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CONFIGURATION SPACES OF POINTS

by Ricardo Campos*

* IMAG, Univ. Montpellier, CNRS, Montpellier, France. 
 ricardo.campos@umontpellier.fr

Given a topological space, one can consider its configuration space of n pairwise distinct points. We study the topological prop-
erties of such configuration spaces and address question of homotopy invariance.

ĵ �¯®¦©§¶³¡µ©¯® ´°¡£¥´ ¡®¤
¤¥¦©®©µ©¯®´


M] ৯ JM I ]XYXUXPRKIU \YIKM IWL ৾ Ԃ 1 JM IW RW]MPM[ê
�QM KXW�P^[I]RXW \YIKM XO ৾ óWXWĊX_M[UIYYRWPô YXRW]\ XW৯ R\ ]QM \M]Dpog৾)৯* > |)ਈ2- ί - ਈ৾* ҥ ৯৾ } ਈ৹ ӽ ਈ৺ RO ৹ ӽ ৺~/

2έ
3έ έ4 ҥ Dpog4)�X[^\*

�X]RKM ]QI] JMRWP I \^J\M] XO ৯৾ë ]QM KXW�P^[I]RXW
\YIKM Dpog৾)৯* R\ R]\MUO I ]XYXUXPRKIU \YIKMê �XW�P^Ċ
[I]RXW \YIKM\ LM\K[RJM ]QM \]I]M XO IW MW]R[M \b\]MV I\
I \RWPUM YXRW] RW I QRPQM[ LRVMW\RXWIU \YIKMê


] R\ KUMI[ ]QI] VIWb \R]^I]RXW\ KIW JM MaY[M\\ML RW
]M[V\ XO KXW�P^[I]RXW \YIKM\ê �X[ RW\]IWKMë RW VMĊ
KQIWRK\ë `QM[M XJSMK]\ KIW X�MW JM I\\^VML ]X JM
YXRW]\ IWL I[M WX] IUUX`ML ]X ]ITM ]QM \IVM YUIKMë ]QM
KXW�P^[I]RXW XO ]QM \b\]MV R\ I YXRW] XW ]QM KXW�P^Ċ
[I]RXW \YIKMê

�QI] VRPQ] JM UM\\ KUMI[ R\ `Qb `M \QX^UL JM RWĊ
]M[M\]ML RW Dpog৾)৯* WX] S^\] I\ I \M]ë J^] IU\X I\ I
]XYXUXPRKIU \YIKMë IWL RW R]\ QXVX]XYRKIU Y[XYM[]RM\ê

	M[M I[M \XVM MaIVYUM\ `QM[M ]QM ]XYXUXPb XO
KXW�P^[I]RXW \YIKM\ IYYMI[ì

Ď 
VIPRWM bX^ QI_M ৾ \VIUU [XJX]\ XW I YUIWM

`R]Q XJ\]IKUM\ê �QM \^[OIKM XO VX_MVMW] ৯ KIW
]bYRKIUUb JM [MY[M\MW]ML I\ ]QM KXVYUMVMW] XO
]QM XJ\]IKUM\ê 
O `M IYY[XaRVI]M ]QM [XJX]\ Jb
YXRW]\ë ]QMR[ VX_MVMW] KX[[M\YXWL\ ]X I YI]Q
RW Dpog৾)৯*ê �̂ [WRWP ]QM Y[XJUMV I[X^WLë
`M KIW KXW\RLM[ ]QM YI]Q \YIKM XW Dpog৾)৯*ëNbq)\1- 2^- Dpog৾)৯** `R]Q ]QM ]`X Y[XSMK]RXW\਀ӓ Nbq)\1- 2^- Dpog৾)৯** ии Dpog৾)৯* · Dpog৾)৯*
PR_MW Jb ]QM RWR]RIU IWL �WIU KXW�P^[I]RXWê �
VX]RXW YUIWWRWP IUPX[R]QV R\ M\\MW]RIUUb I \MKĊ
]RXW XO ]QM VIY ਀ê �WUM\\ ]QM KXW�P^[I]RXW
\YIKM R\ KXW][IK]RJUM ó`QRKQ R\ IUVX\] WM_M[ ]QM
KI\Mô \^KQ I \MK]RXW LXM\ WX] MaR\] PUXJIUUbê �QM
]XYXUXPRKIU KXVYUMaR]b ó\^[_MbML RW UI\] bMI[\
�^UUM]RW õĵĵöô R\ I QXVX]XYb RW_I[RIW] ]QI] IUĊ
UX`\ ^\ ]X KXW\][^K] WX]Ċ_M[bĊLR\KXW]RW^X^\ \MKĊ
]RXW\ê

Ď 
W TWX] ]QMX[b XWM `R\QM\ ]X KUI\\ROb IUU TWX]\
^Y ]X IVJRMW] R\X]XYbë `QRKQ KX[[M\YXWL\ ]X ]QM
KXWWMK]ML KXVYXWMW]\ XO ]QM \YIKM XO \VXX]Q
MVJMLLRWP\ Fnc)৪2- ϓ4*ê �\ I �[\] IYY[XaRĊ
VI]RXW XO ]QM TWX] XWM KIW LR\K[M]R\M ]QM TWX]
RW]X VIWb YXRW]\ë `QRKQ PR_M\ I YI[]RK^UI[ TRWL
XO KXW�P^[I]RXW XW ϓ4ê 
W OIK]ë I L[I\]RK PMWĊ
M[IUR\I]RXW XO ]QR\ Y[XJUMV R\ ]QM PXIU XO ^WĊ
LM[\]IWLRWP ]QM QXVX]XYb ]bYM XO ]QM MVJMLĊ
LRWP \YIKM Fnc)৤- ৥* JM]`MMW ]`X \VXX]Q
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VIWROXUL\ê �X]RKM ]QI] \^KQ IW MVJMLLRWP৷ ӓ ৤ и ৥ RWL^KM\ IVIY I] ]QM UM_MU XO KXW�PĊ
^[I]RXW \YIKM\ ৷৾ ӓ Dpog৾)৤* и Dpog৾)৥* Jb
M_IU^I]RXW YXRW]`R\Mê �WLM[ PXXL KXWLR]RXW\ë
]QM �XXL`RUURMĊ�MR\\ MVJMLLRWP KIUK^U^\ õĶö
]MUU\ ^\ ]QI] `M KIW [MKX_M[ ó^Y ]X QXVX]XYbô
]QM MVJMLLRWP \YIKM Fnc)৤- ৥* O[XV ]QM LI]I
XO IUU ]QM ৷৾ ]XPM]QM[ `R]Q \XVM ILLR]RXWIU IUPMĊ
J[IRK \][^K]^[Mê

Ď �QM Y^[M J[IRL P[X^Y XW ৾ \][IWL\ë LMWX]ML QC৾
R\ ]QM P[X^Y `QX\M MUMVMW]\ I[M ৾ J[IRL\ ó^Y ]X
IVJRMW] R\X]XYbôë IWL `QX\M P[X^Y XYM[I]RXW R\
KXVYX\R]RXW XO J[IRL\ê
�QM Y^[M J[IRL P[X^Y QC৾ R\ R\XVX[YQRK ]X ]QM
O^WLIVMW]IU P[X^Y XO ]QM KXW�P^[I]RXW \YIKM XO৾ YXRW]\ XW ]QM YUIWM ಕ2)Dpog৾)ϓ3**ê

Ď 
W Z^IW]^V �MUL ]QMX[bë WIVMUb RW �QM[WĊ�RĊ
VXW\ ]QMX[bë XWM KIW KXW\][^K] RW_I[RIW]\ XO
O[IVML \VXX]QVIWROXUL\ _RI RW]MP[IU\ X_M[ KXWĊ
�P^[I]RXW \YIKM\ õķöê

�M YXRW] X^] ]QI] \XVM I^]QX[\ `X^UL KIUU ]QR\ ]QM
\YIKM XO X[LM[ML KXW�P^[I]RXW\ê �QM ^WX[LM[ML KXW�PĊ
^[I]RXW \YIKM óX[ KXW�P^[I]RXW\ XO RWLR\]RWP^R\QIJUM
YXRW]\ô KIW JM \MMW I\ ]QM Z^X]RMW] \YIKM XO Dpog৾)৯*
Jb ]QM IK]RXW XO ]QM \bVVM][RK P[X^Y৪৾ `QRKQ IK]\ Jb
YM[V^]RWP ]QM ਈ৹Ā\ê


W \XVM \MW\M ^WX[LM[ML KXW�P^[I]RXW \YIKM\
KXW]IRW UM\\ RWOX[VI]RXW ]QIW X[LM[ML KXW�P^[I]RXW
\YIKM\ì I\ UXWP I\ `M KIW TMMY ][IKT XO ]QM \bVVM][RK
P[X^Y IK]RXWë `M KIW IU`Ib\ [MKX_M[ ]QM �[\] O[XV ]QM
UI]]M[ê

Ķ �¹¡­°¬¥´

�XW�P^[I]RXW \YIKM\ I[M _M[b \RVYUM ]X LM�WMë J^]
\^[Y[R\RWPUb QI[L ]X ^WLM[\]IWLê �XVYI[M ]QMV`R]Q৯৾ `QRKQ `M KX^UL KIUU ]QM KXW�P^[I]RXW \YIKM XO ৾ YX\Ċ
\RJUb X_M[UIYYRWP YXRW]\ XW ৯ê 
W Y[IK]RKMë VX\] RW_I[RĊ
IW]\ ó\^KQ I\ ]QM �^UM[ KQI[IK]M[R\]RKë O^WLIVMW]IU
P[X^Yë KXQXVXUXPb X_M[ I �MULô XO ৯৾ KIW JM KXVĊ
Y^]ML O[XV ]QM \IVM RW_I[RIW] XW ৯ê


] R\ _M[b RW\][^K]R_M ]X \MM \XVM MaIVYUM\ ]X PM]
I OMMU XW KXW�P^[I]RXW \YIKM\ê �X]RKM ]QI] ]QM JIJb
KI\M\ ৾ > 1- 2 PR_M ^\ RW IUU PMWM[IUR]b Dpog1)৯* > Ң
IWL Dpog2)৯* > ৯ë J^] ]QR\ R\ M\\MW]RIUUb IUU `M KIW
\Ib OX[ IW I[JR][I[b ]XYXUXPRKIU \YIKMê

ĵê �X[ ]QM KXW�P^[I]RXW XO ]`X YXRW]\ RW ]QM
M^KURLMIW \YIKMë ]QM[M R\ IW RLMW]R�KI]RXW

Dpog3)ϓ৻* > ϓ৻ · ৪৻ү2 · ϓ?1ê �QR\ OXUUX`\
O[XV ]QM OIK] ]QM YX\R]RXW XO ]QM ]`X YXRW]\ KIW
JM O^UUb LM]M[VRWML Jb �[\] PR_RWP ]QM YX\R]RXW
XO ]QM �[\] YXRW]ë ]QMW LM]M[VRWRWP ]QM _MK]X[
]QM �[\] YXRW] VITM\ `R]Q ]QM \MKXWL XWMê �WM
KIW YRK]^[M ]QM )৻ ү 2*ĊLRVMW\RXWIU \YQM[M ৪৻ү2
I\ I ]QM IWPUM ]QM YXRW]\ VITM `R]Q XWM IWX]QM[ê
�WLM[ ]QR\ RLMW]R�KI]RXWë ]QM ৪3 IK]RXW VIY\ I
YXRW] RW ৪৻ү2 ]X R]\ IW]RYXLMê �X]RKM ]QI] RW YI[Ċ
]RK^UI[ ]QM ^WX[LM[ML KXW�P^[I]RXW \YIKM `RUU
JM WXWĊX[RMW]IJUM OX[ XLL ৻ê

Ķê 
O `M KXW\RLM[ ]QM P[IYQ PR_MW Jb KXWWMK]RWP
]Q[MM _M[]RKM\ ]X I OX^[]Q _M[]Maë R]\ KXW�P^[IĊ
]RXW \YIKM Dpog3) * R\ ]QM OXUUX`RWP \YIKM

�X]RKM ]QI] RW LRVMW\RXW 2 ]QM[M R\ I YQMĊ
WXVMWXW XO WXWĊUXKIUR]bë RW `QRKQ M_MW RO ]`X
XO ]QM YXRW]\ I[M KUX\Më R] VRPQ] JM LR�K^U] OX[
]QMV ]X MaKQIWPM YX\R]RXW\ê

ķê �W ]QM RW]M[_IU ৠ > )1- 2*ë ]QM KXW�P^[I]RXW
\YIKM XO ৾ YXRW]\ QI\ ৾" KXWWMK]ML KXVYXWMW]\ë
KX[[M\YXWLRWP ]X IUU YX\\RJUM `Ib\ ]X X[LM[ ৾
YXRW]\ê �UU XO ]QM\M KXVYXWMW]\ I[M QXVMXVX[Ċ
YQRK ]X ]QM XYMW ৾Ċ\RVYUMa|)ਈ2- ί - ਈ৾* } 1 = ਈ2 = ֌ = ਈ৾ = 2~/

ķ 	¯­¯µ¯°º µº°¥

�QR\ UI\] MaIVYUM ķ R\ ]QM \RVYUM\] MaIVYUM XO I ]XYXĊ
UXPRKIU RW_I[RIW] óKXWWMK]ML KXVYXWMW]\ô XW ]QM KXWĊ
�P^[I]RXW \YIKM ]QI] KIWWX] JM LML^KML S^\] O[XV
]QM RW_I[RIW] XW ]QM JI\M \YIKMê �QRUM XWM KX^UL JM
]MVY]ML ]X LR\VR\\ R] I\ ][R_RIUë \RWKM R] KIW XWUb QIYĊ
YMW RW LRVMW\RXW 2ë R] R\ IK]^IUUb I \QILX` XO I VX[M
PMWM[IU Y[XJUMVê


WLMMLë ]QM\M R\\^M\ I[M [MUI]ML `R]Q ]QM WXWĊ
O^WK]X[RIUR]b XODpog৾ ӓ �XYê �YIKM\ ݓ �XYê �YIKM\/

Ķ
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O I VIY ৷ ӓ ৯ и ৰ R\ WX] RWSMK]R_Më ]QM RWL^KML VIY৷ ৾ ӓ ৯৾ и ৰ ৾ `RUU WX] [M\][RK] ]X ]QM [M\YMK]R_M KXWĊ
�P^[I]RXW \YIKM\ê

�MKIUU ]QI] ]`X \YIKM\ ৯ IWL ৰ I[M \IRL ]X JM QXĊ
VX]XYb MZ^R_IUMW]ë LMWX]ML ৯ ә ৰ ë RO ]QM[M I[M VIY\৷ ӓ ৯ и ৰ IWL ৸ ӓ ৰ и ৯ \^KQ ]QI] ৷ ҵ ৸ R\ QXVXĊ
]XYRK ]X ]QM RLMW]R]b jeৰ RW ]QM \MW\M ]QI] ]QM[M MaR\]\
I VIY ϵӓ ৰ · \1- 2^ и ৰ \^KQ ]QI] ϵ)ਉ- 1* > ਉ IWLϵ)ਉ- 2* > ৷ ҵ ৸)ਉ*ë IWL \RVRUI[Ub OX[ ৸ ҵ ৷ ê �QMW `M
]IUT IJX^] ]QM QXVX]XYb ]bYM XO ৯ë `M VMIW ]QM MZ^R_Ċ
IUMWKM KUI\\ XO IUU \YIKM\ QXVX]XYb MZ^R_IUMW] ]X ৯ê

�bYRKIUUbë RW_I[RIW]\ `M \]^Lb óIWL IUU ]QX\M VMWĊ
]RXWML RW ]QR\ \^[_Mbô XO ]XYXUXPRKIU \YIKM\ LMYMWL
XWUb XW ]QM QXVX]XYb ]bYMê �QM WI]^[IU Z^M\]RXW ]QI]
XWM R\ UML ]X I\T R\ `QM]QM[ ]QM QXVX]XYb ]bYM R\ Y[MĊ
\M[_ML Jb ]ITRWP KXW�P^[I]RXW \YIKM\ë RêMêë `QM]QM[৯ ә ৰ `RUU P^I[IW]MM ]QI] Dpog৾)৯* ә Dpog৾)ৰ *ê
�QR\ \X^WL\ _M[b RVYUI^\RJUM PR_MW ]QM Y[MKMLRWP LR\Ċ
K^\\RXWê �U\Xë X^] XO I QXVX]XYb MZ^R_IUMWKM JMĊ
]`MMW৯ IWL ৰ ë ]QM[M \MMV\ ]X JM WX `Ib ]X KXW\][^K]
I \RWPUM VIY [MUI]RWP ]QMR[ KXW�P^[I]RXW \YIKM\ê


W OIK]ë ]QM _M[b �[\] MaIVYUM ĵ Y[X_RLM\ IU[MILb I
YUM]QX[I XO KX^W]M[ĊMaIVYUM\ë \RWKM [MPI[LUM\\ XO ]QM
LRVMW\RXWë IUU �^KURLMIW \YIKM\ I[M KXW][IK]RJUM óIWL
QMWKM QXVX]XYb MZ^R_IUMW]ôë J^] Dpog3)ϓ৻* ә ৪৻ү2
IWL WX ]`X LR�M[MW] LRVMW\RXWIU \YQM[M\ QI_M ]QM
\IVM QXVXUXPbë KXQXVXUXPb X[ QXVX]XYb P[X^Y\ê

�R_MW ]QR\ë XWM VRPQ] JM \^[Y[R\ML ]QI] ]QM WMa]
XYMW Z^M\]RXW R\ JMURM_ML ]X JM ][^Mê

�¯®ª¥£µ¶³¥ ĵêČ �X[ \RVYUb KXWWMK]ML KXVYIK]
VIWROXUL\ `R]QX^] JX^WLI[bë ]QM QXVX]XYb ]bYM XODpog৾)৤* XWUb LMYMWL\ XW ]QM QXVX]XYb ]bYM XO ৤ ê

�QM VX[M PMWM[IU KXWSMK]^[M OX[ WXWĊ\RVYUb KXWĊ
WMK]ML \YIKM\ `I\ XWUb LR\Y[X_ML RW ĶĴĴĹë `QMW 
XWĊ
PXWR IWL �IU_I]X[M `M[M IJUM ]X \QX` ]QI] ]QM UMW\
\YIKM\ ৣ8-3 IWL ৣ8-2 Y[X_RLM I KX^W]M[ĊMaIVYUM Jb
KXVY^]RWP ]QM �I\\Mb Y[XL^K]\ XW ]QM ^WR_M[\IU KX_Ċ
M[\ XO ]QM [M\YMK]R_M KXW�P^[I]RXW \YIKM\ XO 3 YXRW]\
õļöê


W ]QM UI\] \MK]RXW 
 `RUU ][b ]X Y[X_RLM \XVM M_RĊ
LMWKM OX[ ]QR\ KXWSMK]^[M RW ]QM OX[V XO �QMX[MV Ļê
�[XV WX` XWë `M `RUU [M\][RK] X^[ \]^Lb ]X ]QM KI\M XO
\VXX]Q VIWROXUL\ê

ĸ �¯­°¡£µ ·¥³´©¯® ¯¦ £¯®¦©§¶³¡µ©¯®
´°¡£¥´

�^YYX\M ]QI] ৤ R\ I KXVYIK] \VXX]Q VIWROXULê �_MW
RO ৤ R\ KXVYIK]ë ]QM KXW�P^[I]RXW \YIKM Dpog৾)৤*

R\ WX] KXVYIK] `QMW ৾ Ԃ 3ë \RWKM I \MZ^MWKM XO ]`X
YXRW]\ VX_RWP RW]X ]QM \IVM YUIKM LXM\ WX] KXW_M[PMê
�QR\ R\ IW ^WOX[]^WI]M Y[XYM[]b ]X UX\Mì �X[ RW\]IWKMë
RW \R]^I]RXW\ `QM[M XWM `R\QM\ ]X KXW\RLM[ RW]MP[IU\
X_M[ KXW�P^[I]RXW \YIKM\ óI\ RW Z^IW]^V �MUL ]QMĊ
X[bôë XWM QI\ ]X LMIU `R]Q R\\^M\ XO KXW_M[PMWKMê

� WMI] `Ib ]X ILL[M\\ ]QR\ R\\^M R\ ]X `X[T RWĊ
\]MIL `R]Q I \^R]IJUM KXVYIK]R�KI]RXW XO Dpog৾)৤*ê
�QM VX\] WI]^[IU XWM R\ YM[QIY\ ]X KXW\RLM[ ৤৾ë J^]
]QR\ KX^UL XO KX^[\M UX\M IUU QXVX]XYb RWOX[VI]RXW
I\ RW ]QM KI\M XO ϓ৻ê �QM \][I]MPb R\ RW\]MIL ]X MVĊ
JML Dpog৾)৤* ѐ ৢ RW \XVM KXVYIK] VIWROXUL `R]Q
JX^WLI[b ৢ ë \^KQ ]QI] Dpog৾)৤* \R]\ RW ৢ I\ R]\ RWĊ
]M[RX[ë \RWKM VIWROXUL\ `R]Q JX^WLI[b I[M QXVX]XYb
MZ^R_IUMW] ]X ]QMR[ RW]M[RX[\ê

�QM KXW\][^K]RXW XO \^KQ VIWROXUL R\ L^M ]X �aĊ
MU[XL IWL �RWPM[ J^] R\ ^\^IUUb KIUUML ]QM �^U]XWĊ
�IK�QM[\XW KXVYIK]R�KI]RXW XO Dpog৾)৤*ë I\ R] R\
I [MIU IWIUXP XO IW R]M[I]ML JUX`Ċ^Y KXW\][^K]RXW
O[XV IUPMJ[IRK PMXVM][bê �QR\ VIWROXUL R\ LMWX]ML
FM৾)৤* IWL ILVR]\ I _M[b _R\^IU LM\K[RY]RXWê 
WĊ
]^R]R_MUbë RW\]MIL XO IUUX`RWP ]`X YXRW]\ VX_RWP ]XĊ
`I[L\ MIKQ X]QM[ ]XVMM]ë `M IUUX` ]QMV ]X JM RW�WR]M\Ċ
RVIUUb KUX\M ]XPM]QM[ë J^] \]RUU [M]IRWRWP ]QM RWOX[VI]RXW
XO ]QM LR[MK]RXW RW `QRKQ ]QMb KXUURLML óRêMê ]QMb KIW
\]RUU VX_M I[X^WL MIKQ X]QM[ IUXWP I \YQM[M XO LRVMWĊ
\RXW ejn ৤ ү 2ôê

έ έ2 3
έ4 ҥ FM4)�X[^\*


W ]QM KI\M `QM[M ]QM[M I[M XWUb ]`X YXRW]\ë RWLMML
FM3)৤* `RUU JM I VIWROXUL `R]Q JX^WLI[bë J^] X]QĊ
M[`R\M XWM WMML\ ]X LR\]RWP^R\Q LR�M[MW] \R]^I]RXW\
`QMW VX[M ]QIW ]`X YXRW]\ KXUURLMë \X RW PMWM[IU
FM৾)৤* `RUU JM I KXVYIK] \VXX]Q VIWROXUL `R]Q KX[WM[\
`QX\M RW]M[RX[ R\ Dpog৾)৤*ê


W ]QM �P^[M IJX_Më �aRWP YXRW]\ 2 IWL 3ë ]QM[M
I[M ]Q[MM YX\\RJUM KI\M\ `QMW VX_RWP YXRW] 4 KUX\M
]X 2 IWL 3ì ó�ô �XRW] 4 \]Ib\ I] ]QM \IVM āRW�WR]M\RĊ
VIUR]b \][I]^VĂí ó�ô �XRW] 4 O^[]QM[VX[M IYY[XIKQM\
RW�WR]M\RVIUUb YXRW] 2ë M_MW O[XV ]QM YM[\YMK]R_M XO
YXRW] 3í ó�ô �RVRUI[ J^] YXRW] 4 IYY[XIKQM\ YXRW] 3ê

έ2 4έ
4έ2έ

3έέ3)৘* )৚*
�X[ LM]IRU\ IWL I WRKM MaYX\R]RXW \MM õĽöê
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Ĺ �¨¥ £¯¨¯­¯¬¯§º ¯¦ Dpog৾)ϓ৻*
�X OI[ `M QI_M KXW\RLM[ML KXW�P^[I]RXW \YIKM\ XO I
�aML W^VJM[ XO YXRW]\ ৾ë J^] PR_MW ]QM \IVM JI\M
VIWROXUL ৤ ë ]QM[M I[M XJ_RX^\ [MUI]RXW\ JM]`MMW KXWĊ
�P^[I]RXW\ XO LR�M[MW] W^VJM[ XO YXRW]\ê �IVMUbë
PR_MW 2 ԁ ৹ ӽ ৺ ԁ ৾ë ]QM[M I[M Y[XSMK]RXWVIY\਀৹৺ ӓ Dpog৾)৤* ݓ Dpog3)৤*- óĵô

PR_MW Jb OX[PM]]RWP ]QM YX\R]RXW XO IUU YXRW]\ J^] ]QM৹]Q IWL ৺]Q XWMê
�QM\M Y[XSMK]RXW VIY\ Y[X_RLM ^\ `R]Q IW I]]MVY]

]X RWL^K]R_MUb ][b ]X ^WLM[\]IWL KXW�P^[I]RXW\ XO I
UI[PM W^VJM[ XO YXRW]\ O[XV I \VIUUM[ XWMê �X RUU^\Ċ
][I]M ]QR\ RLMIë UM] ^\ KXW\RLM[ RW VX[M LM]IRU ]QM KI\M
XO KXW�P^[I]RXW\ XO YXRW]\ RW ϓ৻ë `QM[M `M KIW PM] I
O^UU LM\K[RY]RXW XO ]QM KXQXVXUXPb [RWP XO Dpog৾)ϓ৻*ê
�X[ KXWK[M]MWM\\ë UM] ^\ LMWX]M Jb য়έ)৤* ]QM KXĊ
QXVXUXPb [RWP XO ৤ `R]Q [MIU KXM�KRMW]\ê �RWKMDpog৾)৤* R\ I \VXX]Q VIWROXULë `M `RUU RW]M[Y[M]
]QR\ P[ILML KXVV^]I]R_M ϓĊIUPMJ[I I\ ]QM KXQXVXUĊ
XPb XO LM �QIV IUPMJ[I XO LR�M[MW]RIU OX[V\ë LMWX]MLʎέ)Dpog৾)৤**ê

�[XV X^[ Y[M_RX^\ MaIVYUM ĵ `M LML^KM ]QI]য়έ)Dpog3)ϓ৻** > য়έ)৪৻ү2* > ϓ2Բϓಞë `QM[M ಞ R\
I LMP[MM ৻ ү 2 MUMVMW] [MY[M\MW]RWP ]QM KXQXVXUXPb
KUI\\ XO ]QM _XU^VM OX[V XW ৪৻ү2ê
�¨¥¯³¥­ Ķ ó�³®¯¬¤ õĵö ¡®¤ �¯¨¥® õĹöôêČ �QM
KXQXVXUXPb ϓĊIUPMJ[I য়έ)Dpog৾)ϓ৻** R\ PR_MW Jb

৘৾-৻ > Tzn)ಞ৹৺*2ԁ৹ӽ৺ԁ৾ํಞ৹৺ > )ү2*৻ಞ৺৹- ಞ3৹৺ > 1-�[WXUL๎ óĶô

`QM[M ಞ৹৺ I[M MUMVMW]\ XO LMP[MM ৻ ү 2ë Tzn LMĊ
WX]M\ ]QM \bVVM][RK IUPMJ[I IWL ]QM �[WXUL [MUI]RXW
R\ ಞ৹৺ಞ৺৻ , ಞ৺৻ಞ৻৹ , ಞ৻৹ಞ৹৺ > 1ê

	M^[R\]RKIUUbë ಞ৹৺ [MY[M\MW]\ ]QM RW]M[IK]RXW JMĊ
]`MMW ]QM YXRW]\ ৹ IWL ৺ë `QRUM ]QM �[WXUL [MUIĊ
]RXW\ [MY[M\MW] ]Q[MMĊYXRW] RW]M[IK]RXW\ê �QM ]QMX[MV
\]I]M\ ]QI] ]QM\M [MUI]RXW\ PMWM[I]M IUU MaR\]RWP [MUIĊ
]RXW\ê

�³¯¯¦ ó�«¥µ£¨ôêČ �QM �[\] \]MY R\ ]X KXW\][^K] ]QM
VIY ৘৾-৻ и য়έ)Dpog৾)ϓ৻**ê �M RW]M[Y[M] ಞ৹৺ I\
IW MUMVMW] XO য়έ)Dpog৾)ϓ৻** Jb Y^UURWP JIKT IUXWP
]QM Y[XSMK]RXW ਀৹৺ O[XV MZ^I]RXW óĵô RW]X ]QM )৻ ү 2*Ċ
\YQM[Mì ಞ৹৺ ӱ ਀Ҵ৹৺ಞê

�QM [MUI]RXW ಞ3৹৺ > 1 QXUL\ \RWKM R] QXUL\ OX[ ಞ ҥʎ৻ү2)৪৻ү2*ê �`R]KQRWP ]QM RWLRKM\ RWಞ৹৺ KX[[M\YXWL\
]X IYYUbRWP ]QM IW]RYXLIU VIY RW ৪৻ү2ë `QRKQ QI\ I
LMP[MM XYYX\R]M ]X ]QM LRVMW\RXW XO ]QM \YQM[Më O[XV
`QM[M R] OXUUX`\ ]QI] ಞ৹৺ > )ү2*৻ಞ৺৹ê

�QM[M I[M _I[RX^\ \QX[] Y[XXO\ XO ]QM �[WXUL
[MUI]RXWë WXWM XO ]QMV KXVYUM]MUb RVVMLRI]Mê

] KIW JM LML^KML Jb IWIUb\RWP ]QM �J[I]RXW਀23 ӓ Dpog4)ϓ৻* и Dpog3)ϓ৻*ê �U]M[WI]R_MUbë XWM
KIW MaYURKR]Ub �WL I OX[V ಌ \^KQ ]QI] ৵ಌ > �[WXUL
KXW\][^K]ML I\ I �JM[ RW]MP[IU ಌ > ӈ5 ಞ25ಞ35ಞ45ë I\
`M `RUU \MM RW ]QM �WIU \MK]RXWê

�X` ]QI] `M QI_M M\]IJUR\QML VIY\৘৾-৻ и য়έ)Dpog৾)ϓ৻**-
`M WMML ]X \QX` ]QI] ]QMb I[M R\XVX[YQR\V\ë `QRKQ
KIW JM LXWM Jb RWL^K]RXW XW ৾ê �X[ ]QR\ë `M XJ\M[_M
]QI] ]QM VIY Dpog৾)ϓ৻* и Dpog৾ү2)ϓ৻* OX[PM]]RWP
]QM UI\] YXRW] R\ I �J[I]RXW `QX\M �JM[ R\ QXVX]XYb
MZ^R_IUMW] ]X I `MLPM \^V XO \YQM[M\ ՞৾ү2৹>2 ৪৻ү2 IWL
]QMW IYYUb ]QM �M[[M \YMK][IU \MZ^MWKMê ҫ
ĺ �¡µ©¯®¡¬ ¨¯­¯µ¯°º µ¨¥¯³º


M] ^\ \]MY JIKT O[XV KXW�P^[I]RXW \YIKM\ OX[ I VXĊ
VMW] ]X KXW\RLM[ ]QM PMWM[IU Y[XJUMV XO ^WLM[\]IWLĊ
RWP ]QM QXVX]XYb ]bYM XO \YIKM\ _RI \XVM IUPMJ[IRK
RW_I[RIW]ê

�QM VIRW R\\^M R\ ]QI] RW_I[RIW]\ \^KQ I\ ]QM KXQXĊ
VXUXPb [RWP XO I \YIKM LX WX] KIY]^[M ]QM QXVX]XYb
]bYM \^�KRMW]Ub OIR]QO^UUbê � YX]MW]RIUUb \][XWPM[
RW_I[RIW] R\ PR_MW Jb ]QM QRPQM[ QXVX]XYb P[X^Y\ಕ৾ë \RWKM �QR]MQMIL ]QMX[MV P^I[IW]MM\ ]QI] I VIY
XO ��ĊKXVYUMaM\ ৯ и ৰ RWL^KRWP R\XVX[YQR\V\ಕ৾)৯* и ಕ৾)ৰ * R\ I QXVX]XYb MZ^R_IUMWKMê �QR\
WX] XWUb LXM\ WX] KXVYUM]MUb \XU_M X^[ Y[XJUMVë \RWKM
��ĊKXVYUMaM\ VRPQ] \]RUU QI_M ]QM \IVM QXVX]XYb
P[X^Y\ `R]QX^] QI_RWP I VIY RWL^KRWP IW R\XVX[Ċ
YQR\Vë J^] R] IU\X QI\ ]QM ILLR]RXWIU R\\^M ]QI] QRPQM[
QXVX]XYb P[X^Y\ I[M Ma][MVMUb LR�K^U] ]X KXVY^]M
L^M ]X ]QMR[ ]X[\RXW YI[]\ê �I]RXWIU QXVX]XYb ]QMX[b
Y[X_RLM\ I PXXL `Ib ]X ILL[M\\ JX]Q R\\^M\ë RO `M I[M
`RUURWP ]X `X[T VXL^UX ]X[\RXWì

�¥¦©®©µ©¯® ķêČ �M \Ib ]QI] I VIY XO \RVYUb KXWĊ
WMK]ML \YIKM\৯ и ৰ R\ I [I]RXWIU QXVX]XYb MZ^R_IUMWKM
RO ]QM RWL^KML VIYಕ৾)৯* Դϖ ϐ и ಕ৾)ৰ * Դϖ ϐ
R\ IW R\XVX[YQR\V OX[ IUU ৾ê �Z^R_IUMW]Ubë ৯ и ৰ
R\ I [I]RXWIU QXVX]XYb MZ^R_IUMWKM RO য়৾)ৰ < ϐ* иয়৾)৯< ϐ* R\ IW R\XVX[YQR\V OX[ IUU ৾ê
�^UUR_IW õĵĴö I\\XKRI]ML ]X I \YIKM ৯ I LR�M[MW]RIU
P[ILML óLPô KXVV^]I]R_M IUPMJ[I৘έ১ ৣ)৯* XO YRMKM`R\M
URWMI[ LR�M[MW]RIU OX[V\ ৯ë `QRKQ ]QM [MILM[ KIW ]QRWT
XO I\ ]QM LM �QIV IUPMJ[I OX[ WXWĊVIWROXUL\ óIWL

ĸ
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X_M[ ϐ RW\]MIL XO ϓôë X[ IU]M[WI]R_MUb I\ ]QM \RWP^Ċ
UI[ ϐĊKXKQIRW\ XW ৯ë ৚έ)৯< ϐ* óMaKMY] ]QI] ]QM K^Y
Y[XL^K] R\ WX] KXVV^]I]R_M JMOX[M YI\\RWP ]X KXQXĊ
VXUXPbôê �QM KXQXVXUXPb XO ]QM LP IUPMJ[I ৘έ১ ৣ)৯*
R\ ]QM P[ILML IUPMJ[I য়έ)৯< ϐ*ê


W ]QM KI]MPX[b XO [I]RXWIU LP KXVV^]I]R_M IUĊ
PMJ[I\ë XWM KXW\RLM[\ ]QM KX[[M\YXWLRWP WX]RXW XO
QXVX]XYb MZ^R_IUMWKMë `QRKQ R\ ]QM XWM XO I Z^I\RĊ
R\XVX[YQR\Vê �QM\M I[M VX[YQR\V\ XO LP KXVV^]IĊ
]R_M IUPMJ[I\ ৘έ и ৙έ \^KQ ]QI] ]QM RWL^KML VIY RW
KXQXVXUXPb য়έ)৘* и য়έ)৙* R\ IW R\XVX[YQR\Vê

�QM VIRW [M\^U] XO �^UUR_IW R\ ]QI] ]QR\ KXW\][^KĊ
]RXW KIY]^[M\ OIR]QO^UUb ]QM [I]RXWIU QXVX]XYb ]bYM XO
\YIKM\ê

�¡·¥¡µ ĸêČ �WURTM X[LRWI[b QXVX]XYb MZ^R_IĊ
UMWKM\ë QI_RWP I [I]RXWIU QXVX]XYb MZ^R_IUMWKM ৯ иৰ LXM\ WX] RVYUb ]QM MaR\]MWKM XO I [I]RXWIU QXVXĊ
]XYb MZ^R_IUMWKM ৰ и ৯ê �M \Ib ]QI] ৯ IWL ৰ I[M
[I]RXWIU QXVX]XYb MZ^R_IUMW] IWL `M `[R]M ৯ әϐ ৰ
RO ]QM[M R\ I cRPĊcIP XO [I]RXWIU QXVX]XYb MZ^R_IUMWKM\৯ ȥж৯2 ȥи ֌ ȥж৯৾ ȥиৰ
�RVRUI[Ubë Z^I\RĊR\XVX[YQR\V\ XO LP KXVV^]I]R_M IUĊ
PMJ[I\ I[M WX] RW_M[]RJUM \X ]QM \IVM [MVI[T QXUL\ê

�QM[M R\ I PMWM[IU KXW\][^K]RXW RW KI]MPX[b ]QMX[bì
�R_MW I KI]MPX[b ੀ `R]Q \XVM \M] XO QXVX]XYb MZ^R_IĊ
UMWKM\ য় ԟ �X[YQR\V\)ੀ *ë XWM KIW KXW\][^K] ]QM QXĊ
VX]XYb KI]MPX[b XO ੀ ë LMWX]ML ੀ \য়ү2^ë `QRKQ YX\Ċ
\M\\M\ ]QM \IVM XJSMK]\ I\ ੀ ë J^] `QM[M `M OX[VIUUb
RW_M[] ]QM VIY\ RW য় ë \^KQ ]QI] ]QMb JMKXVM R\XVX[Ċ
YQR\V\ RW ੀ \য়ү2^ê
�¨¥¯³¥­ Ĺ óõĵĴöôêČ �QM KXW\][^K]RXW ৘১ ৣ M\]IJĊ
UR\QM\ IW MZ^R_IUMWKM XO KI]MPX[RM\৘১ ৣ ӓ tdTqbdft\[êQêMêү2^ и ϐ ү EHDB?2\ZêRêү2^
O[XV ]QM KI]MPX[b XO \RVYUb KXWWMK]ML ]XYXUXPRKIU
\YIKM\ XO �WR]M ]bYM ^Y ]X [I]RXWIU QXVX]XYb MZ^R_Ċ
IUMWKMë ]X ]QM KI]MPX[b XO LP KXVV^]I]R_M ϐĊIUPMJ[I\
XO �WR]M ]bYM KXWKMW][I]ML RW LMP[MM\ ? 2 ^Y ]X Z^I\RĊ
R\XVX[YQR\Vê


W Y[IK]RKMë ]QR\ [M\^U] IUUX`\ ^\ ]X \]^Lb ]XYXUXPb
KXVYUM]MUb _RI óLR�M[MW]RIU P[ILMLô IUPMJ[IRK VM]QĊ
XL\ê �Wb LP KXVV^]I]R_M IUPMJ[I Z^I\RĊR\XVX[YQRK
]X ৘১ ৣ)৯* R\ ]QM[MOX[M KIUUML I [I]RXWIU VXLMU XO ৯ê
� KUI\\RKIU Z^M\]RXW RW [I]RXWIU QXVX]XYb ]QMX[b R\
`QM]QM[ XWM KIW �WL I \VIUU VXLMU OX[ ৯ê �QM \VIUUĊ
M\] YX\\RJUM KIWLRLI]M ]X JM I VXLMU XO ৯ `X^UL JM R]\
KXQXVXUXPb ϐĊIUPMJ[Ië J^] RW PMWM[IU R] R\ WX] ][^M
]QI] য়έ)৯< ϐ* әϐ ৘১ ৣ)৯*ê 
O ]QI] QIYYMW\ ]X JM ]QM

KI\Më `M \Ib ]QI] ৯ R\ OX[VIUê


] \QX^UL JM YXRW]ML X^] ]QI] RW ]QM KXW]Ma] XO �^UURĊ
_IWĀ\ ]QMX[MV ]QM[M R\ WX]QRWP \YMKRIU IJX^] ϐ MaKMY]
]QI] R] R\ I �MUL XO KQI[IK]M[R\]RK 1ê �MYUIKRWP R] `R]Qϓ `M `X^UL ]IUT IJX^] ]QM [MIU QXVX]XYb ]bYM XO ৯ RWĊ
\]MILê

Ļ �¯¤¥¬´ ¦¯³ £¯®¦©§¶³¡µ©¯® ´°¡£¥´


W ]QR\ �WIU \MK]RXW `M `RUU \MM QX` XWM KIW KXW\][^K]
I WRKM VXLMU XO ]QM [MIU QXVX]XYb ]bYM XO KXW�P^[IĊ
]RXW \YIKM\ ^\RWP P[IYQ\ê �QR\ `RUU RW YI[]RK^UI[ IUUX`
^\ ]X Y[X_M ]QM [MIU _M[\RXW XO �XWSMK]^[M ĵë \MM �QMXĊ
[MV Ļê

�¨¥¯³¥­ ĺ óõĸöôêČ 
M] ৤ JM I KXVYIK] \VXX]Q
VIWROXUL `R]QX^] JX^WLI[b IWL ৾ ҥ ϋê �QM[M MaĊ
R\]\ I WRKM LP KXVV^]I]R_M ϓĊIUPMJ[I \YIWWML Jb I
KM[]IRW ]bYM XO P[IYQ\ Graphs৾)৤* VXLMURWP ]QM [MIU
QXVX]XYb ]bYM XO Dpog৾)৤*ê �QR\ R\ MaY[M\\ML Jb I
LR[MK] Z^I\RĊR\XVX[YQR\V XO IUPMJ[I\ RW]X ]QM IUPMJ[I
XO \MVRĊIUPMJ[IRK OX[V\ĵ XO FM৾)৤*ì

Graphs৾)৤* ݓ ʎ)FM৾)৤**/ óĸô

�_MW ]QX^PQ ϓ৻ R\ WX] I KXVYIK] VIWROXULë R] R\ \]RUU
RW\][^K]R_M ]X PX JIKT ]X �QMX[MV Ķ IWL \]I[] Jb ^WĊ
LM[\]IWLRWP QX` XWM KX^UL ][b ]X XJ]IRW I VXLMU XODpog৾ )ϓ৻* X^] XO ]QM KXVY^]I]RXW XO R]\ KXQXVXUXPbê

�QM XWUb [MI\XWIJUb WI]^[IU I]]MVY] XO M\]IJĊ
UR\QRWP I Z^I\RĊR\XVX[YQR\V য়έ)Dpog৾ )ϓ৻** RW]Xʎ)FM৾)ϓ৻** `X^UL RW_XU_M VIYYRWP ಞ৹৺ ҥ ৘৾-৻ RW]X
]QM _XU^VM OX[V XO ]QM \YQM[M\ ৪৻ү2ê 	X`M_M[ë \RWKM
]QM �[WXUL [MUI]RXW\ I[M WX] \I]R\�ML I] ]QM UM_MU XO LROĊ
OM[MW]RIU OX[V\ ]QR\ KIWWX] Y[XL^KM I VIY KXVYI]RJUM
`R]Q ]QM Y[XL^K]ê

�QRUM \^KQ I Z^I\RĊR\XVX[YQR\V XO IUPMJ[I\ KIWĊ
WX] JM LR[MK]Ub KXW\][^K]MLë �XW]\M_RKQ õĻö \QX`ML
]QI] KXW�P^[I]RXW \YIKM\ RW ϓ৻ I[M OX[VIU Jb M\]IJĊ
UR\QRWP I cRPĊcIP YI\\RWP Jb IW IUPMJ[I XO P[IYQ\ê

�X]RKM ]QI] XWM KIW RLMW]ROb ]QM IUPMJ[I ৘৾-৻ `R]Q
I P[ILML _MK]X[ \YIKM PR_MW Jb ϓĊURWMI[ KXVJRWI]RXW\
XO P[IYQ\ XW ৾ _M[]RKM\ë `QM[M IW MLPM JM]`MMW ]QM
_M[]RKM\ ৹ IWL ৺ KX[[M\YXWL\ ]X ಞ৹৺ ê

2 3 4 әݔ ಞ23ಞ24
�X JM Y[MKR\Më LMYMWLRWP XW ]QM YI[R]b XO ৻ë MLPM\
\QX^UL JM X[RMW]ML X[ X[LM[MLë IWL KQIWPRWP X[RMWĊ
]I]RXW X[ X[LM[ óJb IW XLL YM[V^]I]RXWô Y[XL^KM\ I
VRW^\ \RPWë J^] O[XV WX` XW `M `RUU `X[T ^Y ]X \RPWê

ĵ�[M]MWL R] R\ ]QM LM �QIV KXVYUMaê �QR\ R\ I VRWX[ ]MKQWRKIUR]b L^M ]X ]QM UIKT XO \VXX]QWM\\ XO OX[PM]]RWP YXRW]\ WMI[ ]QM KX[WM[\ê

Ĺ
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�WLM[ ]QR\ RLMW]R�KI]RXWë MLPM\ QI_M LMP[MM ৻ү2 IWL
]QM KXVV^]I]R_M Y[XL^K] XW P[IYQ\ R\ PR_MW Jb \^YM[Ċ
YX\R]RXW XO _M[]RKM\ IWL ]ITRWP ]QM ^WRXW XO MLPM\ê

�QM RLMI WX` R\ ]X I]]MVY] ]X [M\XU_M ৘৾-৻ Jb
ILLRWP I WM` TRWL XO _M[]RKM\ë ]QI]`X^ULVRVRK YQIWĊ
]XV YXRW]\ VX_RWP O[MMUb RW ]QM KXW�P^[I]RXW \YIKMê
�XWK[M]MUbë XWM KIW LM�WM I LP KXVV^]I]R_M IUPMJ[I
Graphs৾)ϓ৻*ë \YIWWML Jb P[IYQ\ `R]Q ৾ UIJMUML _M[Ċ
]RKM\ I\ JMOX[M IWL I I[JR][I[b W^VJM[ XO ^WUIJMUML
_M[]RKM\ `QRKQ WX` I[M XO LMP[MM ү৻ê

�QM LR�M[MW]RIU XO I P[IYQ ɹ ҥ Graphs৾)ϓ৻* R\
PR_MW Jb \^VVRWP IUU `Ib\ XO KXW][IK]RWP IW ^WUIĊ
JMUML _M[]Ma RW ɹ IUXWP IW MLPMê 	M[M R\ IW MaIVYUM
MaQRJR]RWP ]QM �[WXUL [MUI]RXW I\ I KXJX^WLI[bì

৵ 2
3

4 > 2
3

4 , 2
3

4 , 2
3

4 ҥ Graphs4)ϓ৻*ê
�X]RKM ]QI] ]QM LR�M[MW]RIU TRUU\ IW ^WUIJMUML _M[Ċ

]Ma IWL IW MLPM \X R] R\ RWLMML XO LMP[MM,2 IWL óJMRWP
KI[MO^U `R]Q \RPW\ô R] \Z^I[M\ ]X cM[Xê �QM Y[XL^K] R\
\]RUU PR_MW Jb \^YM[YX\R]RXW XO UIJMUML _M[]RKM\ óRW YI[Ċ
]RK^UI[ R] ILL\ ]QM W^VJM[ XO ^WUIJMUML _M[]RKM\ôê

�M KIW WX` Y[XL^KM I VIY RW]X ]QM IUPMJ[I XO
OX[V\

Graphs৾)ϓ৻* ݓ ʎ)FM৾)ϓ৻**
PR_MW Jb āVIYYRWP MLPM\ ৹ ৺ ]X ]QM _XU^VM OX[V
XO ]QM \YQM[M ಞ৹৺Ķ IWL RW]MP[I]RWP X^] ]QM ^WUIJMUML
_M[]RKM\Ăê 
W YI[]RK^UI[ë ]QM P[IYQ IJX_M bRMULRWP ]QM
�[WXUL [MUI]RXW R\ VIYYML ]X

ಌ > าFM5иFM4
ಞ25ಞ35ಞ45/

�QM XWUb WXWĊRVVMLRI]M ]QRWP ]QI] WMML\ ]X JM
KQMKTML R\ ]QM KXVYI]RJRUR]b `R]Q ]QM LR�M[MW]RIUë
`QRKQ OXUUX`\ VX\]Ub O[XV ]QM �]XTM\ ]QMX[MV OX[
VIWROXUL\ `R]Q KX[WM[\ê


W OIK]ë ]X Y[X_M ]QM OX[VIUR]b XO KXW�P^[I]RXW
\YIKM\ RW ϓ৻ë XWM S^\] WMML\ ]X \QX` ]QI] ]QM Y[XĊ
SMK]RXW RW]X P[IYQ\ `R]Q WX ^WUIJMUML _M[]RKM\ R\ I
Z^I\RĊR\XVX[YQR\Vë `QRKQ KIW JM IKQRM_ML Jb I \YMKĊ
][IU \MZ^MWKM RWL^K]R_M I[P^VMW]ê

�QRUM X]QM[ KXW�P^[I]RXW \YIKM\ X_M[ I KXVYIK]
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XWM KIW ^\M \RVRUI[ RLMI\ ]X KXW\][^K] ]QM LP KXVV^Ċ
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