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GENERALIZING LUSZTIG’S TOTAL POSITIVITY

OLIVIER GUICHARD AND ANNA WIENHARD

Abstract. We introduce the notion of Θ-positivity in real semisim-
ple Lie groups. This notion at the same time generalizes Lusztig’s
total positivity in split real Lie groups and invariant orders in Lie
groups of Hermitian type. We show that there are four families
of simple Lie groups which admit Θ-positive structures and in-
vestigate fundamental properties of Θ-positivity. We define and
describe the positive and nonnegative unipotent semigroups and
show that they give rise to a notion of positive n-tuples in flag
varieties.
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1. Introduction

The theory of totally positive matrices arose in the beginning of the
20th century through work of Schoenberg [Sch30] and Gantmacher and
Krein [GK35]. Total positivity has since become an important concept
in several mathematical fields. In the 1990’s the theory has been gen-
eralized widely by Lusztig [Lus98] who introduced the total positive
semigroup of a general split real semisimple Lie group. Lusztig’s total
positivity plays an important role in representation theory, cluster alge-
bras, and has many relations to other areas in mathematics as well as
in theoretical physics. In this article we introduce a generalization of
Lusztig’s total positivity in the context of real semisimple Lie groups G
that are not necessarily split. We call this generalization Θ-positivity
because it depends on the choice of a flag variety associated with G
which is determined by a subset Θ of the set of simple roots. The notion
of Θ-positivity generalizes at the same time Lusztig’s total positivity
(when the group is split and the flag variety is the complete flag vari-
ety) as well as Lie semigroups of Lie groups of Hermitian type, which
are related to bi-invariant orders and causal structures (and the flag
variety is the Shilov boundary). We give a classification of semisim-
ple Lie groups admitting a Θ-positive structure. Besides split real Lie
groups and Hermitian Lie groups of tube type, two further families
of simple Lie groups admit a Θ-positive structure: the groups locally
isomorphic to indefinite orthogonal groups SO(p, q), with 2 ≤ p < q,
and an exceptional family, whose system of restricted roots is of type
F4 (cf. Theorem 1.1 below). To our knowledge, for these two families
no positive structure was known before.

Our interest in Θ-positivity arose from higher rank Teichmüller the-
ory, in particular from trying to find a unifying framework that explains
the similarities between Hitchin representations and maximal represen-
tations. The notion of Θ-positivity provides such a unifying systematic
framework. It also leads to several conjectures regarding higher rank
Teichmüller spaces, some of which have been formulated in [GW18] and
[Wie18], and partly proven in [Col20, AABC+19, BCGP+21], [GLW21],
[BP21], and [BGL+24].
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However, the reach of Θ-positivity goes far beyond higher rank Te-
ichmüller theory. For example, as we will discuss in a bit more detail
below, Θ-positivity suggests that Hermitian Lie groups of tube type
should be considered as groups of type A1 over noncommutative alge-
bras. Something, which has been made precise in [ABR+22] for most
classical groups.

Before we describe the notion of Θ-positivity and our results in more
detail, let us note that we described the notion of Θ-positivity several
years ago in a survey paper [GW18] with only few proofs and a hands
on description of the notion for indefinite orthogonal groups SO(p, q),
2 ≤ p < q. Several of the properties we described there have been
already used by other people. This article now finally gives the foun-
dation of Θ-positivity. We focus here on the structure of unipotent
subgroups in G and on Θ-positivity in generalized flag varieties. In
particular, we provide all the background needed to introduce positive
configurations in flag varieties, positive maps or positive representa-
tions of surface groups. We give all the background and prove the
results used in [Col20, AABC+19, BCGP+21], in [PSW23, BP21], as
well as in [GLW21] and [BGL+24]. Ideas from this paper and [GLW21]
were also used in [BCL20]. In a forthcoming second foundational arti-
cle we will focus on the finer structure of Θ-positivity, including braid
relations, Gauß decomposition theorems, and geometric properties of
positive elements in G.

We now describe the results of the paper in more detail.

1.1. Θ-positive structures. Totally positive matrices are defined by
requiring all minors of the matrix to be positive. Anne Whitney showed
in [Whi52] that the semigroup of totally positive, or more general to-
tally nonnegative, matrices can be generated by an explicit set of simple
matrices. This reduction theorem allowed the generalization of total
positivity to all semisimple split real Lie groups by Lusztig [Lus98].
The key building block in Lusztig’s approach is the construction of a
closed nonnegative semigroup U≥0 in the unipotent radical U of the
Borel subgroup P of a split real Lie group G. This semigroup is con-
structed as follows. The Lie algebra u can be described as the sum of
the root spaces gα for all positive roots α. Since G is split, any root
space gα is of dimension 1. Choosing an element Xα in gα it can hence
be identified with R. Given the set of simple positive roots ∆, con-
sider the map xα : gα ∼= R → U , s 7→ exp(sXα). Lusztig’s nonnegative
semigroup U≥0 is then the semigroup generated by xα(R≥0), α ∈ ∆.

Turning to our situation, when G is a semisimple real Lie group,
which is not necessarily split, we consider a subset Θ ⊂ ∆ of the set of
simple roots. This defines a standard parabolic subgroup PΘ in G and
a flag variety FΘ = G/PΘ. (The convention is that P∆ is the minimal
parabolic subgroup of G.) The standard opposite parabolic subgroup
P opp
Θ is such that LΘ = PΘ∩P opp

Θ is a Levi factor and the group PΘ is the
semidirect product of its unipotent radical UΘ and the Lie group LΘ.
The Lie algebra uΘ of UΘ carries the adjoint action by LΘ and can
hence be decomposed into its LΘ-irreducible pieces. For every simple
root α ∈ Θ there is an irreducible piece uα, which in general is not of
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dimension 1. When G is split and ∆ = Θ these are precisely the root
spaces gα.

We say that G admits a Θ-positive structure if it satisfies the fol-
lowing property: For every α ∈ Θ there exists an acute convex cone
cα ⊂ uα that is invariant under the action of the connected compo-
nent L◦

Θ of LΘ.
In Section 3, we first show that the notion of Θ-positivity defined

for semisimple groups reduces to the case of simple groups (i.e. every
simple factor must have a positive structure). We then prove

Theorem 1.1 (see Theorem 3.4). A simple Lie group G admits a Θ-
positive structure if and only if the pair (G,Θ) belongs to the following
list:

(1) G is a split real form, Θ = ∆, and FΘ is the complete flag
variety of G;

(2) G is Hermitian of tube type and of real rank r, Θ = {αr},
where αr is the long simple restricted root, and FΘ is the Shilov
boundary of the symmetric space associated with G;

(3) G is locally isomorphic to SO(p+ 1, p+ k), p > 1, k > 1, Θ =
{α1, . . . , αp}, where α1, . . . , αp are the long simple restricted
roots, and FΘ is the variety of flags (F1, . . . , Fp) with Fi ⊂
R

2p+k+1 isotropic subspace of dimension i and Fi ⊂ Fi+1;
(4) G is the real form of F4, E6, E7, or of E8 whose system of

restricted roots is of type F4, and Θ = {α1, α2}, where α1, α2

are the long simple restricted roots.

The cones cα ⊂ uα, α ∈ Θ, allow to define the nonnegative semigroup
U≥0
Θ to be the subsemigroup of UΘ generated by the elements exp(v),

with v ∈ cα for some α ∈ Θ.
WhenG is a split real Lie group which also belongs to one of the other

three families in Theorem 1.1, then G carries two different positive
structures, one with respect to ∆ and one with respect to a proper
subset Θ ⊂ ∆.

Theorem 1.1 takes a more algebraic approach to Θ-positivity, but
we show further that the existence of a Θ-positive structure can be
characterized geometrically in terms of positive triples in the associated
flag varieties FΘ (see Section 13). For this it is important to prove that
essentially any L◦

Θ-invariant semigroup in UΘ comes from a Θ-positive
structure.

To give a precise statement, let us make a few observations. To every
root system there is a corresponding opposition involution from ∆ to ∆,
but which might not preserve Θ. However in Theorem 1.1, whenever
Θ 6= ∆, the opposition involution is just the identity on ∆ and thus
preserves Θ. This implies that in all cases PΘ is conjugate to its oppo-
site parabolic subgroup P opp

Θ , and the flag varieties defined by PΘ and
by P opp

Θ coincide. Any parabolic subgroup P of G defines a Bruhat de-
composition (see Section 9.1), which is the orbit decomposition under
the action of P × P , and that admits a unique open orbit. We denote
the open Bruhat orbit with respect to P opp

Θ × P opp
Θ by Ωopp

Θ , it can be
described as Ωopp

Θ = {g ∈ G | gP opp
Θ g−1 ∩ Uopp

Θ is trivial} (Uopp
Θ is the

unipotent radical of P opp
Θ ).
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Theorem 1.2 (see Theorem 12.1 and Corollary 12.3). Let G be a
connected simple Lie group. Suppose that there is U+ ⊂ UΘ such that
U+ is a closed L◦

Θ-invariant semigroup of nonempty interior, which
contains no nontrivial invertible element. Then G admits a Θ-positive
structure and the semigroup U+ contains the semigroup U≥0

Θ .
If we further assume that the interior of U+ is contained in the open

Bruhat cell Ωopp
Θ with respect to P opp

Θ , then U+ = U≥0
Θ .

1.2. The unipotent positive semigroup and the Θ-Weyl group.

Whereas the definition of the nonnegative unipotent semigroup in Lusztig’s
and in our work is straight forward, the understanding of the positive
unipotent semigroup is more delicate. In Lusztig’s work it involves the
Weyl group W . Recall that the Weyl group is generated by the ele-
ments sα, α ∈ ∆. There is a unique longest length element w∆ ∈ W .
To construct the positive unipotent semigroup U>0 one fixes a reduced
expression sα1 · · · sαk

of w∆. Making this choice Lusztig defines a map
F : Rk ∼= gα1 × · · · × gαk

→ U , (x1, . . . , xk) 7→ exp(x1) · · · exp(xk). The
image of Rk

>0 under this map F is the positive unipotent semigroup.
A key point is of course to show that this image is independent of the
choice of the reduced expression. In [Lus98] this is done by first a re-
duction to the simply-laced cases and then by giving explicit formulas
for the change of coordinates given by a braid relation, i.e. exchang-
ing sisi+1si = si+1sisi+1 in the reduced expression. The change of
coordinates is given by positive rational functions. (Berenstein and
Zelevinsky [BZ97] give explicit formulas for the braid relations in the
case of non simply-laced Dynkin diagrams.) Since any two reduced ex-
pressions of w∆ are related by a sequence of braid relations, this thus
proves that the image F (Rk

>0) is independent of the chosen reduced
expression. This image is the positive unipotent semigroup U>0 and
the map F thus gives a parametrization of U>0. One can then conclude
that the semigroup U>0 is in fact the interior of U≥0.

Here we follow a slightly different approach. We define the nonneg-
ative semigroup U≥0

Θ to be the semigroup, in the unipotent radical UΘ

of PΘ, generated by
⋃

α∈Θ exp(cα); we then define the positive unipotent
semigroup U>0

Θ to be the interior (relative to UΘ) of the nonnegative

semigroup U≥0
Θ .

We then give explicit parametrizations of the semigroup U>0
Θ . For

this, the relevant object to control the combinatorial data underlying
these parametrizations is the Θ-Weyl group. The Θ-Weyl group W (Θ)
is a subgroup of the Weyl group W of G defined by an explicit gen-
erating set R(Θ) = {σα}α∈Θ (see Section 8.3) obtained by choosing
shortest length representatives for some cosets of the subgroup W∆rΘ

corresponding to the Levi factor of PΘ in W . The Θ-Weyl group is iso-
morphic to the Weyl group of a different root system. This is a priori
be a bit surprising, but indeed there is even a natural embedding of a
split real Lie group of type W (Θ) into G. The Θ-Weyl group W (Θ)
then plays the same role as the Weyl group in order to parametrize the
positive unipotent semigroup and give an alternative description of it.

Theorem 1.3 (see Section 10). Given any reduced expression σγ1 · · ·σγn
of the longest length element wΘ

max ∈ W (Θ) and setting c := cγ1 × · · ·×
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cγn, the map
F : c→ UΘ,

defined as the product of the exponential map on each factor, has the
following properties:

(1) F is proper;
(2) F |̊c is open and injective;
(3) F (̊c) is a connected component of Ωopp

Θ ∩ UΘ (as above Ωopp
Θ is

the open Bruhat cell with respect to P opp
Θ );

(4) The image F (̊c) is independent of the reduced expression of wΘ
max

and is equal to the positive unipotent semigroup U>0
Θ .

Further properties of the unipotent semigroups follow from this:

Theorem 1.4 (see Corollary 10.19). The positive and nonnegative
semigroups have the following properties:

(1) The semigroup U>0
Θ is invariant by conjugation by L◦

Θ.

(2) The closure of U>0
Θ is the nonnegative semigroup U≥0

Θ , in par-

ticular U≥0
Θ is closed.

(3) For every reduced expression of wΘ
max, one has U≥0

Θ = F (c) (with
c and F as in Theorem 1.3).

(4) U≥0
Θ U>0

Θ ⊂ U>0
Θ and U>0

Θ U≥0
Θ ⊂ U>0

Θ .

The proofs of Theorem 1.3 and Theorem 1.4 rely on a fine understand-
ing of the image of the map F relative to the Bruhat decompositions
of G with respect to P opp

Θ and with respect to P opp
∆ .

Analogously we construct the nonnegative semigroup Uopp,≥0
Θ and

the positive semigroup Uopp,>0
Θ in Uopp

Θ and similar statements hold for
them.

Using this, the Θ-nonnegative semigroup G≥0
Θ is defined to be the

semigroup of G generated by Uopp,≥0
Θ , U≥0

Θ , and L◦
Θ, and the Θ-positive

semigroup G>0
Θ is defined to be its interior. These semigroups, and the

geometric properties of their elements will be analyzed in a forthcoming
article.

Remark 1.5. Note that to prove these results, we do not need to estab-
lish the explicit change of coordinates with respect to modifying the
reduced expression of wΘ

max by a braid relation. However, to get a finer
understanding, it is in fact interesting to write down explicit braid re-
lations. In this paper we will only shortly discuss the braid relations
in the case that G = SO(p, q) derived from explicit matrix equations.
The more general treatment of braid relations involves Θ-versions of
universal enveloping algebras, adapting the strategy in [BZ97]. This
will be appear in [GW24].

1.3. Positivity in flag varieties. We now turn our attention to the
flag variety FΘ

∼= G/PΘ. There is a unique flag fΘ ∈ FΘ fixed by PΘ and
a unique flag f opp

Θ ∈ FΘ fixed by the opposite parabolic subgroup P opp
Θ

(recall that we are in a situation where G/PΘ
∼= G/P opp

Θ ). It is well
known that UΘ acts simply transitively on the set of flags that are
transverse to fΘ. The positive unipotent semigroup U>0

Θ allows us to
introduce the notion of positive n-tuples of flags in FΘ. In order to
have a more intrinsic notion, we will consider all the possible such sub-
semigroups, i.e. the subsemigroups Uε>0

Θ where ε varies in {±1}Θ and
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Uε>0
Θ is the image of the map F of Theorem 1.3 where the factors c̊α

are replaced by −c̊α when the α-component of ε is equal to −1. (Alter-
natively Uε≥0

Θ is the semigroup generated by exp
(
⋃

α∈Θ εαcα
)

and Uε>0
Θ

is its interior.)
An n-tuple of flags (f0, f1, . . . , fn−2, f∞) is said to be Θ-positive

if there exist an element g ∈ G, ε in {±1}Θ, and u1, . . . , un−2 ∈
Uε>0
Θ such that (f0, f1, . . . , fn−2, f∞) = g · (f opp

Θ , u1 · f opp
Θ , . . . , ui · · ·u1 ·

f opp
Θ , . . . , un−2 · · ·u1 · f opp

Θ , fΘ).
A consequence of Theorem 1.3 is

Theorem 1.6. The set of flags U>0
Θ · f opp

Θ is a connected component
of the set of flags that are transverse to fΘ and to f opp

Θ . The stabilizer
in G of a Θ-positive triple is compact.

Note that the set of Θ-positive triples will in general not be con-
nected, but can consist of several connected components of the set of
triples of pairwise transverse flags.

We establish crucial properties of positive n-tuples in the flag vari-
ety FΘ in Section 13. For this we use the notion of diamonds, which
turns out to be very helpful to keep track of positivity of triples and
more general n-tuples of flags. Given two points f0, f1 ∈ FΘ, a diamond
with extremities f0, f1 is a (special) connected component of the set of
flags that are transverse to f0 and f1. Diamonds should be thought
of as generalized intervals. In the case of total positivity they were
introduced (without using this terminology) in [BCL20]. The term
“diamond” was coined in [LT23] in the case of SO(2, n), where their
basic metric properties were established. For the case of Θ-positivity,
diamonds were introduced and studied in [GLW21]. Diamonds give
a geometric characterization of Θ-positivity. In Section 13.3 we show
that the existence of a family of diamonds in the flag variety FΘ is
equivalent to the existence of a Θ-positive structure. This geometric
characterization is used in [GLW21] to investigate positive representa-
tions.

We already noticed that the Lie groups SO(n, n + 1), Sp(2n,R),
or the split real form of F4 admit two Θ-positive structures, one for
Θ = ∆ and one for Θ being a strict subset of ∆. We prove that the
natural projection F∆ → FΘ maps positive n-tuples to positive n-tuples
(Section 13.10).

1.4. The Θ-principal sl2 and positive circles. It is well known
that the Lie algebra of a split real Lie group contains a distinguished
conjugacy class of 3-dimensional simple subalgebras, the principal sl2.
This principal sl2 plays an important role for the moduli space of Higgs
bundles, and in particular for the Hitchin section and consequently the
Hitchin component [Hit92]. When G admits a Θ-positive structure,
we introduce a Θ-system, a family in the Lie algebra consisting of sl2-
triples associated with nilpotent elements in the cone c̊α, for each α ∈ Θ.
This Θ-system generates a split real subalgebra hΘ in the Lie algebra g

of G, as well as a principal 3-dimensional simple subalgebra in hΘ. We
call this special sl2 the Θ-principal sl2. This Θ-principal sl2 gives rise
to a positive circle in the flag variety FΘ. The Θ-principal sl2 is related
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to magical sl2-triples introduced in [BCGP+21]. The explicit relation
is stated in Section 7.

1.5. Positive representations and higher rank Teichmüller

spaces. Lusztig’s total positivity on the one hand and positive semi-
groups in Hermitian Lie groups of tube type on the other play an
important role in higher rank Teichmüller theory. Hitchin components
and spaces of maximal representations have been characterized as pos-
itive representations [Lab06, Gui05, FG06, BILW05, BIW10]. At the
same time, total positivity plays an important role in the construction
of cluster coordinates by Fock and Goncharov [FG06].

As Θ-positivity realizes total positivity in split real Lie groups and
Lie semigroups in Hermitian Lie groups of tube type as two incarnations
of the same concept, it provides an interesting systematic framework
for higher rank Teichmüller spaces. This is based on the notion of
positive n-tuples in the flag variety FΘ, which allows us to introduce
the notion of positive representations.

Let π1(S) be the fundamental group of an oriented surface of negative
Euler characteristic. Then the boundary ∂∞π1(S) carries a natural
cyclic ordering. Given a simple Lie group G with a Θ-positive structure,
we call a representation ρ : π1(S) → G Θ-positive if there exists a ρ-
equivariant map from ∂∞π1(S) to the flag variety FΘ, which sends every
cyclically ordered n-tuple of points in ∂∞π1(S) to a positive n-tuple of
flags in FΘ.

In [GW18] we conjectured that the set of positive representations
forms higher rank Teichmüller spaces, i.e. it is open and closed and
consists entirely of discrete and faithful representations. Using several
of the results obtained in this paper, this conjecture has been proven
to a large extent in [GLW21] and [BP21], relying partly on [Col20,
BCGP+21], and is fully proven in [BGL+24].

However, Θ-positivity suggests an even deeper connection between
the different families of higher rank Teichmüller spaces, including exten-
sions of Fock–Goncharov’s construction of cluster coordinates to spaces
of positive representations. The expectation is that there are cluster
coordinates for positive representations into the Lie group G with re-
spect to its Θ-positive structure provide examples of noncommutative
cluster algebras of type W (Θ). This has been proven for the symplec-
tic group (as a Hermitian Lie group of tube type) in [AGRW19], where
appropriate noncommutative coordinates give a geometric realization
of the noncommutative cluster algebra of type A1 introduced in [BR18],
see also [KR22]. Moreover in [ABR+22] classical Hermitian Lie groups
of tube type are realized as groups of type A1 over a noncommutative
ring.

For further conjectures and questions regarding Θ-positivity, we refer
the reader to [Wie18].

1.6. Structure of the paper. The necessary background on semisim-
ple Lie algebras, their roots systems and their parabolic subgroups is
recalled in Section 2. There, we explain in particular how a semisimple
group decomposes into its simple factors and the subsequent decompo-
sitions of the parabolic subgroups, the flag varieties, etc.
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We introduce and classify Θ-positive structures in Section 3. Their
first immediate properties are then proved (the special root, the Her-
mitian tube type subgroup).

In Section 4 we introduce the unipotent nonnegative and positive
semigroups and state a few simple properties of semigroups in topolog-
ical groups.

In Section 5 we describe the invariant cones that enter in the con-
struction of the semigroups, explicitly for the family of classical groups
and with a table for the F4 cases. We construct Θ-systems and prove
some commutation relations used in the sequel.

We show that every Θ-system generates a split real subalgebra in
Section 6 and show that it gives rise to a Θ-principal three-dimensional
subalgebra in Section 7. Here we also show that the longest length
element of the Weyl group of this split subgroup belongs to the image
of the Θ-principal SL2(R).

In Section 8 we introduce the Θ-Weyl group and show it is isomor-
phic to the Weyl group of the split real subgroup. The Θ-length is
introduced and we show that the Θ-Weyl group normalizes the Weyl
group of the Levi factor of LΘ

In Section 9, relying on the elements in the cones cα constructed in
Section 5, we establish important properties of the relations of the in-
variant cones and Bruhat decompositions, which are used in Section 10
to give explicit parametrizations of the unipotent positive semigroup.
Theorem 1.3 is proved there. We also determine the tangent cone at
the identity of the semigroup U≥0

Θ .
Section 11 takes a particular look at the positive structure for the

family of indefinite orthogonal groups, including a parametrization of
the nonnegative unipotent semigroup for SO(3, q).

In Section 12 we prove the relation of general invariant unipotent
semigroups with those arising from a Θ-positive structure, i.e. Theo-
rem 1.2 above. Finally in Section 13 we consider the flag varieties,
introduce the notion of diamonds and the positivity of n-tuples of flags.

The authors thank the anonymous referee for various suggestions to
improve the paper.

2. Background and preliminaries

In this section we recall classical material on the structure of semisim-
ple Lie groups and their parabolic subgroups.

As, starting from the next section, we will mainly focus on simple
Lie groups, we explain here how a semisimple Lie group decomposes
into its simple factors and the induced decompositions of the parabolic
subgroups, the flag varieties, the Weyl groups, etc.

Unless explicitely stated otherwise all vector spaces, Lie algebras, Lie
groups, and their representations are defined over R.

2.1. Cartan involution. Let G be a connected real semisimple Lie
group with finite center and denote by g its Lie algebra. The simple fac-
tors of the Lie algebra g are denoted {gs}s∈S so that g =

⊕

s∈S gs. For
every s in S, the connected Lie subgroup ofG with Lie algebra gs will be
denoted by Gs; it is a closed subgroup and a simple Lie group. The sub-
groups {Gs}s∈S pairwise commute and the product map

∏

s∈S Gs → G
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is onto with finite kernel (it is sometimes said that G is the almost
product of the Gs).

Let k be the Lie algebra of a maximal compact subgroup K ⊂ G
(k is called a maximal compact subalgebra). Then g = k ⊕ k⊥ where
k⊥ is the orthogonal of k with respect to the Killing form B on g.
We denote by τ the Cartan involution with respect to k, it is the Lie
algebra automorphism τ : g → g whose fixed point set is k and which
is an involution; namely τ |k = Id and τ |k⊥ = − Id. The bilinear form
B(X, τ(−Y )) on g is symmetric and positive definite.

For all s, ks = k ∩ gs is the Lie algebra of a maximal compact sub-
group Ks of Gs. For all s we denote by k⊥s the orthogonal comple-
ment in gs of the Lie subalgebra ks with respect to the Killing form Bs

of gs, one has the equality B =
∑

s∈S Bs (under the decomposition
g =

⊕

s∈S gs) and the decompositions k =
⊕

s∈S ks, k
⊥ =

⊕

s∈S k
⊥
s . Fur-

thermore the Cartan involution τ is the sum of the Cartan involutions τs
of gs with respect to ks (again using the decomposition g =

⊕

s∈S gs).
The Lie group K is the almost product of the Ks.

2.2. Restricted roots. We now choose a maximal Abelian subspace a
contained in k⊥; a is called a Cartan subspace ofG. Denoting as = a∩gs,
one has that as is a Cartan subspace of Gs. The equality a =

⊕

s∈S as
holds and induces an identification of a∗ with the direct sum

⊕

s∈S a
∗
s.

We denote by Σ = Σ(g, a) the system of restricted roots, i.e. Σ ⊂ a∗

is the set of nonzero weights for the adjoint action of a on g; the
corresponding weight spaces are denoted gα (α ∈ Σ). Namely, for
every α in a∗, we set

gα :=
{

X ∈ g
∣

∣ ad(H)(X) = α(H)X for all H ∈ a
}

and Σ is the family of elements α in a∗ r {0} such that gα 6= 0; the
subspace gα is called a root space for α ∈ Σ.

For every root α ∈ Σ, the intersection of gα and k is reduced to {0}
and one has τ(gα) = g−α.

The root system Σ is the disjoint union of the root systems Σs =
Σ(gs, as) for s in S and, when α belongs to Σs, one has (gs)α = gα.
Furthermore Σs = Σ ∩ a∗s.

The weight space g0 is the centralizer zg(a) of a in g and is the
direct sum of the centralizers zgs(as). Also zg(a) = m ⊕ a, where m =
zk(a) = zg(a) ∩ k is the centralizer of a in k (the decomposition zk(a) =
⊕

s∈S zks(as) also holds) and the sum is orthogonal with respect to
the Killing form B. Therefore we have a B-orthogonal decomposition
g = m⊕ a⊕

(
⊕

α∈Σ gα
)

.
Let <a∗ be a total linear ordering on a∗: for every α and β in a∗, one

has either α = β, α <a∗ β, or β <a∗ α (which we also denote α >a∗ β)
and if α <a∗ β then, for every γ in a∗, α+ γ <a∗ β+ γ, and for every λ
in R>0, λα <a∗ λβ.

We then denote by Σ+ = {α ∈ Σ | α >a∗ 0} the set of positive
roots and by Σ− = {α ∈ Σ | α <a∗ 0} the set of negative roots; one
has Σ− = −Σ+. The positive roots that cannot be written nontrivially
as a sum of positive roots are called simple roots; their set is denoted
by ∆ ⊂ Σ+. It is well known that ∆ is a basis of a∗ and that, for
every β in Σ, the coefficients of β as a linear combination with respect
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to the basis ∆ are integers all nonnegative or all nonpositive according
to whether β belongs to Σ+ or to Σ−.

The set of positive roots Σ+ is the disjoint union of the sets Σ+
s =

Σs∩Σ+ of positive roots for the simple factors. This holds similarly for
the set of negative roots. The set ∆ of simple roots is also the disjoint
union of the ∆s = ∆ ∩ Σs.

The Killing form induces, by restriction and duality, a Euclidean
scalar product (·|·) on a∗. It is well known that, for every s in S, either
all the roots in Σs have the same norm or the set ∆s of simple roots
is the disjoint union of two nonempty subsets ∆s,p and ∆s,g with the
following properties: all the elements of ∆s,p have the same norm, all
the elements of ∆s,g have the same norm, and the norm of elements
in ∆s,g is greater than the norm of elements in ∆s,p. Elements of ∆s,g

are called long roots, elements of ∆s,p are called short roots. For α ∈
∆s,g and β ∈ ∆s,p, one has in fact (α|α) = 2(β|β) except in the case of
type G2 where (α|α) = 3(β|β).

In general the root spaces gα are not necessarily 1-dimensional. In
fact they are all 1-dimensional if and only if g is the Lie algebra of a
split real form. However the root spaces gα are 1-dimensional when
α is a long root.

The open Weyl chamber corresponding to Σ+ will be denoted

a+ = {X ∈ a | α(X) > 0, ∀α ∈ Σ+};
its closure ā+ is called the closed Weyl chamber. One has also

a+ = {X ∈ a | α(X) > 0, ∀α ∈ ∆}.
The closed Weyl chamber is the direct sum of the

ā+s = {X ∈ as | α(X) ≥ 0, ∀α ∈ Σ+
s } = ā+ ∩ as.

The (relative) interior of ā+s is

a+s = {X ∈ as | α(X) > 0, ∀α ∈ Σ+
s },

the closure of a+s is ā+s and the open Weyl chamber a+ is the direct sum
of the open Weyl chambers a+s .

An element of g is said regular if it is conjugate to an element of
a r

⋃

α∈Σ ker(α). A regular element is contained in a unique Cartan
subspace and also in a unique Weyl chamber.

2.3. Cartan matrix and Dynkin diagram. The structure of the
root system can be efficiently encoded using the Cartan matrix or the
Dynkin diagram.

The Cartan matrix of g is the square matrix of size dim a = ♯∆ whose
coefficients (Aα,β)α,β∈∆ are given by the formula Aα,β = 2(α|β)/(α|α).

The Cartan matrix of g is block diagonal with diagonal blocks being
the Cartan matrices of gs (for s in S) and the Cartan matrices of gs
are irreducible (not block diagonal even up to permutation).

The Dynkin diagram of g is the graph whose vertex set is ∆ and
the edges are given by the following recipe: for every α 6= β in ∆,
Aα,βAβ,α edges are added between α and β, an arrow is added from α
to β in the case when Aα,βAβ,α 6= 0 and (α|α) > (β|β). The connected
components of the Dynkin diagram of g are the Dynkin diagrams of gs
(s ∈ S). The Dynkin diagram of gs is among the following diagrams:
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An (n ≥ 1), Bn (n ≥ 2), Cn (n ≥ 3),

Dn (n ≥ 4), F4 , E6 , E7 ,

E8 , or G2 .
We already observed that the root spaces gα are not necessarily 1-di-

mensional. Therefore, contrary to the situation for complex simple Lie
algebras, the Dynkin diagram alone does not characterize the real Lie
algebra, additional information is needed.

2.4. Non-reduced root systems. A root system is said to be reduced
if given any root α ∈ Σ, the multiplies of α that are in Σ are ±α. Most
root systems are reduced, and when a simple real Lie algebra has non-
reduced type then it is necessarily Hermitian of non-tube type and
the corresponding root system is of type BCn: if {α1, . . . , αn} are the
simple roots then 2αn is also a root.

In this case, g2αn
is again 1-dimensional but gαn

is not, in fact the
Lie bracket from gαn

× gαn
to g2αn

is onto.

2.5. The sl2-triples. Even though the root spaces gα are not necessar-
ily 1-dimensional, their elements lead to embeddings of 3-dimensional
simple subalgebras.

For every root α ∈ Σ and any nonzero element X in gα, the Lie
bracket [τ(X), X ] belongs to a; there is furthermore a (unique) positive
multiple Y of X such that

(Y, τ(−Y ), [τ(Y ), Y ])

is an sl2-triple, that is a triple (E, F,D) such that D = [E, F ], [D,E] =
2E, and [D,F ] = −2F .

The set of elements X in gα such that (X, τ(−X), [τ(X), X ]) is an
sl2-triple is precisely equal to the sphere S(gα) in gα defined by the
equation B(X, τ(X)) = −2/(α|α) (cf. [Kna02, Prop. 6.52, p. 379]) The
element Hα = [τ(X), X ] does not depend on the initial choice of X
in S(gα). When α, β, and α+β belong to Σ, one has Hα+β = Hα+Hβ,
furthermore H−α = −Hα.

When α and β belong to Σ, the suprema

p = sup{n ∈ N | β − nα ∈ Σ}
and

q = sup{n ∈ N | β + nα ∈ Σ}
are finite and the subset {β+nα}n=−p,...,q is contained in Σ and is called
the α-chain containing β. The α-chain is called trivial when p = q = 0.
The significance of the α-chain {β + nα}n=−p,...,q is that the direct
sum

⊕q
n=−p gβ+nα is invariant by bracketing with elements in gα∪ g−α,

in particular it is invariant by the sl2-triple (X,−τ(X), [τ(X), X ]) for
every X in S(gα).

At different places, we will use basic knowledge about sl2(R)-modules
and the fact that there is, up to isomorphism, a unique sl2(R)-module
of dimension n. An sl2(R)-module structure on a vector space V is
equivalently given by an sl2-triple (X, Y,H) in gl(V ) = End(V ); if an
element v ∈ V satisfies X(v) = 0 and is an eigenvector for H , it gen-
erates an irreducible module W which is of dimension d+ 1 where d is
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the nonnegative integer such that H(v) = dv; a basis of W is then
{Y k(v)}k∈J0,dK; the Lie algebra morphism sl2 → End(W ) lifts to an ho-
momorphism SL2(R) → GL(W ), this homomorphism factors through
PSL2(R) if and only if d is even (and W is odd dimensional). The
element exp(π

2
(X − Y )) is an automorphism of W , of order 2 if d is

even, and that sends the H-eigenspace with respect to the eigenvalue k
onto the H-eigenspace with respect to −k.

2.6. The Weyl group. The subgroup W ⊂ GL(a∗) of automorphisms
of Σ is called the (restricted) Weyl group of G. We therefore have
an action (w, α) 7→ w(α) of W on Σ. The group W is a subgroup
of the orthogonal group for the scalar product (·|·) induced by the
Killing form B. It is a finite Coxeter group generated by the orthogonal
reflections {sα}α∈∆ such that sα(α) = −α. The Weyl group W is
(isomorphic to) the direct product of the Weyl groups Ws of Gs. The
Dynkin diagram determines the Coxeter presentation of the Weyl group.
Namely a presentation of W is given by the following relations s2α = e
(α ∈ ∆) and (sαsβ)

nα,β = e (α 6= β) where nα,β = 2, 3, 4, 6 if the number
of edges between α and β in the Dynkin diagram is respectively 0, 1, 2, 3.
The following relations in W (α 6= β)

sαsβ = sβsα if nα,β = 2

sαsβsα = sβsαsβ if nα,β = 3

sαsβsαsβ = sβsαsβsα if nα,β = 4

sαsβsαsβsαsβ = sβsαsβsαsβsα if nα,β = 6;

are called the braid relations and play an important role.
Note that the Weyl groups of type Bn and Cn are the same since the

orientation of the arrows do not contribute to the presentation of the
Weyl group.

Remark 2.1. When the simple restricted roots are numbered, i.e. when
∆ = {α1, α2, . . . , αr}, we will rather write si instead of sαi

.

The closed Weyl chamber ā+ is a fundamental domain for the action
of W on a. It is also the convex cone generated by {Hα}α∈∆.

The Weyl group W is isomorphic to the quotient of the normalizer
NK(a) of a in K by the centralizer CK(a). On different occasions for an
element w in W we will denote by ẇ an element of NK(a) representing
it. For every α in Σ, one has Ad(ẇ)gα = gw(α).

By no means the assignment w 7→ ẇ is an homomorphism. It will
sometimes be convenient to have explicit formula for these lifts. For
example, when α is a root, we will take ṡα = exp

(

π
2
(X + τ(X))

)

for X
in S(gα) [Kna02, Prop. 6.52]. With this choice, the automorphism
Ad(ṡα) of g is of order 2 or 4 according to whether the corresponding
morphism from sl2(R) to g is tangent to a representation of PSL2(R)
or not.

The above generating set {sα}α∈∆ of W allow to define the word
length function ℓ : W → N. It is well known that W admits a unique
element w∆ of longest length. This element w∆ is of order 2, it is
the element of W (that we now see as acting on a) sending the Weyl
chamber a+ to its opposite −a+. If w∆s

denotes the longest length
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element of Ws, then the w∆s
pairwise commute and one has w∆ =

∏

σ∈S w∆s
.

The map ι : α 7→ −w∆(α) is an involution of Σ, it sends ∆ to ∆ and
is called the opposition involution. If ιs is the opposition involution
of Σs, one has ι =

∐

s∈S ιs under the identification Σ =
∐

s∈S Σs.
Given an element w in W of length n = ℓ(w), an n-tuple (α1, . . . , αn)

in ∆n such that w = sα1 · · · sαn
is called a reduced expression of w. We

will sometimes say that sα1 · · · sαn
is a reduced expression of w. An

important property is that all the reduced expressions of w can be
obtained from one another by successively applying braid relations.

When w, w1, and w2 are elements of W such that w = w1w2 and
ℓ(w) = ℓ(w1) + ℓ(w2), we will say that w1w2 is a reduced product of w.

2.7. Parabolic subgroups. Let Θ ⊂ ∆ be a subset of the set of
simple roots. Setting Σ+

Θ = Σ+
r Span(∆rΘ), the subspaces

uΘ =
∑

α∈Σ+
Θ

gα, u
opp
Θ =

∑

α∈Σ+
Θ

g−α,

are nilpotent Lie subalgebras and the subspace

lΘ = zg(a)⊕
∑

α∈Span(∆rΘ)

gα = zg(a)⊕
⊕

α∈Span(∆rΘ)∩Σ+

(gα ⊕ g−α)

is a reductive subalgebra.
The standard parabolic subgroup PΘ associated with Θ ⊂ ∆ is the

normalizer in G of uΘ; it is also the normalizer of the Lie algebra
pΘ = lΘ ⊕ uΘ; one has pΘ = Lie(PΘ) and PΘ is its own normalizer.
We also denote by P opp

Θ the normalizer in G of uoppΘ ; P opp
Θ is called the

standard opposite parabolic subgroup associated with Θ. The longest
length element w∆ conjugates opposite parabolic and parabolic sub-
groups: Ad(ẇ∆)p

opp
Θ = pι(Θ), Ad(ẇ∆)p

opp
Θ = pι(Θ), Ad(ẇ∆)u

opp
Θ = uι(Θ),

Ad(ẇ∆)u
opp
Θ = uι(Θ), ẇ∆P

opp
Θ ẇ−1

∆ = Pι(Θ), and ẇ∆PΘẇ
−1
∆ = P opp

ι(Θ),

where ι is the opposition involution α 7→ −w∆(α).
The group PΘ is the semidirect product of its unipotent radical UΘ =

exp(uΘ) and the Levi subgroup LΘ = PΘ ∩ P opp
Θ . We denote by L◦

Θ

the connected component of the identity in LΘ. The Lie algebra of LΘ

is lΘ. With this convention P∅ = G and P∆ is the minimal parabolic
subgroup, more generally, if Θ ⊂ Ψ, one has PΘ ⊃ PΨ and LΘ ⊃ LΨ.

Setting Θs = ∆s ∩ Θ and adopting similar notation with respect to
the group Gs and the Lie algebra gs, one has that uΘ is the direct
sum

⊕

s∈S uΘs
and also that lΘ =

⊕

s∈S lΘs
, pΘ =

⊕

s∈S pΘs
. The

(unipotent) Lie group UΘ is the product of the Lie groups UΘs
, the

Lie group LΘ is the almost product of the Lie groups LΘs
and the

Lie group PΘ is the almost product of the Lie groups PΘs
. Similar

statements hold for Uopp
Θ and P opp

Θ .
When Θs = ∅, the group Gs is included in PΘ and this means that

Gs acts trivially on G/PΘ. As we would like to work with (virtually)
faithful actions of G, we will rule out this case in Section 3. The Lie
algebra lΘ is stable under the Cartan involution τ , the intersection
kΘ = lΘ ∩ k is a maximal compact subalgebra of lΘ, and in fact k is the
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unique compact maximal subalgebra of g containing kΘ. One has

kΘ = m⊕
⊕

α∈Span(∆rΘ)∩Σ+

(gα ⊕ g−α) ∩ k,(2.1)

(gα⊕g−α) ∩ k = {X + τ(X)}X∈gα , ∀α ∈ Σ+.(2.2)

The derived subgroup SΘ = [LΘ, LΘ] of LΘ is a semisimple real Lie
group whose system of restricted roots is given by the Dynkin diagram
∆rΘ (meaning that the vertices in Θ are removed as well as the edges
incident to those vertices). A Cartan subspace for SΘ is

(2.3) aΘ =
⊕

α∈∆rΘ

RHα

and a Weyl chamber in this Cartan subspace is
∑

α∈∆rΘ R>0Hα.

2.8. The flag variety. A subgroup of G conjugated to PΘ (for some
Θ ⊂ ∆) is a parabolic subgroup. A parabolic subalgebra of g is a subalge-
bra conjugated to some pΘ, such a subalgebra will sometimes be called
of type Θ. The space of all parabolic subalgebras of type Θ is called the
flag variety (of type Θ) and denoted by FΘ. The space FΘ is a subset
of a Grassmanian variety of the real vector space g and is endowed
with the induced topology. The flag variety FΘ is compact and the
conjugation action of G on the subalgebras of g induces a continuous
and transitive action on FΘ; FΘ identifies with G/PΘ since PΘ is the
stabilizer of pΘ; it also identifies with the space of parabolic subgroups
of type Θ.

The group G acts diagonally on FΘ × Fι(Θ). Since the parabolic
subalgebra p

opp
Θ is conjugate to pι(Θ) = Ad(ẇ∆)p

opp
Θ , the parabolic sub-

algebra p
opp
Θ is an element of Fι(Θ). A pair (x, y) in FΘ × Fι(Θ) will be

called transverse if it belongs to the G-orbit of (pΘ, p
opp
Θ ). By definition,

there is one orbit of transverse pairs; this orbit is isomorphic to G/LΘ

and is in fact the unique open G-orbit in the product FΘ × Fι(Θ).
In many cases below, the involution ι is the identity on ∆. In such

a case, or more generally under the assumption ι(Θ) = Θ, the notion
of transversality makes sense for pairs of elements in FΘ.

The flag variety FΘ is isomorphic to the product
∏

s∈S FΘs
and this

isomorphism is equivariant with respect to the action of
∏

s∈S Gs. The
flag variety Fι(Θ) identifies with

∏

s∈S Fι(Θs) and a pair (x, y) in FΘ×Fι(Θ)

is transverse if and only if, for all s, the s-component of x is transverse
to the s-component of y.

2.9. The action of LΘ on uΘ. This paragraph introduces the decom-
position of the Lie algebras uΘ and u

opp
Θ under the action of the Levi

factor LΘ. This decomposition generalizes the root space decomposi-
tion; it will be of crucial importance for the definition of Θ-positivity
(Definition 3.1).

The Levi subgroup LΘ acts via the adjoint action on uΘ. Let zΘ
denote the center of lΘ and tΘ = zΘ∩a its intersection with the Cartan
subspace. One has

tΘ =
⋂

α∈∆rΘ

kerα,
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and a is the B-orthogonal sum of tΘ and of aΘ (Equation (2.3)). Then
uΘ decomposes into the weight spaces under the adjoint action of tΘ;
for every β ∈ t∗Θ, set

uβ := {N ∈ g | ad(Z)N = β(Z)N, ∀Z ∈ tΘ},
and denote

(2.4) P (uΘ, tΘ) = {β ∈ t∗Θ | uβ 6= 0}
so that

uΘ =
⊕

β∈P (uΘ,tΘ)

uβ.

These weight spaces are of course related to those of a:

(2.5) uβ =
⊕

α∈Σ, α|tΘ=β

gα,

and are invariant under L◦
Θ.

By a little abuse of notation, for an element β in Σ, we will denote
as well by β its restriction to tΘ and hence by uβ the corresponding
weight space. For such a β, one has

(2.6) uβ =
⊕

α∈Σ
α−β∈Span(∆rΘ)

gα.

We will make use of the spaces uβ particularly when the element β
belongs to Θ. Thus, when convenient, we will consider Θ as a subset
of P (uΘ, tΘ).

The following results are established in [Kos10]:

Theorem 2.2. (1) For every β in P (uΘ, tΘ), uβ is an irreducible rep-
resentation of L◦

Θ.
(2) For every β and β ′ in P (uΘ, tΘ), the relation [uβ, uβ′] = uβ+β′ is

satisfied.
(3) The Lie algebra uΘ is generated by uβ, β ∈ Θ. Analogously u

opp
Θ is

generated by u−β, β ∈ Θ.

2.10. Examples. In these examples, we use classical notation and
numbering for the root systems as set for example in [Hel01, Ch. X,
§3–4, p. 461–475] or in [Bou07, Ch. VI, Planches and §4, no 14]

Split real Lie groups. Let G be a split real form, and Θ = ∆. Then
tΘ = a, P (uΘ, tΘ) = P (u∆, a) = Σ+, and uβ = gβ for all β ∈ Σ+.

Lie groups of Hermitian type. Let G be a Lie group of Hermitian type.
Then the root system is of type Cr if G is of tube type, and of type
BCr (non-reduced) if G is not of tube type. Let ∆ = {α1, . . . , αr}, and
let Θ = {αr} so that PΘ is the stabilizer of a point in the Shilov bound-
ary FΘ of the Hermitian symmetric space associated with G. Then
tΘ ≃ R, furthermore P (uΘ, tΘ) = {αr} and uΘ = uαr

if G is of tube
type, whereas P (uΘ, tΘ) = {αr, 2αr} and uΘ = uαr

⊕ u2αr
if G is not

of tube type. Note that if G is not of tube type, there is a unique (up
to conjugation) maximal subgroup of tube type, whose Lie algebra is
generated by g±αi

for i < r and by g±2αr
.

Let G be a Hermitian Lie group of tube type. In this case Θ = {αr},
and uΘ = uαr

is Abelian. We now describe uαr
in more detail when
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the real rank of G is 2 or 3. These cases are of particular importance
because they also arise when considering the positive structures for in-
definite orthogonal groups SO(p, q), 2 < p < q, and for the exceptional
groups with system or restricted roots F4 (cf. Sections 3.5 and 5.1).

For a Hermitian Lie group of tube type of real rank 2 the roots that
are equal to α2 modulo Rα1 are α2, α1 + α2, 2α1 + α2 = s1(α2), and
uα2 = gα2 ⊕ gα1+α2 ⊕ g2α1+α2 , where dim gα2 = 1 = dim g2α1+α2 ; the
integer a = dim gα1+α2 is not necessarily equal to 1. For the symplectic
group Sp(4,R), a = 1, for SU(2, 2), a = 2, for SO∗(8), a = 4, and for
SO(2, m), a = m−2 (in fact this last family contains, up to isogeny, the
first three examples, cf. [Hel01, p. 519]). In this case, uα2 is equipped
with a quadratic form of signature (1, a+1) that is invariant under the
adjoint action of the Levi factor (see Section 5.1 for more details).

For a Hermitian Lie group of tube type of real rank 3 the roots that
are equal to α3 modulo the span of {α1, α2} are α3, α2+α3, 2α2+α3 =
s2(α3), α1+α2+α3 = s1(α2+α3), α1+2α2+α3 = s2s1(α2+α3), 2α1+
2α2 + α3 = s1s2(α3), so uα3 = gα3 ⊕ gα2+α3 ⊕ gα1+α2+α3 ⊕ gα1+2α2+α3 ⊕
g2α2+α3⊕g2α1+2α2+α3 , where the spaces gα3 , g2α2+α3 , and g2α1+2α2+α3 are
1-dimensional and the spaces gα1+α2+α3 , gα2+α3 , and gα1+2α2+α3 have
dimension a. For the symplectic group Sp(6,R), a = 1, for SU(3, 3),
a = 2, for SO∗(12), a = 4, and for E7(−25), a = 8. In these cases, the
Lie algebra uα3 can be identified with the space of Hermitian 3 × 3
matrices, over the reals (a = 1), the complex numbers (a = 2), the
quaternions (a = 4), and the octonions (a = 8) respectively.

3. Θ-positive structures

In this section we give the definition of Θ-positive structures and their
classification. We also prove that the notion of Θ-positivity reduces to
the case of simple Lie groups so that we will only focus on simple Lie
groups later on. The first algebraic properties of Θ-positivity are then
derived: the existence of a “special” root and of a subgroup of Hermitian
tube type (when Θ 6= ∆), and the commutativity of the uα (α ∈ Θ).

3.1. Definition and characterization. Recall that a convex cone is
acute if the only vector space contained in its closure is {0} and is
nontrivial if it contains a nonzero vector.

Definition 3.1. Let G be a semisimple Lie group with finite center.
Let Θ ⊂ ∆ be a subset of simple roots such that G acts virtually
faithfully on the flag variety FΘ. We say that G admits a Θ-positive
structure if for all β in Θ there exists an L◦

Θ-invariant acute nontrivial
convex cone in uβ.

Note that such invariant cones must be of nonempty interior since
the action of L◦

Θ on uβ is irreducible (Theorem 2.2).

Remarks 3.2. • In general it is not possible to request that the cones
are invariant under the entire Levi factor LΘ. If the space uβ con-
tains an L◦

Θ-invariant cone, then it contains exactly two L◦
Θ-invariant

cones, cβ and −cβ (cf. point (2) in Proposition 3.6 below). In some
cases there is an element in LΘ that interchanges cβ and −cβ, see
Remark 5.4 for more details.
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• The faithfulness condition says that Θs = Θ ∩ ∆s is nonempty for
every factor Gs of G (cf. Section 2.7).

Proposition 3.3. Let {Gs}s∈S be the simple factors of G and use the
notation introduced in Section 2: Θs ⊂ Θ, etc.

Then G admits a Θ-positive structure if and only if, for all s in S,
Gs admits a Θs-positive structure.

Proof. Let β be in Θ. There is thus s in S such that β belongs to Θs.
For every t in S distinct from s, the factor L◦

Θt
acts trivially on uβ;

therefore uβ is an irreducible summand for the action of LΘs
.

This said, the irreducible representations uβ of L◦
Θ (β ∈ Θ) are pre-

cisely the irreducible representations uβ of L◦
Θs

(s ∈ S, β ∈ Θs). The
equivalence now follows directly from the definition. �

Due to Proposition 3.3, a positive structure on a semisimple Lie
group is completely determined by the induced positive structure on
its simple factors. Therefore structural results given in the sequel of the
paper (for the unipotent positive semigroup, for the configurations of
positive flags, etc.) will be stated only when the group G is simple but,
thanks to the product structure of the flag variety and of the unipotent
subgroups, they immediately generalize to the case of semisimple Lie
groups.

We assume from now on that G is a simple Lie group.

Theorem 3.4. Let G be a simple real Lie group, and let ∆ be its set
of simple roots. Let Θ be a nonempty subset of ∆. Then G admits a
Θ-positive structure if and only if the pair (G,Θ) belongs to one of the
following four cases:

(1) G is a split real form, and Θ = ∆;
(2) G is Hermitian of tube type and of real rank r and Θ = {αr}, where

αr is the long simple restricted root;
(3) G is locally isomorphic to SO(p + 1, p + k), p > 1, k > 1 and

Θ = {α1, . . . , αp}, where α1, . . . , αp are the long simple restricted
roots;

(4) G is locally isomorphic to the real form of F4, E6, E7, or of E8

whose system of restricted roots is of type F4, and Θ = {α1, α2},
where α1, α2 are the long simple restricted roots.

Remarks 3.5. • In all cases, one has ι(Θ) = Θ so that Fι(Θ) = FΘ and
the notion of transversality makes sense in FΘ. This will be relevant
later when introducing positive tuples in FΘ (Section 13).

• When G is a split real form and Θ = ∆, the positive structure agrees
with Lusztig’s total positivity in split real Lie groups.

• A split real group of type Bn, Cn, or F4 appears twice in this list of
groups and carries two different positive structures, one correspond-
ing to Θ = ∆ and one with respect to a proper subset Θ ⊂ ∆.
The relation between these two different positive structures will be
discussed later (Examples 4.3 and Section 13.10).

3.2. Even and proximal representations. To prove Theorem 3.4,
we recall the notions, for representations of reductive Lie groups, of
even representations and of proximal representations and their rela-
tion with having an invariant cone. We will use these notions mainly
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for representations of the semisimple factor of the Levi components of
parabolic subgroups, see Section 3.3 below.

Any (continuous) representation ρ : G → GL(V ) induces a Lie alge-
bra morphism ρ∗ : g → End(V ). The restriction of ρ∗ to a admits a
weight space decomposition

V =
⊕

λ∈R(V )

Vλ

where

Vλ := {v ∈ V | ρ∗(H)(v) = λ(H)v for all H ∈ a}, and

R(V ) := {λ ∈ a∗ | Vλ 6= {0}}.
The representation ρ will be called even if λ(Hα) is an even integer

for all λ ∈ R(V ) and all α ∈ Σ (these numbers are already known to
be integers). In classical notation this means the inclusion R(V ) ⊂ 2P
where P = {λ ∈ a∗ | λ(Hα) ∈ Z, ∀α ∈ Σ} is the weight lattice. Since
g is generated by g0 and the root spaces g±α (α ∈ ∆), ρ is even if and
only if λ(Hα) ∈ 2Z for every λ in R(V ) and every α in ∆.

The highest weight of the representation ρ (when it is defined) is the
greatest element of R(V ) for the (partial) order on a∗ defined by λ ≤ µ
⇔ λ(Hα) ≤ µ(Hα) for all α ∈ Σ+. An irreducible representation τ
always admit a highest weight λτ and such an irreducible representation
is even if and only if λτ (Hα) ∈ 2Z for every α ∈ ∆.

A representation will be called proximal if it admits a highest weight
and if the corresponding weight space is 1-dimensional.

To prove Theorem 3.4 we make use of the following fact, extracted
from [Ben00, Proposition 4.7] that refines Cartan–Helgason’s theorem.

Proposition 3.6. (1) Let S be a connected semisimple Lie group, V a
real vector space, and π : S → GL(V ) an irreducible representation.
Then S preserves an acute closed convex cone c in V if and only if
the representation π is proximal and even.

(2) In this case, the union of c̊ and of −c̊ is exactly the set of vectors
v ∈ V r {0} whose stabilizers contains a maximal compact sub-
group of S; likewise a vector v ∈ V r {0} belongs to c̊ or to −c̊ as
soon as the Lie algebra of its stabilizer contains a maximal compact
subalgebra.

In order to apply Proposition 3.6 to the semisimple part of a reduc-
tive Lie group, we establish the following result.

Proposition 3.7. Let L be a connected reductive Lie group and let
S = [L, L] be its semisimple part. Let π : L→ GL(V ) be an irreducible
real representation.

(1) Suppose that there is an acute π(L)-invariant cone in V , then the
restriction π|S is as well irreducible (and hence proximal and even
by the previous proposition).

(2) Suppose that π|S is irreducible, even, and proximal (and hence there
is c ⊂ V a π(S)-invariant acute closed convex cone by the previous
proposition), then the cone c is equally π(L)-invariant.

Proof. The group L is the almost direct product of Z◦, the identity
component of its center Z, and of its semisimple part S.
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Let us prove (1). By Schur’s lemma, the algebra EndL(V ) of L-
equivariant endomorphisms of V is a skew field; in other words, V is a
vector space over a potentially bigger field and the endomorphisms π(g),
for g ∈ L, are linear with respect to this field. Since there is a π(L)-
invariant acute convex cone, the representation π is proximal [Ben00,
Proposition 1.2] in the sense that there is an element g in L such that
π(g) has a unique eigenvalue of highest modulus: this eigenvalue is
real and the corresponding eigenspace is of real dimension 1. As this
eigenspace is a vector space under the skew field EndL(V ), we deduce
that EndL(V ) = R. Furthermore, the image π(Z◦) is contained in
EndL(V ) and this means that elements π(g), for g ∈ Z◦, are homo-
theties of V . We deduce from this and the fact that L is the almost
product of Z◦ and S, that a subspace of V is π(L)-invariant if and only
if it is π(S)-invariant. Since π is by hypothesis an irreducible repre-
sentation of L, the restriction π|S is thus an irreducible representation
of S.

We now address (2). We need to show that c is invariant under the
action of π(Z◦). Similarly to above, the elements π(z), for z ∈ Z◦, are
homotheties of positive dilation so that π(z)c = c for any z ∈ Z◦ since
c is a cone. This implies that c is π(L)-invariant. �

3.3. The proof of the Classification Theorem 3.4. We apply Propo-
sition 3.7 to the connected Lie group L◦

Θ and Proposition 3.6.(1) to S◦
Θ =

[L◦
Θ, L

◦
Θ] for the irreducible representations πβ : L

◦
Θ → GL(uβ), β ∈ Θ.

Recall that a Cartan subspace for S◦
Θ is aΘ =

⊕

α∈∆rΘ RHα. For
this proof it will be more convenient to work with the following Weyl
chamber of S◦

Θ
∑

α∈∆rΘ

−R>0Hα

that is opposite to the natural one, or, what amounts to the same, we
shall consider lowest weights rather than highest weights of representa-
tions (for the natural ordering).

The decomposition of Equation (2.6), p. 17, is

uβ = gβ ⊕
⊕

α∈Σ, α6=β
α−β∈Span(∆rΘ)

gα.

Any α in the above formula differs from β by a linear combination of the
elements in ∆rΘ with nonnegative coefficients. This implies, up to the
abuse of considering the above decomposition indexed by the elements
in a∗Θ rather than by elements in a∗, that the above is the weight space
decomposition of the S◦

Θ-module uβ. As a consequence, the lowest
weight of this representation is equal to β and the corresponding weight
space is gβ.

Thus the condition that πβ has to be proximal is equivalent to the
condition that the root space gβ is 1-dimensional. This needs to hold
for all β ∈ Θ.

The evenness condition of Proposition 3.7 translates into the fact
that β(Hα) is even for all β ∈ Θ and all α ∈ ∆rΘ (cf. Section 3.2).

These necessary and sufficient criteria can be easily translated into
properties of the Dynkin diagram of the system of restricted roots Σ:
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(1) For all β in Θ, the root space gβ is 1-dimensional. (Representa-
tion is proximal.)

(2) For all β in Θ, the node of the Dynkin diagram with label β
is either connected to the nodes in ∆ r Θ by a double arrow
pointing towards ∆rΘ, or it is not connected to ∆rΘ at all.
(Representation is even.)

Let us consider the two cases, Θ = ∆ and Θ 6= ∆.
In the first case, when Θ = ∆, the evenness condition is empty. The

multiplicity one condition implies that for every simple root α ∈ ∆ the
root space gα is of dimension one. This implies that G is a split real
form.

In the case when Θ 6= ∆, the evenness condition implies that every
arrow from Θ to ∆rΘ has to be a double arrow, pointing from Θ to
∆ r Θ. By property of Dynkin diagrams, there can be at most one
double arrow in the Dynkin diagram ∆ [Hel01, Ch. X, Lemma 3.18],
and Θ must be the set of long simple roots.

Going through the Dynkin diagrams of the system of restricted roots
associated with simple real Lie groups (see e.g. [Hel01, Ch. X, § 6 and
Table VI p. 532-4]) we can now read off the list of pairs (G,Θ). This
completes the proof of Theorem 3.4.

3.4. The special root. By the classification of Dynkin diagrams (more
accurately, from the fact that a connected Dynkin diagram admits at
most one double arrow), we observe that for all pairs (G,Θ) admitting
a Θ-positive structures, both sets Θ and ∆rΘ are connected.

When Θ 6= ∆, there is thus a unique root αΘ in Θ which is connected
to ∆ r Θ. The root αΘ will be called the special root. For all α ∈
Θ r {αΘ} we have that uα = gα and dim uα = 1. For αΘ, the vector
space

uαΘ
=

⊕

α∈Σ+
Θ,

α|tΘ=αΘ|tΘ

gα

is of dimension greater than or equal to 2 since there is a least one
other root in Σ congruent to αΘ modulo ∆rΘ.

3.5. The Hermitian tube type subgroup. Elaborating on the spe-
cial root and again under the assumption Θ 6= ∆, we notice that the
subgraph of the Dynkin diagram with vertices {αΘ} ∪ ∆ r Θ is of
type Cd+1 (where d is the cardinality of ∆ r Θ). This is the type of
the semisimple part SΘr{αΘ} of the Levi factor LΘr{αΘ}. One has then
the following

Proposition 3.8. Let G be a simple Lie group admitting a Θ-positive
structure with Θ 6= ∆. Then the subgroup SΘr{αΘ} is Hermitian of tube
type. Moreover uαΘ

is contained in the Lie algebra of SΘr{αΘ} and is the
Lie algebra of the unipotent radical of the maximal parabolic subgroup
PΘ∩SΘr{αΘ} of SΘr{αΘ} associated to the root αΘ; a Levi factor of this
parabolic subgroup of SΘr{αΘ} is LΘ ∩ SΘr{αΘ}.

Note that the maximal parabolic PΘ ∩ SΘr{αΘ} is the stabilizer of a
point in the Shilov boundary of the Hermitian symmetric space associ-
ated to SΘr{αΘ}.
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Proof. Only the statement about uαΘ
needs to be established.

Let s be the Lie algebra of SΘr{αΘ}. Clearly, gαΘ
is contained in s.

Furthermore, LΘ ⊂ LΘr{αΘ} and hence SΘ is contained in SΘr{αΘ}.
Thus the SΘ-module generated by gαΘ

is contained in s. By Kostant’s
result (Theorem 2.2) and by Proposition 3.7, the SΘ-module uαΘ

is irre-
ducible. As uαΘ

contains gαΘ
, we obtain that the SΘ-module generated

by gαΘ
is equal to uαΘ

and therefore that uαΘ
is contained in s.

The Hermitian tube type Lie group SΘr{αΘ} has a positive structure
associated with the subset ΘS = {αΘ} of its simple roots; in this case
the equality uΘS

= uαΘ
holds. �

3.6. The uα are Abelian.

Proposition 3.9. Let G be a simple Lie group admitting a Θ-positive
structure. Then, for every α in Θ, uα is Abelian.

Proof. When Θ = ∆, all the uα are 1-dimensional and therefore Abelian.
When Θ 6= ∆, for all α in Θr{αΘ}, uα is 1-dimensional and Abelian.

For the special root αΘ the space uαΘ
is equal to the unipotent factor of

the parabolic subalgebra associated to the Shilov boundary of the Her-
mitian subgroup (Proposition 3.8) and it is known that this unipotent
algebra is Abelian. �

3.7. The case of Hermitian Lie groups that are not of tube

type. Note that simple Hermitian Lie groups which are not of tube
type do not appear on the list of groups admitting a positive structure.
This is because in that case the root system is non-reduced of type
BCn, and the proximality condition is not satisfied, for every simple
root α, the root space gα is of dimension > 1. In this case however,
with α is the simple root such that 2α is also a root, we have at our
hand the space u2α, and the representation of L◦

Θ on u2α is proximal
(the root space g2α is 1-dimensional) and even.

4. The nonnegative and positive semigroups

In this section, we fix a pair (G,Θ) where G is a simple real Lie
group which admits a Θ-positive structure; we introduce the nonnega-
tive semigroup U≥0

Θ and the positive semigroup U>0
Θ in the unipotent

radical UΘ of the parabolic subgroup PΘ. Their main properties will
be established in Section 10.

For every α ∈ Θ we fix an L◦
Θ-invariant closed cone cα in uα, and

denote by c̊α its interior. For α ∈ Θ, the cone τ(−cα) is contained in
u−α (τ is the Cartan involution) and will be denoted by coppα .

4.1. The nonnegative semigroup.

Definition 4.1. The unipotent nonnegative semigroup U≥0
Θ ⊂ UΘ is the

subsemigroup of UΘ generated by
⋃

α∈Θ exp(cα). The opposite unipo-

tent nonnegative semigroup Uopp,≥0
Θ is the subsemigroup generated by

⋃

α∈Θ exp(coppα ).

We have Uopp≥0
Θ = τ(U≥0

Θ )−1 (where τ denotes also the group homo-
morphism G→ G tangent to the involution τ : g → g). Note that it is
not clear from the definition that the unipotent nonnegative semigroup
is closed, this will be proven in Section 10.
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The unipotent nonnegative semigroups give rise to a semigroup in G.

Definition 4.2. The nonnegative semigroup G≥0
Θ ⊂ G is defined to be

the subsemigroup generated by U≥0
Θ , Uopp,≥0

Θ , and L◦
Θ.

Examples 4.3. (1) When G is a split real form, and Θ = ∆, then U≥0
Θ is

the nonnegative unipotent semigroup defined by Lusztig in [Lus94],
and G≥0

Θ = G≥0 is the semigroup of totally nonnegative elements
defined by Lusztig [Lus94, § 2.2]. In the case when G is SLn(R), the
nonnegative semigroup G≥0

Θ consists of the matrices, all of whose
minors are nonnegative. Similar characterizations for other split
real Lie groups in terms of generalized minors exist.

(2) Let G be a Hermitian Lie group of tube type and of real rank r,
and let Θ = {αr}. Then U≥0

Θ = exp(cαr
) ⊂ UΘ, and G≥0

Θ is the
contraction semigroup G≻0 ⊂ G [Kou95, Th. 4.9].

In particular note that when G is the real symplectic group of
rank r, the unique (up to isogeny) rank r group which is split and of
Hermitian type, the nonnegative semigroups G≥0

∆ and G≥0
{αr}

are dif-

ferent when r > 1. In this case the nonnegative semigroup G≥0
{αr}

ad-

mits a nice characterization. The symplectic group Sp(2n,R) con-
sists of block matrices

(

A B
C D

)

in GL2n(R) such that tDA−tBC = Id,
and the matrices tAC and tDB are symmetric.

Such a matrix is then in the nonnegative semigroup Sp(2n,R)≥0

if and only if det(A) > 0 and that the (necessarily symmetric)
matrices CA−1 and A−1B are semipositive.

(3) For the case when G is a split real group locally isomorphic to
SO(n, n + 1) with n > 1, we have two different semigroups, the
nonnegative semigroup G≥0

Θ , where Θ = ∆ r {αn} and Lusztig’s

nonnegative semigroup G≥0
∆ . No direct characterizations of the

nonnegative semigroup G≥0
Θ are known yet.

(4) Also in the case when G is the split real form of F4 we have
two different semigroups, the nonnegative semigroup G≥0

Θ , where

Θ = {α1, α2} and Lusztig’s nonnegative semigroup G≥0
∆ . No direct

characterizations of the nonnegative semigroup G≥0
Θ are known yet.

4.2. The positive semigroup.

Definition 4.4. The interior (relative to UΘ) of the nonnegative semi-
group U≥

Θ is called the unipotent positive semigroup and denoted U>0
Θ .

The interior of the opposite nonnegative semigroup Uopp,≥0
Θ is called

the opposite unipotent positive semigroup and denoted Uopp,>0
Θ .

It is clear that U>0
Θ is a semigroup (cf. Lemma 4.6 below), but this def-

inition gives little information about the structure of the positive semi-
group. Already in Lusztig’s work, the positive unipotent semigroup is
not introduced in this way, but is defined given explicit parametriza-
tions of a subset U>0 of U , which is then shown to be a semigroup and
to agree with the interior of U≥0. We will give explicit parametrizations
of the unipotent positive semigroup U>0

Θ in Section 10.
In the case of Hermitian Lie groups of tupe type the situation sim-

plifies drastically, because then Θ = {αΘ}, U≥0
Θ = exp(cαΘ

), and thus
U>0
Θ = exp(̊cαΘ

).
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Similarly to the nonnegative semigroup in G, there is also a positive
semigroup in G.

Definition 4.5. The interior of G≥0
Θ is called the positive semigroup

and denoted G>0
Θ .

In the case when G = SL(n,R) the semigroup G≥0
∆ (respectively

G>0
∆ ) is precisely the semigroup of nonnegative (respectively totally pos-

itive) matrices. A general geometric description of the semigroups G≥0
Θ

and G>0
Θ is not known and should be the subject of further investiga-

tion. In this article we focus on the nonnegative and positive unipotent
semigroups. The nonnegative and positive semigroups G≥0

Θ , respec-
tively G>0

Θ , will be further investigated in [GW24] where it is shown

that the positive semigroup G>0
Θ is the direct product Uopp,>0

Θ ·L◦
Θ ·U>0

Θ ,
and further geometric properties of its elements are established, in par-
ticular [GW18, Conjecture 4.10], stating that an element of G>0

Θ acts
proximally on FΘ, will be proved there.

4.3. Some facts about topological semigroups. Let us note that
semigroups contained in a topological group satisfy a number of imme-
diate properties:

Lemma 4.6. Let G be a topological group. Let U be a semigroup
contained in G.

(1) The closure U and the interior Ů are also semigroups.

(2) Let ℓ be in G such that ℓUℓ−1 = U , then ℓUℓ−1 = U and ℓŮℓ−1 =

Ů .
(3) If U is open, the following inclusions hold UU ⊂ U and UU ⊂

U . In the case when furthermore U contains the neutral element,
equalities hold: UU = U = UU .

(4) If U is open and if e belongs to U , then U is equal to the interior
of U .

Proof. Points (1) and (2) are consequences of the continuity of the law
in G.

We now assume that U is open.
Let u be in U and v be in U . There exists an neighborhood N of e

in G such that N v ⊂ U . Since N−1 is also a neighborhood of e, uN−1

is a neighborhood of u and contains an element u′ of U . The element v′

of G such that uv = u′v′ belongs to N v and hence to U . As U is a
semigroup, u′v′ is in U and thus uv is in U . This proves UU ⊂ U
and similarly UU ⊂ U follows. When e belongs to U , the inclusions
U ⊂ UU and U ⊂ UU are obvious. This proves point (3).

Suppose that e ∈ U . Let V be the interior of U . Since U is open, one
has U ⊂ V . Let v be in V . Since V is open, there is a neighborhood N
of e such that vN ⊂ V . By the assumption e ∈ U , U ∩ N−1 is not
empty and let g be an element in this intersection. Then vg−1 belongs
to V and thus to U ; therefore v = (vg−1)g belongs to UU = U . The
equality V = U is proved. �

4.4. Hermitian Lie groups not of tube type. When G is a Hermit-
ian Lie group that is not of tube type we saw that G does not admit
a positive structure. However, we can consider the simple root α such
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that 2α is a root. There is an L◦
Θ-invariant cone c2α in u2α. We could

thus consider the semigroups given by exp(c2α), respectively exp(̊c2α).
These semigroups are contained in the maximal subgroup of tube type
in G, and thus the discussion reduces to the case of Hermitian Lie
groups of tube type. However, several of the properties of the positive
semigroups U>0

Θ established in Section 10 in fact do not hold for the
semigroup exp(̊c2α) in Hermitian Lie groups that are not of tube type.

5. The invariant cones

In this section we fix a pair (G,Θ) such that G is a simple Lie group
carrying a Θ-positive structure and analyze the invariant cones in uα
(α ∈ Θ) in more detail. In particular we introduce the notion of a
Θ-system, that will be used in Section 6 to generate a split subalgebra
of g related with the positive structure.

5.1. The description of the invariant cones. For every α in Θ,
uα contains an L◦

Θ-invariant closed convex cone, which we denote by cα.
This cone is unique up to the action of − Id (cf. Proposition 3.6.(2)).
The interior of the cone cα ⊂ uα is denoted by c̊α. We now describe
these cones explicitly.

When uα ∼= R (this happens for all α in the case when Θ = ∆ and for
all α 6= αΘ in the case Θ 6= ∆), the cone cα can be identified with the
cone R≥0 ⊂ R. Thus we now focus on the cone in uαΘ

(and Θ 6= ∆).
Let us start with the case when G is Hermitian of tube type. This

means that G is (up to isogeny) Sp(2n,R), SU(n, n), SO∗(4n), SO(2, q),
or the exceptional group E7(−25). The 3 first families of classical groups
can be uniformly described: Let K be either R, C, or H, the space
V = K

2n is a right vector space and is endowed with a anti-Hermitian
form defined by

ωK(v, v
′) =

n
∑

i=1

x̄iy
′
i − ȳix

′
i

with v = (x1, . . . , xn, y1, . . . , yn) and v′ = (x′1, . . . , x
′
n, y

′
1, . . . , y

′
n). The

subgroup G in GLK(V ) of automorphisms of V stabilizing ωK is Her-
mitian of tube type; it is Sp(2n,R), SU(n, n), or SO∗(4n) following
that K is R, C, or H respectively. The Levi factor LΘ in this case
consists of the elements

ℓA =

(

A 0

0 tA
−1

)

, A ∈ GLn(K),

and the unipotent algebra uΘ is equal to uαΘ
. It consists of the matrices

uM =

(

0 M
0 0

)

, M ∈Mn(K) such that tM =M ;

thus uαΘ
identifies with the space Herm(n,K) of Hermitian matrices

over K. Since ℓAuMℓ
−1
A = uAM tA, we get that Herm≥0(n,K) is the

sought for LΘ-invariant cone.
For SO(2, k+1), let us consider the quadratic form q2,k+1 = −x1xk+3+

x2xk+2 −
∑k+1

j=3 x
2
j on V = R

k+3. The group G = SO(q2,k+1) is also an
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Hermitian Lie group of tube type. The Levi factor LΘ consists of the
matrices

ℓλ,g =





λ det g 0 0
0 g 0
0 0 λ−1



 , λ ∈ R
∗, g ∈ O(q1,k),

where q1,k is given by restricting q2,k+1 on the codimension 2 space
defined by x1 = xk+3 = 0. The unipotent algebra is composed by the
matrices

uv =





0 tvJ 0
0 0 v
0 0 0



 , v ∈ R
k+1,

where J is the matrix of the form q1,k. One has in this case ℓλ,guvℓ
−1
λ,g =

uλgv and the cone defined by x2 > 0, q1,k > 0 is invariant by L◦
Θ.

The exceptional Hermitian simple Lie group of tube type is E7(−25)

(or EVII in Cartan’s notation). In this case, the semisimple part of the
group LΘ is EIV = E6(−26) and the action of LΘ on uαΘ

is the action

of the group of isomorphisms of Herm(3,O), in it Herm≥0(3,O) is a
natural invariant cone (cf. [FK94, p. 213]).

We now turn to the general case, i.e. when Θ 6= ∆ and the cardinality
of Θ is > 1. The description of the cone cαΘ

reduces to the Hermitian
case by Proposition 3.8. Let us describe concretely what happens in
those cases, namely for orthogonal groups of forms of higher signatures
and for the groups whose system of restricted roots is F4.

When G = SO(p+1, p+ k), then (using standard numbering for the
simple roots) αΘ = αp, and uαΘ

∼= (R1,k, q1,k) with cαΘ
= {v ∈ R

1,k |
v1 ≥ 0, q1,k(v) ≥ 0} (q1,k denotes here the standard quadratic form of
signature (1, k) on R

1+k).
When G is one group in the exceptional family whose system of

restricted roots is of type F4, then uα2 and the cone cα2 are given in
Table 1.

G uα2 SΘ cα2

FI = F4(4) Sym(3,R) Sp(6,R) Sym≥0(3,R)
EII = E6(2) Herm(3,C) SU(3, 3) Herm≥0(3,C)
EVI = E7(−5) Herm(3,H) SO∗(12) Herm≥0(3,H)
EIX = E8(−24) Herm(3,O) E6(−26) Herm≥0(3,O)

Table 1. The nontrivial cone for groups in the excep-
tional family

5.2. Homogeneity. The explicit description of the invariant cones c̊α
for all α ∈ Θ also gives us further information on the action of L◦

Θ on
the product of cones

∏

α∈Θ c̊α. Whereas the representation of L◦
Θ in

GL(uα) can have a nontrivial kernel, the kernel of the representation
of L◦

Θ in GL(
∏

α∈Θ uα) is reduced to the intersection of the center of G
with L◦

Θ. Thus we get the following proposition.

Proposition 5.1. Let, for each α in Θ, cα be an L◦
Θ-invariant acute

convex cone in uα and let c̊α be its interior. Then the diagonal action
of L◦

Θ on
∏

α∈Θ c̊α is transitive and proper. Precisely the stabilizers
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are maximal compact subgroups of L◦
Θ, therfore

∏

α∈Θ c̊α is a model for
the Riemannian symmetric space associated with L◦

Θ. Furthermore an
element in

∏

α∈Θ cα r
∏

α∈Θ c̊α has a noncompact stabilizer in L◦
Θ.

Proof. When Θ = ∆ (and we are thus in the split case), we have that
L◦
Θ ≃ R

Θ
>0,

∏

α∈Θ c̊α ≃ R
Θ
>0, and the action is given by coordinate-

wise multiplication. The action of L◦
Θ on

∏

α∈Θ c̊α is therefore simply
transitive. If v = (vα)α∈Θ belongs to

∏

α∈Θ cα r
∏

α∈Θ c̊α, it means
that one coordinate vα of v is zero and the α-th factor of the group
R

Θ
>0 ≃ L◦

Θ is contained in the stabilizer of v which is therefore not
compact.

Let us investigate now the case Θ 6= ∆. The Lie algebra lΘ of LΘ is
the direct sum zΘ ⊕ sΘ of its center and its semisimple factor. Further-
more zΘ is the direct sum of a compact factor mΘ and the split factor tΘ
(cf. Section 2.9). The map X 7→ (α(X))α∈Θ is an isomorphism from tΘ
to R

Θ. Furthermore a Cartan subspace for sΘ is aΘ =
⊕

α∈∆rΘRHα.
The same decomposition holds for the Levi factor lΘr{αΘ} and its

semisimple factor sΘr{αΘ}. Therefore tΘr{αΘ} is contained in tΘ. Fur-
thermore j = lΘ ∩ sΘr{αΘ} is the Levi factor in sΘr{αΘ} corresponding
to {αΘ} (Proposition 3.8).

We therefore get that, up to a compact factor, lΘr{αΘ} is the direct
sum of tΘr{αΘ} and of j. Let us denote by TΘr{αΘ} and J the cor-
responding connected Lie groups. From the construction (and by a
similar argument as in the split case) we get that TΘr{αΘ} acts simply
transitively on

∏

α∈Θr{αΘ} c̊α and acts trivially on c̊αΘ
. Similarly J acts

trivially on
∏

α∈Θr{αΘ} c̊α and it acts transitively on c̊αΘ
with stabiliz-

ers being compact maximal subgroups. This implies the result for the
action of LΘ on

∏

α∈Θ c̊α.
Now let v = (vα)α∈Θ belongs to

∏

α∈Θ cα r
∏

α∈Θ c̊α. Either there is
α 6= αΘ such that vα is zero and the stabilizer of v in TΘr{αΘ} is not
compact, or vαΘ

belongs to cαΘ
r c̊αΘ

and the stabilizer of v in J is not
compact (Proposition 3.6). In all cases, the stabilizer of v in L◦

Θ is not
compact. �

5.3. The group of automorphisms of g. In order to have stronger
(and more natural) transitivity results for the action on the cones
(Proposition 5.2 below), we now consider Aut(g) ⊂ GL(g) the group
of automorphisms of the Lie algebra g. It is a Lie group, that is not
necessarily connected, and whose Lie algebra is equal to g since g is
semisimple. The adjoint action induces a continuous homomorphism
G → Aut(g); this homomorphism has finite kernel and its image is
Inn(g) the connected component of the identity in Aut(g).

By construction, the group Aut(g) acts on the Lie algebra g and
also on the subalgebras of g; this action is orthogonal with respect to
the Killing form. Automorphisms of g act on the space of maximal
compact subalgebras as well as on the space of Cartan subspaces.

Since the action of Inn(g) is transitive on the Weyl chambers (cf.
[Kna02, Theorem 6.51]), one can associate to any element g of Aut(g)
an automorphism φg of the Dynkin diagram D of g. These combine to
an homomorphism Aut(g) → Aut(D). Let g be in Aut(g), for every Θ
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contained in ∆ and for every p in FΘ, i.e. p is a parabolic algebra of
type Θ, the image g(p) is a parabolic subalgebra of type φg(Θ).

The kernel Aut1(g) of this homomorphism
contains Inn(g); it acts on the flag variety FΘ since, for every g in

Aut1(g) and every p in FΘ, g(p) belongs to Fφg(Θ) = FΘ.
The actions of G and of Aut1(g) on FΘ are of course related by the

homomorphism G→ Aut1(g).

5.4. Homogeneity under the group of automorphisms of g. We
prove here that the choices of the cones cα in uα (α ∈ Θ) are unimpor-
tant up to the action of the group Aut1(g). Precisely, we have

Proposition 5.2. For every {εα}α∈Θ in {±1}Θ, there is an element g
in Aut1(g) such that

• g preserves every factor in the decomposition g = g0 ⊕
⊕

α∈Σ gα, in
particular it stabilizes uα for every α in Θ;

• for every α in Θ, the restriction g|uα is εα Id.

One can even choose g such that

• the restriction g|g0 is + Id, and
• for every α in Θ, there restriction g|u−α

is εα Id.

Proof. Let φ be the homomorphism of the additive group Span
Z
(∆) to

the multiplicative group {±1}, defined on the basis ∆ by

• φ(α) = εα for all α in Θ and φ(α) = 1 for all α in ∆rΘ.

Define now g by g|gγ = φ(γ) Id for every γ in Σ ∪ {0}. Thus g belongs
to GL(g).

(1) The relations φ(γ + γ′) = φ(γ)φ(γ′), for all γ and γ′ in Σ ∪ {0},
imply that g is an automorphism of g.

(2) One has φ(0) = 1 and, for every α ∈ Θ and every γ in Σ that
is congruent to ±α modulo the span of ∆ r Θ, φ(γ) = εα and
therefore g|g0 = Id and g|±uα = εα Id.

By construction g preserves the root space decomposition; such an
automorphism of g automatically preserves the Cartan subspace and
all the roots, i.e. it acts as the identity on the Dynkin diagram and
belongs to Aut1(g). The automorphism g has hence all the wanted
properties. �

As a corollary of Propositions 5.1 and 5.2 we get

Corollary 5.3. The Levi factor of the parabolic subgroup of Aut1(g)
associated with Θ acts transitively on

∏

α∈Θ

(

c̊α ∪ −c̊α
)

.

Remark 5.4. It is an interesting question to determine the orbits of LΘ

on the product
∏

α∈Θ

(

c̊α ∪ −c̊α
)

. For the cases not corresponding to
total positivity (i.e. when Θ 6= ∆), one has the following result:

• When ♯Θ is even, the action of LΘ on
∏

α∈Θ

(

c̊α ∪ −c̊α
)

is tran-
sitive,

• When ♯Θ is odd, this action has two orbits.
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5.5. Construction of Θ-systems. We explain in this paragraph an
explicit construction of elements Eα in c̊α ∪ −c̊α from “standard” el-
ements presenting the Lie algebra g. This will allow us to construct
what we call a Θ-system (Definition 5.16). We show in Section 6 that
a Θ-system generates a split real Lie subalgebra of g and in Section 7
that is determines a special three dimensional simple subalgebra in g,
that we call the Θ-principal sl2.

To start we consider the following:

• for each α in Θ, we choose once and for all an element Xα

in gα such that, (Xα, τ(−Xα), [Xα, τ(−Xα)]) is an sl2-triple (cf.
Section 2.5).

Recall that Xα must satisfy the relation B(Xα, τ(Xα)) = −2/(α|α) (i.e.
Xα ∈ S(gα), Section 2.5). Since gα is of dimension 1, the element Xα

is determined uniquely up to sign.
In all cases when Θ = ∆ or for α 6= αΘ when Θ 6= ∆, we have

uα = gα, and thus Xα determines the cone c̊α = R>0Xα.
When Θ 6= ∆ and for α = αΘ, we will use the element Xα ∈ gα as

a starting point to define, using the action of W∆rΘ the Weyl group
of SΘ, a new element EαΘ

(see Theorem 5.12). This element will be
contained in c̊αΘ

∪ −c̊αΘ
and we will pick the cone so that Eα ∈ c̊αΘ

.
From the classification (or more precisely from the fact that Θ and

∆rΘ are connected) we know that the semisimple Lie group SΘ is of
type Ad where d is the cardinality of ∆ r Θ. We can thus enumerate
the roots in ∆rΘ = {χ1, . . . , χd} so that χ1 is connected (by a double
arrow) to the special root αΘ and, for all i in J1, d−1K, χi is connected
to χi+1. The corresponding reflections in the Weyl group W will be
denoted by s1, . . . , sd.

One has then the following equalities:

s1(αΘ) = αΘ + 2χ1,

since αΘ and χ1 are connected by a double arrow from αΘ to χ1;

si(αΘ) = αΘ for all i > 1,

since αΘ and χi are not connected in the Dynkin diagram; and the
following equalities in type Ad:

si(χi−1) = χi−1 + χi for all i > 1,

si(χi+1) = χi + χi+1 for all i < d,

si(χi) = −χi for i ≥ 1,

si(χj) = χj if |i− j| > 1.

From this the equalities si(χi−1 + χi + χi+1) = χi−1 + χi + χi+1 follow
for all i in J2, d− 1K.

Notation 5.5. Denote, for all k in J0, dK

γk = αΘ + 2
∑

1≤j≤k

χj.

In particular γ0 = αΘ, and the roots γk are equal to αΘ modulo the
span of χ1, . . . , χd, i.e. gγk ⊂ uαΘ

for all k.

Lemma 5.6. The orbit of the special root αΘ under the group W∆rΘ

is {γ0, . . . , γd}.
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Proof. For all i in J2, dK and all k in J0, i− 2K, one has

si(γk) = si

(

αΘ + 2
∑

1≤j≤k

χj

)

= si(αΘ) + 2
∑

1≤j≤k

si(χj)

= αΘ + 2
∑

1≤j≤k

χj = γk.

For all i in J1, d− 1K and for all k in Ji+ 1, dK, one has

si(γk) = si

(

γi−2 + 2(χi−1 + χi + χi+1) + 2

k
∑

j=i+2

χj

)

= γi−2 + 2(χi−1 + χi + χi+1) + 2
k

∑

j=i+2

χj = γk.

Similarly, si(γi−1) = si(γi−2 + 2χi−1) = γi−2 + 2χi−1 + 2χi = γi, and
si(γi) = γi−1 for all i in J1, dK.

From this we directly observe that the reflections s1, . . . , sd stabilize
the set {γ0, . . . , γd} and act transitively on it. This implies the result
since W∆rΘ is generated by s1, . . . , sd. �

We now establish preliminary results concerning the 3-dimensional
Lie subalgebras associated with elements in gχi

, and their action on
the root spaces gγk . Recall that for X an element in the sphere S(gχi

)
of gχi

, i.e. B(X, τ(X)) = −2/(χi|χi), the triple (X, τ(−X), [τ(X), X ])
is an sl2-triple (cf. Section 2.5), thus the Lie algebra s generated by X
and τ(X) is isomorphic to sl2(R).

Lemma 5.7. Let k be in J0, dK and let i /∈ {k, k+1}. Let X an element
in the sphere S(gχi

) and let s be the Lie algebra generated by X and
τ(X). The root space gγk is stable by s and is the trivial s-module.

Proof. Since the χi-chain containing γk is trivial, the subspace gγk is
indeed an s-module (cf. Section 2.5). Since it is 1-dimensional, it is the
trivial module. �

Lemma 5.8. Let i be in J1, dK, and let X be in S(gχi
), so that the

Lie algebra s generated by X and τ(X) is isomorphic to sl2(R). The
s-modules generated by gγi−1

and by gγi coincide and are isomorphic to
the 3-dimensional irreducible module of s ≃ sl2(R).

Proof. Since X belongs to S(gχi
), (X, Y = τ(−X), H = [X, Y ]) is an

sl2-triple.
The χi-chain containing γi−1 is (γi−1, γi−1+χi, γi−1 +2χi = γi); it is

also the χi-chain containing γi. This means in particular that

gγi−1
⊕ gγi−1+χi

⊕ gγi

is invariant under the adjoint action of s and that the lowest weight
space for this action is the 1-dimensional space gγi−1

. Together with the
fact that γi−1(H) = −2, one gets that the s-module generated by gγi−1

is the irreducible 3-dimensional s-module (cf. Section 2.5) and contains
the line gχi

. By irreducibility, the s-module generated by gχi
is equal

to the s-module generated by gγi−1
. �
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The above lemmas enable us to understand the orbit of XαΘ
under

the subgroup W of NK(a) generated by the elements exp(π
2
(X+τ(X)))

where X varies in
⋃d

i=1 S(gχi
); by [Kna02, Prop. 6.52], for X in S(gχi

),
the element exp(π

2
(X + τ(X))) belongs to NK(a) and represents si.

Notation 5.9. For all i in J1, dK, let Xi be the element in S(gχi
) so

that (Xi, τ(−Xi), [τ(Xi), Xi]) is an sl2-triple and set ṡi = exp
(

π
2
(Xi +

τ(Xi))
)

.
We denote by Z0, . . . Zd the elements defined by the following equal-

ities Z0 = Xα ∈ gαΘ
and

Z1 = Ad(ṡ1)Z0, Z2 = Ad(ṡ2)Z1, . . . , Zd = Ad(ṡd)Zd−1.

We denote, for all k in J0, dK, Yk = −τ(Zk) and Wk = [Zk, Yk].

Since Ad(ṡi) commutes with τ , one has Yi = Ad(ṡi)Yi−1 and Wi =
Ad(ṡi)Wi−1.

Proposition 5.10. The elements Z0, . . . , Zd do not depend on the
choices of the Xi.

They all belong to uαΘ
, and are the elements of the orbit of Z0 under

the group W.

Proof. For every root α, one has Ad(ṡi)gα = gsi(α). Therefore, for all k
in J0, dK, Zk belongs to gγk which is contained in uαΘ

.
Let us denote, for k = 0 in J0, dK, by Wk the subgroup of NK(a) gen-

erated by the elements exp(π
2
(X+τ(X))) where X varies in

⋃k
i=1 S(gχi

).
The subgroup W0 is then the trivial subgroup and Wd = W.

We will establish by induction on k that the orbit of Z0 under the
action of Wk is equal to {Z0, . . . , Zk} and that Zk does not depend on
the choice of Xk.

This is trivially satisfied for k = 0. Let us thus assume the result for
a given k < d.

By Lemma 5.7, the action of exp(π
2
(X + τ(X))) is trivial on gk+1 for

all X in
⋃k

i=1 S(gχi
). This implies that Zk+1 is fixed by Wk. By the

same argument, exp(π
2
(X + τ(X))) fixes the elements Z0, Z1, . . . , Zk−1

for all X in S(gχk+1
).

Let us now prove that, for all X in S(gχk+1
), one has exp(π

2
(X +

τ(X))) · Zk = Zk+1 and exp(π
2
(X + τ(X))) · Zk+1 = Zk. Let s be the

3-dimensional algebra generated by X and τ(X).
By Lemma 5.8 and the knowledge of the 3-dimensional irreducible

representation of sl2(R), the element exp(π
2
(X + τ(X))) acting on the

s-module generated by Zk is of order 2 (cf. Section 2.5); this implies
that it is enough to establish the identity exp(π

2
(X+τ(X)))·Zk = Zk+1.

This implies also that the map X 7→ exp(π
2
(X+ τ(X))) ·Zk is invariant

by X 7→ −X. Hence this map factors to a continuous map from the
projective space S(gχi

)/{±1} to a 0-dimensional sphere S(gγk+1
) (since

gγk+1
is 1-dimensional and since exp(π

2
(X + τ(X))) acts orthogonally

with respect to the quadratic form B(·, τ(·))), it is hence the constant
map.

This proves that Zk+1 does not depend on Xk+1 and also that the
orbit of Z0 under Wk+1 is equal to {Z0, . . . , Zk, Zk+1}, hence the induc-
tion step. �
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The nontrivial Lie brackets between elements among {Zk, Yk,Wk}
are zero.

Lemma 5.11. (1) For all k and ℓ in J0, dK, [Zk, Zℓ] = 0, [Yk, Yℓ] = 0,
and [Wk,Wℓ] = 0.

(2) For all k and ℓ in J0, dK, if k 6= ℓ, [Zk, Yℓ] = 0, [Zk,Wℓ] = 0, and
[Yk,Wℓ] = 0.

Proof. (1) This follows since u±αΘ
is Abelian and since a is Abelian.

(2) Let us prove that [Zk, Yℓ] = 0. Using the action of τ we can assume
k > ℓ. The bracket [Zk, Yℓ] belongs to the weight space associated
with γk − γℓ = 2(χℓ+1 + · · · + χk) which is not a root (since the
root system is reduced and χℓ+1 + · · ·+ χk is a root); this bracket
is therefore zero.

The identities [Zk,Wℓ] = 0 and [Yk,Wℓ] = 0 follow now using the
definition of Wℓ and the Jacobi identity.

�

From this we deduce

Theorem 5.12. The element EαΘ
of uαΘ

defined by

EαΘ
:= Z0 + Z1 + · · ·+ Zd,

belongs to c̊αΘ
∪ −c̊αΘ

.

Proof. By Proposition 3.6.(2) it is enough to show that the Lie algebra s

of the stabilizer of Z0 + · · · + Zd contains kΘ. By Proposition 5.10
this sum is invariant under the action of W, therefore s is invariant
by W∆rΘ.

Equation (2.1), p. 16, reads

kΘ = m⊕
⊕

α∈Span(∆rΘ)∩Σ+

(gα ⊕ g−α) ∩ k.

Here Span(∆ r Θ) ∩ Σ is the root system of the Lie group SΘ and is
of type Ad. In this situation the corresponding Weyl group W∆rΘ acts
transitively on the roots. Therefore it will be enough to establish the
invariance under m = zk(a) and under (gχ1 ⊕ g−χ1) ∩ k (since χ1 is one
of the root of SΘ).

For all k in J0, dK, the root space gγk is a 1-dimensional representation
of the (compact) Lie algebra m and is thus the trivial representation.
Hence the stabilizer of Zk contains m. Therefore s contains m.

Let us now establish that s contains

(gχ1 ⊕ g−χ1) ∩ k = {X + τ(X)}X∈gχ1
,

(cf. Equation (2.2), p. 16). Let X be an element of gχ1 , and Y =
−τ(X). We want to show that the stabilizer of Z0 + · · ·+ Zd contains
X − Y . As the conclusion holds trivially if X = 0, we can assume that
X is nonzero. Up to multiplying X by a positive real number, we can
assume that (X, Y, [X, Y ]) is an sl2-triple. Denote by f the Lie algebra
it generates. By Lemma 5.8, we know that the f-module generated
by Z0 contains Z1 = Ad(ṡ1)Z0 (again with ṡ1 = exp(π

2
(X − Y ))) and

is the irreducible 3-dimensional f-module. Explicit knowledge of the
3-dimensional irreducible sl2-module shows directly that the stabilizer
of Z0 + Z1 contains X − Y . By Lemma 5.7, for every k in J2, dK, the
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stabilizer of Zk contains X − Y . From this we have the sought for
result: {X + τ(X)}X∈gχ1

is included in s. �

Example 5.13. We illustrate the construction of the elements above in
the example when G = Sp(2n,R) and Θ = {αn}. In this case uαΘ

natu-
rally identifies with Symn(R), the space of real n×n symmetric matri-
ces (cf. Section 5.1) andW∆rΘ is isomorphic to the symmetric group Sn

acting on Symn(R) by conjugation by the corresponding permutation
matrices and d = n − 1. We use the standard basis (Ei,j)1≤i,j≤n of
Mn(R) (the only nonzero coefficient of Ei,j is in place (i, j) and is
equal to 1) so that {Ei,i}i ∪ {Ei,j + Ej,i}i<j is a basis of Symn(R).
The root space gαn

is equal (as a subspace of uαΘ
≃ Symn(R)) to

the line generated by E1,1. Thus, one can take Z0 = E1,1 and one
has Z1 = E2,2, . . . , Zi = Ei+1,i+1, . . . , Zn−1 = En,n. Hence the sum
Eαn

= Z0 + · · ·+ Zn−1 is the identity matrix of Symn(R).

As mentioned already, we now fix the invariant cone cαΘ
by choosing

the cone containing EαΘ
.

Lemma 5.14. The intersection of the cone c̊αΘ
with the vector space

generated by Z0, . . . , Zd is equal to
∑d

i=0R>0Zi and the intersection of
the cone cαΘ

with the vector space generated by Z0, . . . , Zd is equal to
∑d

i=0R≥0Zi. In particular XαΘ
belongs to cαΘ

.

Proof. By the action of exp(a), one finds that
∑d

i=0R>0Zi is contained
in c̊αΘ

. To prove the reverse inclusion, it is enough to prove that no

element of (
∑d

i=0R≥0Zi) r (
∑d

i=0R>0Zi) belongs to c̊αΘ
, this follows

from Proposition 3.6 since these elements have noncompact stabilizers.
�

Remark 5.15. In view of the results in this section, one can go back and
forth between the normalization (up to ±1) of the elements Xα in gα
(α ∈ Θ) and the normalization (up to ± Id) of the cones cα (α ∈ Θ).
If the element Xα is chosen, there is a unique cone cα in uα such that
cα contains Xα. Conversely, if the cone cα is chosen, there is a unique
element Xα in S(gα) such that Xα belongs to cα.

Starting with the elements Yα = τ(−Xα), we analogously determine
elements Fα in c̊oppα . One has Fα = τ(−Eα).

Definition 5.16. Let Eα ∈ c̊α, Fα ∈ c̊oppα be the elements constructed
as above, and set Dα := [Eα, Fα] for all α ∈ Θ. Then the family
(Eα, Fα, Dα)α∈Θ is called a Θ-system of g.

Remark 5.17. In the case when Θ = ∆, i.e. when G is a split real group,
the elements {Eα, Fα, Dα}α∈∆ are the Chevalley or Cartan–Weyl basis
of g.

6. Subalgebras associated to a Θ-system

In this section we show that a Θ-system generates a real split Lie
subalgebra hΘ in g. Besides being remarkable, this subalgebra will play
a crucial role in Section 10.6.

We assume that G is a simple Lie group admitting a Θ-positive
structure. We let g be its Lie algebra and (Eα, Fα, Dα)α∈Θ a Θ-system,
with Eα belonging to c̊α and Fα belonging to c̊oppα for α in Θ.
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Theorem 6.1. The Lie algebra hΘ ⊂ g generated by (Eα, Fα)α∈Θ is a
split real simple Lie algebra, more precisely (Eα, Fα, Dα)α∈Θ are Cheval-
ley generators of hΘ and satisfy the Serre relations. When G is split
and Θ = ∆, we have h∆ = g. If G is of type Cn and Θ = {αn}, then
hΘ is of type A1. If G is of type Bn and Θ = ∆r {αn}, then hΘ is of
type Bn−1. If G is of type F4 and Θ = {α1, α2}, then hΘ is of type G2.

Proof. Note that the conclusion of the theorem is plainly satisfied in
the split case, where Eα = Xα for every α in ∆. The Lie algebra
generated by {Xα, τ(Xα)}α∈∆ is then equal to g.

The case when ♯Θ = 1 (Hermitian groups) is also easy to deal with.
We thus focus on the case when Θ 6= ∆ and ♯Θ > 1.

Let {Xi}i∈J1,dK {Zk, Yk,Wk}k∈J0,dK (where d is the cardinality of ∆rΘ)
be the elements given in Section 5.5 so that EαΘ

= Z0+· · ·+Zd belongs
to the cone c̊αΘ

, and for each k in J1, dK, the relations Yk = Ad(ṡk)Yk−1

and Wk = Ad(ṡk)Wk−1 hold (with ṡk = exp
(

π
2
(Xk + τ(Xk))

)

).
For the rest of this proof we will write Θ = {α1, . . . , αp} (with p the

cardinality of Θ so that p ≥ 2) with αp = αΘ and, for all i in J1, p− 1K,
αi and αi+1 are connected in the Dynkin diagram; we will write Ei, Fi,
Di instead of Eαi

, Fαi
, Dαi

.
We now prove that Ei, Fi, Di, (i ∈ J1, pK) satisfy the Serre relations

(cf. [Bou06, Ch. VIII, § 4, no 3, Théorème 1], note that we are using here
a different normalization for sl2-triples). This means here the following
identities

[Di, Ei] = 2Ei, [Di, Fi] = −2Fi, [Ei, Fi] = Di, ∀i ∈ J1, pK(6.1)

[Ei, Fj] = 0, ∀i 6= j ∈ J1, pK(6.2)

[Ei, Ej ] = 0, [Fi, Fj] = 0, [Di, Ej] = 0, and(6.3)

[Di, Fj] = 0, ∀i, j ∈ J1, pK with |i− j| > 1

(adEi)
2Ej = 0, (adFi)

2Fj = 0, [Di, Ej] = −Ej , and(6.4)

[Di, Fj] = Fj , ∀i ∈ J1, p− 1K and j ∈ {i± 1}
[Dp, Ep−1] = −(d+ 1)Ep−1, [Dp, Fp−1] = (d+ 1)Fp−1(6.5)

(adEp)
d+2Ep−1 = 0, (adFp)

d+2Fp−1 = 0.(6.6)

(This list seems longer than usual due to the distinguished role of the
root αΘ = αp).

Equations (6.1) are the facts that the triples (Ei, Fi, Di) are sl2-
triples, only the case when i = p needs more explanation; this case
follows from the equalities [Wk, Zj] = 0 and [Yk, Zj] = 0 for all k 6= j
(Lemma 5.11) and the fact that (Zk, Yk,Wk) are sl2-triples.

Equations (6.2) are inherited from the corresponding identities in g,
again only the case when i or j is equal to p needs a comment. Let’s
consider, for example, i = p; one has Ep = EαΘ

= Z0+Z1+· · ·+Zd, and,
for all k in J1, dK, Zk = Ad(ṡk)Zk−1. Since, from the known identities
in g, [Z0, Fj] = 0 and since Ad(ṡk)Fj = Fj for all k in J1, dK, one gets
that, for all k, [Zk, Fj ] = Ad(ṡk)[Zk−1, Fj] = 0 and also [Ep, Fj] =
∑d

k=0[Zk, Fj ] = 0.
Equations (6.3) are also inherited from the corresponding identities

in g (with again a special treatment when one of the indices is equal
to p). Equations (6.4) equally follow from the known equalities in g.
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We now prove Equations (6.5). Note first that Dp = W0 + W1 +
· · · + Wd. One has, again from identities valid in g, [W0, Ep−1] =
−Ep−1. From the recursive relation Ad(ṡk)Wk−1 = Wk and since
Ad(ṡk)Ep−1 = Ep−1 we deduce that [Wk, Ep−1] = −Ep−1 and, summing
over k, [Dp, Ep−1] = −(d + 1)Ep−1. The identity with Fp−1 follows by
a similar argument (or by applying τ).

Let us now address Equations (6.6). We will prove the seemingly

stronger identity (adEp)
d+2 = 0. Since adEp =

∑d
k=0 adZk, one has

(adEp)
d+2 =

∑

(k0,...,kd+1)∈J0,dKd+2

adZk0 adZk1 · · · adZkd+1
.

Every term in this last sum is zero: indeed the order in a product
adZk0 adZk1 · · · adZkd+1

does not matter (see Proposition 3.9) and,
since d + 2 > d + 1, at least two indices coincide km = kℓ so that
adZk0 adZk1 · · · adZkd+1

= 0 since (adZkℓ)
2 = 0. Similar arguments

imply the equality (adFp)
d+2 = 0. �

Using the homogeneity under the action of L◦
Θ, one gets

Corollary 6.2. Let V = (Vα)α∈Θ belong to
∏

α∈Θ(̊cα∪−c̊α). Then there
exists a unique maximal compact subgroup K ′ of G such that K ′ ∩ L◦

Θ

is the stabilizer of V in L◦
Θ.

Let σ : g → g be Cartan involution associated with K ′. Then the Lie
algebra hΘ generated by {Vα, σ(Vα)}α∈Θ is isomorphic to a real split Lie
algebra of type given by the above theorem.

Proof. Changing one component Vα of V to −Vα does not affect the
hypothesis nor the conclusion; hence we can as well assume that V be-
longs to

∏

α∈Θ c̊α. By the transitivity of the action of L◦
Θ on

∏

α∈Θ c̊α
(Proposition 5.1) it is enough to prove the result for one specific element
in this product of cones. We can thus assume that, for every α in Θ,
Vα = Eα (cf. Definition 5.16). We already observed (Theorem 5.12)
that the Lie algebra of the stabilizer of E = (Eα)α∈Θ contains the
Lie algebra of K ∩ L◦

Θ; therefore (cf. Proposition 5.1) the stabilizer
of E in L◦

Θ is equal to K ∩ L◦
Θ. The Cartan involution is then τ . As

Fα = −τ(Eα), Theorem 6.1 implies the wanted conclusion. �

7. Positive SL2

This section continues the investigation of the special Lie algebraic
properties when a simple Lie group G admits a Θ-positive structure;
here we stress the existence of a special 3-dimensional subalgebra. We
will draw several consequences from this, in particular the existence of
a positive circle in the flag variety FΘ (see Section 13.11), that is used
in [GLW21, Proposition 2.10].

7.1. The Θ-principal subalgebra. The split Lie subalgebra hΘ con-
structed in the previous section admits a special subalgebra (rather a
conjugacy class of subalgebras), called the principal sl2. In the cor-
respondence with nilpotent elements given by the Jacobson–Morozov
theorem, it is the sl2-subalgebra corresponding to the (conjugacy class
of) regular nilpotent element. A regular nilpotent element in hΘ is for
example

∑

α∈ΘEα (where Eα are given in Section 5.5).
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Definition 7.1. The Θ-principal subalgebra is (the conjugacy class
of) the subalgebra of g, isomorphic to sl2(R) and represented by the
principal subalgebra of hΘ.

The induced morphism πΘ : sl2(R) → g will be called Θ-principal
embedding. Kostant [Kos59, Lemma 5.2] gives formulas for a principal
sl2-triple in term of the Chevalley generators, namely there are positive
integers qα (α ∈ Θ) such that

E :=
∑

α∈Θ

q1/2α Eα, F :=
∑

α∈Θ

q1/2α Fα, D :=
∑

α∈Θ

qαDα

is a principal sl2-triple. The following lemma is certainly well known.

Lemma 7.2. Let HΘ be the connected subgroup of G whose Lie algebra
is hΘ.

Let W (HΘ) be the Weyl group of HΘ (for the choice of Cartan sub-
algebra c =

⊕

α∈Θ RHα). Then ṡ = exp
(

π
2
(E − F )

)

belongs to the
normalizer of c in the maximal compact subgroup K ∩HΘ, and it rep-
resents the longest length element of W (HΘ).

Proof. One has Ad(s) · D = −D (from relation valid in sl2(R)). Also
s belongs to K ∩HΘ since τ(E − F ) = E − F belongs to k.

The regular semisimple element D belongs to a unique Cartan sub-
algebra of hΘ; thus Ad(s) · c is the unique Cartan subalgebra contain-
ing −D and is therefore equal to c. This means that s belongs to the
normalizer of c and represents an element in the Weyl group W (HΘ).

Moreover D belongs to a unique Weyl chamber c+ of c and reasoning
as above we get that Ad(s) ·c+ = −c+. Since this equality characterizes
the representatives of the longest length element of W (HΘ), we get the
wanted result. �

Remarks 7.3. (1) The Cartan subspace c is equal to a∆rΘ, i.e. to the
Cartan subspace of S∆rΘ.

(2) The conclusion of the lemma holds as soon as the element D =
[E, F ] is regular.

Examples 7.4. When G = Sp(2n,R), let us explain the subgroup cor-
responding to the Θ-principal subalgebra. For the case Θ = ∆, the
subgroup is the image of the irreducible representation of SL2(R) of
dimension 2n. For the case when Θ = {αn}, the subgroup is the image
of the diagonal embedding of SL2(R), i.e. the set of block matrices,
with blocks of size n all scalar multiples of the identity matrix, alter-
natively there is a natural embedding of SL2(R)n into Sp(2n,R) and
the image of the diagonal subgroup of SL2(R)n by this embedding is
the Θ-principal SL2(R).

When G = SO(p+ 1, p+ k) and Θ = {α1, . . . , αp}, the group HΘ is
SO◦(p+1, p) (naturally embedded in G) and the Θ-principal subgroup
is the irreducible SL2(R) sitting in HΘ.

Remark 7.5. Motivated by the introduction of Θ-positivity, Bradlow,
Collier, García-Prada, Gothen and Oliveira introduce in [BCGP+21]
the notion of magical nilpotent elements and of magical sl2-triples.
They further observe that given a complex Lie group and a magical
nilpotent element E there is a canonical real form g associated with E,
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and this real form admits a Θ-positive structure. It is clear from the
above construction, that the split real form hΘ is the split real subal-
gebra denoted g(E) in [BCGP+21], and the image of the embedding
πΘ : sl2 → g is the (real) magical sl2-triple in g.

8. The Θ-Weyl group

In this section we introduce the Θ-Weyl group, a specific subgroup
of the Weyl group of G. The Θ-Weyl group will be crucial in the
parametrization of the unipotent positive semigroup (see Section 10).
We further introduce the notion of the Θ-length on W which is useful
to establish some properties of the Θ-Weyl group and is also used in
Section 9. We show that the Θ-Weyl group normalizesf W∆rΘ.

Let W be the Weyl group of G. Recall that the generators corre-
sponding to the simple roots α ∈ ∆ are denoted by sα, and that ℓ(w)
is the length of an element w with respect to this generating set (Sec-
tion 2.6).

8.1. Longest length elements and associated involutions. We
first recall some general properties of Weyl groups and their subgroups.
In this paragraph, unless stated otherwise, Θ is any subset of ∆, not
necessarily one that is associated to a Θ-positive structure.

For a subset F of ∆ the subgroup generated by {sα}α∈F will be de-
noted by WF , in particular W∆rΘ is the subgroup generated by sα with
α ∈ ∆rΘ, i.e. it is the Weyl group of SΘ. Note that the restriction of ℓ
to WF is equal to the word length on WF equipped with its generating
set {sα}α∈F . We denote by w∆ the longest length element in W , and
by wF the longest length element in WF , therefore w∆rΘ is the longest
length element in W∆rΘ.

Lemma 8.1. [BT72, Proposition 3.9] The element wΘ
max ∈ W defined

by the equality
w∆ = wΘ

maxw∆rΘ

satisfies ℓ(w∆) = ℓ(wΘ
max) + ℓ(w∆rΘ). Furthermore wΘ

max is the unique
element of minimal length in the coset w∆W∆rΘ.

In the case when G carries a Θ-positive structure we want to apply
this lemma when we consider the Weyl group associated to the diagram
{αΘ} ∪ ∆ r Θ ⊂ ∆. Applying Lemma 8.1 we then get the following
corollary.

Corollary 8.2. If G admits a Θ-positive structure with Θ 6= ∆. We
consider the element σαΘ

∈ W{αΘ}∪∆rΘ defined by the equality

w{αΘ}∪∆rΘ = σαΘ
w∆rΘ.

This element satisfies ℓ(w{αΘ}∪∆rΘ) = ℓ(σαΘ
) + ℓ(w∆rΘ), it is the ele-

ment of minimal length in the coset w{αΘ}∪∆rΘW∆rΘ.

We now establish the following lemma. Applying it to the case when
G admits a Θ-positive structure, we get that the above elements are of
order 2 (cf. Corollary 8.4).

Lemma 8.3. Let W = 〈sα〉α∈∆ be a finite Coxeter group, let w∆ ∈ W
be its longest length element, and let α 7→ ᾱ be the involution of ∆
defined by the equalities w∆sαw

−1
∆ = sᾱ. Let also Θ ⊂ ∆ be invariant
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by the involution α 7→ ᾱ and denote by w∆rΘ the longest length element
of the finite Coxeter group 〈sα〉α∈∆rΘ. Finally set wr = w∆w

−1
∆rΘ. Then

(1) The elements w∆ and w∆rΘ are of order 2.
(2) One has w∆w∆rΘw

−1
∆ = w∆rΘ.

(3) The element wr commutes with w∆ and with w∆rΘ and is of
order 2.

Proof. Point (1) follows from the fact that the inverse of a reduced ex-
pression of w∆ is a reduced expression of w−1

∆ and hence uniqueness of
the longest length element implies the equality w−1

∆ = w∆. Point (2)
follows from the fact that if sα1 · · · sαN

is a reduced expression of w∆rΘ

then sᾱ1 · · · sᾱN
is a reduced expression of w∆w∆rΘw

−1
∆ and hence the

equality w∆w∆rΘw
−1
∆ = w∆rΘ holds again from the uniqueness of the

longest length element (applied in the subgroup 〈sα〉α∈∆rΘ this time).
Point (3) is now an immediate consequence of (1), (2), and the defini-
tion of wr. �

Corollary 8.4. If G admits a Θ-positive structure with Θ 6= ∆, then
the elements w∆ and w{αΘ}∪∆rΘ commute, and the elements wΘ

max and
σαΘ

are of order 2.

Proof. Observe that whenever the Dynkin diagram contains a double
arrow, the involution α → ᾱ is the identity and the hypothesis of
Lemma 8.3 are automatically satisfied.

The Dynkin diagram of the root system ∆ contains a double arrow,
hence Lemma 8.3 implies that wΘ

max is of order 2 and, when applied to
Θr {αΘ}, that w∆ and w{αΘ}∪∆rΘ commute.

The Dynkin diagram of the root system {αΘ} ∪ ∆ r Θ contains a
double arrow. Lemma 8.3 applied to this root system implies that σαΘ

is of order 2. �

8.2. The Θ-length. We introduce now a function on the Weyl groupW
that depends on Θ ⊂ ∆. This function can be introduced in general,
but is particularly useful and has good properties when G admits a Θ-
positive structure, because then the sets Θ and ∆rΘ are connected by
a double arrow (we will assume this starting from Lemma 8.9 below).

For every w in W , we denote by ℓΘ(w) the minimal number of oc-
currences of elements in {sα}α∈Θ when w is written as an expression in
the generating set {sα}α∈∆,

(8.1) ℓΘ(w) = min
{

k ∈ N | ∃N ∈ N, (α1, . . . , αN) ∈ ∆N with

w = sα1 · · · sαN
and k = ♯{j ∈ J1, NK | αj ∈ Θ}

}

.

Definition 8.5. The function ℓΘ : W → N is called the Θ-length.

One has ℓΘ(sα) = 1 for every α in Θ, ℓΘ(sα) = 0 for every α in ∆rΘ,
and ℓΘ(ab) ≤ ℓΘ(a) + ℓΘ(b) for every a and b in W .

When Θ = ∆, the Θ-length coincides with the length function on W
already introduced.

The Θ-length gives a simple characterization of W∆rΘ.

Lemma 8.6. The subgroup W∆rΘ is the set of elements of zero Θ-
length:

W∆rΘ = {x ∈ W | ℓΘ(x) = 0}.
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Proof. Indeed, for any x in W , the following are equivalent:

• ℓΘ(x) = 0
• there exist N ∈ N and α1, . . . , αN in ∆ such that x = sα1 · · · sαN

and {i ∈ J1, NK | αi ∈ Θ} = ∅,
• there exist N ∈ N and α1, . . . , αN in ∆ r Θ such that x =
sα1 · · · sαN

,
• x belongs to W∆rΘ. �

More is true: the Θ-length is W∆rΘ-invariant.

Lemma 8.7. The function ℓΘ is invariant under the subgroup W∆rΘ:
for every w ∈ W and every x ∈ W∆rΘ one has ℓΘ(w) = ℓΘ(xw) =
ℓΘ(wx).

Proof. By symmetry we will prove the equality only for right multipli-
cation by W∆rΘ. By the subadditivity of ℓΘ and Lemma 8.6, for every
w ∈ W and every x ∈ W∆rΘ, one has ℓΘ(wx) ≤ ℓΘ(w).

Applying the above bound to the pair (wx, x−1) replacing (w, x), we
obtain ℓΘ((wx)x

−1) ≤ ℓΘ(wx) and hence the sought for equality since
(wx)x−1 = w. �

A direct reformulation is

Corollary 8.8. The Θ-length factors through W∆rΘ\W/W∆rΘ, the
quotient of W by the left-right action of W∆rΘ.

The next result is specific to Θ-positivity, more accurately it relies
on the fact that Θ and ∆rΘ are connected only by double arrows.

Lemma 8.9. Suppose that G admits a Θ-positive structure. The min-
imum in Equation (8.1) is then achieved on all the reduced expres-
sions: for every w ∈ W and for every (α1, . . . , αℓ(w)) ∈ ∆ℓ(w) such that
w = sα1 · · · sαℓ(w)

, one has

ℓΘ(w) = ♯{j ∈ J1, ℓ(w)K | αj ∈ Θ}.
Proof. For this proof we will denote, for every n in N and every (α1, . . . , αn) ∈
∆n, by ℓ̂Θ(α1, . . . , αn) the number of occurrences of elements in Θ in
this finite sequence:

ℓ̂Θ(α1, . . . , αn) = ♯{j ∈ J1, nK | αj ∈ Θ}.
This function is additive:

ℓ̂Θ(α1, . . . , αn, αn+1, . . . , αm) = ℓ̂Θ(α1, . . . , αn) + ℓ̂Θ(αn+1, . . . , αm).

By definition, for every element w of W , ℓΘ(w) is the infimum of

the ℓ̂Θ(α1, . . . , αn) for (α1, . . . , αn) varying among the expressions of w:
w = sα1 · · · sαn

.
If n′ ≤ n and if (α′

1, . . . α
′
n′) is obtained from (α1, . . . , αn) by removing

some of the entries, then ℓ̂Θ(α
′
1, . . . α

′
n′) ≤ ℓ̂Θ(α1, . . . , αn).

If (α1, . . . , αn) and (β1, . . . , βn) differ by a braid relation then

ℓ̂Θ(α1, . . . , αn) = ℓ̂Θ(β1, . . . , βn).

Indeed, by the additivity of the function ℓ̂Θ on expressions, one needs to
check this equality only in the case when n is the order of sαsα′ (α, α′ ∈
∆) and one has (α1, α2, . . . ) = (α, α′, . . . ) and (β1, β2, . . . ) = (α′, α, . . . )
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(precisely (αj , βj) = (α, α′) for every odd j ≤ n and (αj, βj) = (α′, α)
for every even j ≤ n). When α and α′ both belong to Θ, we have

ℓ̂Θ(α1, . . . , αn) = n and ℓ̂Θ(β1, . . . , βn) = n; When α and α′ both belong

to ∆rΘ, we have ℓ̂Θ(α1, . . . , αn) = 0 and ℓ̂Θ(β1, . . . , βn) = 0. The last
case to consider (up to exchanging the 2 sequences) is when α belongs
to Θ and α′ belongs to ∆ r Θ; in this case, we know that n is equal
to 4 (since α and α′ are connected by a double arrow) and we have

ℓ̂Θ(α1, . . . , αn) = 2 and ℓ̂Θ(β1, . . . , βn) = 2. In every case, the equality

ℓ̂Θ(α1, . . . , αn) = ℓ̂Θ(β1, . . . , βn) holds.
The conclusions of the lemma follow from these remarks since:

• from every expression (α1, . . . , αn) of w one can deduce a reduced
expression (β1, . . . , βm) by applying successively a finite number of
braid relations or removing subexpressions of the form (α, α) (α ∈ ∆)

so that ℓ̂Θ(β1, . . . , βm) ≤ ℓ̂Θ(α1, . . . , αn), therefore

ℓΘ(w) = inf{ℓ̂Θ(β1, . . . , βm) | (β1, . . . , βm) is a reduced expr. of w},
and

• two reduced expressions (β1, . . . , βm) and (γ1, . . . , γm) of w can be
obtained from one another by applying successively a finite number
of braid relations so that ℓ̂Θ(β1, . . . , βm) = ℓ̂Θ(γ1, . . . , γm).

Thus ℓΘ(w) = ℓ̂Θ(β1, . . . , βm) for every reduced expression (β1, . . . , βm)
of w. �

8.3. The Θ-Weyl group and its generators. We assume for the
rest of this section that G is a simple Lie group admitting a Θ-positive
structure.

Notation 8.10. We set

• When Θ = ∆, σα = sα for all α in ∆;
• When Θ 6= ∆, for every α ∈ Θr {αΘ}, σα = sα;
• And R(Θ) to be equal to {σα}α∈Θ (recall that σαΘ

is defined in Corol-
lary 8.2).

Definition 8.11. We define the Θ-Weyl group to be the subgroupW (Θ)
of W generated by R(Θ).

We first investigate the Weyl group of the split real form hΘ as a
subgroup of W .

Lemma 8.12. Let G be a simple Lie group admitting a Θ-positive
structure with Θ 6= ∆. Then the standard generating Coxeter system
of the Weyl group W (HΘ) of the split real form hΘ is given by

sα for all α ∈ Θr {αΘ}, and w{αΘ}∪∆rΘ.

Proof. Let (Eα, Fα, Dα)α∈Θ be the Θ-system generating hΘ. Then the
generating set ofW (HΘ) is represented by the elements exp(π

2
(Eα−Fα))

for α varying in Θ.
For α 6= αΘ, one has (Eα, Fα) = (Xα,−τ(Xα)) and exp(π

2
(Eα −

Fα)) = ṡα represents sα.
For α = αΘ, one has (with Notation 5.9), Eα−Fα = (Z0−Y0)+(Z1−

Y1) + · · ·+ (Zd − Yd). Since the elements (Zk − Yk) pairwise commute
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(Lemma 5.11),

exp
(π

2
(Eα − Fα)

)

=

d
∏

k=0

exp
(π

2
(Zk − Yk)

)

and since, for all k in J1, dK (again with ṡk = exp
(

π
2
(Xk + τ(Xk))

)

, cf.
Notation 5.9), Zk − Yk = Ad(ṡk)(Zk−1 − Yk−1),

exp
(π

2
(Zk − Yk)

)

= ṡk exp
(π

2
(Zk−1 − Yk−1)

)

ṡ−1
k .

Denote ṡ0 = exp(π
2
(Z0 − Y0)) so that ṡ0, ṡ1, . . . , ṡd are lifts of the stan-

dard generators s0, s1, . . . , sd of the Weyl group W{αΘ}∪∆rΘ which is of
type Cd+1. Since the longest length element in W{αΘ}∪∆rΘ is the prod-
uct of s0 and its conjugate by s1, s2s1, . . . , sd · · · s1 (cf. Appendix A)
and since the above formula shows that exp(π

2
(Eα−Fα)) is the product

of ṡ0 and its conjugate by ṡ1, ṡ2ṡ1, . . . , ṡd · · · ṡ1, the result follows. �

Corollary 8.13. The group W (HΘ) centralizes W∆rΘ.

Proof. Let α be in Θ. If α 6= αΘ, it means that there are no arrows in
the Dynkin diagram between α and ∆rΘ; thus sα commutes with sβ
for every β in ∆rΘ, this means that sα centralizes W∆rΘ.

If α = αΘ, we know that in this situation the element w{αΘ}∪∆rΘ is
in the center of W{αΘ}∪∆rΘ since it is − Id as en element of GL(a∗) (cf.
Appendix A). Thus the generating set of W (HΘ) is contained in the
centralizer of W∆rΘ, this implies the statement. �

We next show that the Θ-Weyl group is isomorphic to the Weyl
group of the split real form hΘ.

Lemma 8.14. Let G be a simple Lie group admitting a Θ-positive
structure with Θ 6= ∆.

There exists then a unique homomorphism φ : W (HΘ) → W such
that, for all α in Θr {αΘ}, φ(sα) = e and φ(w{αΘ}∪∆rΘ) = w∆rΘ.

The map ψ : W (HΘ) → W, w 7→ wφ(w) is a group homomorphism,
it is one-to-one and its image is equal to the Θ-Weyl group W (Θ).

Proof. Uniqueness of φ follows from the fact it is defined on a generating
set of W (HΘ). To prove existence, we have to check that φ preserves
the relations in W (HΘ), i.e. the fact that the generators are of order 2
and the braid relations. Since w∆rΘ is of order 2, we just have to check
the compatibility with the braid relations (cf. Section 2.6); for α and β
in Θr {αΘ}, the 2 members of the braid relation involving sα and sβ
are sent to e in W ; when one of α or β is equal to αΘ, the members
of the braid relations have length 2 or 4 and their images under φ are
both equal to w∆rΘ (if the length is 2) or both equal to w2

∆rΘ = e (if
the length is 4). This concludes the existence of φ.

Since w∆rΘ centralizes W (HΘ) (Corollary 8.13), the map ψ is indeed
an homomorphism. The image by ψ of the generating set of W (HΘ) (cf.
Lemma 8.12) is equal to R(Θ) and thus the image of ψ is equal toW (Θ).
For all w in W (HΘ), ℓΘ(ψ(w)) = ℓΘ(w) since φ(w) belongs to W∆rΘ

(Lemma 8.7). Thus the kernel of ψ is contained in W (HΘ) ∩ W∆rΘ

and is thus reduced to e since every nontrivial element of W (HΘ) has
positive Θ-length (cf. Lemma 8.9). �
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As a corollary we have that W (Θ) is a Coxeter group of the same
type as the type of the Lie algebra hΘ.

Corollary 8.15. Let G be a simple Lie group admitting a Θ-positive
structure. Then (W (Θ), R(Θ)) is a Coxeter system of the following
type:

(1) If G is a split real form and Θ = ∆, (W (Θ), R(Θ)) has the same
type as G.

(2) If G is Hermitian of tube type and of real rank r and if Θ = {αr},
then (W (Θ), R(Θ)) is of type A1.

(3) If G is locally isomorphic to SO(p + 1, p + k), p > 0, k > 1, and
Θ = {α1, . . . , αp}, then (W (Θ), R(Θ)) is of type Bp.

(4) If G is the real form of F4,E6,E7, or of E8, whose reduced root
system is of type F4, and Θ = {α1, α2}, then (W (Θ), R(Θ)) is of
type G2.

Proof. When G is a split real form, then Θ = ∆, then R(Θ) = {sα}α∈∆,
hence W (Θ) =W .

Let G be of real rank r and of Hermitian tube type, and let Θ =
{αr} = {αΘ}. Consequently W (Θ) is generated by the single order 2
element σαΘ

, thus the result.
The other cases follow directly from Lemma 8.14. �

8.4. The longest length element of W (Θ).

Proposition 8.16. Let G be a simple Lie group admitting a Θ-positive
structure. Let w∆ be the longest length element in W , w∆rΘ the longest
length element in W∆rΘ, and wΘ

max = w∆w
−1
∆rΘ so that wΘ

max is the
unique element of minimal length in the coset w∆W∆rΘ (Lemma 8.1).
Then the element wΘ

max belongs to W (Θ) and is the longest length ele-
ment of the Coxeter system (W (Θ), R(Θ)).

Proof. We prove the proposition by a case by case analysis, using the
computations done in Appendices A and B. We adopt below the nota-
tion xy = y−1xy in a group, one has thus (xy)z = xyz .

(1) In the case when G is a split real simple Lie group there is nothing
to prove.

(2) When G is a simple Lie group of Hermitian tube type, then wΘ
max =

σαΘ
, which is the longest length element in W (Θ) that is of type A1.

(3) When G = SO(p + 1, p + k) with p > 0 and k > 1, one has
∆ = {α1, . . . , αp+1}, Θ = {α1, . . . , αp}, and ∆ r Θ = {αp+1}.1
Writing as usual si for sαi

and for short σp for σαp
(and σi = si

for i < p), one has w∆rΘ = sp+1 and a direct calculation gives
w{αΘ}∪∆rΘ = spsp+1spsp+1 (so that σp = spsp+1sp). Appendix A
gives the following reduced expression for the longest length ele-
ment w∆:

w∆ = s
sp···s1
p+1 s

sp···s2
p+1 · · · sspsp−1

p+1 s
sp
p+1 sp+1(8.2)

wΘ
max = s

sp···s1
p+1 s

sp···s2
p+1 · · · sspsp−1

p+1 s
sp
p+1(8.3)

1Observe that the standard numbering used here for the simple roots does not
coincide with the “constructive” numbering of the general results proved earlier
(cf. the proof of Lemma 8.12 for example), the reindexing being i ∈ J1, p + 1K 7→
p+ 1− i ∈ J0, pK.
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= σsp−1···s1
p σsp−1···s2

p · · ·σsp−1
p σp

= σσp−1···σ1
p σσp−1···σ2

p · · ·σσp−1
p σp.

In particular we get that wΘ
max belongs to W (Θ) and is the longest

length element in the Coxeter system (W (Θ), R(Θ)) of type Bp.
(4) When G is the real form of F4,E6,E7,E8, whose system of restricted

roots is of type F4, we have that ∆ = {α1, α2, α3, α4}, Θ = {α1, α2}
and ∆ r Θ = {α3, α4}. We write again si for sαi

, σ2 for σα2 , and
σ1 = s1. By Appendix B, σ2 = s2s3s4s2s3s2 = (s4s2)

s3s2 ; one has
w∆rΘ = ss34 and a direct calculation given in Appendix B gives the
following reduced expression for the longest length element

w∆ = (s4s2)
s3s2 s1 (s4s2)

s3s2 s1 (s4s2)
s3s2 s1 s

s3
4 ,(8.4)

thus

wΘ
max = (s4s2)

s3s2 s1 (s4s2)
s3s2 s1 (s4s2)

s3s2 s1(8.5)

= σ2σ1σ2σ1σ2σ1

this is precisely the longest length element of (W (Θ), R(Θ)) which
is of type G2. �

The previous proof also gives the following information about re-
duced expressions of elements in W (Θ).

Lemma 8.17. Under the hypothesis of Proposition 8.16, let x be in
W (Θ). Let σα1 · · ·σαk

be a reduced expression of x in (W (Θ), R(Θ)).
Then, for the lengths in W , one has the equality

ℓ(x) = ℓ(σα1) + · · ·+ ℓ(σαk
),

so that σα1 · · ·σαk
is a reduced product of x in (W,∆).

Proof. The result is obvious in the split case or in the Hermitian tube
type case.

Let X ⊂ R(Θ)k be the set of reduced expressions of x in W (Θ). We
will first prove that the map

L : X → N | (σα1 , . . . , σαk
) 7→ ℓ(σα1) + · · ·+ ℓ(σαk

)

is constant. Since two reduced expressions are obtained from one an-
other by successive applications of braid relations, it is enough to prove
that the map L coincides on reduced expressions differing by a braid
relation; let α and β be the 2 elements of Θ involved in the braid re-
lation; the result is obvious when α 6= αΘ and β 6= αΘ since in this
cass σα = sα and σβ = sβ; the result also holds when α or β is equal
to αΘ since the braid relations (in (W (Θ), R(Θ))) involving αΘ have
the same number of occurences of αΘ in both members of the braid
relation. Hence L is the constant function.

Let us now prove the result for wΘ
max, the longest length element of

the Coxeter group W (Θ). It is therefore enough to find one reduced
expression σα1 · · ·σαr

of wΘ
max that is a reduced product of wΘ

max in
(W,∆) or, what amounts to the same, such that σα1 · · ·σαr

w∆rΘ is a
reduced product of w∆ in W . For the case of orthogonal groups, the
reduced expression of w∆ with the desired property is given in Equa-
tion (8.2) and the prefix producing wΘ

max is given in Equation (8.3). For
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the F4 case the corresponding expressions are given in Equation (8.4)
and Equation (8.5).

We now turn back to the element x. There exists a reduced expres-
sion σα1 · · ·σαr

of wΘ
max such that σα1 · · ·σαk

is a reduced expression
of x. If the result holds for wΘ

max, one has

ℓ(wΘ
max) ≤ ℓ(x)+ ℓ(x−1wΘ

max) ≤ ℓ(σα1)+ · · ·+ ℓ(σαk
)+ ℓ(σαk+1

· · ·σαr
)

≤ ℓ(σα1) + · · ·+ ℓ(σαk
) + ℓ(σαk+1

) + · · ·+ ℓ(σαr
) = ℓ(wΘ

max),

and thus all the inequalities here are equalities and in particular ℓ(x) =
ℓ(σα1) + · · · + ℓ(σαk

) which, together with the first part of the proof,
implies the result. �

8.5. Normalizer.

Proposition 8.18. The group W (Θ) normalizes W∆rΘ:

W (Θ) ⊂ NW (W∆rΘ) = {x ∈ W | xW∆rΘx
−1 = W∆rΘ}.

Proof. As W (Θ) is contained in the group generated by W (HΘ) and
W∆rΘ, this follows from Corollary 8.13. �

9. Bruhat decomposition and the invariant cones

In this section we recall some facts on Bruhat decompositions. We
then establish, in the case of Θ-positivity, several facts giving a precise
control of the Bruhat cells containing the elements exp(v) when α ∈ Θ
and v ∈ c̊α. These properties will play a central role in Section 10 when
we give a parametrization of the positive unipotent semigroup.

9.1. Bruhat decomposition. Let G be a simple Lie group. We recall
here that G can be decomposed under the left-right multiplication by
P opp
∆ × P opp

∆ , where P opp
∆ is the minimal standard opposite parabolic

subgroup. These orbits are called the Bruhat cells and are indexed by
elements of W . We also consider decompositions with respect to the
action of P opp

∆ × P opp
Θ and P opp

Θ × P opp
Θ , where Θ is a subset of ∆.

Explicitely, for every w in W ≃ NK(a)/CK(a) (the quotient of the
normalizer of a in K by its centralizer), let ẇ in NK(a) be a represen-
tative of w, the subset

P opp
∆ ẇP opp

∆

depends only of w (and not on the choice of ẇ) since P opp
∆ contains

the centralizer CK(a); it is called the Bruhat cell indexed by w; the
following equalities hold

P opp
∆ ẇP opp

∆ = Uopp
∆ ẇP opp

∆ = P opp
∆ ẇUopp

∆

and we will remove the dots in the further notation.
It is well known that (see e.g. [War72]):

(1) G is the disjoint union of the P opp
∆ wP opp

∆ for w varying in W .
(2) P opp

Θ is the disjoint union of the P opp
∆ wP opp

∆ for w varying in W∆rΘ.
(3) For all w1 and w2 in W such that ℓ(w1w2) = ℓ(w1)+ ℓ(w2), one has

(P opp
∆ w1P

opp
∆ )(P opp

∆ w2P
opp
∆ ) = P opp

∆ w1P
opp
∆ w2P

opp
∆ = P opp

∆ w1w2P
opp
∆ .

(4) For all α in ∆ and for all X in gα, if X 6= 0 then

exp(X) ∈ P opp
∆ sαP

opp
∆ .
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Observe also that ṡ−1
α also belongs to P opp

∆ sαP
opp
∆ (simply because

ṡ−1
α is a representative of the class of sα).

(5) For every α in ∆,

P opp
∆ sαP

opp
∆ sαP

opp
∆ = P opp

∆ ⊔ P opp
∆ sαP

opp
∆ .

(6) For every w in W , the P opp
∆ × P opp

Θ -orbit

P opp
∆ wP opp

Θ

depends only on the class x of w in W/W∆rΘ and will sometimes
be denoted P opp

∆ xP opp
Θ .

(7) The group G is the disjoint union

G =
⊔

x∈W/W∆rΘ

P opp
∆ xP opp

Θ .

(8) Similar notation will be adopted for the action of P opp
Θ × P opp

∆ and
of P opp

Θ × P opp
Θ : a double orbit P opp

Θ wP opp
Θ depends only on the

class a of w in W∆rΘ\W/W∆rΘ, will be denoted P opp
Θ aP opp

Θ and

G =
⊔

a∈W∆rΘ\W/W∆rΘ

P opp
Θ aP opp

Θ .

Application of (3) and (5) above gives that, for every w1 and w2 in W
and for every g in P opp

∆ w1P
opp
∆ w2P

opp
∆ , there exist a prefix x1 of w1 and

a suffix x2 of w2 such that g belongs to P opp
∆ x1x2P

opp
∆ . In particular:

Lemma 9.1. Let w1, w2, and x be in W such that P opp
Θ xP opp

Θ ⊂
P opp
Θ w1P

opp
Θ w2P

opp
Θ . Then

ℓΘ(x) ≤ ℓΘ(w1) + ℓΘ(w2).

The following lemma states the equality between some of the orbits
for the two groups P opp

∆ and P opp
Θ .

Lemma 9.2. For every w in W (Θ), one has

P opp
Θ wP opp

Θ = P opp
∆ wP opp

Θ = Uopp
Θ wP opp

Θ .

Proof. Since P opp
Θ =

⊔

x∈W∆rΘ
P opp
∆ xP opp

∆ , one has

P opp
Θ wP opp

Θ =
⋃

x∈W∆rΘ

P opp
∆ xP opp

∆ wP opp
Θ .

It is thus enough to prove the equality for every x in W∆rΘ

P opp
∆ xP opp

∆ wP opp
Θ = P opp

∆ wP opp
Θ .

Since x belongs to W∆rΘ, it is a suffix of the longest length element
w∆rΘ. Similarly w is a prefix of wΘ

max. We deduce from this that xw is
a subword of w∆rΘw

Θ
max = w∆ and in particular ℓ(xw) = ℓ(x) + ℓ(w).

By property (3) above, one has

P opp
∆ xP opp

∆ wP opp
Θ = P opp

∆ xwP opp
Θ

= P opp
∆ w(w−1xw)P opp

Θ

and, as w−1xw belongs to W∆rΘ (Proposition 8.18),

= P opp
∆ wP opp

Θ

which is the sought for equality.
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Let us prove now the second equality. Since Uopp
∆ ⊂ Uopp

Θ L◦
Θ, it is

enough to prove that L◦
ΘwP

opp
Θ = wP opp

Θ which in turn follows from
the equalities ẇ−1L◦

Θẇ = L◦
Θ (where ẇ is a representative of w). This

equality can be proved at the level of the Lie algebra: Ad(ẇ)lΘ = lΘ.
Since Ad(ẇ) stabilizes a, it stabilizes also zg(a) and, thanks to the
equality lΘ = zg(a) ⊕

⊕

α∈Span(∆rΘ)∩Σ gα and using Ad(ẇ)gα = gw(α),

we are reduced to prove that w(Span(∆rΘ)∩Σ) = Span(∆rΘ)∩Σ.
Since w(Σ) = Σ and since W (Θ) is generated by R(Θ), we will just
check the equality w(Span(∆ r Θ)) = Span(∆ r Θ) for w in R(Θ).
The case w = sα, for α ∈ Θ r {αΘ} is direct since sα fixes pointwise
∆rΘ. The case w = w{αΘ}∪∆rΘw∆rΘ follows equally since w{αΘ}∪∆rΘ

induces − Id in Span(∆rΘ) and since w∆rΘ induces a permutation of
Span(∆rΘ) ∩ Σ. �

9.2. Dimensions. We give here recursive information on the dimen-
sions of the Bruhat cells when the set Θ is fixed under the opposition
involution or, what amounts to the same, the dimensions of their im-
ages in the flag variety Fι(Θ) = FΘ. This information will be of impor-
tance when proving the openness of the parametrizations introduced
in Section 10.

Recall that when G admits a Θ-positive structure for a proper sub-
set Θ in ∆, the opposition involution ι is always the identity.

For every w in W (Θ) we will denote by C(w) the P opp
Θ -orbit of w ·

p
opp
Θ in FΘ; C(w) is called a cell and is isomorphic to the quotient
P opp
Θ wP opp

Θ /P opp
Θ . By Lemma 9.2, it is also the image of the following

map

u
opp
Θ −→ FΘ

X 7−→ exp(X)w · poppΘ .

Recall that uoppΘ has the following decomposition u
opp
Θ =

⊕

α∈Σ+
Θ
g−α.

For w ∈ W we denote

Σ+
w≺ = Σ+ ∩ w · Σ−, Σ+

w≻ = Σ+ ∩ w · Σ+, so that Σ+ = Σ+
w≺ ⊔ Σ+

w≻,

Σ+
Θ,w≺ = Σ+

w≺ ∩ Σ+
Θ, Σ

+
Θ,w≻ = Σ+

w≺ ∩ Σ+
Θ, so that Σ+

Θ = Σ+
Θ,w≺ ⊔ Σ+

Θ,w≻,

and at the level of Lie algebras

u
opp
Θ,w≺ =

⊕

α∈Σ+
Θ,w≺

g−α, u
opp
Θ,w≻ =

⊕

α∈Σ+
Θ,w≻

g−α, so that uoppΘ = u
opp
Θ,w≺ ⊕ u

opp
Θ,w≻,

and, for all X in uΘ,w≻, exp(X)w belongs to wP opp
Θ .

It is well known that the length of w is the cardinality of Σ+
w≺ [Bou07,

ch. VI, §1, p. 158, cor. 2] and the following equalities hold [BT72,
Lemme 3.4]

Σ+
sαw≺ = {α} ⊔ sα · Σ+

w≺ if ℓ(sαw) = 1 + ℓ(w),

Σ+
xw≺ = Σ+

x≺ ⊔ x−1 · Σ+
w≺ if ℓ(xw) = ℓ(x) + ℓ(w).(9.1)

Lemma 9.3. Let w be in W (Θ). The map

fw : u
opp
Θ,w≺ −→ C(w)

X 7−→ exp(X)w · P opp
Θ

is a diffeomorphism.
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Proof. Clearly this map is C∞. It also results from classical facts about
nilpotent Lie algebras that

u
opp
Θ,w≺ × u

opp
Θ,w≻ −→ UΘ

(X, Y ) 7−→ exp(X) exp(Y )

is a diffeomorphism. Since, for all Y in u
opp
Θ,w≻, exp(Y )wP opp

Θ = wP opp
Θ ,

we have that fw is onto. By the very choice of the space u
opp
Θ,w≺, the

map fw is a local diffeomorphism at 0. By equivariance with respect
to the element exp(

∑

α∈∆Hα) of the Cartan subgroup that acts as a
contracting transformation on u

opp
Θ,w≺ we deduce that fw is a diffeomor-

phism. �

From this we deduce how the dimensions of the cells C(w) jump:

Proposition 9.4. Let w be in the Coxeter group (W (Θ), R(Θ)) and
let α be in Θ such that σαw is a reduced product in W (Θ). Then

dimC(σαw)− dimC(w) = dim uα

which means

dimC(σαw)− dimC(w) = 1 if α 6= αΘ,

dimC(σαΘ
w)− dimC(w) = dim uαΘ

if α = αΘ.

Proof. Denote by δ the difference of dimensions. The hypothesis that
σαw is reduced in W (Θ) implies that σαw is also a reduced product
in W (Lemma 8.17). The previous lemma, the equation (9.1) (applied
with x = σα), and the equalities dim g−β = dim gβ imply that

δ =
∑

β∈Σ+
Θ,σ−1

α β∈Σ−

dim gβ .

But Lemma 9.5 below establishes

{β ∈ Σ+
Θ | σ−1

α β ∈ Σ−} = {β ∈ Σ+ | β − α ∈ Span(∆rΘ)},
hence

δ = dim
⊕

β∈Σ+,
β−α∈Span(∆rΘ)

gβ = dim uα. �

Lemma 9.5. For all α in Θ, one has

{β ∈ Σ+
Θ | σ−1

α β ∈ Σ−} = {β ∈ Σ+ | β − α ∈ Span(∆rΘ)}.
Proof. In the case α 6= αΘ, σα = sα and it is already known that

Σ+
sα≺ = {β ∈ Σ+ | σ−1

α β ∈ Σ−} = {α}.
Since α belongs to Σ+

Θ, this proves the equality Σ+
Θ,sα≺

= Σ+
sα≺ ∩Σ+

Θ =
{α}. Since α is not connected to ∆ r Θ, the only root in the affine
subspace α + Span(∆rΘ) is α and this proves the wanted equality.

Let us treat the case α = αΘ. The element σαΘ
= w{αΘ}∪∆rΘw∆rΘ

belongs to the subgroup W{αΘ}∪∆rΘ of W .
The set

{β ∈ Σ+ | β − αΘ ∈ Span(∆rΘ)}
is contained in Span({αΘ} ∪∆r Θ) and thus in the root system gen-
erated by {αΘ} ∪∆rΘ.
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From the fact that, for every simple root β in Θ r {αΘ} and for
every α in {αΘ}∪∆rΘ, sα(β)−β belongs to Span({αΘ}∪∆rΘ), we
have that w(Σ+

r Span({αΘ} ∪∆rΘ)) = Σ+
r Span({αΘ} ∪∆rΘ)

for all w in W{αΘ}∪∆rΘ. In particular the set

{β ∈ Σ+
Θ | σ−1

αΘ
β ∈ Σ−}

must be contained in the root system generated by {αΘ} ∪∆rΘ.
Therefore we can and will assume that ∆ = {αΘ} ∪∆rΘ, i.e. that

we are in the Hermitian tube type case. In this case it is known that
the longest length element w{αΘ}∪∆rΘ is − Id so that

{β ∈ Σ+
Θ | σ−1

αΘ
β ∈ Σ−} = {β ∈ Σ+

Θ | w∆rΘβ ∈ Σ+}.
Furthermore, since for every β in Σ+

Θ, w∆rΘβ−β belongs to Span(∆rΘ)
(and again since every root is a sum of simple roots with coefficients
all of the same sign), this set is equal to Σ+

Θ. However, here we are
dealing with a root system of type Cd+1, and the equality Σ+

Θ = {β ∈
Σ+ | β − αΘ ∈ Span(∆ r Θ)} is satisfied; indeed it follows from the
equality uΘ = uαΘ

at the level of Lie algebras. �

9.3. The nontrivial cone and the Bruhat decomposition. We
give now a precise description of the Bruhat cell with respect to the
P opp
∆ × P opp

Θ action, containing the image of the cone c̊αΘ
by the expo-

nential map.
We assume in this section that Θ 6= ∆ and adopt the notation of the

previous parts: αΘ is the special root, ∆ r Θ = {χ1, . . . , χd} (with χ1

connected to αΘ in the Dynkin diagram), and the elements Z0, . . . , Zd

of the Lie algebra (Section 5.5); the reflection in W associated with
the simple root αΘ is denoted by s0 and the reflections associated
with χ1, . . . , χd are denoted by s1, . . . , sd respectively.

The longest length element in W{αΘ}∪∆rΘ is

w{αΘ}∪∆rΘ = s0 s
s1
0 · · · ss1···sd0 ,

again with the notation xy = y−1xy, so that ss1···si0 = si · · · s1s0s1 · · · si,
the above is a reduced expression of w{αΘ}∪∆rΘ, and these elements
ss1···si0 pairwise commute.

Let us introduce also the following elements of W :

w0 = e, wj = s0 s
s1
0 · · · ss1···sj−1

0 , for j ∈ J1, d+ 1K(9.2)

and, for every subset I of J0, dK,

wI =
∏

i∈I

ss1···si0 ,(9.3)

so that w∅ = e is the neutral element of W , wd+1 = wJ0,dK = w{αΘ}∪∆rΘ,
and the expressions (9.2) and (9.3) are reduced. By Lemma 8.9, we
have

(9.4) ℓΘ(wj) = j, ℓΘ(wI) = ♯I, for all j and for all I.

The wj belong to different Bruhat cells:

Lemma 9.6. Let j and k be in J0, dK. If P opp
Θ wjP

opp
Θ = P opp

Θ wkP
opp
Θ ,

then j = k.
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Proof. One has P opp
∆ wjP

opp
∆ ⊂ P opp

Θ wjP
opp
Θ and

P opp
Θ wkP

opp
Θ =

⋃

x1,x2∈W∆rΘ

P opp
∆ x1wkx2P

opp
∆ .

(The last union is justified by property (2) of Section 9.1 and may not
be disjoint.) Hence an equality P opp

Θ wjP
opp
Θ = P opp

Θ wkP
opp
Θ implies, and

is in fact equivalent to, the existence of x1, x2 in W∆rΘ such that

wj = x1wkx2.

By Lemma 8.7, ℓΘ(x1wkx2) = ℓΘ(wk), hence j = ℓΘ(wj) = ℓΘ(wk) =
k. �

We start by determining the Bruhat cells for linear combinations
with nonnegative coefficients of the elements Zi.

Lemma 9.7. Let Y be a linear combination with nonnegative coef-
ficients of the Zi: Y =

∑d
i=0 λiZi, i.e. Y belongs to cαΘ

∩ ⊕

RZi

(Lemma 5.14). Let I ⊂ J0, dK be the set of indices of the nonzero en-
tries in (λ0, . . . , λd) (in formula I = {i ∈ J0, dK | λi > 0}). Then

exp(Y ) belongs to P opp
∆ wIP

opp
∆ .

Proof. Since the elements Zi pairwise commute (Proposition 3.9), we
have that

exp(Y ) = exp(λ0Z0) exp(λ1Z1) · · · exp(λdZd).

By property (4) of Section 9.1, if λ0 > 0, then exp(λ0Z0) belongs to
P opp
∆ s0P

opp
∆ . For all i, one has Zi = Ad(ṡi · · · ṡ1)Z0 so that exp(λiZi) =

ṡi · · · ṡ1 exp(λiZ0)ṡ
−1
1 · · · ṡ−1

i . Successive applications of the property (3)
of Section 9.1 and the fact that si · · · s1s0s1 · · · si is a reduced expression
imply that, when λi > 0, exp(λiZi) belongs to

P opp
∆ si · · · s1s0s1 · · · siP opp

∆ = P opp
∆ ss1···si0 P opp

∆ .

Successive applications again of property (3) and the fact that Equa-
tion (9.3) is a reduced expression imply that

exp(Y ) belongs to P opp
∆

(

∏

i∈I

ss1···si0

)

P opp
∆ ,

hence the result. �

We can now determine the Bruhat cell with respect to the left-right
action of P opp

∆ pcorresponding to elements in the open cone.

Proposition 9.8. Let X be in the open cone c̊αΘ
. Then exp(X) belongs

to P opp
∆ w{αΘ}∪∆rΘP

opp
∆ .

Proof. Recall that the element EαΘ
= Z0+Z1+ · · ·+Zd belongs to c̊αΘ

and that its stabilizer in L◦
Θ (for the adjoint action) contains K ∩ L◦

Θ.
Furthermore the action of L◦

Θ on c̊αΘ
is transitive: there is an element g

in L◦
Θ such that Ad(g)EαΘ

= X.
The Iwasawa decomposition for L◦

Θ states the equality

L◦
Θ = (P opp

∆ ∩ L◦
Θ)(K ∩ L◦

Θ).

There are thus elements p in P opp
∆ ∩L◦

Θ and k inK∩L◦
Θ such that g = pk.

Since Ad(k)EαΘ
= EαΘ

, one has Ad(p)EαΘ
= X. By the compatibility

of the exponential map with the adjoint action and the conjugation
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action, we get exp(X) = p exp(EαΘ
)p−1 so that exp(X) and exp(EαΘ

)
belong to the same Bruhat cell. By Lemma 9.7, exp(EαΘ

) belongs
to P opp

∆ wJ0,dKP
opp
∆ = P opp

∆ w{αΘ}∪∆rΘP
opp
∆ . This concludes that exp(X)

belongs to P opp
∆ w{αΘ}∪∆rΘP

opp
∆ . �

For the elements in the closure of the cone, it will be enough for our
purpose to determine their class under the left-right action of P opp

Θ .

Proposition 9.9. Let X be an element of cαΘ
, There is then a unique j

in J0, dK such that
exp(X) ∈ P opp

Θ wjP
opp
Θ .

Proof. Uniqueness follows from Lemma 9.6.
Since cαΘ

is the closure of c̊αΘ
, there exists a sequence (Xn)n∈N in c̊αΘ

that converges to X. For every n in N, let gn be an element in L◦
Θ such

that Xn = Ad(gn)EαΘ
.

The Cartan decomposition in L◦
Θ gives

L◦
Θ = K◦

Θ exp(b+)K◦
Θ,

where K◦
Θ = K ∩ L◦

Θ and b+ = {A ∈ a | χi(A) ≤ 0, ∀i ∈ J1, dK}
is a closed Weyl chamber for the reductive Lie group L◦

Θ. There ex-
ist thus, for all n in N, elements kn, k

′
n in K◦

Θ, and An in b+ such
that gn = kn exp(An)k

′
n. Up to extracting we will assume that the

sequence (kn)n∈N is converging and its limit will be denoted k∞. One
has therefore, for all n,

Ad(exp(An))EαΘ
= Ad(k−1

n ) Ad(gn)EαΘ
= Ad(k−1

n )Xn,

so the sequence (Ad(exp(An))EαΘ
)n∈N is converging and its limit is

Y = Ad(k−1
∞ )X. As K◦

Θ ⊂ L◦
Θ ⊂ P opp

Θ , it will be enough to determine
the Bruhat cell of exp(Y ).

For all n in N and for all i in J0, dK, let

λi,n = exp
(

(αΘ + 2χ1 + · · ·+ 2χi)(An)
)

so that for all n, as An belongs to b+, λ0,n ≥ λ1,n ≥ · · · ≥ λd,n > 0 and

d
∑

i=0

λi,nZi =

d
∑

i=0

exp(ad(An))Zi

= exp(ad(An))

d
∑

i=0

Zi = Ad(exp(An))EαΘ
.

This last equality implies that, for all i in J0, dK, the sequence (λi,n)n∈N
converges in R≥0 and its limit will be denoted λi. We have hence

Y =

d
∑

i=0

λiZi,

λ0 ≥ λ1 ≥ · · · ≥ λd ≥ 0, and the set of indices of the nonzero entries
in (λ0, . . . , λd) has the form J0, j − 1K for some j in J0, d+ 1K (this set
is ∅ when j = 0). Lemma 9.7 says that exp(Y ) ∈ P opp

∆ wjP
opp
∆ and this

implies the wanted result. �

One can rephrase the previous result:

Corollary 9.10. Let Y be in cαΘ
and let w be the element of W such

that exp(Y ) ∈ P opp
∆ wP opp

∆ . Then
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(1) ℓΘ(w) ≤ d+ 1;
(2) if ℓΘ(w) = d+ 1 then Y belongs to c̊αΘ

and w = w{αΘ}∪∆rΘ.

9.4. The Bruhat cells of nonzero elements. The previous para-
graph determines the Bruhat cell of an element of the form exp(X)
when X belongs to the cone cαΘ

. We now consider the case when X is
only supposed to be a nonzero element of uαΘ

.

Lemma 9.11. Let X be a nonzero element of uαΘ
and let x be the

element of W such that exp(X) = P opp
∆ xP opp

∆ . Then ℓΘ(x) > 0.

Remark 9.12. The element x belongs to W{αΘ}∪∆rΘ as exp(X) belongs
to SΘr{αΘ}.

Proof. One has (Lemma 8.6) W∆rΘ = {x ∈ W | ℓΘ(x) = 0}. Further-
more, the following equality holds:

⋃

x∈W∆rΘ

P opp
∆ xP opp

∆ = P opp
Θ .

Thus the statement will be established if we can prove that exp(X)
does not belong to P opp

Θ . This last property is a consequence of the
fact that the map:

uΘ × P opp
Θ −→ G

(X, g) 7−→ exp(X)g

is an embedding. �

10. Parametrizing the unipotent positive semigroup

In this section, given G a simple Lie group admitting a Θ-positive
structure, we give an explicit parametrization of the unipotent positive
semigroup U>0

Θ . First we give explicit parametrizations of subsets of
UΘ associated with a reduced expression of the longest length element
in the Θ-Weyl group W (Θ). This first step is analogous to the strategy
in Lusztig’s work on total positivity [Lus94]. In [Lus94] the next step
is to show that the image of this parametrization does not depend
on the chosen reduced expression, and once this is shown, additional
properties of the positive unipotent semigroup are established.

Here, in the next step we first prove some of these crucial topolog-
ical properties. In particular, we show that the set we parametrize is
a connected component of the intersection of the standard unipotent
subgroup UΘ with the Bruhat cell Ωopp

Θ = P opp
Θ w∆P

opp
Θ .

To show that the connected component does not depend on the
reduced expression, we make use of the split subgroup HΘ ⊂ G of
type W (Θ).

We fix, for each α ∈ Θ, an L◦
Θ-invariant convex cone cα ⊂ uα.

10.1. Maps associated with reduced expressions in W (Θ). In
this section we define maps from products of the cones to the unipotent
group UΘ, which are associated to reduced expressions in the Θ-Weyl
group.

We consider the element wΘ
max ∈ W . In Section 8 we saw that W (Θ)

equipped with its generating set R(Θ) (cf. Definition 8.11) is a Coxeter
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system of Lie type (cf. Corollary 8.15), and that wΘ
max is the longest

length element in W (Θ).
We denote by N the length of wΘ

max and by W ⊂ ΘN the set of
reduced expressions of wΘ

max.
For every γ in W, the product of cones cγ1 × · · ·× cγN is denoted cγ .

We define the map

Fγ : cγ −→ UΘ

(v1, . . . , vN) 7−→ exp(v1) · · · exp(vN ).
The image of Fγ clearly lies in the nonnegative unipotent semigroup

U≥0
Θ . The interior c̊γ is the product c̊γ1 × · · · × c̊γN and the restriction

of Fγ to c̊γ is denoted by F̊γ . Similar notation, copp
γ

, F opp
γ

, and F̊ opp
γ

are adopted for the maps into the opposite unipotent group.
The goal of this section is to show that the image of F̊γ is independent

of γ and coincides with the positive semigroup U>0
Θ :

Theorem 10.1. For all γ in W, the map F̊γ is a diffeomorphism

from c̊γ onto the unipotent positive semigroup U>0
Θ , and F̊ opp

γ
is a

diffeomorphism from c̊opp
γ

onto the opposite unipotent positive semi-

group Uopp,>0
Θ .

In order to prove Theorem 10.1 we are going to establish several
properties of the map Fγ and F̊γ in the following sections.

10.2. Equivariance, transversality, injectivity, and openness.

We first note that the map Fγ is L◦
Θ-equivariant with respect to the

adjoint action on cγ and the conjugation action on UΘ.

Lemma 10.2. For every γ in W the map Fγ is L◦
Θ-equivariant.

Proof. Let ℓ be in L◦
Θ and let v = (v1, . . . , vN) be in cγ . The action

of ℓ on v is

ℓ · v = (Ad(ℓ)v1, . . . ,Ad(ℓ)vN)

and is again in cγ since the cones cα are L◦
Θ-invariant. The compatibility

of the exponential map with the adjoint and conjugation actions implies

Fγ(ℓ · v) = exp(Ad(ℓ)v1) · · · exp(Ad(ℓ)vN)
= ℓ exp(v1)ℓ

−1 · · · ℓ exp(vN)ℓ−1

= ℓ exp(v1) · · · exp(vN)ℓ−1 = ℓFγ(v)ℓ
−1,

which is the wanted equivariance property. �

We further establish transversality and injectivity properties of F̊γ .

Proposition 10.3. For every γ in W, the image of the map F̊γ is
contained in the open Bruhat cell P opp

∆ wΘ
maxP

opp
Θ = P opp

Θ wΘ
maxP

opp
Θ =

Ωopp
Θ and the map

c̊γ −→ FΘ | v 7−→ F̊γ(v) · poppΘ

is injective.

Note that, since the map UΘ → FΘ | u 7→ u · poppΘ is an embedding,

the injectivity of the above map is equivalent to the injectivity of F̊γ .
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Proposition 10.3 will be proved thanks to an inductive process whose
results are of independent interest. For this it will be a little more
convenient to have a decreasing numbering for the indices of γ: γ =
(γN , γN−1, . . . , γ1). With this notation the cone cγ is the product cγN ×
· · · × cγ1 .

Set, for all j in J1, NK, xj = σγj · · ·σγ1 , this is an element of W (Θ).

Proposition 10.4. For every j in J1, NK,

(1) The image of the map

F̊j : c̊γj × · · · × c̊γ1 −→ UΘ

(Xj, . . . , X1) 7−→ exp(Xj) · · · exp(X1)

is contained in P opp
∆ xjP

opp
Θ = P opp

Θ xjP
opp
Θ (the equality follows from

Lemma 9.2 since xj belongs to W (Θ));
(2) The map

uγj × c̊γj−1
× · · · × c̊γ1 −→ FΘ

(Xj, . . . , X1) 7−→ exp(Xj) · · · exp(X1) · poppΘ

is injective.

Proof. We prove first (1) by induction on j in J1, NK. For j = 1 in the
proof below Fj−1(Xj−1, . . . , X1) and xj−1 should be replaced by the
identity element.

Let (Xj, . . . , X1) be in c̊γj × · · · × c̊γ1 . If γj is not equal to αΘ, then
exp(Xj) belongs to P opp

∆ sγjP
opp
∆ = P opp

∆ σγjP
opp
∆ ⊂ P opp

∆ σγjP
opp
Θ (see

Section 9.1). If γj = αΘ, then σγj = σαΘ
and, by Proposition 9.8,

exp(Xj) belongs to

P opp
∆ σαΘ

w∆rΘP
opp
∆ ⊂ P opp

∆ σαΘ
P opp
Θ .

By induction (or trivially if j = 1) F̊j−1(Xj−1, . . . , X1) belongs to
P opp
∆ xj−1P

opp
Θ .

We deduce that F̊j(Xj, . . . , X1) belongs to

P opp
∆ σjP

opp
Θ xj−1P

opp
Θ = P opp

∆ σαΘ
P opp
∆ xj−1P

opp
Θ ,

where the equality holds by Lemma 9.2 applied to xj−1,

= P opp
∆ σαΘ

xj−1P
opp
Θ

since xj = σαΘ
xj−1 is a reduced product by Lemma 8.17. This con-

cludes the induction step for (1).

We now prove point (2) by induction on j again. For j = 1, injectivity
follows from the fact that uΘ × P opp

Θ | (X, g) 7→ exp(X)g is injective.
Suppose now that j ≥ 2 and that the inductive hypothesis has been

established up to j − 1. Let (Xj, . . . , X1) and (Yj, . . . , Y1) be in uγj ×
c̊γj−1

× · · · × c̊γ1 such that

Fj(Xj, . . . , X1)P
opp
Θ = Fj(Yj, . . . , Y1)P

opp
Θ ,

this means that

F̊j−1(Xj−1, . . . , X1)P
opp
Θ = exp(−Xj) exp(Yj)F̊j−1(Yj−1, . . . , Y1)P

opp
Θ

(10.1)

= exp(Yj −Xj)F̊j−1(Yj−1, . . . , Y1)P
opp
Θ ,
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where the last equality holds since uγj is Abelian (Proposition 3.9).

By point (1) we have that F̊j−1(Xj−1, . . . , X1) and F̊j−1(Yj−1, . . . , Y1)
belong to P opp

Θ xj−1P
opp
Θ . Suppose that Xj 6= Yj then (by Lemma 9.11)

we have that exp(Yj−Xj) belongs to P opp
∆ xP opp

∆ with ℓΘ(x) > 0. Using
again the multiplicative properties of Bruhat cells we deduce that the
element y such that

exp(Yj −Xj)F̊j−1(Yj−1, . . . , Y1) ∈ P opp
∆ yP opp

Θ

satisfies ℓΘ(y) > ℓΘ(xj−1) which is a contradiction with Equation (10.1).
Hence Xj = Yj and (10.1) together with the induction hypothesis imply
that Xi = Yi for all i less than j. �

We can now deduce that the maps F̊γ are open. More precisely, using
again the notation of the proposition, and recalling that C(xj) ⊂ FΘ is
the Uopp

Θ -orbit of the element xj · poppΘ , we have:

Corollary 10.5. For all j the map

c̊γj × · · · × c̊γ1 −→ C(xj) ⊂ FΘ

(Xj , . . . , X1) 7−→ F̊j(Xj, . . . , X1) · poppΘ

is open.

Proof. We know that this map is injective. By Invariance of Domain,
it is enough to show that the dimensions of the source and the range
coincide. This can be proved again by induction on j, using the relation
xj = σγjxj−1 and using Proposition 9.4 which says:

dimC(xj)− dimC(xj−1) = dim uγj = dim cγj .

This is the precise relation needed to show that the induction step holds
true. �

Corollary 10.6. For any γ in W, the map c̊γ → FΘ | v 7→ F̊γ(v) ·poppΘ

is open.

10.3. Nontransversality at the boundary. We now establish, that
elements in the boundary of cγ are not sent in the open Bruhat cell Ωopp

Θ .

Proposition 10.7. Let v be in cγ. If v does not belong to c̊γ , then
Fγ(v) does not belong to P opp

∆ wΘ
maxP

opp
Θ .

Proof. We use again natural numbering for the components of γ: γ =
(γ1, . . . , γN). We denote (v1, . . . , vN) the components of v. Since v /∈ c̊γ ,
there exists j such that vj is in cαj

r c̊αj
. For all i in J1, NK denote

by ti an element of W such that exp(vi) belongs to P opp
Θ tiP

opp
Θ . We

have ℓΘ(ti) ≤ ℓΘ(σαi
). Since tj = e when αj 6= αΘ or by Corollary 9.10

when αj = αΘ, we have that ℓΘ(tj) < ℓΘ(σαj
).

Repeated applications of Lemma 9.1 show that the element x of W
such that Fγ(v) belongs to P opp

Θ xP opp
Θ satisfies

ℓΘ(x) ≤
N
∑

i=1

ℓΘ(ti) <
N
∑

i=1

ℓΘ(σαi
) = ℓΘ(x

Θ
max).

This implies the result. �

Corollary 10.8. We have Fγ(cγ r c̊γ) ⊂ UΘ r Ωopp
Θ .

Corollary 10.9. We have Fγ (̊cγ) = Fγ(cγ) ∩ Ωopp
Θ ⊂ U≥0

Θ ∩ Ωopp
Θ .
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10.4. Properness. To prove properness of the maps Fγ we consider
the composition of log ◦Fγ : cγ → uΘ with the projection pα : uΘ → uα
for α varying in Θ. As the projection pα is a Lie algebra homomorphism
and by applying the Baker–Campbell–Hausdorff formula, we have for
all v = (vi)i∈J1,NK in cγ

(10.2) pα
(

log ◦Fγ(v)
)

=
∑

i∈J1,NK
γi=α

vi.

Proposition 10.10. The map Fγ : cγ → UΘ is proper. More precisely,
there is a constant C ≥ 0 such that, for any v ∈ cγ, maxi ‖vi‖ ≤
Cmaxα∈Θ ‖pα ◦ log(Fγ(v))‖.
Proof. For any acute closed convex cone c (in a finite dimensional
normed real vector space) and for any n ≥ 1, the map cn → c |
(x1, . . . , xn) 7→ x1 + · · · + xn is Lipschitz: there is constant D (de-
pending on c and n) such that max ‖xi‖ ≤ D‖x1 + · · · + xn‖. To-
gether with the formula (10.2), this implies the precise control on
v 7→

(

pα ◦ log(Fγ(v))
)

α∈Θ
. �

10.5. Connectedness. We now prove that the image of F̊γ is a con-
nected component of the intersection of UΘ with the open Bruhat
cell Ωopp

Θ .

Theorem 10.11. The set Fγ (̊cγ) is a connected component of Ωopp
Θ ∩

UΘ.

Proof. Corollary 10.5 and the fact that UΘ → C(wΘ
max) | g 7→ g · poppΘ

is a diffeomorphism imply that the set Fγ (̊cγ) is open in UΘ. Since
the map Fγ |cγ is proper, we have that the closure of Fγ (̊cγ) in UΘ is
equal to Fγ(cγ). Therefore the closure of Fγ (̊cγ) in Ωopp

Θ ∩ UΘ is equal
to Fγ(cγ) ∩ Ωopp

Θ hence to Fγ (̊cγ) by Corollary 10.9. Thus Fγ (̊cγ) is
open and closed in Ωopp

Θ ∩UΘ. Since it is connected, it is one connected
component. �

10.6. Independence on γ. A priori the connected component Fγ (̊cγ)
could depend on the choice of γ ∈ W. We show now that this is not
the case. For this it is sufficient that given any two elements γ,γ′ ∈
W, the intersection of Fγ (̊cγ) and Fγ′ (̊cγ′) is nonempty. To prove
this, we first clarify the relation between Fγ and Lusztig’s positive
unipotent semigroup in the split real subgroup generated by the Θ-
system (Eα, Fα, Dα)α∈Θ.

10.6.1. Lusztig’s positive semigroup. Recall that the Lie subalgebra hΘ
generated by the Θ-system (Eα, Fα, Dα)α∈Θ is a split real Lie algebra
of type W (Θ). We denote by HΘ < G the connected Lie subgroup with
Lie algebra hΘ. Note that the intersection hΘ∩pΘ is a standard minimal
parabolic subalgebra in hΘ, and nΘ = gΘ ∩ uΘ is its unipotent radical.
We denote by NΘ the corresponding subgroup, one has NΘ = UΘ ∩HΘ.

The Lie algebra nΘ is generated by the elements (Eα)α∈Θ. Recall
that Eα ∈ c̊α for all α ∈ Θ, more precisely nΘ ∩ c̊α = R>0Eα. Given an
element γ ∈ W we can restrict the map Fγ to c̊H

γ
=

∏N
i=1R>0Eγi .

We have
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Proposition 10.12. The set N>0
Θ = Fγ

(

c̊H
γ
) is the unipotent positive

semigroup of HΘ. It is independent of the choice of γ ∈ W.

Sketch of proof. The proposition follows from Proposition 2.7.(b) in
Lusztig’s work [Lus94]. Using the material developed above, one can
also argue as follows:

The image Fγ

(

c̊H
γ
) is a connected component of Ωopp

Θ ∩NΘ. It is thus

enough to show that the images Fγ

(

c̊H
γ
) and Fα

(

c̊H
α
) intersect when α

and γ differ by a braid relation. Focusing on the entries where α and
γ differ, we are reduced to the case of rank 2 split real Lie groups. The
situation is obvious when this group is SL2(R)× SL2(R).

For the group SL3(R), denoting x1 : R → U∆ | t 7→ Id+tE1,2 and
x2 : R → U∆ | t 7→ Id+tE2,3 the unipotent 1-parameter groups cor-
responding to the simple roots α1 and α2, there are here 2 reduced
expressions of the longest length element: s1s2s1 = s2s1s2 and the 2 cor-
responding maps are (t1, t2, t3) 7→ x1(t1)x2(t2)x1(t3) and (t1, t2, t3) 7→
x2(t1)x1(t2)x2(t3) and one checks that x1(1)x2(2)x1(1) = x2(1)x1(2)x2(1)
showing the result in this case.

For the group Sp4(R), the unipotent 1-parameter groups are x1 : R →
U∆ | t 7→ Id+t(E1,2 + E3,4) and x2 : R → U∆ | t 7→ Id+tE2,3 and one
checks the relation x1(1)x2(2)x1(3)x2(1) = x2(1)x1(3)x2(2)x1(1).

For the case of G2, we refer to [BZ97]. �

Remark 10.13. Lusztig has an argument to reduce to the simply laced
cases and this enables him to treat only the case of SL3(R) where he
writes down an explicit formula for the change of coordinates between
the images of the maps associated to these two reduced expressions.
This is more than what we used here.

As a corollary we obtain the following proposition.

Proposition 10.14. The image Fγ (̊cγ) is independent of the choice of
γ ∈ W.

Proof. Since Eα ∈ c̊α for all α ∈ Θ, and c̊α are convex cones, for
any γ in W we have that Fγ (̊c

H
γ
) ⊂ Fγ (̊cγ). Let γ,γ′ ∈ W be two

different reduced expressions of the longest length element in W (Θ),
then Fγ (̊cγ) ∩ Fγ

′ (̊cγ′) contains N>0
Θ = Fγ (̊c

H
γ
) = Fγ

′ (̊cH
γ
). Therefore

Fγ (̊cγ) and Fγ
′ (̊cγ′) have nonempty intersection. Since both sets are

connected components of Ωopp
Θ ∩ UΘ, they have to be equal. �

Remark 10.15. We can get in fact precise formulas for the change of
coordinates. Two elements γ and γ

′ differ by a sequence of braid
relation. In the split case with Θ = ∆ explicit formulas for the change
of coordinates for the braid relations are given in [Lus94] for the simply
laced case, and in [BZ97] for the general case. In a forthcoming article
[GW24] we describe explicit systems of polynomial equations for the
general Θ-positive case following a similar approach. This gives rise to
explicit coordinate changes as well.

10.7. Parametrizations of the positive unipotent semigroup. In
this section we draw some consequences on the positive and nonnegative
unipotent semigroups. In particular we prove that the maps F̊γ provide
parametrizations of U>0

Θ for any γ in W.
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By Proposition 10.14, the set V = Fγ (̊cγ) is independent of the
choice of γ ∈ W.

We still have to show that this set coincides with U>0
Θ . For this we

prove first.

Proposition 10.16. The closure V is equal to Fγ(cγ) for every γ

in W. For all α ∈ Θ and for all vα ∈ cα, V is invariant under left and
right multiplication by exp(vα).

Proof. The properness of Fγ implies the first statement.
We prove only the invariance by left multiplication, the case of right

multiplication follows by entirely analoguous arguments.
Let vα ∈ cα for some α ∈ Θ, and let u be an element in V . We want to

prove that then exp(vα)u ∈ V . Let us choose γ ∈ W such that γ1 = α.
The existence of such a reduced expression γ of the longest length
element wΘ

max in (W (Θ), R(Θ)) is a classical fact and is established
starting from the equality wΘ

max = σα(σαw
Θ
max) and from a reduced

expression of σαw
Θ
max, indeed since wΘ

max is the longest length element
of W (Θ), the element σαw

Θ
max is of smaller length and σα(σαw

Θ
max) is

a reduced product. Let also v be in c̊γ such that Fγ(v) = u Then we
have

exp(vα)u = exp(vα) exp(v1) · · · exp(vN )
= exp(vα + v1) · · · exp(vN),

where we used that γ starts with α and that uα is Abelian. Since cα is a
convex cone, v1 ∈ c̊α and vα ∈ cα we have that vα + v1 ∈ c̊α. Therefore
exp(vα) · u belongs to Fγ (̊cγ) = V . �

As a consequence of this proposition we obtain

Corollary 10.17. (1) The inclusions U≥0
Θ V ⊂ V , and V U≥0

Θ ⊂ V
hold.

(2) The inclusions U≥0
Θ V ⊂ V , and V U≥0

Θ ⊂ V hold.
(3) V is a semigroup.
(4) One has V = U≥0

Θ .
(5) One has V = U>0

Θ .

Proof. The first point (1) is a direct consequence of Proposition 10.16
and the fact that the semigroup U≥0

Θ is generated by
⋃

α∈Θ exp(cα).

By taking closure in uV ⊂ V (for u in U≥0
Θ ), we get point (2).

Since V ⊂ U≥0
Θ , point (1) implies that V V ⊂ V , i.e. that V is a

semigroup.
One has V = Fγ(cγ) ⊂ U≥0

Θ and, using point (2) with the fact that

e belongs to V , we also have U≥0
Θ ⊂ V . This proves point (4).

Point (5) now follows from Lemma 4.6.(4). �

We can now record the result proved so far with:

Theorem 10.18. For any γ ∈ W, the map F̊γ : c̊γ → UΘ gives a
parametrization of the positive unipotent semigroup U>0

Θ .

And furthermore we proved also:

Corollary 10.19. (1) The inclusions U≥0
Θ U>0

Θ ⊂ U>0
Θ , and U>0

Θ U≥0
Θ ⊂

U>0
Θ hold.
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(2) The nonnegative unipotent semigroup U≥0
Θ is equal to the closure

of U>0
Θ , in particular it is closed.

(3) The nonnegative unipotent semigroup U≥0
Θ is the image Fγ(cγ) for

every γ in W. In particular, every element in U≥0
Θ can be written

as a finite product (of length at most N) of elements of the form
exp(vα) with vα ∈ cα.

(4) The semigroup U>0
Θ is equal to the intersection of U≥0

Θ with Ωopp
Θ .

Remark 10.20. Note that Fγ is in general not injective on cγ , and thus,

point (3) of Corollary 10.19 does not give a parametrization of U≥0
Θ .

However, we expect that the restriction of Fγ to appropriate subsets

of cγ will give a parametrization of U≥0
Θ . We describe this in detail for

the orhogonal group G = SO(3, q), q ≥ 4 in Section 11.

10.8. Tangent cone of the semigroup. We now determine the tan-
gent cone at e of the semigroup U≥0

Θ . For this we introduce some
notation.

Let d be the degree of nilpotency of the Lie algebra uΘ (i.e. the
iterated Lie brackets of d + 1 elements of uΘ is always zero). Let eN,d

be the free degree d nilpotent real Lie algebra generated by elements
e1, . . . , eN . Then eN,d is a finite dimensional graded Lie algebra whose

degree 1 component is equal to
⊕N

i=1Rei.
Let γ be in W.
For any v = (v1, . . . , vN) in uγ1 × · · · × uγN the unique Lie algebra

morphism eN,d → uΘ sending, for each i in J1, NK, ei to vi will be de-
noted Ψv. The Lie algebra uΘ is also graded (with degree 1 component
equal to

⊕

α∈Θ uα) and the map Ψv is in fact a graded morphism.
The simply connected Lie group with Lie algebra eN,d will be de-

noted EN,d. It is well known that exp : eN,d → EN,d is a diffeomor-
phism whose inverse will be denoted by log and the map eN,d × eN,d →
eN,d | (X, Y ) 7→ log(exp(X) exp(Y )) is given by the Baker–Campbell–
Hausdorff formula.

Let us introduce the following element of eN,d

Γ := log
(

exp(e1) · · · exp(eN )
)

.

Then, for every v in uγ1 × · · · × uγN , the following holds

log
(

exp(v1) · · · exp(vN )
)

= Ψv(Γ).

The Baker–Campbell–Hausdorff formula implies that the degree 1 com-
ponent of Γ is equal to

(10.3) Γ1 =

N
∑

i=1

ei;

thus Γ− Γ1 the sum of components of higher degree.
From the fact that Ψv preserves the degree, we deduce:

Lemma 10.21. Let ‖ · ‖ be a norm on uΘ. There is a constant C ≥ 0
such that, for every v in uγ1 × · · · × uγN ,

(1) The degree 1 component of log
(

exp(v1) · · · exp(vN)
)

is equal to ψv(Γ1) =
∑N

i=1 vi;
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(2) We have log
(

exp(v1) · · · exp(vN)
)

−∑N
i=1 vi = ψv(Γ− Γ1) and

∥

∥ψv(Γ− Γ1)
∥

∥ ≤ Cmax
i

‖vi‖2.

The projection uΘ → ⊕

α∈Θ uα according to the decomposition uΘ =
(
⊕

α∈Θ uα
)

⊕
(
⊕

α∈P (uΘ,tΘ)rΘ uα
)

is denoted by p1.

Proposition 10.22. Let c :=
⊕

α∈Θ cα ⊂ uΘ. Then c is the tangent

cone at e of the semigroup U≥0
Θ , precisely

(1) There is a constant C such that, for every X in log(U≥0
Θ ) ⊂ uΘ,

p1(X) belongs to c and ‖X − p1(X)‖ ≤ C‖X‖2.
(2) For any continuous map γ : [0, 1] → U≥0

Θ , if γ is differentiable at 0
then γ′(0) belongs to c.

(3) For all Y in c, there is X in log(U≥0
Θ ) such that p1(X) = Y .

(4) For all Y in c, the map γ : R≥0 → UΘ | t 7→ exp(tX) is of class
C∞, contained in U≥0

Θ and its derivative at 0 is equal to Y .

Proof. The first item (1) is a direct consequence of the estimates given
in point (2) of Lemma 10.21 and in Proposition 10.10.

The second item (2) is a consequence of the first one.
The third item (3) follows easily from the formula for the map v 7→

p1 ◦ log(Fγ(v)) (cf. Section 10.4).
For item (4), it is classical that this map is C∞ and that its derivative

at 0 is Y . Let γ be in W and let also v be in cγ be such that p1 ◦
log

(

Fγ(v)
)

= Y . Let t be in R≥0. For all n in N>0, tv/n belongs to cγ
so that

Fγ(tv/n) and Fγ(tv/n)
n

belong to U≥0
Θ . Since the sequence (Fγ(tv/n)

n)n>0 converges to exp(tY )

and since U≥0
Θ is closed, we deduce that exp(tY ) belongs to U≥0

Θ . �

Remark 10.23. The tangent cone at e of U≥0
Θ is open if and only if Θ con-

sists of one element, i.e. if and only if the Lie group G is Hermitian of
tube type. Otherwise the tangent cone is of positive codimension. We
refer to Figure 1 (Section 12.4) for a visualization of this phenomenon
in the case of SL3(R). A related phenomenon has already been ob-
served in the case of total positivity in [Lus98] where the 1-parameter
semigroups contained in the unipotent positive semigroup are deter-
mined.

As a consequence we also obtain a proof of

Theorem 10.24. [GW18, Conjecture 4.11] Let v =
∑

α∈Θ vα with vα ∈
c̊α for all α ∈ Θ. Then exp(v) ∈ U>0

Θ . Conversely, if v ∈ uΘ with
exp(tv) ∈ U>0

Θ for all t in (0, ε) (for some ε > 0), then v =
∑

α∈Θ vα
with vα ∈ c̊α for all α ∈ Θ.

Proof. Let us prove the first statement. Let E =
∑

α∈Θ q
1/2
α Eα be

the element of the Θ-principal sl2-triple (E, F,D) given in Section 7.
Since L◦

Θ acts transitively on Πα∈Θc̊α (Proposition 5.1), there exists
ℓ ∈ L◦

Θ such that v = Ad(ℓ)E. Since exp : uΘ → UΘ is equivariant
with respect to L◦

Θ, and U>0
Θ is L◦

Θ-invariant, it is enough to show that

exp(E) ∈ U>0
Θ . It is clear that exp(E) belongs to U≥0

Θ . Let a and b
be the points pΘ and p

opp
Θ of FΘ. We need to prove that exp(E) · b is
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transverse to b (Corollary 10.19.(4)). From equality valid in SL2(R),
one has exp(E) · b = exp(F )ṡ · b with ṡ = exp

(

π
2
(E − F )

)

. Lemma 7.2
implies that ṡ · b = a and thus the wanted transversality.

Conversely, let v be in uΘ such that exp(tv) belongs to U>0
Θ for all t

in (0, ε). This implies first that v belongs to the tangent cone at e to
U≥0
Θ and therefore v =

∑

α∈Θ vα with vα ∈ cα for all α in Θ. Suppose
by contradiction that there exists α in Θ such that vα does not belong
to c̊α. By Proposition 5.1, the stabilizer of v in LΘ is not compact;
this would imply that for all t the centralizer of exp(tv) in LΘ is not
compact, in contradiction with the properness of the action of LΘ on
the positive unipotent semigroup. �

Remark 10.25. As U>0
Θ is a semigroup, the hypothesis in the theorem

is equivalent to having exp(tv) ∈ U>0
Θ for all t in R>0.

11. The orthogonal groups

In this section we discuss in a bit more detail the case when G =
SO(3, q), q ≥ 4. The description of the Θ-positive structure for general
orthogonal groups SO(p, q), q > p > 2 restricts basically to this case
and the description of the positive structure for SL3(R), see also the
discussion in [GW18, Section 4.5]. For the case when G = SO(3, q)
(q ≥ 4), we also provide a parametrization of the nonnegative semi-
group U≥0

Θ .

11.1. The positive semigroup. We realize SO(3, q) = SO(bQ), where
bQ is the nondegenerate symmetric bilinear form of signature (3, q) on

R
3+q given by bQ(v, w) = tvQw, with Q =





0 0 K
0 J 0

−K 0 0



, K =

(

0 1
−1 0

)

, and J =





0 0 1
0 − Idq−3 0
1 0 0



. We denote by bJ the form

bJ(x, y) =
1
2
txJy and set qJ(x) = bJ(x, x). Note that bJ is a nondegener-

ate symmetric bilinear form of signature (1, q−2) on the corresponding
subspace of Rq+3.

We choose the Cartan subspace a ⊂ so(3, q) to be the intersection of
the set of diagonal matrices with so(3, q). Concretely a is the space of
diagonal matrices diag(λ1, λ2, λ3, 0, . . . , 0,−λ3,−λ2,−λ1), with λ1, λ2,
and λ3 varying in R. Denote ei : a → R the linear form that associates
to a diagonal matrix its i-th diagonal coefficient. The set of (restricted)
roots is {±ei± ej}1≤i<j≤3∪{±ei}1≤i≤3; a standard choice for the set of
positive roots is {ei± ej}1≤i<j≤3∪{ei}1≤i≤3 and the set of simple roots
∆ = {α1, α2, α3} is given by αi = ei − ei+1, for i = 1, 2, and α3 = e3.

We have Θ = {α1, α2}. Furthermore uα1
∼= R and uα2

∼= R
1,q−2.

Then the closed cones identify with c1 ∼= R≥0 and c2 ∼= c1,q−2 = {x ∈
R

1,q−2 | qJ(x) ≥ 0, x1 ≥ 0} and the closed cone c̊1 ∼= R>0, and c̊2 ∼=
c̊1,q−2 = {x ∈ R

1,q−2 | qJ(x) > 0, x1 > 0}.
The Weyl group W is isomorphic to {±1}3⋊S3, the group of signed

permutation matrices. It is presented by the generators s1, s2, s3 as-
sociated with the simple roots, with the relations s2i = (s1s2)

3 =
(s1s3)

2 = (s2s3)
4 = e. The group W (Θ) is generated by σ1 = s1
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and σ2 = s2s3s2. It is a Weyl group of type B2 and the longest length
element is wΘ

max = σ1σ2σ1σ2 = σ2σ1σ2σ1.
Using that the map from uα1 × uα2 × uα1+α2 × u2α1+α2 to UΘ given

by the product of exponentials is a diffeomorphism, every element in
UΘ can be uniquely written as a matrix

U(a, e1, e2, c) =












1 a t(ae1 − e2)J c+ aqJ(e1) −ac− 2abJ(e1, e2)− qJ(e2)
1 te1J qJ(e1) −c− 2bJ (e1, e2)

Idq−1 e1 e2
1 a

1













.

The exponential maps R → UΘ and R
q−1 → UΘ are denoted x1, x2

and given by

x1(s) = U(s, 0, 0, 0)

x2(v) = U(0, v, 0, 0).

Thus, setting γ = (α1, α2, α1, α2), the positive semigroup U>0
Θ in this

case is
U>0
Θ = Fγ (̊c1 × c̊2 × c̊1 × c̊2),

i.e. all matrices, that can be written as x1(s1)x2(v1)x1(s2)x2(v2), with
s1, s2 ∈ R>0 and v1, v2 ∈ c̊1,q−2.

Concretely, one has:

x1(s1)x2(v1)x1(s2)x2(v2) =

U(s1 + s2, v1 + v2, s2v1,−s2(qJ(v1) + 2bJ(v1 + v2, v2))).

A matrix U(a, e1, e2, c) hence belongs to U>0
Θ if and only if

−c− 2bJ(e1, e2) > 0,− ac− 2abJ(e1, e2)− qJ(e2) > 0

e2 ∈ c̊1,q−2, qJ(e2)e1 + (c+ 2bJ(e1, e2))e2 ∈ c̊1,q−2.

When we use the other reduced expression of the longest length ele-
ment wΘ

max = σ2σ1σ2σ1, and consider elements x2(w2)x1(t2)x2(w1)x1(t1)
with t1, t2 ∈ R>0 and w1, w2 ∈ c̊1,q−2, we parametrize as well the posi-
tive semigroup U>0

Θ .
The equation

(11.1) x1(s1)x2(v1)x1(s2)x2(v2) = x2(w2)x1(t2)x2(w1)x1(t1),

determines then the change between the two parametrizations; com-
paring the entries of the corresponding matrices, we get the following
relations

s1 + s2 = t1 + t2(11.2)

v1 + v2 = w1 + w2(11.3)

s1(v1 + v2) + s2v2 = t2w1(11.4)

s1qJ(v1 + v2) + s2qJ(v2) = t2qJ(w1),(11.5)

s2v1 = t2w2 + t1(w1 + w2),(11.6)

s2qJ(v1) = t2qJ(w2) + t1qJ(w1 + w2)(11.7)

s1s2qJ(v1) = t2t1qJ (w1)(11.8)
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Remarks 11.1. (1) Since the maps x1, x2 have some compatibility with
transposition (namely withD the block diagonal matrix with blocks
Id2, J, Id2, for all v in R

q−1, tx2(v) = x2(Jv) = Dx2(v)D
−1 and, for

all s in R, tx1(s) = x1(s) = Dx1(s)D
−1), Equation (11.1) above is

equivalent to

x1(t1)x2(w1)x1(t2)x2(w2) = x2(v2)x1(s2)x2(v1)x1(s1).

Hence the chosen numbering makes the relation between (si, vi) and
(ti, wi) more symmetric.

(2) Equations (11.2)–(11.5) are the same than the ones obtained by
Berenstein and Zelevinsky [BZ97, p. 140] for Sp4(R), i.e. for a
Weyl group of type C2 = B2, where the squares in their formulas
there are replaced by the quadratic form qJ here.

(3) Equations (11.2)–(11.5) determine the others: indeed multiplying
(11.2)×(11.3) and subtracting (11.4) gives (11.6); the scalar prod-
uct of (11.3) with the difference of (11.4) and (11.6) is the differ-
ence of (11.5) and (11.7); applying qJ to (11.4) and subtracting the
product of (11.2) and (11.5) gives (11.8).

These equations can be solved as follow: the ratio of (11.8) and (11.5)
gives t1; the ratio of qJ(11.4) and (11.5) gives t2; once t2 is determined,
(11.4) gives w1; once w1 is determined (11.3) gives w2. Explicitely we
have

t1 =
s1s2qJ(v1)

s1qJ (v1 + v2) + s2qJ(v2)
, t2 =

qJ
(

s1(v1 + v2) + s2v2
)

s1qJ (v1 + v2) + s2qJ(v2)
,

w1 =
s1qJ (v1 + v2) + s2qJ(v2)

qJ(s1(v1 + v2) + s2v2)

(

s1(v1 + v2) + s2v2
)

,

w2 =
s2

qJ(s1(v1 + v2) + s2v2)

(

s2qJ(v2)v1+

s1
(

qJ(v1 + v2)v1 − qJ(v1)(v1 + v2)
)

)

.

Note that even though the formula for w2 contains a minus sign, the
following lemma implies that w2 belongs to c̊1,q−2.

Lemma 11.2. For all v1 and v2 in c̊1,q−2, the element

a(v1, v2) = qJ(v1 + v2)v1 − qJ(v1)(v1 + v2)

belongs to c̊1,q−2.

Proof. We calculate qJ (a(v1, v2)). This gives

qJ(a(v1, v2)) = qJ(v1 + v2)gJ(v1)qJ(v2).

Thus a(v1, v2) belongs to c̊1,q−2 ⊔−c̊1,q−2. Since a(v1, v1) = 2qJ(v1)v1 a
connectedness argument shows that, for all v1 and v2 in c̊1,q−2, a(v1, v2)
belongs to c̊1,q−2. �

11.2. The nonnegative semigroup. By point (3) of Corollary 10.19,
the nonnegative unipotent semigroup is characterized as

U≥0
Θ = Fγ(c1 × c2 × c1 × c2),

i.e. every element in U≥0
Θ can be written as

x1(s1)x2(v1)x1(s2)x2(v2),
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with s1, s2 ∈ R≥0 and v1, v2 ∈ c1,q−2.
However this does not give a parametrization of U≥0

Θ since one can
easily check that Fγ is not injective. For example take v1, v2 ∈ c1,q−2

and s1 = s2 = 0. Then

x1(s1)x2(v1)x1(s2)x2(v2) = x2(v1)x2(v2) = x2(v1 + v2),

hence Fγ(0, v1, 0, v2) = Fγ(0, v1 + v2, 0, 0).

Giving a parametrization of U≥0
Θ is thus more subtle. Already in the

case of split real groups, the maps Fγ (defined here on R
N
≥0) are not

injective (for the same reason than in the example above). A way
to remedy to this non-injectivity in this split case has been found
by Lusztig in [Lus98, Corollary 2.8]; Starting from the fact that the
nonnegative unipotent semigroup U≥0 is the disjoint union of subsets
U>0(w) = U≥0 ∩ P opp

∆ wP opp
∆ , where w varies over the elements of the

Weyl group W . Then parametrizations of U>0(w) are obtained from
reduced expressions of w, similarly to the parametrizations of U>0. Of
course Lusztig showed first that the image of these parametrizations
does not depend on the choice of reduced expression. Lusztig showed
first that this image does not depend on the choice of reduced expres-
sion.

In the parametrization of the positive unipotent semigroup U>0
Θ the

role of the Weyl group W in the split case is replaced by the Weyl
group W (Θ), so one might hope to get a decomposition of U≥0

Θ into a
disjoint union of parametrized sets, indexed by elements in W (Θ). The
discussion in Section 9.3 shows that this can not work already in the
case of Hermitian Lie groups. In order to describe a decomposition of
U≥0
Θ we have to consider a different object than the Θ-Weyl group and

to replace it by the double quotient W∆rΘ\W/W∆rΘ.
We describe a decomposition of the nonnegative unipotent semigroup

for SO(3, q) and a parameterization of it, using W∆rΘ\W/W∆rΘ. It
will be of interest to explore this further in the general case.

Let us first consider the Bruhat decomposition of G with respect to
the action of P opp

Θ ×P opp
Θ : G =

⊔

a∈W∆rΘ\W/W∆rΘ
P opp
Θ aP opp

Θ . The next

lemma determines representatives of W∆rΘ\W/W∆rΘ.

Lemma 11.3. The following provides a list of smallest length repre-
sentatives for the 16 classes in W∆rΘ\W/W∆rΘ:

(1) e
(2) s1
(3) s2
(4) (s2s3s2)
(5) s2s1
(6) (s2s3s2)s1
(7) s1s2
(8) s1(s2s3s2)
(9) (s2s3)s1s2

(10) s2s1(s2s3s2)
(11) (s2s3s2)s1s2
(12) (s2s3s2)s1(s2s3s2)
(13) s1s2s1
(14) s1(s2s3s2)s1
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(15) s1(s2s3s2)s1s2
(16) s1(s2s3s2)s1(s2s3s2).

Proof. Here the group W can be realized as the group of signed per-
mutation 3× 3-matrices and the subgroup W∆rΘ is the subgroup (iso-
morphic to Z/2Z) of diagonal matrices whose only possibly nontrivial
diagonal coefficient is in the third position. The element s1 corresponds
to the transposition (12), s2 corresponds to the transposition (23), and
s3 is the nontrivial element in W∆rΘ.

A direct calculation shows then the result. �

In the present situation the flag variety FΘ can be realized as the
space of partial flags in (R3+q, bQ) consisting of an isotropic line and
an isotropic 2-plane containing it. For concreteness the canonical basis
of R3+q used so far will be denoted

(e1, e2, e3, g1, g2, . . . , gq−3, f3, f2, f1).

Then E+ = (Re1,Re1 ⊕Re2) and E− = (Rf1,Rf1 ⊕Rf2) are partial
isotropic flags, PΘ = Stab(E+), and P opp

Θ = Stab(E−). More generally,
given a pair of linearly independent vectors (v1, v2) in R

3,q, the flag
determined by (v1, v2) is denoted E(v1,v2) = (Rv1,Rv1 ⊕Rv2); this flag
depends only on the lines Rv1 and Rv2, it belongs to FΘ if and only if
the plane Rv1 ⊕Rv2 is isotropic with respect to bQ.

Lemma 11.4. The P opp
Θ -orbits in FΘ are in one-to-one correspon-

dence with P opp
Θ × P opp

Θ -orbits in G and hence with the 16 classes in
W∆rΘ\W/W∆rΘ. For each class, we give a flag in FΘ belonging to the
corresponding orbit:

(1) e: E(f1,f2) = E−

(2) s1: E(f2,f1)

(3) s2: E(f1,f3)

(4) (s2s3s2): E(f1,e2)

(5) s2s1: E(f3,f1)

(6) (s2s3s2)s1: E(e2,f1)

(7) s1s2: E(f2,f3)

(8) s1(s2s3s2): E(f2,e1)

(9) (s2s3)s1s2 : E(f3,e2)

(10) s2s1(s2s3s2): E(f3,e1)

(11) (s2s3s2)s1s2: E(e2,f3)

(12) (s2s3s2)s1(s2s3s2): E(e2,e1)

(13) s1s2s1: E(f3,f2)

(14) s1(s2s3s2)s1: E(e1,f2)

(15) s1(s2s3s2)s1s2: E(e1,f3)

(16) s1(s2s3s2)s1(s2s3s2): E(e1,e2) = E+.

Proof. The flag E− = E(f1,f2) corresponds to the class of the trivial
element. A flag belonging to the orbit P opp

Θ [w]P opp
Θ /P opp

Θ ⊂ G/P opp
Θ =

FΘ, associated with w in W , is then ẇ · E− where ẇ is a lift of W
to SO(3, q).

For the explicit calculation, we can choose

• For the lift of s1 the matrix that exchanges e1 and e2, ex-
changes f1 and f2, and fixes the other basis vectors.
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• For the lift of s2 the matrix that exchanges e2 and e3, ex-
changes f2 and f3, and fixes the other basis vectors.

• For the lift of s3 the matrix that sends e3 to f3, sends f3 to −e3,
and fixes the other basis vectors. �

For every x in W∆rΘ\W/W∆rΘ, define U>0
Θ (x) to be the intersection

of P opp
Θ xP opp

Θ with U≥0
Θ . Let Fγ be as above the map from c1×c2×c1×c2

to UΘ ⊂ SO(3, q). For each reduced expression w listed in Lemma 11.3
we define Fw to be the restriction of Fγ to the set Dw where

(1) De = {0} × {0} × {0} × {0},
(2) Ds1 = R>0 × {0} × {0} × {0},
(3) Ds2 = {0} × (∂c2 r {0})× {0} × {0},
(4) Ds2s3s2 = {0} × c̊2 × {0} × {0},
(5) Ds2s1 = {0} × (∂c2 r {0})×R>0 × {0},
(6) D(s2s3s2)s1 = {0} × c̊2 ×R>0 × {0},
(7) Ds1s2 = R>0 × (∂c2 r {0})× {0} × {0},
(8) Ds1(s2s3s2) = R>0 × c̊2 × {0} × {0},
(9) D(s2s3)s1s2 = {(0, v1, s1, v2) | s1 > 0, v1, v2 ∈ ∂c2, bJ(v1, v2) 6= 0},

(10) Ds2s1(s2s3s2) = {0} × (∂c2 r {0})×R>0 × c̊2,
(11) D(s2s3s2)s1s2 = {0} × c̊2 ×R>0 × (∂c2 r {0}),
(12) D(s2s3s2)s1(s2s3s2) = {0} × c̊2 ×R>0 × c̊2,
(13) Ds1s2s1 = R>0 × (∂c2 r {0})×R>0 × {0},
(14) Ds1(s2s3s2)s1 = R>0 × c̊2 ×R>0 × {0},
(15) Ds1(s2s3s2)s1s2 = R>0 × c̊2 ×R>0 × (∂c2 r {0}),
(16) Ds1(s2s3s2)s1(s2s3s2) = R>0 × c̊2 ×R>0 × c̊2.

Proposition 11.5. For every w in the list of Lemma 11.3 the map

Dw −→ FΘ

z 7−→ Fw(z) · E−

is injective; the image of Fw is U≥0
Θ ∩P opp

Θ wP opp
Θ = U>0

Θ (x) with x = [w].

The nonnegative semigroup U≥0
Θ is the disjoint union the U>0

Θ (x).

Proof. The map (s1, v1, s2, v2) 7→ Fγ(s1, v1, s2, v2) · E− is completely
determined by the last two columns of the matrix Fγ(s1, v1, s2, v2) that
is













s1qJ(v1 + v2) + s2qJ(v2) s1s2qJ(v1)
qJ(v1 + v2) s2qJ(v1)
v1 + v2 s2v1

1 s1 + s2
0 1













.

We can now check by case by case consideration that the statement
holds. �

12. Invariant unipotent semigroups

In Section 13 we will consider a more geometric approach to positivity
in terms of triples in flag varieties. In order to connect this with the
algebraic approach we took so far, we will make use of the results of
the present section where we show that essentially any L◦

Θ-invariant
semigroup U+ in UΘ arises from a Θ-positive structure.
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We say that a semigroup U in a group G is sharp if its only invertible
element is the neutral element (i.e. if g ∈ U+ and g−1 ∈ U+ then g = e).

Theorem 12.1. Let G be a connected semisimple Lie group, and let
UΘ be a standard unipotent subgroup of G and LΘ be the corresponding
standard Levi subgroup. Suppose that there is U+ ⊂ UΘ such that

(1) U+ is closed and of nonempty interior;
(2) U+ is L◦

Θ-invariant;
(3) U+ is a semigroup;
(4) U+ is sharp.

Then G admits a Θ-positive structure; for all α in Θ, there is a unique
L◦
Θ-invariant closed nontrivial convex cone cα ⊂ uα such that exp(cα) ⊂

U+. Defining the nonnegative unipotent semigroup with these cones
(Definition 4.1), the semigroup U+ contains the semigroup U≥0

Θ .

We treat now the case of a semigroup that is equal to the intersection
of UΘ with the open Bruhat cell:

Theorem 12.2. Let G be a connected semisimple Lie group, and let UΘ

be a standard unipotent subgroup of G and Ωopp
Θ the open Bruhat cell

with respect to the opposite parabolic group P opp
Θ . Suppose that there is

V + ⊂ UΘ such that

(1) V + is a connected component of UΘ ∩ Ωopp
Θ .

(2) V + is a semigroup.

Then G admits a Θ-positive structure; for every α in Θ, there is a
unique L◦

Θ-invariant closed nontrivial convex cone cα ⊂ uα such that

exp(cα) ⊂ V
+
. Defining the positive unipotent semigroup with these

cones (Definition 4.4), the semigroup V + is equal to U>0
Θ .

As a corollary of these theorems, we have

Corollary 12.3. Let U+ be a closed L◦
Θ-invariant semigroup in UΘ.

Assume that the interior of U+ is nonempty and contained in the open
Bruhat cell with respect to P opp

Θ , then the group G has a Θ-positive

structure and (with the right choice of cones) U+ = U≥0
Θ .

Section 12.1 derives a number of structural results common to both
theorems, then Section 12.2 addresses the proof of Theorem 12.1 and
Section 12.3 addresses the proof of Theorem 12.2. Section 12.4 gives
examples of semigroups that satisfy the hypothesis of Theorem 12.1
and are not equal to U≥0

Θ .

12.1. The cones associated with U+. We work here with G, Θ,
and U+ as in Theorem 12.1 but satisfying only the hypothesis (1), (2),
and (3) of this theorem. We first note that these three hypothesis are
produced by Theorem 12.2:

Lemma 12.4. Let (G,Θ, V +) satisfying the hypothesis of Theorem 12.2.
Then U+ = V + is a closed L◦

Θ-invariant semigroup of nonempty inte-
rior, i.e. it satisfies the hypothesis (1), (2), and (3) of Theorem 12.1.

Proof. In view of Lemma 4.6, it is enough to prove that the semi-
group V + is L◦

Θ-invariant. Indeed UΘ and Ωopp
Θ are invariant by L◦

Θ,
and since L◦

Θ is connected, every connected component of UΘ ∩Ωopp
Θ is

invariant by L◦
Θ. �
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For all α in Θ we introduce

kα = pα
(

log(U+)
)

where, as above pα : uΘ → uα is the LΘ-equivariant projection.
We will first show that

Proposition 12.5. Let X be an element of uα. Then X belongs to kα
if and only if exp(X) belongs to U+.

Proof. Let us define the following sequence (An)n∈N in a: for all n ∈ N,
An is the element of a defined by the equalities

α(An) = 0, γ(An) = 0 ∀γ ∈ ∆rΘ and γ(An) = −n ∀γ ∈ Θr {α}.
One has then, for all X ∈ uα

ad(An)X = 0

and for all β in P (uΘ, tΘ)r {α} and for all Y in uβ

ad(An)Y = −sβnY
for some sβ > 0. Recall that uβ is the sum of the gδ for α in Σ ∩ (β +
Span(∆rΘ)) so that δ(An) = β(An), see Section 2.9.

The sequence (gn = exp(An))n∈N belongs to exp(a) ⊂ L◦
Θ and, for

every X in uΘ, using the decomposition X =
∑

Xβ according to the
direct sum uΘ =

⊕

β uβ, one has, for all n in N,

Ad(gn)X = exp(ad(An))Xα +
∑

β 6=α

exp(ad(An))Xβ

= Xα +
∑

β 6=α

e−sβnXβ.

Thus the sequence (Ad(gn) ·X)n∈N converges to Xα = pα(X).
Let now Xα be in kα. There exists then X ∈ uΘ such that exp(X)

belongs to U+ and Xα = pα(X). By the above, the sequence

gn exp(X)g−1
n = exp(Ad(gn)X)

converges to exp(Xα). Since U+ is L◦
Θ-invariant and closed, one has

exp(Xα) belongs to U+.
Conversely, let X be in uα such that exp(X) belongs to U+, then

pα
(

log(exp(X))
)

= pα(X) = X belongs to kα. �

From this we deduce:

Corollary 12.6. The set kα is a closed L◦
Θ-invariant convex cone.

Proof. By the previous proposition kα = log−1
(

U+ ∩ exp(uα)
)

. Since
U+ ∩ exp(uα) is closed and L◦

Θ-invariant, this implies that kα is closed
and L◦

Θ-invariant.
Let X ∈ kα and let t > 0. Let A ∈ a be defined by α(A) = log t and

γ(A) = 0 for all γ ∈ ∆r {α}. Then

tX = exp(ad(A))X = Ad(exp(A))X

belongs to kα since exp(A) belongs to L◦
Θ and kα is L◦

Θ-invariant. This
means that kα is a cone.
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Let X and Y be in kα. Then exp(X) exp(Y ) belongs to U+. From
the Baker–Campbell–Hausdorff formula,

pα ◦ log
(

exp(X) exp(Y )
)

= X + Y

belongs to kα. This is the property that the cone kα is convex. �

The cones kα are nontrivial:

Lemma 12.7. For every α in Θ, the cone kα is not reduced to {0}.
Proof. Suppose that kα = {0}. Then U+ would be contained in {g ∈
UΘ | pα(log(g)) = 0} and would be of empty interior, contrary to the
assumptions. �

12.2. The positive structure. We now turn to the proof of Theo-
rem 12.1, i.e. we furthermore assume property (4).

The last point to make the relation with Definition 3.1 is that the
cones kα are acute:

Lemma 12.8. For every α in Θ, the cone kα contains no line.

Proof. Let X in uα be such that X and −X belong to kα. Then g =
exp(X) belongs to U+ as well as g−1 = exp(−X). Thus g = e (since
by assumption the semigroup U+ is sharp) and X = log(g) = 0. This
means that the convex cone kα contains no line. �

Thus G has a Θ-positive structure and one can introduce the semi-
group U≥0

Θ with the following choice of invariant cones: for all α in Θ set
cα = kα. Proposition 12.5 and the semigroup property obviously imply
the inclusion U≥0

Θ ⊂ U+. This concludes the proof of Theorem 12.1.

12.3. The cones associated with V + and the induced positive

structure. We now turn to the proof of Theorem 12.2. Applying the
results of Section 12.1 to U+ = V + (cf. Lemma 12.4), we get that, for
every α in Θ

kα = pα
(

log(V +)
)

is a closed convex, nonzero, L◦
Θ-invariant cone and that, for every X

in uα, exp(X) belongs to V + if and only if X belongs to kα.
Applying Lemma 4.6, we get V +V + = V +, and V +V + = V + and

that V + is the interior of its closure V +.
We also have

Lemma 12.9. For all α in Θ, kα is an acute convex cone in uα.

Proof. Since kα is a closed convex cone and is L◦
Θ-invariant, the sub-

space of maximal dimension contained in kα is L◦
Θ-invariant. Since

the action of L◦
Θ on uα is irreducible (Theorem 2.2), this subspace is

either {0} or uα. Hence we have to exclude the case when kα = uα.
Suppose, by contradiction, that kα = uα. We then have exp uα ⊂ V +.

Recall that the Lie algebra uΘ admits the following decomposition

uΘ = uα ⊕ uα̂, where uα̂ =
⊕

β∈P (uΘ,tΘ)r{α}

uβ

and that the map

uα × uα̂ −→ UΘ
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a

b

c

Figure 1. The semigroup U≥0 = U1 in the matrix co-
ordinates is contained in the corner a ≥ 0, b ≥ 0, c ≥ 0
and bounded by the surface c = ab on which a few curves
have been drawn.

(X, Y ) 7−→ exp(X) exp(Y )

is a diffeomorphism.
Let now x be an element of V +. There exists thus (X, Y ) in uα× uα̂

such that x = exp(X) exp(Y ). The equality kα = uα implies that
exp(−X) belongs to V + and exp(Y ) = exp(−X)x belongs to V +V + =
V +. But this element exp(Y ) does not belong to Ωopp

Θ , in contradiction
with the fact that V + is contained in Ωopp

Θ . �

As a consequence the group G has a Θ-positive structure and we can
choose cα = kα in the construction of U>0

Θ . The last point is to notice

the equality V + = U>0
Θ . As in Section 12.2 we have U≥0

Θ ⊂ V + so that
U>0
Θ ⊂ V + and U>0

Θ ⊂ V + by Lemma 4.6. Since these 2 open sets are
connected components of UΘ ∩ Ωopp

Θ , they are indeed equal.

12.4. Semigroups bigger than U≥0
Θ . We end this section with exam-

ples of closed semigroups contained in the unipotent standard subgroup
of SL3(R) that are bigger than the semigroup U≥0 of totally nonnega-
tive unipotent matrices.

For each r ∈ R denote by Ur the set of matrices




1 a c
0 1 b
0 0 1



 , with a, b ≥ 0 and 0 ≤ c ≤ rab.

Remark 12.10. The semigroup U≥0 is U1. The matrix with a = b =
c = 1 is not in Ωopp

∆ and belongs to the interior of Ur as soon as r > 1;

therefore, for r > 1, Ůr is not contained in Ωopp
Θ .

Lemma 12.11. For all r ≥ 1, Ur is a closed sharp semigroup invariant
by conjugation by diagonal matrices with positive coefficients.

Proof. Closedness and invariance are easily checked. To check the semi-
group property, we calculate the product of two elements of Ur:





1 a c
0 1 b
0 0 1









1 a′ c′

0 1 b′

0 0 1



 =





1 a′′ c′′

0 1 b′′

0 0 1
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then a′′ = a+ a′ ≥ 0, b′′ = b+ b′ ≥ 0 and c′′ = c+ c′ + ab′ ≥ 0, thus

ra′′b′′ − c′′ = (rab− c) + (ra′b′ − c′) + ra′b+ (r − 1)ab′ ≥ 0,

and the product belongs to Ur. The above formula shows that if an
element





1 a c
0 1 b
0 0 1





is invertible in Ur then necessarily a = b = 0 and for such an element
the condition of being in Ur says 0 ≤ c ≤ 0, i.e. c = 0. This proves
that Ur is sharp. �

13. Positivity in the flag variety FΘ

In this section we first consider G having a Θ-positive structure and
use the positive unipotent semigroups U>0

Θ to define positive n-tuples in
the flag variety FΘ. The key notion is the one of positive triples of flags,
which can be defined using U>0

Θ or Uopp,>0
Θ . To express the properties of

positive triples, we use the language of “diamonds”. In the simplest flag
variety RP

1 diamonds are intervals. The notion of diamond was coined
in [LT23] in the case when G is SO(2, n), in which case diamonds actu-
ally look like diamonds. In the general case, diamonds have a slightly
more complicated geometry, but can still thought of as generalized in-
tervals. The language of diamonds, which is also used in [GLW21],
captures well all the necessary geometric properties of positive triples
and quadruples needed in applications.

We also prove the reverse direction: a family of diamonds gives rise
to a Θ-positive structure and is produced by the Θ-positivity. This
thus gives a geometric characterization of Θ-positivity.

In the case of split real groups and Lusztig’s total positivity, the pos-
itive structure on the flag variety F∆ has been described in [Lus98] and
the notion and key properties of positive n-tuples have been established
by Fock and Goncharov in [FG06].

13.1. A first diamond. We will denote by O ⊂ FΘ the set of points
transverse to pΘ and by Oopp the set of points transverse to p

opp
Θ . These

sets are open and diffeomorphic to the unipotent Lie groups UΘ and
Uopp
Θ ; indeed the maps UΘ → O | u 7→ u · poppΘ and Uopp

Θ → Oopp | u 7→
u · pΘ are diffeomorphisms. Since w∆ · pΘ = p

opp
Θ and w∆ · poppΘ = pΘ,

one has also O = ΩΘ · pΘ and Oopp = Ωopp
Θ · poppΘ , where ΩΘ = PΘw∆PΘ

and Ωopp
Θ = P opp

Θ w∆P
opp
Θ . A diamond will be a connected component

of O ∩Oopp, see Section 13.2.
We first show that U>0

Θ or Uopp,>0
Θ gives rise to the same connected

component, hence the same diamond.

Proposition 13.1. One has the equality, in FΘ,

U>0
Θ · poppΘ = Uopp,>0

Θ · pΘ.
More precisely these sets are equal to the same connected component of
O ∩Oopp.

Proof. By Corollary 10.19.(4) we have that U>0
Θ · poppΘ is a connected

component of O∩Oopp. Equally, Uopp,>0
Θ ·pΘ is a connected component
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of O ∩Oopp. Hence we only need to see that these sets intersect. This
can be obtained along the same lines than Theorem 10.24 using the
equality exp(E) · poppΘ = exp(F ) · pΘ (with (E, F,D) the Θ-principal
sl2-triple, Section 7). �

13.2. Axiomatic of diamonds. In this section and the next one, we
do not assume thatG has a Θ-positive structure. We will prove however
that the definition below forces the presence of a Θ-positive structure.

We introduce now the expected properties for positive triples in FΘ.
It will be a little easier to express these properties in terms of “dia-
monds” that are, fixing a and b in FΘ, the connected components of the
set {x ∈ FΘ | (a, x, b) is a positive triple} (cf. below Definition 13.14).

Let Θ ⊂ ∆ be a subset invariant by the opposition involution ι : α 7→
−w∆ ·α (so that Fι(Θ) = FΘ and we can speak of transverse pairs in FΘ,
cf. Section 2.8). For a point a in FΘ, let us denote by Oa the (open)
subset of FΘ whose points are those transverse to a and by Pa its
stabilizer in G.

Definition 13.2. A family of diamonds in FΘ is a family F of triples
(D, a, b) where D is a subset of FΘ and a, b belong to FΘ (and will be
called the extremities of the diamond) such that

(1) For every (D, a, b) in F , a is transverse to b and D is a connected
component of Oa ∩Ob;

(2) For every (D, a, b) in F , (D, b, a) belongs to F ;
(3) For every (D, a, b) in F , and for every g in Aut1(g), (g ·D, g ·a, g ·b)

belongs to F ;
(4) For every (D, a, b) in F , and for every x in D, there exists a unique

diamond (D′, a, x) in F such that D′ is contained in D.

The symmetry condition (2) together with the last condition imply also

(5) For every (D, a, b) in F , and for every x in D, there exists a unique
diamond (D′, x, b) in F such that D′ is contained in D.

Remark 13.3. It is natural to ask that the notion of diamond (or the
notion of positive triple to come later) is invariant under all the auto-
morphisms of the flag variety FΘ. This is why we require invariance
under the group Aut1(g) in the definition and not only under G.

We can immediately note that:

• For all a and b in FΘ, with a transverse to b, there is a least one
diamond with extremities a and b (since the group Aut1(g) acts tran-
sitively on the space of pairs of transverse points), and there are
finitely many such diamonds (since Oa ∩ Ob has finitely many com-
ponents);

• For every diamond (D, a, b) the set D is invariant under the Lie group
L◦
a,b that is the neutral component of La,b = Pα ∩ Pb.

13.3. From diamonds to Θ-positivity. We assume in this subsec-
tion that there is a family of diamonds F in FΘ. We immediately note
that this family is produced from a semigroup in UΘ.

Proposition 13.4. Let a and b be respectively the elements pΘ and
p
opp
Θ of FΘ. Let (D, a, b) be a diamond in F with extremities a and b.
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bc
a

Figure 2. The diamonds in the case of the group
SO(2, 2). The point c is contained in the diamond with
extremities a and b (the light gray region); the gray re-
gion is the diamond with extremities a and c contained
in the first diamond. In the general case, the diamonds
are curved as shown in Figure 1, which pictures the tip
of a diamond in the case of the group SL3(R).

Then the set

V + := {v ∈ UΘ | v · b ∈ D}
is a connected component of UΘ ∩ Ωopp

Θ and is a semigroup.

Proof. The fact that V + is a connected component of UΘ∩Ωopp
Θ follows

directly from Condition (1) in Definition 13.2.
Proving that V + is a semigroup amounts to show that, for all v in V +,

vV + ⊂ V +. This inclusion can be phrased in terms of diamonds: let
x = v ·b so that x belongs to D and there is a unique diamond (D′, a, x)
with extremities a and x with D′ ⊂ D; with this notation, one wants
to prove the equality D′ = v ·D.

Let ℓs = exp(sX) (s ∈ R) be the 1-parameter subgroup associated
with the element X of a such that α(X) = −1 for all α in ∆. Define
(vt)t∈[0,1] and (xt)t∈[0,1] by the equalities v0 = e, vt = ℓlog tvℓ

−1
log t for t > 0,

and xt = vt · b. By the choice of X, these paths are continuous and
x0 = b, x1 = x.

For all positive t, D′
t = ℓlog t · D′ is the diamond with extermities a

and xt contained in ℓlog t ·D = D; i.e. D′
t is the connected component of

Oa ∩ Oxt
contained in D. From the convergence of xt to b, we deduce

that D′
t converges to D as t tends to 0. Stated differently, setting

D′
0 = D, the family (D′

t)t∈[0,1] is continuous. This implies that the
family (v−1

t ·D′
t)t∈[0,1] of diamonds with extremities a and b is continuous.

Since there are finitely many connected components in Oa ∩ Ob, we
deduce that this family is constant equal to D. In particular D =
v−1
1 ·D′

1 = v−1 ·D′ which is the sought for equality. �

As a consequence of Proposition 13.4, we can apply Theorem 12.2
and thus G admits a Θ-positive structure. Let us then fix, for every α
in Θ, a nonzero acute L◦

Θ-invariant closed convex cone cα in uα. We
already noticed that there are exactly two such cones, namely cα and
−cα. To take into account all the possible choices of cones, let us in-
troduce, for every ε = (εα)α∈Θ in {±1}Θ the nonnegative unipotent
semigroup Uε≥0

Θ generated by
⋃

α∈Θ exp(εαcα) and the positive unipo-

tent semigroup Uε>0
Θ that is the interior (relative to UΘ) of Uε≥0

Θ .
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Theorem 12.2 gives the following corollary

Corollary 13.5. The diamonds in F with extremities a = pΘ and
b = p

opp
Θ are exactly the triples (Uε>0

Θ · b, a, b) for ε varying in {±1}Θ.

Proof. Indeed Proposition 13.4 and Theorem 12.2 prove that every
diamond with extremities a and b has this form. The fact that all
signs ε are achieved is a consequence of the invariance under Aut1(g)
and that there are elements in this group exchanging the cones (Propo-
sition 5.2). �

In fact the transitivity observed in Proposition 5.2 implies that there
is exactly one orbit of diamonds under the action of Aut1(g).

Corollary 13.6. Let a and b be respectively pΘ and p
opp
Θ . Then the

diamonds are exactly the (g ·U>0
Θ · b, g · a, g · b) for g varying in Aut1(g).

13.4. From Θ-postivity to diamonds. We now consider the reverse
direction of Corollary 13.6. Namely, we assume that G has a Θ-positive
structure and consider the family F consisting of the Aut1(g)-orbit of
(U>0

Θ · b, a, b) where a and b are respectively pΘ and p
opp
Θ .

Equivalently, the family F can be defined by taking the union of the
G-orbits of (Uε>0

Θ · b, a, b) for ε varying in {±1}Θ.

Proposition 13.7. The above family F is a family of diamonds in FΘ.

Proof. We need to check the conditions of Definition 13.2. Condition (1)
follows from the corresponding property of U>0

Θ (see Proposition 13.1).

Condition (2) is a consequence of the equality w∆U
>0
Θ w−1

∆ = Uopp,>0
Θ

and of Proposition 13.1. Condition (3) is there by construction. The
existence part in Condition (4) follows from the fact that U>0

Θ is a
semigroup: indeed let (D, a, b) be in F and let x be in D, by equiv-
ariance we can assume that a = pΘ, b = p

opp
Θ and D = U>0

Θ · b; let u
be the element of U>0

Θ such that x = u · b and set D′ = uU>0
Θ , since

(D′, a, x) = u · (D, a, b), D′ is a diamond and the inclusion D′ ⊂ D
follows from the fact that U>0

Θ is a semigroup.
Let us now address the uniqueness in Condition (4). With the no-

tation introduced in this condition, we can (by Aut1(g)-invariance) as-
sume that a = pΘ, b = p

opp
Θ , and D = U>0

Θ · b. Let u be the element
of U>0

Θ such that x = u · b and let (D′, a, x) be a diamond in F such
that D′ ⊂ D. Then (u−1D′, a, b) is a diamond with extremities a and b.

There is thus an element ℓ in Aut1(g) fixing a and b and such that
u−1 · D′ = ℓ · D. The element ℓ stabilizes all the spaces uα (for α
in Θ) and thus sends, for every α in Θ, the cone cα to εαcα for some εα
in {±1}. Setting ε = (εα)α∈Θ one has thus u−1 ·D′ = Uε>0

Θ · b and the
inclusion D′ ⊂ D can be rewritten as uUε>0

Θ ⊂ U>0
Θ .

The sought for uniqueness is now equivalently expressed in the equal-
ities εα = 1 for all α in Θ. Suppose by contradiction that there ex-
ists α with εα = −1. Then, using for example the parametrization
of the semigroups, one can construct an element v in Uε>0

Θ such that
pα
(

log(uv)
)

= pα(log u) + pα(log v) = 0 (where again pα : uΘ → uα
is the projection on the factor uα); this is incompatible with the fact
that uv belongs to U>0

Θ since we should have that pα
(

log(uv)
)

belongs
to c̊α. �
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Observe that, for ε = (−1)α∈Θ (i.e., for all α in Θ, εα = −1), one
has Uε>0

Θ = (U>0
Θ )−1. In particular ((U>0

Θ )−1 · b, a, b) is also in F .

13.5. U-pinnings. We explain here the relation between the diamonds
introduced here and the definition that is used in [GLW21, Defini-
tion 2.4].

Denote, for every a in FΘ by Ua the unipotent radical of Pa (so that
Ua = UΘ when a is pΘ). The group Ua is completely determined by
its Lie algebra and will be also identified with a subgroup of Aut1(g)
(namely the unipotent radical of the stabilizer of a in Aut1(g)). We
will call a U-pinning of Ua any homomorphism sa : UΘ → Ua induced
by the map x 7→ gxg−1 where g is an element of Aut1(g) such that
g · pΘ = a.

Lemma 13.8. Let a and b be two transverse points of FΘ. Then the
diamonds with extremities a and b are exactly the triples

(sa(U
>0
Θ ) · b, a, b)

where sa runs through the U-pinnings of Ua.

Proof. Indeed every such triple is a diamond and the family defined
is invariant by the action of Aut1(g). Hence the result holds by the
transitivity observed in Corollary 13.6. �

13.6. Opposite diamond. The notion of U -pinning allows us to in-
troduce the notion of the opposite of a diamond. Let (D, a, b) be a
diamond ant let sa : UΘ → Ua be a U -pinning such that D = sa(U

>0
Θ ) ·b

then the triple (sa(U
>0
Θ )−1 · b, a, b) is a diamond that is called opposite

to (D, a, b).

Lemma 13.9. There is a unique diamond (D′, a, b) opposite to (D, a, b).

Proof. Let (D′, a, b) be a diamond opposite to (D, a, b) defined by a
U -pinning sa. We set V = {u ∈ Ua | u · b ∈ D} and V ′ = {u ∈ Ua |
u · b ∈ D′}. Then V and V ′ uniquely determine D and D′. From the
definition we have, V = sa(U

>0
Θ )

V ′ = sa((U
>0
Θ )−1) = (sa(U

>0
Θ ))−1 = V −1.

This proves that V ′ does not depend on the choice of sa but only on V
and in turn that D′ depends only on D and not on sa. �

The diamond opposite to (D, a, b) will be denoted (D∨, a, b). One
obviously has (D∨)∨ = D. Uniqueness implies equivariance:

Corollary 13.10. If D is a diamond, and if g belongs to Aut1(g), then
the opposite of the diamond g ·D is g ·D∨: (g ·D)∨ = g ·D∨.

Lemma 13.11. Let (D, a, b) be a diamond. Then every x in D and
every y in D∨ are transverse.

Proof. By invariance we can assume that a = pΘ, b = p
opp
Θ and D =

U>0
Θ ·b. There are then u and v in U>0

Θ such that x = u ·b and y = v−1 ·b.
Then the pair (x, y) is in the same orbit as (vu · b, b). Since vu belongs
to U>0

Θ , vu · b belongs to D and is transverse to b, thus x is transverse
to y. �

The opposition of diamonds reverses inclusion:
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Lemma 13.12. Let (D, a, b) be a diamond and x belong to D. Let
(D′, a, x) be the diamond contained in D. Then the opposite diamond
D′∨ contains D∨.

Proof. We can assume a = pΘ and b = p
opp
Θ and D = U>0

Θ · b. Let u
be in U>0

Θ such that x = u · b so that D′ = u · D. One thus has
D∨ = (U>0

Θ )−1 · b and D′∨ = u ·D∨, that is u−1 ·D′∨ = D∨. The sought
for inclusion is therefore equivalent to u−1(U>0

Θ )−1 ⊂ (U>0
Θ )−1 which is

a consequence of the fact that U>0
Θ is a semigroup. �

The last lemma implies

Corollary 13.13. The set D∨ consists of those x in FΘ transverse to b
and such that there is a diamond (D′, a, x) containing D.

13.7. Positive triples in FΘ. We now use the family of diamonds to
define positive triples of flags.

Definition 13.14. A triple (f1, f2, f3) ∈ (FΘ)
3 is positive if f1 is trans-

verse to f3 and if there exists a diamond with extremities f1 and f3
that contains f2.

The next proposition collects the main properties of positive triples.

Proposition 13.15. (1) [Invariance] For every (f1, f2, f3) and every g
in Aut1(g), the triple (f1, f2, f3) is positive if and only if the triple
(g · f1, g · f2, g · f3) is positive.

(2) A triple (fi)i∈Z/3Z is positive if and only if, for all i 6= j in Z/3Z
there exists a diamond Di,j with extremities fi and fj with Dj,i =
D∨

i,j and fk belongs to Di,j for all (i, k, j) cyclically ordered (i.e.
j − k = k − i = 1 in Z/3Z).

(3) [Permutation] For every permutation σ ∈ S3 and every (f1, f2, f3),
the triple (f1, f2, f3) is positive if and only (fσ(1), fσ(2), fσ(3)) is pos-
itive.

(4) A triple is positive if and only if it is in the orbit (under Aut1(g))
of (pΘ, u · poppΘ , poppΘ ) for some u in U>0

Θ .
(5) A triple is positive if and only if it is in the orbit (under Aut1(g))

of (pΘ, u
−1 · poppΘ , poppΘ ) for some u in U>0

Θ .
(6) [Component] The set of positive triples is a union of connected

components of the space of pairwise transverse triples, in particular
it is open in (FΘ)

3.
(7) [Properness] The group G acts properly on the space of positive

triples. In particular stabilizers are compact.

Proof. (1) This property follows from the invariance of the family of
diamonds.

(2) If (f1, f2, f3) satisfies these conditions, then f2 belongs to D1,3, a
diamond with extremities f1 and f3 and the triple is positive.

Conversely, if the triple (f1, f2, f3) is positive, there exists a di-
amond D1,3 with extremities f1 and f3 and containing f2. Define
D1,2 to be the unique diamond with extremities f1 and f2 contained
in D1,3 and D2,3 to be the unique diamond with extremities f2
and f3 contained in D1,3. For i > j define Di,j = D∨

j,i. Then the
wanted membership properties of the fk in the Di,j follow from the
choices made and from Corollary 13.13.
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(3) The characterization of the previous point is clearly invariant by
permutation, hence the result.

(4) This follows from the definition and from the fact that (U>0
Θ ·b, a, b)

is a diamond (again a = pΘ and b = p
opp
Θ ).

(5) This property follows from the previous one, the invariance by the
transposition (23), and the invariance by Aut1(g).

(6) This is a consequence of the connectedness properties of diamonds.
(7) The map F → F

2∗
Θ (where F

2∗
Θ is the space of transverse pairs)

is continuous and equivariant. The sought for properness is then
equivalent to the properness of the action of L◦

Θ on the semigroup
U>0
Θ ; this properness is in turn a consequence of the fact that the

parametrizations are L◦
Θ-equivariant (Lemma 10.2) and from the

already know properness of L◦
Θ on the product of cones (Proposi-

tion 5.1). �

Remark 13.16. In resonance with Remark 5.4, we can establish (when
Θ 6= ∆) that the space of positive triples has two connected components
when ♯Θ is odd and one connected component when ♯Θ is even.

Point (6) can be used to prove other characterizations of positive
triples, for example

Corollary 13.17. A triple is positive if and only if it is in the Aut1(g)-
orbit of a triple of the form (vu ·b, v ·b, b) where b = p

opp
Θ and u, v belong

to U>0
Θ .

Proof. Let us prove first that any such triple is positive. By property of
the semigroup U>0

Θ , the flags in (vu·b, v·b, b) are pairwise transverse. Let
X be the element of a such that α(X) = −1 for all α in ∆ and let ℓs =
exp(sX) (s ∈ R) be the associated 1-parameter subgroup contained in
the Cartan subspace. Then the family {(vℓsuℓ−1

s · b, v · b, b)}s≥0 consists
of pairwise transverse triples and converges, as s→ ∞, to the positive
triple (a, v · b, b) (where a = pΘ). This implies (thanks to point (6) of
the above proposition) that (vu · b, v · b, b) is positive.

Let us now prove the reverse statement. Any positive triple is in the
orbit of (a, w · b, b) for some w in U>0

Θ . The diamond with extremities a

and b and containing w · b is our first diamond D = U>0
Θ · b = Uopp,>0

Θ ·a.
For x ∈ Uopp,>0

Θ , one has x · (a, w · b, b) = (x · a, xw · b, b). The element
x · a belongs to D and hence is of the form r · b for some r in U>0

Θ .

The element xw · b belongs also to D: indeed there is z ∈ Uopp,>0
Θ

such that w · b = z · a; hence xw · b = (xz) · a and xz belongs to Uopp,>0
Θ

thus xw · b belongs to Uopp,>0
Θ · a = D. There is therefore v in U>0

Θ such
that xw · b = v · b.

We finally prove that the element u = v−1r belongs to U>0
Θ . For

this, note first that u belongs to Ωopp
Θ since v−1r · b is transverse to b;

choose (wt)t∈[0,1] a continuous path satisfying w0 = e, w1 = w and
wt ∈ U>0

Θ for all t in (0, 1] (such a path can be constructed thanks to a
parametrization Fγ). The path (vt)t∈[0,1] in UΘ defined by the equality
vt ·b = xwt ·b is continuous and satisfies v0 = e, v1 = v and v−1

t r belongs
to Ωopp

Θ for all t. Hence u = v−1r = v−1
1 r and r = v−1

0 r belongs to the
same connected component of UΘ ∩ Ωopp

Θ . Since U>0
Θ is a connected

component of that intersection and since r belongs to U>0
Θ , we obtain

that u belongs to U>0
Θ , as announced. �
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13.7.1. Hermitian Lie groups. When G is a Hermitian Lie group of
tube type, and Θ = {αΘ}, the flag variety FΘ coincides with the Shilov
boundary of the symmetric space of G, and a triple is positive in the
sense here if and only if it has maximal or minimal Maslov index. Note
that for Hermitian Lie groups that are not of tube type, the Maslov
index of a triple of points in the Shilov boundary is still defined, and
one can look at triples of maximal (or minimal) Maslov index. In fact,
it is shown in [BIW10], that every maximal triple is contained in the
Shilov boundary of a unique maximal Hermitian symmetric subspace
of tube type. One important difference between the tube type and non
tube type situation is that in the first case, the space of pairwise trans-
verse triples in the Shilov boundary has several connected components,
and the triples of maximal or minimal Maslov index form connected
components, and thus give rise to diamonds, whereas in the non-tube
type situation the space of pairwise transverse triples in the Shilov
boundary is connected see [BIW07, Section 3], and thus the space of
triples of maximal or minimal Maslov index does not form connected
components.

13.8. Positive quadruples. We investigate here properties of positive
quadruples.

Definition 13.18. A quadruple (a, x, b, y) in FΘ is said to be positive if
there exists a diamond (D, a, b) such that x belongs to D and y belongs
to D∨.

Proposition 13.19. (1) Let (a, x, b, y) be a quadruple in FΘ and let g
be in Aut1(g). Then (a, x, b, y) is positive if and only if (g · a, g ·
x, g · b, g · y) is positive.

(2) A quadruple is positive if and only if it is in the Aut1(g)-orbit of
(a, u · b, b, v−1 · b) where a = pΘ, b = p

opp
Θ and u, v belong to U>0

Θ .
(3) A quadruple is positive if and only if it is in the Aut1(g)-orbit of

(a, vu · b, v · b, b) where a = pΘ, b = p
opp
Θ and u, v belong to U>0

Θ .
(4) Let (a, x, b, y) be a quadruple in FΘ. Then (a, x, b, y) is positive if

and only if there is a diamond (D, a, y) such that b belongs to D
and x belongs to D′, the unique diamond with extremities a and b
contained in D.

(5) A quadruple is positive if and only if it is in the Aut1(g)-orbit of
(a, x · a, xy · a, b) where a = pΘ, b = p

opp
Θ and x, y belong to Uopp,>0

Θ .
(6) Let (a, x, b, y) be a quadruple in FΘ. Then (a, x, b, y) is positive if

and only if there is a diamond (D, a, y) such that x belongs to D
and b belongs to D′, the unique diamond with extremities x and y
contained in D.

(7) A quadruple (fi)i∈Z/4Z is positive if and only if, for all i 6= j in
Z/4Z there exists a diamond Di,j with extremities fi and fj with
Dj,i = D∨

i,j and fk belongs to Di,j for all (i, k, j) cyclically ordered
(i.e. (k − i, j − k) is (1, 1), (1, 2), or (2, 1)).

(8) The space of positive quadruples is invariant under the dihedral
group D4 ⊂ S4 (i.e. the group generated by the 4-cycle (1, 2, 3, 4)
and the double transposition (1, 4)(2, 3)). Namely for σ ∈ D4 and
a quadruple (f1, f2, f3, f4) then (f1, f2, f3, f4) is positive if and only
if (fσ(1), fσ(2), fσ(3), fσ(4)) is positive.
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Proof. (1) This follows from the invariance of the family of diamonds
and the equivariance of the map D 7→ D∨ (Corollary 13.10).

(2) This follows from the definition and from the fact that, up to the
action of Aut1(g), we can assume a = pΘ, b = p

opp
Θ , and D = U>0

Θ ·b.
(3) Applying the element v ∈ U>0

Θ to the quadruple (a, u · b, b, v−1b)
gives the wanted result.

(4) This is the previous characterization stated in terms of diamonds.
(5) This follows by the same arguments as for (3) above, using this

time the equality Uopp,>0
Θ · a = U>0

Θ · b.
(6) This is the previous characterization stated in terms of diamonds.
(7) If a quadruple satisfies the stated condition, then the condition in

Definition 13.18 is obviously satisfied and the quadruple is positive.
Conversely, suppose that (f1, f2, f3, f4) is positive. By definition,

there is a diamond D1,3 with extremities f1 and f3, containing f2
and such that f4 belongs to D3,1 := D∨

1,3. We define D1,2 to be
the diamond contained in D1,3 and with extremities f1 and f2 and
similarly D2,3 is the diamond contained in D1,3 with extremities f2
and f3. The characterization of point (4) gives also a diamond D1,4

with extremities f1 and f4 and containing f2 and f3. This di-
amond can be used to define the diamond D2,4 and D3,4. The
other diamonds are defined thanks to the requirement Dj,i = D∨

i,j .
All the wanted memberships are satisfied by construction and by
Corollary 13.13 except possibly that f3 belongs to D2,4. However
this membership follows from the characterization established in
point (6).

(8) The invariance under the dihedral group follows from the previous
point. �

Based on point (3) above one has

Lemma 13.20. Let a and b be the elements pΘ and p
opp
Θ of FΘ and

let v be in U>0
Θ and x = v · b. For y ∈ FΘ, the quadruple (a, y, x, b) is

positive if and only if there is u in U>0
Θ such that y = vu · b.

Diamonds associated with positive quadruples are properly contained
one in another:

Lemma 13.21. Let (a, x, b, y) be a positive quadruple and let (D, a, y)
be the diamond containing x and b and let (D′, x, b) be the diamond
contained in D. Then the closure D′ is contained in D.

Proof. It will be enough to prove that this closure is contained in the
intersection Oa∩Oy. By symmetry, we need only to prove the inclusion
into Oy. We can assume that a = pΘ, y = p

opp
Θ and b = v · y, x = vu · y

with u, v in U>0
Θ . Any point in D′ is of the form vw · y with w ∈ U≥0

Θ

(and w−1u must also belong to U≥0
Θ ). In particular vw belongs to U>0

Θ

(Corollary 10.19.(1)) and vw · y is transverse to y as wanted. �

Similarly to what has been established for triples we note

Lemma 13.22. The space of positive quadruples is a union of con-
nected components of the space of pairwise transverse quadruples.
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13.9. Positive tuples. Let n be an integer ≥ 3. We introduce here
the positive n-tuples in generalizing point (2) of Proposition 13.15 or
point (7) of Proposition 13.19. Positive tuples of flags have been also
extensively studied in[GLW21].

Definition 13.23. A n-tuple (fi)i∈Z/nZ of elements of FΘ is positive if,
for all i 6= j in Z/nZ, there exists a diamond Di,j with extremities fi
and fj with Dj,i = D∨

i,j and fk belongs to Di,j for all (i, k, j) cyclically
ordered (i.e. there are integers a, b, and c representing i, j, and k
respectively and such that a < b < c < a+ n).

Note that the diamonds are uniquely determined by the properties
that fi+1 belongs to Di,j (when j /∈ {i, i+ 1}) and Di,i+1 = D∨

i+1,i.
From the definition, it is obvious that

Lemma 13.24. (1) The set of positive n-tuples is invariant by the di-
hedral group Dn (i.e. by cyclic permutations and by the permutation
i↔ n + 1− i).

(2) Any subconfiguration of a positive n-tuple consisting of m elements
is a positive m-tuple.

Here is one (among many) characterizations of positive tuples.

Lemma 13.25. A n-tuple is positive if and only if it is in the Aut1(g)-
orbit of

(a, u1 · · ·un−3un−2 · b, u1 · · ·un−3 · b, . . . , u1 · b, b),
where a = pΘ, b = p

opp
Θ , and, for all i in J1, n− 2K, ui belongs to U>0

Θ .

Proof. Let (f1, . . . , fn) be a positive tuple. Up to the Aut1(g) action,
we can assume that f1 = a, fn = b and fn−1 = u1 · b. Repeated
applications of Lemma 13.20 give the sequence (u2, . . . , un−2).

Conversely let u1, . . . , un−2 be in U>0
Θ and let (f1, . . . , fn) be

(a, . . . , u1 · · ·ui · b, . . . , b).
For all i < j in J1, nK, letDi,j be the unique diamond with extremities fi
and fj contained in D = U>0

Θ · b and Dj,i = D∨
i,j. The facts that, for

i < k < j in J1, nK, fk belongs to Di,j come from Corollary 13.17, the
other cases come from Corollary 13.13. �

Restated in terms of diamonds, the lemma says it is enough to check
that some sub-quadruples are positive:

Proposition 13.26. Let (f1, . . . , fn) be in (FΘ)
n. Then (f1, . . . , fn)

is positive if and only if, for every i = 2, . . . , n − 2, the quadruple
(f1, fi, fi+1, fn) is positive.

We also note that

Lemma 13.27. The set of positive n-tuples is a union of connected
components of the space of pairwise transverse n-tuples.

13.10. Compatibility of positive structures. As observed before
(see Remarks 3.5 and Examples 4.3), if G is a split real group whose
Dynkin diagram has a double arrow, then G carries two positive struc-
tures, one with respect to ∆ and one with respect to a proper subset
Θ ⊂ ∆. Both positive structures give rise to a notion of positive triples
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in the flag varieties F∆, respectively FΘ. Here we show that these two
different notions are compatible. This concerns the following groups
up to isogeny:

• the symplectic Lie group Sp(2n,R), n ≥ 2;
• the orthogonal groups SO(n, n+ 1), n ≥ 3 ;
• the real split Lie group of type F4.

Note that in this case, as explained in Section 5.5, the choice of root
vectors Xα for all α ∈ ∆ determine the cones cα for α ∈ Θ. Let
U>0
∆ , Uopp,>0

∆ , and U>0
Θ , Uopp,>0

Θ be the corresponding semigroups. The
natural projection π : F∆ → FΘ is Aut1(g)-equivariant and π(p∆) = pΘ
and π(popp∆ ) = p

opp
Θ . This projection behaves well with respect to the

notion of positivity introduced:

Proposition 13.28. Let (a, x, b) be a positive triple in F∆. Then
(π(a), π(x), π(b)) is a positive triple in FΘ.

Proof. The positive semigroup U>0
∆ is determined here by elements Xα

generating gα for α in ∆. These elements can be used determine the
semigroup U>0

Θ , i.e. we choose the cones cα ⊂ uα (α ∈ Θ) by the
convention that Xα ∈ cα (Remark 5.15).

First observe that, by the transitivity of the action of G on the space
of transverse pairs and since (π(p∆), π(p

opp
∆ )) = (pΘ, p

opp
Θ ), the image

by π of every transverse pairs in F∆ is a transverse pair in FΘ.
Let now (a, x, b) be a positive triple in F∆. By the transitivity of

the action of Aut1(g), we can assume that a = p∆, b = p
opp
∆ and

x = u · b for u ∈ U>0
∆ . Hence π(x) = u · π(b) and we need to show that

u · π(b) ∈ U>0
Θ · π(b). Since π(x) is transverse to π(b) it is enough to

prove that u · π(b) ∈ U≥0
Θ · π(b).

For this, we will prove the inclusions u · (U≥0
Θ ·π(b)) ⊂ U≥0

Θ ·π(b) for u

in the generating set
⋃

α∈∆ exp(R≥0Xα) of U≥0
∆ . Let thus α be in ∆,

t ≥ 0, and u = exp(tXα). When α belongs to Θ, then u belongs to U≥0
Θ

and the inclusion comes from the fact that U≥0
Θ is a semigroup. When

α belongs to ∆rΘ, then u belongs to L◦
Θ and the inclusion comes from

the fact that L◦
Θ normalizes U≥0

Θ and fixes π(b). �

13.11. Positive maps. We extend the notion of positive tuples to the
notion of positive maps. For this let us denote by Λ a set equipped
with a cyclic ordering, i.e. there is a notion of “y being between x and z”
satisfying a number of natural properties that are a bit similar to the
properties requested for diamonds, cf. [Hun16] for example (typically
Λ is a subset of the circle). This means that there is a subset Λ3+ of Λ3

consisting of cyclically ordered triples. There is therefore a notion of
cyclically ordered n-tuples in Λ for every n ≥ 3.

Definition 13.29. A map f : Λ → FΘ is said to be positive if the image
by f of every cyclically ordered n-tuple is a positive n-tuple.

Proposition 13.26 implies

Lemma 13.30. Suppose Λ is ≥ 4. A map f is positive if and only if
it sends every cyclically ordered quadruple to a positive quadruple.
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The Θ-principal embedding πΘ : sl2 → g introduced in Section 7
induces an homomorphism πΘ : SL2(R) → G and hence an action
of SL2(R) on the flag variety FΘ.

Lemma 13.31. The stabilizer of pΘ ∈ FΘ in SL2(R) is the standard
Borel subgroup B (whose Lie algebra is b = RE ⊕RD).

Proof. Since πΘ(E) and πΘ(D) belongs to pΘ, it is clear that the Lie
algebra of this stabilizer contains b. Since the SL2(R)-orbit of pΘ is
not trivial, the Lie algebra of the stabilizer must be equal to b. Hence
the stabilizer is either B or its neutral component B◦. We thus need
to prove that − Id = exp(π(E − F )) belongs to the stabilizer.

The element ṡ = exp(π
2
(E − F )) of SL2(R) is sent by πΘ to (a

representative of) the longest length element of HΘ (Lemma 7.2). One
has hence (cf. Lemma 8.14 and Proposition 8.16) that πΘ(ṡ) · pΘ =
w∆ · pΘ = p

opp
Θ and πΘ(ṡ) · poppΘ = pΘ which implies the sought for

equality: πΘ(ṡ
2) · pΘ = pΘ. �

From this, identifying P(R2) with SL2(R)/B, we obtain an equivari-
ant embedding P(R2) → FΘ. As a direct consequence of Theorem 10.24
(and since the cyclically ordered tuples of P(R2) are well understood)
we obtain the following

Proposition 13.32. [GW18, Conjecture 4.12] The embedding P(R2)
into FΘ induced from the Lie algebra morphism πΘ : sl2(R) → g is a
positive circle.

Remark 13.33. When Θ 6= ∆, there are sometimes more than one
embedding of sl2 that give rise to a positive circle in FΘ. For example
when G is a split real group, the principal 3-dimensional subalgebra of g
by Proposition 13.28 also determines a positive circle in FΘ for any Θ
such that G admits a Θ-positive structure. For Hermitian groups of
tube type, any tight embedding of sl2 into g gives rise to a positive
circle, see [BIW09].

Appendix A. Longest length element in Bp+1

In this first appendix we determine a reduced expression of the
longest length element in the Weyl group associated to a root system
of type Bp+1; it is also the longest length element for Cp+1 since these
two Coxeter groups coincide.

This is the type of the system of restricted roots of the groups
SO(p + 1, p + k) (p > 0, k > 1). A choice of quadratic form which
makes the calculations a little easier is given by the matrix (cf. Sec-

tion 11) Q =





0 0 K
0 J 0
tK 0 0



, where K =











(−1)p

. .
.

1
−1











, and

J =





0 0 1
0 − Idk−1 0
1 0 0



.

With this choice, a Cartan subspace a of so(p + 1, p + k) is its in-
tersection with the space of diagonal matrices. A natural basis of a∗
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(with respect to this particular matrix realization of the group) are the
ei mapping a diagonal matrix to its i-th diagonal entry (i in J1, p+1K).
We will use this to identify a with R

p+1 and describe the Weyl group
and its elements in GLp+1(R).

The roots are

{±ei}i∈J1,p+1K ∪ {±ej ± ek}j,k∈J1,p+1K,j<k.

For the lexicographic order the positive roots are

{ei}i∈J1,p+1K ∪ {ej ± ek}j,k∈J1,p+1K,j<k

and the simple roots are α1 = e1− e2, α2 = e2− e3, . . . , αp = ep− ep+1,
αp+1 = ep+1.

The Weyl group W naturally identifies with (Z/2Z)p+1
⋊Sp+1 acting

on R
p+1 by permuting the coordinates and changing their signs. Its

generators s1, . . . , sp+1 associated with α1, . . . , αp+1 are the transforma-
tions:

s1 : (x1, x2, . . . , xp+1) 7−→ (x2, x1, . . . , xp+1),

s2 : (x1, x2, x3, . . . , xp+1) 7−→ (x1, x3, x2, . . . , xp+1),

. . . ,

sp : (x1, . . . , xp, xp+1) 7−→ (x1, . . . , xp+1, xp)

and sp+1 : (x1, x2, . . . , xp+1) 7−→ (x1, x2, . . . ,−xp+1).

Furthermore the longest length element of W is − Idp+1 as it exchanges
the Weyl chamber with its opposite.

Let Θ = {α1, . . . , αp}. With the notation of Section 3.4, αΘ = αp, the
longest length element in W∆rΘ = 〈sp+1〉 is sp+1 itself and the subgroup
of W generated by sp and sp+1 is isomorphic to (Z/2Z)2⋊S2 (the Weyl
group of SO(2, 2 + k)). Its longest length element is spsp+1spsp+1 so
that the element σp = σΘ is spsp+1sp. Seen as an element of GLp+1(R),
σp is the transformation (x1, . . . , xp, xp+1) 7→ (x1, . . . ,−xp, xp+1)

Recall that the group W (Θ) is the subgroup of W generated by
s1, . . . , sp−1 and σp. As all these generators fix the last coordinate, we
can identify W (Θ) with a subgroup of GLp(R). With this identification
in mind and the above description, it is apparent that this subgroup
is the Weyl group of type Bp and its longest length element is, in this
geometric realization, − Idp.

Turning back to subgroups of GLp+1(R), the longest length element
of W (Θ) is the transformation

(x1, . . . , xp, xp+1) 7→ (−x1, . . . ,−xp, xp+1).

Since the longest length element of W is − Idp+1 and the longest length
element of W∆rΘ is sp+1 one gets as well that wΘ

max is

(x1, . . . , xp, xp+1) 7→ (−x1, . . . ,−xp, xp+1)

establishing, for the type Bp+1, the fact that wΘ
max belongs to W (Θ)

(Proposition 8.16).
Written as products of generators, these elements are: (we use the

notation xy = y−1xy so that (xy)z = xyz and σp = sssp+1)

w∆ = s
sp···s1
p+1 s

sp···s2
p+1 · · · sspp+1 · · · sp+1

wΘ
max = s

sp···s1
p+1 s

sp···s2
p+1 · · · sspp+1
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= σsp−1···s1
p σsp−1···s2

p · · ·σsp−1
p .σp,

The above equalities are established noting that s
sp···sk
p+1 is

(x1, . . . , xk, . . . , xp+1) 7→ (x1, . . . ,−xk, . . . , xp+1).

One can also verify that the above decompositions are reduced: for
example, the length of w∆ is the dimension of the complete flag variety
for the split group SO(p + 1, p + 2) and is thus equal to (p + 1)2; this
number coincides with the length of the above product.

Appendix B. Longest length element in F4

In this section we determine a reduced expression of the longest
length element in the Weyl group associated to a root system of type F4.

The root system F4 is intimately related with the lattice Λ of R
4

generated by Z
4 and the element 1

2
(1, 1, 1, 1). An alternative descrip-

tion of Λ is the set of elements in R
4 all of whose coordinates have the

same remainder, 0 or 1/2, modulo 1.
The elements of F4 are the elements of Λ whose Euclidean norms are 1

or
√
2. They can be explicitely listed: let (ei)i∈J1,4K be the canonical

basis of R4, then

F4 =
{

±ei
}

i∈J1,4K
∪
{

±ek ± eℓ
}

k,ℓ∈J1,4K,k<ℓ
∪
{1

2
(±e1 ± e2 ± e3 ± e4)

}

.

The positive roots are (using colexicographic order)

{

ei
}

i∈J1,4K
∪
{

±ek + eℓ
}

k,ℓ∈J1,4K,k<ℓ
∪
{1

2
(±e1 ± e2 ± e3 + e4)

}

,

and the simple roots are

α1 = −e2 + e3, α2 = −e1 + e2, α3 = e1, α4 =
1

2
(−e1 − e2 − e3 + e4).

The Weyl group is the subgroup of GL4(R) generated by the sym-
metries s1, . . . , s4 associated with α1, . . . , α4. The transformation si is

x 7→ x− 2 〈αi,x〉
〈αi,αi〉

αi. In matrix coordinates

s4 =
1

2









1 −1 −1 1
−1 1 −1 1
−1 −1 1 1
1 1 1 1









.

The element s3 is (x1, x2, x3, x4) 7→ (−x1, x2, x3, x4). Finally s2 and s1
are respectively (x1, x2, x3, x4) 7→ (x2, x1, x3, x4) and (x1, x2, x3, x4) 7→
(x1, x3, x2, x4).

The relevant subset of the simple roots in this situtation is Θ =
{α1, α2} and the root αΘ is α2. The subgroup W∆rΘ is generated by s3
and s4 and is isomorphic to S3, its longest length element is s3s4s3.

The subgroup generated by the symmetries indexed by ∆rΘ and αΘ

is the group generated by {s2, s3, s4} and is isomorphic to the Weyl
group C3, which is the same as the Weyl group B3 (with the reindexa-
tion 1 7→ 4, 2 7→ 3, 3 7→ 2 with respect to the previous appendix). Its
longest length element is s2s

s3
2 s

s3s4
2 = s2s3s2s3s4s3s2s3s4. Hence the

element σ2 = σΘ is:

σ2 = s2s3s2s3s4s3s2(s3s4s4s3)s4
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= s2s3s2s3s4s3(s2s4)

= s2s3s2(s3s4s3s4)s2

= s2s3s2s4s3s2 = s2s3s4s2s3s2.

And the last two expressions are reduced (this can be deduced from
the fact below that s2s3s4s2s3s2 is a subword of a reduced expression
of the longest length element).

One can calculate σ2 in GL4(R):

σ2 =
1

2









−1 −1 −1 1
−1 −1 1 −1
−1 1 1 1
1 −1 1 1









,

as well as (recall that σ1 = s1)

σ1σ2 =
1

2









−1 −1 −1 1
−1 1 1 1
−1 −1 1 −1
1 −1 1 1









.

Its square is

(σ1σ2)
2 =









1 0 0 0
0 0 1 0
0 0 0 −1
0 −1 0 0









,

showing that σ1σ2 is of order 6 and that W (Θ) is of type G2.
Finally, the following holds

s3s4s3 =
1

2









1 1 1 −1
1 1 −1 1
1 −1 1 1

−1 1 1 1









and

(σ1σ2)
3 =

1

2









−1 −1 −1 1
−1 −1 1 −1
−1 1 −1 −1
1 −1 −1 −1









= −(s3s4s3) .

We thus have

(σ1σ2)
3s3s4s3 = (σ2σ1)

3s3s4s3 = − Id4

= s2s3s2s4s3s2s1 · s2s3s2s4s3s2s1 · s2s3s2s4s3s2s1 · s3s4s3
which is the longest length element of F4 (since it sends the Weyl
chamber to its opposite) and a reduced decomposition of it (since the
length of this decomposition is equal to 24, the number of positive
roots). This shows Proposition 8.16 in this case too.
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