in the mathematical discourse for teaching of the lecturer.

In the first stage of the analysis, firstly, we identified the mathematical narratives, sequences of utterances that describe objects, processes, or relations among them, which the lecturer presented in the lectures. These narratives concerned definitions, the statement of the theorem, lemmas, proofs, examples, exercisesproblems, remarks (comments of the lecturer on the statement of the theorem which were used in the proof), or notes (comments of the lecturer after the proof). The identification of the narratives assisted in the selection of the episodes. For this study we analysed ten episodes. Each episode had a duration of five to 45 minutes and included the narratives relevant to the teaching of proof. For example, the most common episodes included the narratives: theorem, proof, remarks. Then, we highlighted keywords and phrases of lecturer's discourse, relevant to proving. They were related to the mathematical aspects of proving (e.g., "the first thing we're going to do is replace this simple closed contour"), and the pedagogical aspects of proving (e.g., "let's see how you go about proving this"), and lecturer's comments about proving (e.g., "to make things formal and nice"). Also, the visual mediators, visual objects that are employed for communicational purposes (graphs, notations, interaction with the online environment), were identified. The visual mediators were of two kinds, either pre-existed in the slides or were created on the spot by the lecturer. The first stage ended with overarching proving routines. Some of the routines were "making connections within the arguments of the proof", "presenting a proving technique" (i.e., proving by contradiction), and "generalising to the complex plane".

In the second stage of analysis, we focused directly on the overarching routines. Doing thematic analysis, we used open coding for analyzing the episodes in Atlas.ti software because previous literature is limited on this topic. The coding was necessary for the rectification of the routines and the characterization of each routine. Within the routines of stage one, we identified, through constant comparisons, sub-routines. In this study, we focus on the proving routine "making connections within the arguments of the proof" which is closely related to the change of bondedness. Within this overarching routine, we identified three sub-routines namely: setting the proof, applying, and computing.

Results

The first sub-routine, setting the proof, was used to connect the statement of the theorem with the intended outcome of the proving process and the proving strategy (i.e., an outline of the arguments that will lead to the desired conclusion). In this paper, we focus on the former. The lecturer, when performing this sub-routine, either drew analogies with the real case which was familiar to the students or discussed a proving strategy. For example, an analogy with the real case appears in the following excerpt where the lecturer introduced the fundamental theorem of calculus for the complex plane to the students: So, if you recall from calculus [writes the formula on the right corner of the slide], you know, the fundamental theorem says that integral of 𝑓 of a continuous function on an interval a b [meaning: ∫ 𝑓(𝑥)𝑑𝑥 𝑏 𝑎 ], equals 𝐹(𝑏) -𝐹(𝑎) where 𝐹 is any anti derivative of 𝑓 on this interval. So, we have basically the same statement here… The proof is essentially a simple application of the fundamental theorem of calculus in the real case.

The lecturer, in this excerpt, reminded the students of the theorem in the real plane after presenting the statement of the fundamental theorem in the complex plane. The proof that followed after the excerpt, was described as an application of the theorem that the students were familiar with. The lecturer in that case did not explain a new proving strategy but connected the proof with a familiar theorem to students and placed this theorem within a familiar proving strategy to them.

The next example comes from the Laurent series theorem, which statement appears in Figure 1. The excerpt of the lecturer's discourse highlights the case when a new proving strategy is needed: So, we start with a little theorem whereby we consider functions that are, well, we already know a name for them, analytic functions, that are expressible as a power series in some domain, right? And we said that if we have an open disk, then an analytic function on it, and its Taylor series are in sort of one-one correspondence… that's what we talked about in the previous lecture. So now, we will be interested in considering something slightly different that would be any annuli… So, we will be interested in these and functions which are expressible on them as power series, because it will let us slightly expand the family of functions that interests us, because you know, functions can have singularities.

In the excerpt, the lecturer discussed the statement of the theorem by bringing results from the previous lectures; the students were familiar with the case of the open disc. Now the problem changes to the case of any annuli and to general functions with singularities. Then, to describe the annuli, he made the visualization on the top right corner of the slide [Figure 2]. Also, the lecturer added examples about the different types of functions that related with the case that was described in the statement: So, easy example would be something like 1/𝑧 at the origin, and so forth.

Next, the lecturer discussed a proving strategy to tackle the case of the annuli: So, we will be interested in functions with that kind of property that there is some bad point. And then, in a sense, the natural thing to look at is, well, you remove a small disk, okay, and then the function will be analytic, that's the idea right.

Within this sub-routine, the lecturer discussed the statement of the theorem and used visualizations for its exemplification, formulated the problem that the proof will answer, and sometimes gave some examples. We showcased the lecturer's intention of focusing on connections within a proof in the introduction of this paper. In particular, the lecturer's excerpt showcased that one of his intentions was to "carefully look" at the relations among the statements he made. Given this intention, it seems reasonable that the sub-routine setting the proof happened mainly at the beginning of the proving process, and the lecturer set the scene for the proof that followed. Thus, the lecturer connected the statement of the theorem with the strategy they would follow to prove the theorem, building on familiar or new arguments. Within this sub-routine, the discussion and the visualizations around the statement of the theorem were connected with the other intention of the lecturer to "carefully look" at "the essential assumptions in each theorem". Indeed the sub-routine setting the proof placed the theorem within known theorems and results from that or previous courses and made connections between the results that appeared within the proof and the intended outcome of the theorem.

Next, is the sub-routine applying, which had three aspects. The first aspect concerned the introduction of a result (definition, theorem, lemma, preposition, axiom, remark, note, example). The second was the connection of this result to an argument, not shaped yet, with the form of this result that was suitable for the specific case in order to proceed with the argument. The third aspect was related with the development of the result. In this sub-routine, the lecturer elaborated on a visualization, described and applied results. The following excerpt is an application in the Laurent series theorem. The lecturer introduced the result, Cauchy's integral formula in that case, which he intended to apply (first aspect of this sub-routine). Next, he elaborated on that with the visualization [Figure 3] (second aspect of this sub-routine). By the end of the excerpt, the lecturer described the outcome of the application that 𝑓(𝑧) can be expressed in terms of values on the boundary as was already written in the slide [Figure 3] (third aspect of the sub-routine).

So, for any 𝑧, which is inside the annulus, Cauchy's integral formula applies. Now, mind you, you can think of these if we say that 𝐶1, so this can be a little bit confusing, perhaps, when we say a positively oriented circle, in just in in a vacuum that's just counterclockwise oriented circle. But there is also orientation of a boundary where we said the positive orientation means that if you reverse it, you're going if you reverse the boundary, the set is on your left side. Well, of course, for the outer circle, its counterclockwise orientation on the annulus indeed corresponds to that orientation consistent orientation that the set is on the left side right, but if you reverse the inner circle, counterclockwise, the set the annulus is on the right side. So, it is also possible to think of this minus sign as coming from the sort of wrong orientation on the smaller circle not consistent with the annulus. Well, at any rate, reserved which is properly inside, you can use Cauchy's integral formula to express 𝑓(𝑧) in terms of values on the boundary.

In this excerpt, the lecturer used a result, Cauchy's integral formula, to proceed to an argument related to an intended outcome within the proof, 𝑓(𝑧), as an expression of terms of values on the boundary. The statement of the theorem had an important role in this sub-routine as it facilitated the emergence of the results. Indeed the lecturer used and explained the orientation of 𝐶 described in the statement of the theorem. Taking into account the statement of the theorem and the ideas formulated at the beginning of the proof, he then brought and applied the aforementioned result to have a specific outcome. In this excerpt, the visualization was the same with the one in Figure 2 but was of different nature. At this sub-routine the visualization assisted the lecturer to describe how the use of Cauchy's integral formula can be applied. However, in the sub-routine setting the problem the visualization was used to describe the statement and set the picture of the statement and the problem that was needed to be solved with the proof. The applications within the sub-routine applying happened mostly after the verbal representation of the proving process and the explanation of the reasons why the result can be applied. Looking at the lecturer's excerpt in the introduction of this paper, his intention to "carefully look" on how the statements related and implied one another explains his focus on the verbal representation of the reasons why a result can be applied and related with the arguments that needed to be shaped for the proof. Moreover, the students could see the application from the beginning of his verbal representation because it was also written in the pre-written slides. We interpret that this choice of the lecturer is connected to his intention to relate the statements, as the attention is moving from an application to the reasons why an application (here Cauchy's integrals formula) is valid. In a nutshell, the sub-routine applying indicated how one uses a result for a specific proof.

The last sub-routine we present is computing. Computing relates to either algebraic or logical manipulations and the connections appeared within and among the arguments. The algebraic manipulations had to do with substitution or division of quantities. The logical manipulations indicated the equivalences among the arguments. These connections happened when all results within the proof were set, so in the final version. An example of the lecturer doing the algebraic or logical manipulations (i.e., rearrangement of terms, subtraction of terms) is the following from the fundamental theorem of calculus for the complex plane:

So, if said zero is the initial point of 𝛾 1 or the initial point of the whole contour, this integral equals 𝐹(𝑧 1 ) -𝐹(𝑧 0 ), that's the first integral. +𝐹(𝑧 2 ) -𝐹(𝑧 1 ) is the second integral, this is just the antiderivative at the endpoints, the endpoints 𝑧 1 and 𝑧 2 of this contour 𝛾 2 and so on. In the excerpt, the lecturer proceeded to the computations that led to the intended outcome of the theorem. To support his verbal explanation, he crossed the terms in the pre-written slides and circled the remaining terms [Figure 4]. An example of the lecturer doing the logical manipulations is the following from the Laurent series theorem. The explanation was verbal and in the slides, only the inequality appeared:

And, of course, the opposite inequality holds in that case, namely 𝜁 -𝑧 0 is less than 𝑧 -𝑧 0 in absolute value, which is just to say that if you take 𝜁 on the boundary, 𝐶1 which is closer to the center, that's going to be, well, 𝜁 is going to be closer than an arbitrary to the center than an arbitrary point, which is inside the annulus. So the inverse hold.

The lecturer in this excerpt explained why an inequality was true. The logical manipulation appeared in the colloquial of arguments that are connected with logical laws; equivalence in this case.

The connections in the sub-routine computing are within arguments and between arguments and the statement of the theorem. The lecturer's intention to relate arguments, found in the excerpt in the introduction of this paper, is at a different level in this sub-routine compared to the previous subroutines, because the arguments are connected with each other or connected within. The computations led to the argument that was expected to be proved and as such they are connected with another intention of the lecturer to bring the "essential assumptions in each theorem" that can give the intended result.

Discussion

In this study, we discussed the proving routines of a lecturer's mathematical discourse for proof teaching. The proving routines indicated connections within a proof and related to an intended change, for the students, from a list of unrelated arguments to bondedness within a proof. We identified three sub-routines, setting the proof, applying, and computing. The first connects the statement of the theorem with the intended outcome of the proving process and the proving strategy (i.e., an outline of the arguments that lead to the desired conclusion). It appeared mainly at the beginning of the proving process. The second connects the argument that is about to be developed with the results (definition, theorem, lemma, preposition, axiom, remark, note, example) that are needed to be applied in order to proceed with the argument. The third one is the connection between the different arguments of the proving process and the statement of the theorem. With the use of commognition we shed light on the relations between the different arguments of the proving process and the lecturer's associated routines. In our search for bondedness as a characteristic of proving routines, we identified sub-routines, which gave a micro-level analysis of the connections within a proof in the discourse of the lecturer. These sub-routines may facilitate students' understanding of the connection between the statement of the theorem, the arguments and the intended outcome of the proof.

In previous studies, [START_REF] Lew | Lectures in advanced mathematics: Why students might not understand what the mathematics professor is trying to convey[END_REF] interviewed students and found that they did not attend to the key ideas of a proof when those were delivered verbally by the lecturer. [START_REF] Viirman | University Mathematics Lecturing as Modelling Mathematical Discourse[END_REF] criticised such an approach of a one-time interview and suggested an investigation for a longer period, because students need time to accumulate the key ideas of a proof and change their performance. In the current study, which is part of an ongoing project, taking into consideration that a prolonged period of data collection is needed, we focused on one lecturer for a period of five lectures. We were able to identify in a micro level some connections within proof that were present in the discourse of teaching of the lecturer. In contrast, [START_REF] Tall | Cognitive development of proof[END_REF] discussed proving in a macro level as a linear process. In our micro-level analysis, we found that formal proofs, as appeared in lectures, were more than a sequence of arguments. Within the arguments, we found the three sub-routines that intended to connect the arguments with the statement of the theorem (sub-routine: setting the proof), with previously presented results, which were also shaped for the development of arguments (sub-routine: applying) and with each other via algebraic or logical manipulations (sub-routine: computing). Thus, we conclude that commognition offered a rich description of the teaching of proof and contributed to understanding communication of proving in lectures. A follow-up study is about the characteristics in the proving routines of the students during a semester. Such studies could only but help lecturers take a closer look at their teaching and raise their awareness about their proving routines, which sometimes they perform tacitly.
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 1 Figure 1: Slide presented for the Laurent series theorem
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 4 Figure 4: Fundamental theorem of calculus computations in lecture slide