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GENERALIZING LUSZTIG’S TOTAL POSITIVITY
OLIVIER GUICHARD AND ANNA WIENHARD

ABSTRACT. We introduce the notion of ©-positivity in real simple
Lie groups. This notion at the same time generalizes Lusztig’s
total positivity in split real Lie groups and invariant orders in Lie
groups of Hermitian type. We show that there are four families
of Lie groups which admit ©-positive structures, and investigate
basic properties of ©-positivity.

1. INTRODUCTION

The theory of totally positive matrices arose in the beginning of the
20th century through work of Schoenberg [Sch30] and Gantmacher and
Krein [GK35|. Total positivity has since become an important concept
in several mathematical fields. In the 1990’s the theory has been gen-
eralized widely by Lusztig [Lus98| who introduced the total positive
semigroup of a general split real semisimple Lie group. Lusztig’s total
positivity plays an important role in representation theory, cluster alge-
bras, and has many relations to other areas in mathematics as well as
in theoretical physics. In this article we introduce a generalization of
Lusztig’s total positivity in the context of real semisimple Lie groups G
that are not necessarily split. We call this generalization ©-positivity
because it depends on the choice of a flag variety associated with G
which is determined by a subset © of the set of simple roots. The
notion of ©-positivity generalizes at the same time Lusztig’s total posi-
tivity (when the group is split) as well as Lie semigroups of Lie groups
of Hermitian type, which are related to bi-invariant orders and causal
structures. We give a classification of simple Lie groups admitting a
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O-positive structure. Besides split real Lie groups and Hermitian Lie
groups of tube type, two further families admit a ©-positive structure:
the groups locally isomorphic to indefinite orthogonal groups SO(p, ¢),
with 2 < p < ¢, and an exceptional family, whose reduced root system
is of type Fy (cf. Theorem 1.1 below). To our knowledge, for these two
families no positive structure was known before.

Our interest in ©-positivity arose from higher rank Teichmiiller the-
ory, in particular from trying to find a unifying framework that explains
the similarities between Hitchin representations and maximal represen-
tations. The notion of ©-positivity provides such a unifying systematic
framework. It also leads to several conjectures regarding higher rank
Teichmiiller spaces, some of which have been formulated in [GW18] and
[Wiel8|, and partly proven in [Col20, AABCT19, BCGP*21], [GLW21],
and [BP21]. However, the reach of ©-positivity goes far beyond higher
rank Teichmiiller theory. For example, as we will discuss in a bit more
detail below, ©-positivity suggests that Hermitian Lie groups of tube
type should be considered as groups of type A; over non-commutative
algebras. Something, which has been made precise in [ABR*21] for
most classical groups.

Before we describe the notion of ©-positivity and our results in more
detail, let us note that we described the notion of ©-positivity several
years ago in a survey paper |[GW18] with only few proofs and a hands on
description of the notion for indefinite orthogonal groups SO(p, q), 2 <
p < q. Several of the properties we described there have been already
used by other people. This article now finally gives the foundation of
O-positivity. We focus here on the structure of unipotent subgroups in
G and on O-positivity in generalized flag varieties. In particular, we
provide all the background needed to introduce positive configurations
in flag varieties, positive maps or positive representations of surface
groups. We give all the background and prove the results used in
[Col20], [AABCT19, BCGP21], in [BP19], [BP21], as well as all results
used in [GLW21]. Ideas from this paper and [GLW21| were also used
in [BCL20]. In a forthcoming second foundational article we will focus
on the finer structure of ©-positivity, including braid relations, Gaufs
decomposition theorems, and geometric properties of positive elements
in G.

We now describe the results of the paper in more detail.

1.1. ©-positive structures. Totally positive matrices are defined by
requiring all minors to be positive. Anne Whitney showed in [Whi52]
that the semigroup of totally positive, or more general totally non-
negative matrices can be generated by an explicit set of simple matrices.
This reduction theorem allowed the generalization of total positivity to
all simple split real Lie groups [Lus98|. The key building block in
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Lusztig’s approach is the construction of a closed non-negative semi-
group U=" in the unipotent radical U of the minimal parabolic sub-
group P of a split real Lie group . This semigroup is constructed
as follows. The Lie algebra u can be described as the sum of the root
spaces g, for all positive roots . Since G is split, any root space g,
is of dimension 1 and hence can be identified with R. Given the set
of simple positive roots A, we consider the map z,: g = R — U,
s — exp(s). The non-negative semigroup U=’ is the semigroup gener-
ated by z,(R>¢), a € A.

Turning to our situation, when G is a simple real Lie group, which is
not necessarily split. We consider a subset ©® C A of the set of simple
roots. This defines a standard parabolic subgroup Pg in G. (We choose
the convention so that Pa is the minimal parabolic subgroup of G.)
The group Pg is a semidirect product of a reductive Lie group Leg and
its unipotent radical Ug. The Lie algebra ug of Ug carries a natural
action by Lg and can hence be decomposed into its Lg-/irreducible
pieces. For every simple root a@ € © there is an irreducible piece u,,
which is now in general not of dimension 1. When G is split and A = ©
these would be precisely the root spaces g,.

We say that G admits a ©-positive structure if it satisfies the fol-
lowing property. For every o € © there exists an acute convex cone
co C U, that is invariant under the action of Lg on u,.

We prove

Theorem 1.1 (see Theorem 3.4). A simple Lie group G admits a O-
positive structure if and only if the pair (G, ©) belongs to the following
list:

(1) G is a split real form, and © = A;

(2) G is Hermitian of tube type and of real rank r and © = {a,},
where a,. is the long simple restricted root;

(3) G is locally isomorphic to SO(p + L,p+ k), p > 1, k > 1
and © = {ay,...,ap}, where ayq,...,a, are the long simple
restricted roots;

(4) G is the real form of Fy, Eg, E7, or of FEg whose reduced root
system is of type Fy, and © = {ai,as}, where oy, ay are the
long stmple restricted roots.

The cones ¢, C u,, o € O allow to define the nonnegative semigroup
Ugo to be the sub-semigroup of Ug generated by elements exp(v), with
v € ¢, for some o € ©.

The reader might find this a rather ad-hoc construction, but in fact
we show that the existence of a ©-positive structure can be character-
ized geometrically in terms of positive triples in flag varieties. To give
this geometric characterization the following theorem that relates the
existence of semigroups to the existence of ©-positive structures plays
a crucial role.
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Theorem 1.2 (see Theorem 9.1). Let G be a connected simple Lie
group. Suppose that there is UT C Ug such that U" is a closed Lg-
mwvariant semigroup of non-empty interior, which contains no nontriv-
tal invertible element. Then G admits a ©-positive structure and the
. + . . >0
semigroup U™ contains the semigroup Ug".
If we further assume that the interior of U is contained in the open
Bruhat cell with respect to PSP, then Ut = Ug".

Theorem 9.2 is a variant of this result that turns out to be useful to
relate ©-positivity with positivity in flag varieties.

1.2. The unipotent positive semigroup and the ©-Weyl group.
Whereas the definition of the nonnegative unipotent semigroup U=°
in Lusztig’s work is straight forward, the definition of the positive
unipotent semigroup U~? is a bit more tricky and involves the Weyl
group W. Recall that the Weyl group is generated by elements s,,
a € A. There is a unique longest element wy € W. To construct the
positive unipotent semigroup U~ one fixes a reduced expression of the
longest word wo = Sq;, * - Sa;, - Making this choice Lusztig defines a
map Fig: Ga;, X X ga;, = U, (51,...,8) = exp(s1) - - -exp(sy). The
image of RY C Gai, X 00 X Gy, under this map F,, is the positive
unipotent semigroup. A key point is of course to show that this image
is independent of the choice of the reduced expression. In [Lus98| this
is done by giving explicit formulas for the change of coordinates given
by a braid relation, s;5;115; = S;115;8;+1, which are positive rational
functions (see Berenstein—Zelevinsky [BZ97| for explicit formulas for
the braid relations in the case of non simply laced Dynkin diagrams).
Since any two reduced expressions of wy are related by a sequence of
braid relations, this thus proves that the image F,,, (R*) is independent
of the chosen reduced expression.

In order to define the positive unipotent semigroup Ug® when G
admits a O-positive structure, the role played by the Weyl group in
Lusztig’s total positivity is replaced by what we call the ©-Weyl group
W(©), a subgroup of W generated by elements o, for all & € ©. For
all @ € © which are not connected to A\ 0, o, is just the reflection s,.
For the unique v € © which is connected to A\ O, o, is a specific word
in the subgroup generated by {a} UA \ ©. It might a priori be a bit
surprising that this subgroup W (0) of W is natural isomorphic to the
Weyl group of a different root system. Even more, there is a natural
embedding of a split real Lie group of type W (©) into G. The ©-Weyl
group W (O) now plays the same role as the Weyl group in order to
parametrize and define the positive unipotent semigroup.

Theorem 1.3 (see Theorem 8.1). Given a reduced expression o, - - - 0.,
of the longest element w2, € W(0O), the map F: c,, x -+ x c,, — Us,

defined as the product of the exponential map on each factor, is proper
with the following properties
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(1) Fle, x..xe.. 1S open and injective.
71 Tn

(2) F(Cy, X -+ X ¢y,) is contained in the open Bruhat cell Q5" with
respect to P’ In fact, it is a connected component of Qg N
Us.

(3) The image F(¢y, X -+ X ¢,,) is independent of the reduced ea-
Pression.

We set Ug? := F(é,, x -+ x ¢,,) and call it the positive unipotent
semigroup. This is justified by the following theorem.

Theorem 1.4 (see Corollary 8.16). The set Ug" is a semigroup, invari-
ant by conjugation by L. The closure of U is the non-negative semi-
group USO, and UZ° is the interior of Ugo. Furthermore, USOUgO C
UZ° and UZ°UZ° c UZP.

The proof of Theorem 1.4 relies on a fine understanding of the image
of the map F relative to the Bruhat decompositions of G with respect
to Po and with respect to Pa.

Of course the analogous construction can be made to define the non-
negative semigroup UZ™=" and the positive semigroup U in UZP.

With this we define the ©-nonnegative semigroup Ggo to be the
semigroup of G generated by UP™=°, UZ°, and L, and the ©-positive
semigroup G3” to be the semigroup of G' generated by Ug*~°, UZ°,
and Lg.

Remark 1.5. Note that to prove these results, we do not need to es-
tablish the explicit change of coordinates with respect to changing the
reduced expression of w?, by a braid relation. However, to get a finer
understanding, it is in fact interesting to write down explicit braid re-
lations. In this paper we will only shortly discuss the braid relations
in the case that G = SO(p, ¢) derived from explicit matrix equations.
The more general treatment of braid relations involves ©-versions of
universal enveloping algebras, adapting the strategy in [BZ97]. This
will be appear in a forthcoming paper in which we investigate the finer
properties of the positive semigroup Gg°.

1.3. Positivity on flag varieties. We now turn our attention to the
flag variety Fg = G/Pg. There is a unique flag fo € Fg fixed by Pg
and a unique flag f&™ € Fg fixed by Pg™. It is well known that
the set of flags that are transverse to fo can be parametrized by Ug.
The positive unipotent semigroup U5 thus allows us to introduce the
notion of positive n-tuple of flags in Fg.

A n-tuple of flags (fo, f1, ..., fa_2, o) is said to be O-positive if there

exist an element g € G and wy, ..., u, 5 € UZ° such that g - (fo", u; -
fgpp7"'7ui"'ul' gpp7"'7un72"'u1' gpp7f@): (f07f17"'7fn727f00)'

A consequence of Theorem 1.4 is
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Theorem 1.6. The set of flags U3 - f&¥ is a connected component
of the set of flags that are transverse to fo and to f&*. The stabilizer
i G of a ©-positive triple is compact.

Let us emphasize at this point, that in order to define ©-positivity
we start with a rather algebraic condition — the existence of invari-
ant cones which leads to the existence of semigroups in the unipotent
group Ug. However, investigating the induced notion of positive triples
in the flag variety Fg we obtain a geometric characterization in terms of
positive triples of flags, which we show to be equivalent to the algebraic
definition.

Remark 1.7. The set of ©-positive triples will in general not be con-
nected, but can consist of several connected components of the set of
pairwise transverse triples of flags. In Section 10 we introduce the
notion of diamonds which turns out be very helpful to keep track of
positivity of triples and more general n-tuples of flags. Diamonds can
be considered as generalized intervals, see also [GLW21].

Note that the split real Lie groups of type B,, C, and F; admit two
O-positive structures, one for © = A and one for © being a strict subset
of A. We prove that the natural projection FA — Fg maps positive
n-tuples to positive n-tuples (Section 10.10).

1.4. The O-principal sl(2) and positive circles. For split real Lie
groups it is well known that they contain a distinguished conjugacy
class of three-dimensional simple subalgebras, the principal s[(2). This
principal sl(2) plays an important role in the construction of the Hitchin
fibration on the moduli space of Higgs bundles, and in particular for
the Hitchin section and consequently the Hitchin component [Hit92].
When G admits a ©-positive structure, we determine a specific split
real subalgebra geg in the Lie algebra g of G, as well as a principal
three dimensional simple subalgebra in gg. We call this special sl(2)
the ©-principal sl(2). This ©-principal sl(2) gives rise to a positive
circle in the flag variety Fg.

In Section 11.2 we state the explicit relation between the ©-principal
s[(2) and the magical triples considers in [BCGP*21].

1.5. Positive representations and higher rank Teichmiiller spaces.
Lusztig’s total positivity on the one hand and positive semigroups in
Hermitian Lie groups of tube type on the other play an important
role in higher rank Teichmiiller theory. Both, Hitchin components and
spaces of maximal representations, have been characterized as positive
representations [Lab06, Gui05, FG06, BILW05, BIW03]. At the same
time, total positivity plays an important role in the construction of
cluster coordinates by Fock and Goncharov [FGOG6.

As O-positivity realizes total positivity in split real Lie groups and
Lie semigroups in Hermitian Lie groups of tube type as two incarnations
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of the same concept, it provides an interesting systematic framework
for higher rank Teichmiiller spaces. This is based on the notion of
positive n-tuples in the flag variety Fg, which allows us to introduce
the notion of positive representations.

Let m(S) be the fundamental group of an oriented surface of nega-
tive Euler characteristic. Then the boundary d.,m;(S) carries a natural
partial ordering. Given a simple Lie group G with a ©-positive struc-
ture, we call a representation p: m(S) — G O-positive if there exists
a p-equivariant map from O, (S) to the flag variety Fg, which sends
every positive four-tuple of points in .7 (S) to a positive four-tuple
of flags in Fg.

In [GW18] we conjectured that the set of positive representations
form higher rank Teichmiiller spaces, i.e. it is open and closed and
consists entirely of discrete and faithful representations. Using several
of the results obtained in this paper, this conjecture has been proven
to a large extent in [GLW21] and [BP21], relying partly on [Col20,
BCGP*21].

However, ©-positivity suggest an even deeper connection between
the different families of higher rank Teichmiiller spaces, including ex-
tensions of Fock-Goncharov’s construction of cluster coordinates to
spaces of positive representations. The expectation is that the cluster
coordinates for positive representations into the Lie group G with re-
spect to its O-positive structure provide examples of non-commutative
cluster algebras of type W (©). This has been proven for the symplectic
group (as a Hermitian Lie group of tube type) in [ABR*21], where ap-
propriate non-commutative coordinates give a geometric realization of
the non-commutative cluster algebra of type A; introduced in [BR18].

For further conjectures and questions regarding ©-positivity, we refer
the reader to [Wiel8].

2. STRUCTURE OF PARABOLIC SUBGROUPS

In this section we recall background on the structure of semisimple
Lie groups and their parabolic subgroups.

Note that unless explicitely stated otherwise all vector spaces, Lie
algebras, Lie groups, and their representations are defined over R.

2.1. Cartan involution. Let G be a connected real simple Lie group
with finite center and denote by g its Lie algebra. Let £ be the Lie
algebra of a maximal compact subgroup K < G. Then g = ¢ @ £+
where £+ is the orthogonal of £ with respect to the Killing form B on g.
We denote by 7 the Cartan involution with respect to €, it is the Lie
algebra automorphism 7: g — g whose fixed point set is £ and which
is an involution; namely 7|y = id and 7|, = —id.

2.2. Restricted roots. We now choose a maximal abelian subspace a
contained in £+; a is called a Cartan subspace. We denote by ¥ =



8 O. GUICHARD AND A. WIENHARD

Y(g,a) the system of restricted roots, i.e. 3 C a* is the set of nonzero
weights for the adjoint action of a on g; the corresponding weight spaces
are denoted g, (o € ). When « € a*, the corresponding weight space
is

0o ={X €gl|ad(H)(X)=a(H)X forall H € a}

and is called a root space when o € . The weight space gy is the
centralizer 34(a) of ain g. Also 34(a) = m®a, where m = 3¢(a) = 34(a)Ne
is the centralizer of a in € and the sum is orthogonal with respect to
the Killing form B. Therefore we have a B-orthogonal decomposition
g=mdadD,cx o

For every root a € 3, the intersection of g, and £ is trivial (reduced
to {0}) and one has 7(gn) = g—a-

We choose X7 C ¥ a set of positive roots, and denote by 3~ the
set of negative roots. The set of simple roots is denoted by A C XT.
The (open) Weyl chamber corresponding to this choice will be denoted
at ={X €a|a(X) >0, Va € X1}, its closure a* is called the closed
Weyl chamber.

When a and g belong to X, the supremums p = sup{n € N |
f—na € X} and ¢ = sup{n € N | f + na € X} are finite and the
containing 5. The a-chain is called trivial when p = ¢ = 0.

The Killing form induces, by restriction and duality, a Euclidean
scalar product (-,-) on a*. It is well known that either all the roots
have the same norm or the set of simple roots is the disjoint union
of two nonempty subsets A, and A; with the following properties: all
the elements of A, have the same norm, all the elements of A; have
the same norm, and the norm of elements in 4; is greater than the
norm of elements in A,. Elements of A; are called long roots, elements
of A, are called short roots. For a € A; and 8 € A, one has in fact
(o, ) = 2(B, B) except in the case of type Go where (o, ) = 3(3, 3).

Note that in general the root spaces g, are not necessarily 1-dimen-
sional. In fact they are all 1-dimensional if and only if g is the Lie
algebra of a split real form.

2.3. The sly-triples. Even though the root spaces for a semisimple
real Lie algebra are not necessarily 1-dimensional, vectors in the root
spaces lead to embeddings of three dimensional simple subalgebras.

For every root a € ¥ and any non-zero element X in g,, one has
B(X,7(X)) > 0 and the Lie bracket [X,7(X)] belongs to a; there is
furthermore a (unique) positive multiple X, of X such that (X,,Y, :=
T(Xa), Ho == [X0, 7(X,)]) is a sly-triple (i.e. a triple (E, F, D) such
that D = [E, F|, [D, E] = 2F, and [D, F| = —2F). The element H, =
[Xa, 7(X,)] does not depend on the initial choice of X in g,. Clearly
H_, = —H,. In particular, for any o € ¥ we obtain a morphism
To: 5h(R) — g.
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Note that when «, 3, and a+f belong to 3, one has H, 3 = H,+Hjp.

2.4. Representations and weights. Any (continuous) representa-
tion p: G — GL(V) induces a Lie algebra morphism p,: g — End(V).
The restriction of p, to a admits a weight decomposition

V=& v
)

NER(V
where

Vii={veV|p(H)(v)=NH)v for all H € a}
R(V):={Xea"| V) #{0}}.

The representation p will be called even if A(H,) is an even integer
for all A € R(V) and a € ¥ (these numbers are already known to
be integers); note that it is enough to check this for A € R(V) and
a € A. In classical terms this means the inclusion R(V) C 2P where
P={\e€a" | \(H,) € Z,Va € ¥} is the weight lattice.

The highest weight of the representation p (when it is defined) is the
greatest element of R(V') for the (partial) order on a* defined by A <
< AMH,) < p(H,) for all a € ¥F. Irreducible representations always
admit a highest weight \,.. and such an irreducible representation is
even if and only if A\nax(Ha) € 2Z for every a € A.

A representation will be called proximal if it admits a highest weight
and if the corresponding weight space is 1-dimensional. (In this article
we will use these notions mainly for representations of the semisimple
factor of the Levi components of parabolic subgroups, see below.)

2.5. The Weyl group. The subgroup W C GL(a*) of automorphisms
of 3 is called the (restricted) Weyl group. It is a finite Coxeter group
generated by hyperplanes reflections {s, }aea such that s, (o) = —a.

When the simple restricted roots are numbered, i.e. when A =
{ag,ag,...,a,}, we will rather write s; instead of s,,. The group W
is a subgroup of the orthogonal group associated with the Euclidean
scalar product on a* induced by the Killing form B. The closed Weyl
chamber a* is a fundamental domain for the action of W on a. The
Weyl chamber is also the convex cone generated by {H,}aca-

The Weyl group W is isomorphic to the quotient of the normalizer
Nk(a) of ain K by the centralizer Cx(a). In order to define an action
of the Weyl group (and of its subgroups) on the Lie algebra g and
its subspaces, we choose elements w in Ng(a) lifting the elements w
of W. For a in X, one way to choose the lift s, is to use the morphism
Ta: sl(R) — g (cf. Section 2.3). We can take $, = exp(+3 (X, —Ya)).
With this choice, the automorphism Ad(s,) of g is of order 2 or 4.

The above generating set {sq}aca of W permits the definition of a
word length function ¢: W — N. It is well known that W admits a
unique element wa of longest length. This element wn is of order 2, it
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is the element of W (that we now see as acting on a) sending the Weyl
chamber a* to its opposite —a™.

2.6. Parabolic subgroups. Let © C A be a subset of the set of
simple roots. We set

to= Y G "= ) ga

aezg aeEg

where ¥ = 37\ Span(A \ 0), and we set

lo = 3g(a) D Z (goz @g—a) - 5g(a) @ @ (goz D g—a)'

a€Span(A\0O) a€Span(ANO)NT+

The standard parabolic subgroup Pe associated with © C A is the
normalizer in G of ug; it is also the normalizer of the Lie algebra
po = lo @ ug; one has pg = Lie(Pg) and Pg is its own normalizer. We
also denote by Pg™ the normalizer in G of ugd™.

The group Pg is the semidirect product of its unipotent radical Ug :=
exp(ug) and the Levi subgroup Le = Po N Pg™. We denote by LY
the connected component of the identity in Lg. The Lie algebra of Lg
is lg. With this convention Py = GG and P, is the minimal parabolic
subgroup.

The Lie algebra [y is stable under the Cartan involution 7 and is the
Lie algebra of Lg. The intersection €9 = [, N ¢ is a maximal compact
subalgebra of [5; one has

(2.1) tb=me P (g.Dg-o)Nt

a€Span(ANO)NL+

(80 ® g-a) NE={X = 7(X)} xeqa-

The commutator subgroup Sg = [Le, Le] of Lg is a semisimple real
Lie group whose restricted root system is given by the Dynkin diagram®
A~ O. A Cartan subspace for Sg is

g = @ RHa

aEANO

and a Weyl chamber in this Cartan subspace is > .1 o RsoHa.

IThis is a disadvantage of the convention, chosen in this paper, to index the
standard parabolic subgroups that the complement of ©® has to be taken here; the
other classical indexing convention (that amounts to exchanging © and A \ O in
the indexation) will make the Dynkin diagram associated with the semisimple part
more transparent but in return the decomposition of the unipotent radical ug will
be less natural.
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2.7. The flag variety. A subgroup of G conjugated to Pg (for some
© C A) is a parabolic subgroup. A parabolic subalgebra of g is a subalge-
bra conjugated to some pg, such a subalgebra will sometimes be called
of type ©. The space of all parabolic subalgebra of type © is called the
flag variety (of type ©) and denoted by Fg. The space Fg is a subset
of a Grassmanian variety on the real vector space g and is endowed
with the induced topology. The flag variety Fg is compact and the con-
jugation action of G on the subalgebras of g induces a continuous and
homogenous action on Fg that naturally identifies with G/ Pg because
Po is the stabilizer of pg; it also naturally identifies with the space of
parabolic subgroups of type ©

Since the parabolic subalgebra p@™® is conjugate to wapaPuw,' =
p.e) where t: A — A'is the involution o + —wa - @, the parabolic
subalgebra pg” is also an element of F,gy. In many cases below, the
involution ¢ is the identity on A.

The group G acts diagonally on Fg x F,e). A pair (z,y) in Fe X
F.o) will be called transverse if it belongs to the G-orbit of (pe, pg”).
By definition, there is one orbit of transverse pairs and this orbit is
isomorphic to G/ Le.

2.8. The group of automorphisms of g. We will denote by Aut(g) C
GL(g) the group of automorphisms of the Lie algebra g. It is a Lie
group, that is not necessarily connected, and whose Lie algebra is equal
to g since g is semisimple.

By construction the group Aut(g) acts on the Lie algebra g and also
on the flag variety Fg as this flag variety identifies with a space of
subalgebras of g.

Equally the adjoint action induces a morphism G — Aut(g) and the
actions of G and of Aut(g) on Fg are related by this morphism.

2.9. The action of Lg on ug. The Levi subgroup Leg acts via the
adjoint action on ug. Let 30 denote the center of lg and tg = 30 Na
its intersection with the Cartan subspace. One has

to = ﬂ ker v,
aEANO

and a is the B-orthogonal sum of ag and of tg. Then ug decomposes
into the weight spaces under the adjoint action of tg; for every g € tg,
set

ug :={N egl|ad(Z)N = B(Z)N,VZ € to}.
These weight spaces are of course related to those of a:
(2.2) ug = Z Gos
aEE,ahe:ﬁ

and are invariant under Lg.
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By a little abuse of notation, for an element 3 in X, we will denote
as well by 3 its restriction to tg and hence by ug the corresponding
weight space. For such a (3, one has

ug = E da-
aeX
a—pBESpan(ANO)

This notation will be particularly used for the elements 5 of ©.
The following results are established in [Kos10]:

Theorem 2.1. Each of the ug is an irreducible representation of Lg.
The relation [ug,ug| = ugp is satisfied, and ug is generated as a Lie
algebra by ug, B € ©. Analogously ug” is generated by u_g, 5 € ©.
2.10. Examples. In these examples, we use classical notation and
numbering for the root systems as set for example in [HelO1, Ch. X,
§3-4, p. 461-475] or in [Bou68, Ch. VI, Planches and §4, n° 14]

(1) Let G be a split real form, and © = A. Then tg = a and ug = gz
for all B € XF.

(2) Let G be a Lie group of Hermitian type. Then the root system is
of type C, if G is of tube type, and of type BC, (non-reduced) if
G is not of tube type. Let A = {ay,..., .}, and let © = {a,} so
that Pg is the stabilizer of a point in the Shilov boundary Fg of
the Hermitian symmetric space associated with G. Then ug = u,,
if G is of tube type, and ug = u,, ® us,, if G is not of tube type.

(3) Let G be a Hermitian Lie group of tube type. In this case © = {«..},
and ug = u,, is abelian. We describe u,,_. in more detail when the
real rank of GG is 2 or 3.

For a Hermitian Lie group of tube type of real rank 2 the roots
that are equal to ap modulo Ray are as, ag + an, 201 + s = s1(aw),
and U, = Ga, D Gar+as D G201 +as, Where dim gq, = 1 = dim goo, +as;
the integer @ = dim g, 1+a, 1S not necessarily equal to 1. For the
symplectic group Sp(4,R), a = 1, for SU(2,2), a = 2, for SO*(8),
a = 4, and for SO(2,m), a = m—2 (in fact this last family contains,
up to isogeny, the three first examples, cf. [Hel01, p. 519]). In this
case, U,, i1s equipped with a quadratic form of signature (1,a + 1)
that is invariant under the adjoint action of the Levi factor.

For a Hermitian Lie group of tube type of real rank 3 the roots
that are equal to az modulo the span of {ay,as} are asz,as +
as, 20 + az = so(g), a1 + g + a3 = sy (e + a3), a1 + 200 + g =
s951(2 + a3), 201 + 200 + a3 = $152(Q3), SO Uy = Gay D Jastas O
Yog+as+as @ga1+2a2+as @g2az+as @g2a1+20¢2+0¢37 where dim Yaz = 1=
dim 92a0+az = dim 9201 +2a2+as; and dim Yor+astas = dim Baotas =
dim ga, 1205105 =: @. For the symplectic group Sp(6,R), a = 1, for
SU(3,3), a = 2, for SO*(12), a = 4, and for Er_s), a = 8. In
these cases, the Lie algebra u,, can be identified with the space of



GENERALIZING LUSZTIG’S TOTAL POSITIVITY 13

Hermitian 3 x 3 matrices, over the reals (a = 1), the complex num-
bers (a = 2), the quaternions (a = 4), and the octonions (a = 8)
respectively.

3. ©-POSITIVE STRUCTURES

In this section we give the definition of ©-positive structures and
their classification.

3.1. Definition and characterization.

Definition 3.1. Let G be a semisimple Lie group with finite center.
Let © C A be a subset of simple roots. We say that G admits a ©-
positive structure if for all 5 € O there exists an Lg-invariant acute
nontrivial convex cone in ug.

Recall that a convex cone is said acute if the only vector space con-
tained in its closure is {0} and a cone is said nontrivial if it is not
contained in {0}. Note that such invariant cones must be of nonempty
interior since the action of Lg on ug is irreducible (Theorem 2.1).

Remark 3.2. In general it is not possible to request that the cones are
invariant under the entire Levi factor Lg. If the space ug contains an
Lg-invariant cone, then it contains exactly two Lg-invariant cones, cg
and —cg, that might be exchanged by Leg.

Remark 3.3. A semisimple Lie group G is the almost product of its
simple factors; the subgroup Lg is equally the almost product of the
corresponding Levi factors and the decomposition of the Lie algebra ug
under the action of Lg is also compatible with this product structure.

This implies that it is enough to classify Lie groups G admitting a
O-positive structure under the additional hypothesis that G is a sim-
ple Lie group. Furthermore the different structural results given in the
sequel of the paper (for the positive unipotent semigroup, for the config-
urations of positive flags, etc.) will be stated only when the group G is
simple but immediately generalize to the case of semisimple Lie groups.

Theorem 3.4. Let G be a simple real Lie group, and let A be the set
of positive roots. Then G admits a O-positive structure if and only if
the pair (G, ©) belongs to one of the following four cases:

(1) G is a split real form, and © = A;

(2) G is Hermitian of tube type and of real rank r and © = {a,},
where . is the long simple restricted root;

(3) G is locally isomorphic to SO(p + L,p+ k), p > 1, k > 1
and © = {ay,...,a,}, where ayq,...,q, are the long simple
restricted roots;

(4) G is the real form of Fy, Fg, Ez7, or of Es whose reduced root
system is of type Fy, and © = {ay,as}, where aq,ay are the
long stmple restricted roots.
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To prove this theorem we make use of the following fact, extracted
from [Ben00, Proposition 4.7] that refines Cartan—-Helgason’s theorem.

Proposition 3.5. Let S be a connected semisimple Lie group, V a
real vector space, and w: S — GL(V) an irreducible representation.
Then S preserves an acute closed convex cone ¢ in'V if and only if the
representation 7 1s prorimal and even.

In this case, the union of ¢ and of —c¢ is exactly the set of vectors
v € V whose stabilizers is a mazximal compact subgroup of S; more
precisely a vector v € V belongs to ¢ or to —¢ as soon as the Lie
algebra of its stabilizer contains a maximal compact subalgebra.

We shall need to understand a version of this proposition for repre-
sentations of reductive groups.

Proposition 3.6. Let L be a connected reductive Lie group and let
S = [L, L] be its semisimple part. Let w: L — GL(V') be an irreducible
real representation.

(1) Suppose that there is an acute w(L)-invariant cone in V', then the
restriction m|g is as well irreducible (and hence proximal and even
by the previous proposition).

(2) Suppose that 7|s is irreducible, even, and prozimal (and hence there
isc CV aw(S)-invariant convex cone by the previous proposition),
then the cone c is equally m(L)-invariant.

Proof. The group L is the almost direct product of Z°, the identity
component of its center Z, and of its semisimple part S. Let us denote
by a* a Weyl chamber in a Cartan subspace of the Lie algebra of S.

Let us prove (1). By Schur’s lemma, the algebra End. (V) of L-
equivariant endomorphisms of V' is a skew field and is hence isomorphic
to R, C or H; in other words, V' is a vector space over a potentially
bigger field and the endomorphisms 7(g), for g € L, are linear with
respect to this field. Since there is a 7w (L)-invariant acute convex cone,
the representation 7 is proximal [Ben00, Proposition 1.2] in the sense
that there is an element ¢ in L such that 7(¢g) has a unique eigen-
value of highest modulus: this eigenvalue is real and the corresponding
eigenspace is of real dimension 1. As this eigenspace is invariant by
End (V) we deduce that End; (V) = R. Furthermore, the image 7(Z°)
is included in Endy (V') and this means that elements 7 (g), for g € Z°,
are homotheties of V. We deduce from this and the fact that L is the
almost product of Z° and S, that a subspace of V' is 7(L)-invariant
if and only if it is 7(S5)-invariant. Since 7 is by hypothesis an irre-
ducible representation of L, the restriction 7|g is thus an irreducible
representation of S.

We now address (2). We need to show that ¢ is invariant under the ac-
tion of 7(Z°). Similarly as above, we can prove that the elements 7(z),
for z € Z°, are homotheties of positive dilation so that 7(z)c = ¢ for
any z € Z° since c is a cone. This implies that ¢ is 7(L)-invariant. O
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Proof of Theorem 3.4. We apply Proposition 3.6 to the connected Lie
group Ly and Proposition 3.5 to S§ = [Lg, L] for the irreducible
representations mz: Ly — GL(ug), 8 € ©.

Recall that a Cartan subspace for Sg is ag = @ cn o RH,. For
this proof it will be more convenient to work with the following Weyl

chamber of Sg
Z _R>0Ha

aEANO

that is opposite to the natural one, or, what amounts to the same, we
shall rather consider lowest weights and not highest weights of repre-
sentations (for the natural ordering).

The decomposition of Equation (2.2), p. 11 is

uﬁngEB @ L

aEX, a#f
a—pBESpan(ANO)

By properties of the root system 3, any « in the above formula dif-
fers from § by a linear combination of the elements in A \ © with
nonnegative coefficients. This implies that (up to the abuse consisting
of considering the above decomposition indexed by the elements in ag
rather than by elements in a*) the above is the weight space decompo-
sition of the Sg-module ug. As a consequence, the lowest weight of this
representation is equal to 3 and the corresponding weight space is gg.

Thus the condition that 7g has to be proximal is equivalent to the
condition that the root space gg is one-dimensional (and this should
hold for all 5 € ©).

The evenness condition translates into the fact that S(H,) is even
for all § € © and all & € A\ O (cf. Section 2.4).

These necessary and sufficient criteria can be easily translated into
properties of the Dynkin diagram of the system of restricted roots 3:

(1) VB € ©, the root space gg is one-dimensional. (Representation
is prozimal.)

(2) VB € O, the node of the Dynkin diagram with label J is either
connected to the nodes in A \. © by a double arrow pointing
towards A \ ©, or it is not connected to A \ © at all. (Repre-
sentation is even.)

Thus either we are in the case © = A and the multiplicity one condition
implies that GG is a split real form. Or we are in the case where © # A
in which case every arrow from © to A \ © has to be a double arrow.
In this case there is exactly one double arrow in the Dynkin diagram A
and © must be the set of long simple roots.

Going through the Dynkin diagrams of the system of restricted roots
for all simple real Lie groups (see e.g. [Hel01, Ch. X, § 6 and Table VI
p. 532-4]) we deduce the above list of pairs (G, ©). O



16 O. GUICHARD AND A. WIENHARD

By the classification of Dynkin diagrams (more accurately, from the
fact that a connected Dynkin diagram admits at most one double arrow
—cf. [Hel01, Ch. X, Lemma 3.18]), we observe that for all pairs (G, ©)
admitting a ©-positive structures, both sets © and A\ © are connected.
When © # A, there is thus a unique root, ag € © which is connected to
AN O. The root ag will be called the special root. For all « € O~ {ae}
we have that u, = g, and dimu, = 1. For ag, the vector space

Upg = Z Ya

aEEg,
a‘t@:a@lie
is of dimension greater than or equal to 2 since there is a least one
other root in ¥ congruent to ag modulo A \ ©.

3.2. The invariant cones. In this section we describe the invariant
cones in u, (o € ©) in more detail.

For every o € ©, we fix an Lg-invariant closed convex cone, which
we denote by ¢, C u,. This cone is unique up to the action of —id (cf.
Proposition 3.5). The interior of the cone ¢, C u,, which is denoted
by ¢, is a homogeneous space under the action of Lg. It is an acute
cone. For all &« € © \ {ag} we have u, = R, and the cone ¢, can be
identified with the cone R>¢y C R. The cones c,, can be explicitely
described as well.

When G is of Hermitian of tube type, the cone c,, C U, can be
identified with one of the cones listed in the following table:

G T Uge Cae

Sp(2n,R) n Sym(n,R) Sym="(n,R)
SU(n,n) n Herm(n,C) Herm="(n,C)
SO*(4n) n Herm(n,H) Herm=’(n, H)
EVII = E;_s5 3 Herm(3,0) Herm=’(3,0)

SO@2,1+k) 2 RY, qx) {veRY v >0,q.0v) >0}
TABLE 1. The cones in the Hermitian cases; r is the real
rank of G

When G = SO(p+1,p+k), thenu,, =R for 1 <i<p—1, ag = ay,
and Uy, = (RY, g 1) with co = {v € RY |01 > 0,q14(v) > 0} (qu s
denotes the standard quadratic form of signature (1, k) on R*¥).

When G is one group in the exceptional family with restricted Dynkin
diagram of type Fj, then u,, = R, and u,, and the cone c,, are given
by the following:

3.2.1. Homogeneity. The explicit description of the invariant cones eas-
ily implies the following proposition; this statement could also be estab-
lished with Lie algebra techniques in the spirit of the next paragraph
and independently of the classification.
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G Ug, Cany

FI = Fy) Sym(3,R) Sym=’(3,R)

EIl = Eg(2) Herm(3,C) Herm="(

EVI =E;_5 Herm(3,H) Herm=’(

EIX = Eg(_24y Herm(3,0) Herm=’(
TABLE 2. The nontrivial cone for groups i
tional family

3,
3

the excep-

=

Proposition 3.7. Let, for each o in O, c, be an Lg-invariant acute
conver cone in U, and let ¢, be its interior. Then the diagonal action
of L on ][ co Ca is transitive and proper. More precisely the stabilizers
are mazximal compact subgroups of Ly so that [],co Ca is a model of
the symmetric space associated to Lg.

ac®

3.2.2. Homogeneity under the group of automorphisms of g. We prove
here that the choices of the cones ¢, in u, (o € ©) is unimportant up
to the action of the group Aut(g). Precisely, we have

Proposition 3.8. For every {e,}aco in {£1}°, there is an element g
in Aut(g) such that

o for every a in ©, the restriction gl,, 1s €, 1d.
One can even choose g such that

e the restriction gly, is +id, and
e for every a in ©, there restriction g|,_, is €4 id.

Proof. Let us try to find g defined by g|, = p,id for every v in ¥ U
{0} where p, = £1. The family {p,} should satistfy the following
properties:
(1) For all v and " in X U {0} such that v+~ belongs to ¥ U {0},
oyt = Pyfly (so that g is indeed an automorphism of g).
(2) One has up = 1 and, for every a € © and every « in ¥ that is
congruent to a modulo the span of A \ O, p, = &,.
For this we will define {14, },exutoy to be the restriction to ¥ U {0} of
a group homomorphism ¢: Span,(A) — {£1}. The property (1) is
then obviously satisfied as well as the equality po = ¢(0) = 1 and the
property (1) will be satisfied as well if ¢ is chosen so that

o p(a) =¢, forall @ in © and ¢(a) =1 forall ain AN O©. O
As a corollary of the two previous propositions we get

Corollary 3.9. The Levi factor of the parabolic subgroup of Aut(g)
associated with © acts transitively on [], ¢ (5a U —éa).

Remark 3.10. It is an interesting question to determine the orbits of
Le on the product ], .q (5a U —éa). For the cases not corresponding
to total positivity (i.e. when © # A), one has the following result:
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e When #0 is even, the action of Lg on Hae@ (c°a U —éa) is tran-
sitive,
e When £0 is odd, this action has two orbits.

3.3. Putting a hand on elements in the cones. We explain in this
paragraph an explicit construction of elements in the cones ¢, from
“standard” elements presenting the Lie algebra g. This will allow us
to construct what we call a ©-base, which gives rise to a split real
Lie algebra go < g (see Section 5) and a special sly-triple in g (see
Section 11). To start we consider the following:

e for each a € ©, we choose once for all an element X, in g,
such that, setting X _, = 7(X,) and H, = [X,, X_,], the triple
(Xa, X_a, H,) is an sly-triple (cf. Section 2.3).

Since g, is of dimension 1, the element X, is determined uniquely up
to sign.

For a@ # ag we have u, = g,, and thus (up to sign) we have that
X, € €. For a = ag, we use the element 7, := X, € g, as a starting
point to define a new element X, € ¢, using the action of the Weyl
group of Sg.

From the classification result (Theorem 3.4) we know that the semi-
simple Lie group Sg is of type Ay where d is the cardinality of A \ ©.
In other words, we can enumerate A \ © = {x1,...,xq} so that y; is
connected (by a double arrow) to the root ag and, foralli =1,...,d—1,
X; is connected to x;y1. The corresponding reflections in the Weyl
group W will be denoted by sy, ..., sq4.

One has thus the following equalities:

s1(ae) = ag + 2x1, Si(ae) = ag fori > 1,
si(Xi—1) = Xi-1+ Xis  Si—1(Xa) = Xi + Xi—1 for @ > 1,

si(xi) = —x; for i > 1,

si(x;) =x; fli—j[>1

Lemma 3.11. The elements in the orbit of the special root ag under
the group Wa.e = (s1,...,8q) are the following:

Yo = Qo
T =ae +2x1 = s1(oe)
Yo = o + 2x1 + 2x2 = 5251 (o)

f)/i:O[@+2X1+"'+2Xi:8i'.'81<a®)
fyd:a@—|—2X1+"'+2Xd:Sd"'sl(a@)'

In particular, those roots are equal to cg modulo the span of x1, ..., Xd,
i.e. gy, C Uqq for alli.
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Proof. From the identities given before the lemma, one deduces
si(vk) = v, when |k —i| > 2
si(Vic1) = %, si(vi) =y fori=1,....d
Si(Vig1) = Yig1 fori=1,...,d— 1.

From this we directly observe that the reflections sq,..., sy stabilize
the set {70,...,74¢} and act transitively on it, hence the result since
Wae is generated by sq,..., sq4. O

Recall (see Section 2) that we chose elements s; of G lifting the
elements s; of W.

Proposition 3.12. The elements Zy = X, € go, and
Zl - Ad(Sl)Zo, ZQ - Ad(Sg)Zh ceey Zd - Ad(é’d)Zd,1

do not depend on the choices of the lifts ;. They all belong to u,,,
and are the elements of the orbit of Zy under the group generated by

(51, 5a}.

Proof. We use the notation introduced in the previous lemma.

By naturality one has that Ad(5;)ga = gs,(a)- Therefore, for all
k=0,...,d, Z; belongs to g,, which is contained in u,,.

For each i =1,...,d, let X; in g,, be such that, setting Y; = 7(X,)
and H; = [X;,Y;], the triple (X;,Y;, H;) is an sly-triple. Let also s; be
the subalgebra of g generated by X;, H;, and Y;.

Among {vo,71,-..,7a}, the only elements contained in a nontrivial
x;-chain are +;_; and ;. Furthermore, the chain containing them is
Yic1, Vie1 + Xi, Vi1 + 2x; = 7. This means in particular that

Yvia ©® Yviit+xi ©® G
is invariant under the adjoint action of s, and that the lowest weight
space for this action is the 1-dimensional space g,, ,. Together with
the fact that v;_1(H;) = —2, one gets that the s;-module WW; generated
by g,, , is the irreducible 3-dimensional s;-module.

Since furthermore Ad($;) = exp(+% ad(X;—Y;)) (where the choice of
the lift $; influences the sign and could be the source of undeterminacy)
and since the action of exp(m(X; — Y;)) is trivial on the irreducible 3-
dimensional module, we deduce (by induction on i) that Z; does not
depend on the choice of the lifts 5;. Also the relation Ad(s;)Z; = Z;_4
follows and, with a similar but simpler argument, Ad(s;)Z, = Z; for
k # i — 1,7. From this the statement about the orbit of Z, follows
readily. U

From this proposition we deduce

Theorem 3.13. With the notation of Proposition 3.12, the element
E,o of us, defined by

Ea(_) I:ZO+Zl+"'+Zd,
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which s the sum of the elements in the orbit of Zy € ga, under the
action of the group Wa. e, belongs to the Lg-invariant open cone ¢,.

Proof. By Proposition 3.5 it is enough to show that the Lie algebra of
the stabilizer of Zy + - - - 4+ Z; contains tg. We already know that this
sum is invariant under the (lifted) action of the Weyl group W o.

From this already known invariance and from the fact that the Lie
group Se is of type A, and since in type A all the roots are in the same
Weyl group orbit, it is enough to establish the invariance by {X —7(X) |
X € gy, } and the invariance by m = 3¢(a) (cf. Equation (2.1), p. 10).

The root space g,,, is a 1-dimensional representation of the (compact)
Lie algebra m and is thus the trivial representation. Hence the stabi-
lizer of Z; contains m. By equivariance under the Weyl group Wa. e
we deduce that, for all £ = 0,...,d, the stabilizer of Z, contains m.
Therefore the stabilizer of Zy + - - - + Z; contains m.

Let now X be an element of g,,, and let Y = 7(X). We want to
show that the stabilizer of Zy + --- + Z; contains X — Y. As the
conclusion holds trivially if X = 0, we can assume that X is non zero.
Up to multiplying X by a positive real number, we can assume that
(X,Y,[X,Y]) is an sly-triple. Denote by s the Lie algebra it generates.
By Proposition 3.12 and the analysis performed in its proof we know
that the s-module generated by Z, contains Z; = Ad($;)Zy and is
the irreducible 3-dimensional s-module. Explicit knowledge of the 3-
dimensional irreducible sl,-module shows directly that the stabilizer of
Zo + Z1 contains X — Y. By similar arguments, for every k= 2,...,d,
the stabilizer of 7, contains X — Y. From this we have the sought
for result: {X — 7(X) | X € g,,} is included in the stabilizer of
Zo+ -+ Zy. O

Note that the elements Z; pairwise commute.

Lemma 3.14. For every i, j in {0,...,d}, the Lie bracket [Z;, Z;] is
zero.

Proof. For every 7,7 € {0,...,d} the non zero weight 7; + ~; is not a
root, thus g, = {0}. Since [Z;, Z;] belongs to g.,,, the conclusion
follows. O

Example 3.15. We illustrate the construction of the elements above
in the example when G = Sp(2n,R) and © = {a,}. In this case
U, naturally identifies with Sym,, (R), the space of real n x n sym-
metric matrices and Wa. e is isomorphic to the symmetric group S,
acting on Sym,, (R) by conjugation by the corresponding permutation
matrices and d = n — 1. We use the standard basis (E;;)1<ij<n Of
M, (R) (the only non zero coefficient of E;; is in place (i,7) and is
equal to 1) so that {E;;}; U{E;; + E;;}i<j is a basis of Sym, (R).
The root space g,, is equal (as a subspace of u,, ~ Sym,(R)) to
the line generated by FEj;. Thus, one can take Z; = F;; and one
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has Zy = Esp,...,2Z; = Eit1i11,..., 2,1 = E,,. Hence the sum
E.,=Zy+ -+ Z,_1 is the identity matrix of Sym, (R).

Note that if E, € ¢, is the element determined by choosing X, € ga,
then the element in u, determined by choosing —X, € g, is —F, €
—Cq. In completely analogous way, the choice of the element Y, € g_,,
determines an element F, € ¢oPP.

Definition 3.16. Let E, € ¢,, F, € ¢PP be the elements constructed
as above, and set D, = [E,, F,] for all « € ©. Then the family
(Ea, Foy Dy)aco is called a ©-base of g.

Remark 3.17. In the case when © = A, i.e. when G is a split real group,
the elements {E,, Fi, Do }aca are up to normalization the Chevalley or
Cartan—Weyl basis of g.

4. THE ©-WEYL GROUP

This section starts the first investigation of the specific algebraic
properties that arise when a simple Lie group G admits a ©-positive
structure. Here we focus on the ©-Weyl group, a specific subgroup
of the Weyl group of G whose generators are chosen with respect to
the Bruhat decomposition (cf. Section 7). The ©-Weyl group will be
crucial in the parametrization of the unipotent positive semigroup (cf.
Section 8).

Let W be the Weyl group of G. Recall that the generators corre-
sponding to the simple roots @ € A are denoted by s,, and that ¢(w)
is the length of an element w with respect to this generating set.

4.1. Longest elements and some involutions. Let again Wa. g be
the subgroup generated by s, with & € A\ © (for a subset F' of A the
subgroup generated by {s}acr Will be denoted by Wr). We denote
by wa the longest length element in W, and by wa. e the longest length
element in Wa._g.

Lemma 4.1. [BT87, Proposition 3.9] The element w®, € W defined
by the equality

WA = Wi, WA O
©

max

satisfies {(wa) = L(w®, ) + l(wae). Furthermore w®.,. is the unique

element of minimal length in the coset waWa g-

We want to apply this lemma when we consider the Weyl group asso-
ciated to the diagram {ag} UA~N© C A. The Weyl group Wiaoiuae
is naturally a subgroup of W. Applying Lemma 4.1 we then get the
following corollary.

Corollary 4.2. The element 04, € Wiagyuae defined by the equality

W{aguAne = OagWA~0
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satisfies {(Wiagyua~o) = L(0as) Hl(wae), it is the element of minimal
length in the coset wiagyuaeWa-eo-

Remark 4.3. Note that the Dynkin diagram {ag} U A \ O is of type
C4.1 where d is the cardinality of A \ ©.

We now establish that the above elements are of order 2:

Lemma 4.4. (1) The elements wS,. and o, are of order 2.

(2) Let W = (Sa)aca be a finite Coxeter group, let wa € W be its
longest length element, and let o — & be the involution of A defined
by the equalities was,wx" = s4. Let also © C A be invariant by the
mvolution o — & and denote by wa.e the longest length element
of the finite Coxeter group (so)aca-o. Finally set w, = wAwgl\@.
Then

(a) The elements wa and wa. e are of order 2.

(b) One has wAwA\@wgl = Wa-o.

(c) The element w, is of order 2 and commutes with wa and
with wae.

Proof. For the item (1) we observe that in those cases, the involution
a +— @ is the identity (this is always the case when a Dynkin diagram
has a multiple arrow), hence the result follows from item (2).

Let us prove (2). Point (2a) is classical and follows from the fact
that the inverse of a reduced expression of wa is a reduced expression
of wx' and hence uniqueness of the longest length element implies the
equality w;' = wa. Point (2b) follows from the fact that if 5o, - - - 84, 18
a reduced expression of wa. g then sg, - - - 55, is a reduced expression of
wAwA\@wgl and hence the equality wAwA\@wgl = wa-e holds again
from the uniqueness of the longest length element. Point (2c) is now an
immediate consequence of (2a) and (2b) and the definition of w,. O

4.2. The ©-Weyl group and its generators.

Definition 4.5. We define the ©-Weyl group to be the subgroup W (©)
of W generated by s, for all @ € © \ {ag}, and 0,,; this generating
set is denoted by R(O).

Notation 4.6. In order to have more uniform notation later, we set,
for every a € © N\ {ag}, 04 = so. Hence R(O) = {04 }aco

Observe that when © = A (hence when ag is not defined) one has
W(e)=Ww.

The next proposition shows that W (0) is a Coxeter group, even
more it is isomorphic to a Weyl group of a different root system.

Proposition 4.7. Let G be a simple Lie group admitting a ©-positive
structure. Then (W(O), R(©)) is a Coxeter system of the following

type:
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(1) If G is a split real form and © = A, (W(0), R(©)) has the same
type as G.

(2) If G is of Hermitian tube type and of real rank r and if © = {a,.},
then (W(©), R(©)) is of type A;.

(3) If G is locally isomorphic to SO(p+ 1,p+ k), p >0, k > 1, and
O ={ay,...,a,}, then (W(O), R(O)) is of type B,.

(4) If G is the real form of Fy, Eg, E7, or of Es, whose reduced root
system is of type Fy, and © = {ayq,an}, then (W(©), R(©)) is of
type Gb.

Proof. The proof follows from a case by case consideration.

(1) When G is a split real form, then © = A, then R(0) = {s4}aen,
hence W(©) = W.

(2) Let G be of real rank r and of Hermitian tube type, and let
© ={a,} = {ae}. Consequently W (O) is generated by the single
order 2 element o, , thus the result.

(3) When G is locally isomorphic to SO(p+ 1,p+ k), p > 0, k > 1,
and © = {ay,...,qp}, one has ag = a,, and A N O = {41}
The group Wisgjuawe is the group generated by s, and s,4; (re-
call that we write s; instead of s,,) and its longest length ele-
ment IS WagUA® = SpSp+15pSp+1. OiNce Wa e = Spr1 and 04y =
waeuA\@wgl\e we get that o, = sp5p+15,. Appendix A identifies
Wiaoua-ey (and its generating set) with the group of signed permu-
tation matrices of size p+ 1 (and its standard generating set); this
appendix also determines the pair (W (0), R(©)) which naturally
identify with the group of signed permutation matrices of size p
(and its standard generating set). This shows the result.

(4) When G is the real form of Fy, Fg, Fr, Eg, whose restricted root
system is of type F, then © = {ay, an} with ag = an, and ANO =
{as, as}. We write s; for s,, and o for 0,,,. The following identities
are proved in Appendix B: 09 = 598354825389 and $10951025109 =
095102810951 from which we deduce that W (0) is of type Gy. O

4.3. The longest element of W (O).

Proposition 4.8. Let G be a simple Lie group admitting a ©-positive
structure. Let wa be the longest length element in W, wa_ e the longest
length element in Wa.o, and wS, = wawx'e so that w®,  is the

unique element of minimal length in the coset waWa.o (Lemma 4.1).
Then
e

(1) The elements w®,  and wa.e commute: w2, wa 0 = wa ow?, .
(2) The element w®, belongs to W(©) and is the longest length ele-

max

ment of the Coxeter system (W (©), R(©)).

Proof. Property (1) was already noticed in Lemma 4.4.
We prove the property (2) by a case by case analysis.
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(1) In the case when G is a split real simple Lie group there is nothing
to prove.

(2) When G is a simple Lie group of Hermitian tube type, then w®, =
Oae, Which is the longest length element in W (©) that is of type A;.

(3) When G = SO(p+1,p+k),p>0,k>1,A={aq,...,ap41}, 0 =
{a1,...,0,} and ANO = {a,;1}. Writing as usual s; for s,, and for
short o, for o,, (and o; = s; for i < p), one has wa.e = sp41 and
a direct calculation performed in Appendix A gives the following
reduced expression for the longest length element wa (we adopt
here the notation 2¥ = y~lay in a group, one has thus (z¥)* = z¥*

— v .
and o, = 8, ):

_ SprS1 Spes2 o SpSp—1 Sp
(4'1) WA = Spp1 Spta Sp+1 Spt1Sp+1
O __ Spsi Spis2 o SpSp—1 Sp
(42) wmax - Sp—i—l Sp—i—l Sp—i—l $p+1
= 0-;;771"'31 U;P*r"SQ e U;pil O-p
— Op—101 ~Op—102  ~O0p—1
O'p Up O'p Op.

In particular we get that w? _belongs to W (©) and is the longest
length element of the Coxeter system (W (©), R(O)) of type B,,.

(4) When G is the real form of Fy, Fg, Fr, Es, whose reduced root sys-
tem is of type Fy, we have that A = {ay, a9, a3, a4}, © = {1, g}
and A \ O = {ag,a4}. We write again s; for s,,, oy for o,,, and
o1 = s1. By Appendix B, 09 = 595354525350 = (5452)%2%3; one has
wa.e = S;° and a direct calculation given in Appendix B gives the
following reduced expression for the longest length element

(4.3) wa = (8482)°%% 51 (8482)°%°% 51 (8482)°%%% 51 85,
thus
(4.4) wgax = (8482)°%°% 51 (8482)°%°% 51 (8452)°%°% 51
= 090102010201
this is precisely the longest length element of (W (0), R(©)) which
is of type Gj. O

The previous proof also gives the following information about re-
duced expressions of elements in W (O).

Lemma 4.9. Let x be in W(0©). Let 0,, - - - 04, be a reduced expression
of v in (W(©), R(©)). For eachi between 1 and k let n; = l(04,)+- -+

l(0a,) (and set ng =0) and let sg, _ ,, -+ sp, be a reduced expression

of 04, in (W,A). Then

SB1 """ Sp,
is a reduced expression of x in (W, A).

Remark 4.10. Note that, when «; # ag, one has o,, = s,, and n; =
T;—1 + ]_
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Proof. Since 04, - - - 04, is a prefix of a reduced expression of the longest
length element w®, of (W(©), R(0)) and since prefixes of reduced

max
expressions in (W, A) are again reduced expressions, it is enough to
prove the result for x = w®, .

Rephrasing the question, it is enough to find a prefix of a reduced ex-
pression of wa and, in it, find successive expressions of elements that be-
long to R(©) that form together a reduced expression (in (W (), R(0)))
of w®, . We proceed now with a case by case analysis.

The result is obvious in the split case or in the Hermitian tube
type case. For the case of orthogonal groups, the reduced expression
of wa is found in Equation (4.1) and the prefix producing w2, is in

Equation (4.2). For the Fj case the meaningful equations are (4.3)
and (4.4). O

The ©-Weyl group W(©) and the reduced expression of its longest
element will be important to parametrize the positive semigroup. Be-
fore we describe this, we will emphasize the existence of a real split
subgroup of G that is of type W (0©) (Section 5).

4.4. The O-length. We introduce now a function on the Weyl group W
that depends on © C A and that has good properties when G admits
a ©-positive structure.

Definition 4.11. The O-length is the biggest subadditive function
g@l W — N

such that lg(s,) = 1 for every v in © and lg(s,) = 0 for every «
in A\ O.

More concretely, for every w in W, fg(w) is the minimal number of
occurrences of elements in {s, }aco When w is written as an expression
in the generating set {s,}aca; in formula this gives

(45) lo(w)=min{k € N|3IN €N, (a,...,ay) € AY with
W=Sa, - Say and k =#{j < N |a; € O}}.

Furthermore, for every function f: W — N such that f(ab) < f(a)+
f(b) for every a,bin W (that is, f is subadditive) and such that f(s,) =
lif o€ © and f(s,) =0if @ € AN O, then f < (.

When © = A, the ©-length coincides with the length function on W
already introduced.

Lemma 4.12. The function (g is invariant under the subgroup Wa. e

generated by {sq}tacao: for every w € W and every x € Wa_ o one
has lo(w) = lo(xw) = lo(wz).

Proof. By symmetry we will prove the equality only for right multipli-
cation by Wa_e.
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Let us show first that, for every w € W and every © € Wa e,
lo(wz) < lo(w).
Let N € N and (ay,...,ay) € AN be such that w = s,, - 84, and
lo(w) =1{j < N | a; € ©}. Let also (any1,...,an) € (AN O)YMN
be such that x = sqy,, -+ Sa,,. With this, one has wr = 54, - - - 8a,,
and §{j < M | o; € O} = lg(w) and thus lo(wz) < lo(w).

Applying the above bound to the pair (wz, z~1) replacing (w, ), we
obtain g ((wz)z™') < lo(wz) and hence the sought for equality since
(wz)r™! = w. O

A direct reformulation is

Corollary 4.13. The O-length factors through the quotient
Wao\W/Wa. e
of W by the left-right action of Wa_e.

Lemma 4.14. Suppose that G admits a ©O-positive structure. The
minimum in Equation (4.5) is then achieved on reduced expressions;
more precisely, for every w € W and for every (o, ..., ouyw)) € ALw)
such that w = s,, - “Sayys ONE has

lo(w) = H{j < l(w) | a; € O}

Proof. For this proof we will denote, for every N € N and every
(aq,...,an) € AN, by lg(ay,...,ay) the number of occurrences of
elements in © in this finite sequence:

This function is additive:

g@(()él, e OON, N4y ey O{M) = 69(041, RN O{N) + €@<QN+1, ceey O{M).
For an element w of W, one has, by definition, that {g(w) is the
infimum of the lg(ay,...,ay) for (aq,...,ay) varying among the ex-
pressions of w: W =S4, Say-
If N < N and (o, .. .aﬁv,)Ais obtained form A(ozl, ...,ay) by remov-
ing some of the entries, then lg(a,...a) < lo(ay,...,ay).

If (aq,...,ay) and (B4, ..., By) differ by a braid relation then
é@<0517"'705]\7) :é@<617"'76]\/)-

Indeed, by the additivity of the function lo on expressions, one needs
to check this equality only in the case when N = m,  is the order of
SoSo (a, 0’ € A) and one has (a;,3;) = (o, ) for every odd j < N
and (o, ;) = (¢/, @) for every even j < N. When o and o' both
belong to ©, we have f@(al, ...,ay) = N and f@(ﬁl,...,ﬁN) = N,
When « and o’ both belong to A\ O, we have @@(al, ...,ay) =0and
é@(ﬁl, ...,Bn) = 0. The last case to consider (up to exchanging the 2
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sequences) is when « belongs to © and o belongs to A \ ©; in this
case, we know that N = m, o is even (cf. Theorem 3.4) and we have

lo(on, ..., an) = N/2 and lo(By,...,Bx) = N/2. In every case, the
equality lo(a, ..., an) = lo(Bi,. .., Bx) holds.
The conclusions of the lemma follow from these remarks since:

e from every expression of w one can deduce a reduced expression
by applying successively a finite number of braid relations or
removing subexpressions of the form (o, a) (o € A), and

e two reduced expressions of w can be obtained from one another
by applying successively a finite number of braid relations. [J

The ©-length gives a simple characterization of Wa_g.

Lemma 4.15. The subgroup Wa. e is the set of elements of zero ©-
length:

Wao = {ZL‘ eWw | E@(l‘) = O}

Proof. Indeed, for any x in W, the following are equivalent:

o lo(x) =0

o there exist N € Nand ay,...,ay in A such that z = s,, - - - Say
and {i € {1,...,N} |a; €O} =10,

e there exist N € N and ay,...,ay in A ~ O such that x =
Sar* San

e x belongs to Wa. e. O

4.5. Normalizer.

Proposition 4.16. The group W(©) normalizes Wa . o:
W(@) C Nw(WA\@) = {SL’ cWwW ‘ SL’WA\@Iil = WA\@}.

Proof. Since N = Ny (Wa.e) is a subgroup and since W (0©) is gener-
ated by R(©), it is enough to prove that R(©) is contained in N.

Let a be in ©. If o # ag, it means that there are no arrows in
the Dynkin diagram between o and A \ ©; thus o, = s, commutes
with sz for every 8 in A \ O, this means that o, centralizes W o and
in particular o, belongs to V.

If « = ae, then 0, = wiagluaowawe (cf. Corollary 4.2). It is
therefore enough to notice that w,gyua.e belongs to N. However we
know that in this situation the element wy,qyua<e is in the center of
Wiaetuawe, in particular it centralizes Wa. e and belongs to . O

5. THE SPLIT GROUP OF TYPE W (O)

This section continues the investigation of the special algebraic prop-
erties arising from a ©-positive structure. Here show the existence of
a real split Lie subalgebra on g. Besides being remarkable, this subal-
gebra will play a crucial role in some arguments (Section 8.7).
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In Section 3.3 we constructed a ©-base (E,, F,, Dy)aco, With E,
belonging to ¢, and F,, belonging to ¢2P? for o € ©. The aim of this
section is to prove that the Lie subalgebra ge generated by elements
of the ©-base (E,, F,, Da)aco is a split real Lie algebra of type W (O).
More precisely one has

Theorem 5.1. Let V = (V,)aco belong to [],co(Ca U —Co). Then
there exists a mazimal compact subgroup H of G such that H N Lg s
the stabilizer of V' in Lg.

For every such H, let o: g — g be the associated Cartan involution.
Then the Lie algebra generated by {V,,o(Va)}aco is isomorphic to the
real split Lie algebra of type W (O).

Proof. Changing one component V, of V' to —V,, does not affect the
hypothesis nor the conclusion; hence we can as well assume that V' be-
longs to [[,co Ca-

Note that the conclusion of the theorem is plainly satisfied in the
split case for which one has W (©) = W and V,, = E,, for every a in A
(in this case, one chooses H to be the maximal compact subgroup K of
Section 2 so that ¢ is the Cartan involution fixed in Section 2.1). The
Lie algebra generated by {V,,o(V,)}aca is then equal to g.

The case when £60 = 1 (Hermitian groups) is also easy to deal with.

By the transitivity of the action of Lg on [], .o ¢o (Proposition 3.7)
it is enough to prove the result for one specific element in this product
of cones.

We can thus assume that, for every « in O, V, = E, (cf. Defi-
nition 3.16). We already observed (Theorem 3.13) that the Lie al-
gebra of the stabilizer of ' = (E,).co contains the Lie algebra of
K N LY; therefore (cf. Proposition 3.5) the stabilizer of E in Lg is
equal to K N Lg. The Cartan involution associated with the chosen
compact subgroup K of Section 2 is denoted by 7. As above (Defini-
tion 3.16) we set F, = 7(F,) and D, = [E,, F,] (o € ©). We will
prove the conclusion wih H = K and 0 = 7.

Let also Zy,...,Zy (where d = A \ ©) be the elements given in
Section 3.3 and Theorem 3.13 so that E,, = Zy + --- + Z4 belongs
to the cone ¢,,, and for each k = 0,...,d, setting Y, = 7(Z;) and
Dy = [Zy, Y], the triple (Zy, Yy, Dy) is an sly-triple. We observe that,
since the lifts $; belong to K and since Z, = Ad($x)Zy_1, the relations
Yk = Ad(Sk)Yk,1 and Dk = Ad(Sk)Dk,1 hold.

For the rest of this proof we will write © = {a,...,a,} (with p the
cardinality of ©) with o, = ag and, foralli =1,...,p—1, o and a1y
are connected in the Dynkin diagram.

In order to deduce that the Lie algebra generated by {E,, F,}aco is
of type W(©), it then suffices to prove that the family

E,, F,,D,, (o €0)
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satisfies the Serre’s relations. This means here that the following iden-
tities must be satisfied (cf. [Bou06, Ch. VIII, § 4, n°® 3, Théoréme 1],
note that we are using here a different normalization for sly-triples)

(5.1) [Da,, Ea,] = 2Es,, [Da,, Fa,] = —2F,,, and
[Ba,, Fa)) = Da,, Vi€ {1,...,p}

0, Vi#je{l....p}
[Eags Eaj] = 0, [Fay, Fa,] =0, [Da,, Ea,] =0, and
[Dasy Fo,) = 0, Vi, j € {1,...,p} with [i — j| > 1
(54) (adEy,)?Ea, =0, (ad Fy,)?Fy, =0, [Dy,, Ea,] = —FE,,, and

(Do, Foy] = Foy, Yie{l,...,p—1}and j € {i £ 1}
(55) [Dap7 Eap—l] = _<d + 1)Eap—17 [Dap7 Fap—l] = (d + 1>Fap—1
(5.6) (ad B, )*"?E,, , =0, (ad F,,,)*"*F,, , =0.

Equations (5.1) are the fact that the triple (E,,, F,,, Dq,) is an sly-
triple. Equations (5.2) are inherited from the corresponding identities
in g, only the case when 7 or j is equal to p needs a comment. Let’s
consider, for example, ¢ = p; one has F,, = Eoy = Zo + Z1 + -+ + Zy,
and, for all k in {1,...,d}, Zx = Ad(sy)Zk_1. Since, from the known
identities in g, [Zy, Fi,] = 0 and since Ad(s;)F,, = Fy, for all k =
1,...,d, one gets that, for all k, [Z, F,,] = Ad(8)[Zk—1, Fo;] = 0 and
also [En,, Fo,] = S0 o[Z1, Fu,] = 0.

Equations (5.3) are also inherited from the corresponding identities
in g (with again a special treatment when one of the indices is equal
to p). Equations (5.4) equally follow from the known equalities in g.

We now prove Equations (5.5). Note first that D, = Dy + D; +
-+ 4 Dg. One has, again from identities valid in g, [Do, E,,_,] =
—FE,,_,. From the recursive relation Ad(s;)Dy—; = Dy we deduce
that [Dy, E,, | = —FE,,_, and, summing over k, [Dq,, E,, ] = —(d +
1)E,,_,. The identity with F, _, follows by a similar argument (or by
applying 7).

Let us now address Equations (5.6). We will prove the seemingly
stronger identity (ad E,, )*** = 0. Since ad E,,, = ZZ:O ad Zy, one has

(ad Eo, )™ = Y adZy,ad Zy, ---ad Zy,,

where each index k,, runs into {0,...,d}. Every term in this last sum
is zero: indeed the order in a product ad Zy, ad Zy, - - -ad Zy,,, does
not matter (see Lemma 3.14) and, since d + 2 > d + 1, at least two
indices coincide k,, = k¢ so that ad Zy,ad Z, ---ad Z,,, = 0 since
(ad Zi,)? = 0. The equality (ad F,,)*"* = 0 is a consequence of similar
arguments. U
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6. THE NONNEGATIVE AND POSITIVE SEMIGROUPS

Let G be a simple real Lie group which admits a ©-positive structure.
In this section we introduce the nonnegative semigroup Ugo and the
positive semigroup Ug? in the unipotent radical Ug of the parabolic
subgroup determined by ©.

For every a@ € © we fix an Lg-invariant closed cone, denoted by
Co C U,, and denote by ¢, its interior. For o € O, the cone 7(c,)
contained in u_, (7 is the Cartan involution) will be denoted by c¢oPP.

6.1. The nonnegative semigroup.

Definition 6.1. The unipotent nonnegative semigroup USO C Ug is
the subsemigroup of Ug generated by exp(cy), @ € ©. The opposite
nonnegative semigroup USF*=" € U is the subsemigroup generated

by exp(coPP), a € O.
The unipotent nonnegative semigroups give rise to a semigroup in G.

Definition 6.2. The nonnegative semigroup Ggo C @ is defined to be
the subsemigroup generated by Ug”, UgP*=°, and Lg.

Ezamples 6.3. (1) When G is a split real form, and © = A, then Ug" is
the nonnegative unipotent semigroup defined by Lusztig in [Lus94],
and Ggo = G20 is the semigroup of totally nonnegative elements
defined by Lusztig [Lus94, § 2.2].

(2) Let G be a Hermitian Lie group of tube type and © = {«, }. Then
Ugo = exp(cq) < Ug, and Ggo is the contraction semigroup G™° C
G [Kou95, Th. 4.9].

In particular note that when G is the real symplectic group, the
unique (up to isogeny) group which is split and of Hermitian type,
the nonnegative semigroups Gio and G{ZQOT} are different.

(3) Also in the case when G is the split real form of F, we have two
different semigroups, the nonnegative semigroup Ggo, where © =
{3, a4} and Lusztig’s nonnegative semigroup G%'.

6.2. The positive semigroup. To introduce the positive unipotent
semigroup we will follow the strategy of Lusztig in [Lus94]. More pre-
cisely, we will give an explicit parametrization of a subset of Ug, which
a priori depends on the choice of a reduced expression of the longest
element in the ©-Weyl group W (0©). In a second step we will then show
that this subset is independent of this choice and is in fact a semigroup.

Consider the element w®, € W. In Section 4 we saw that W (0)
equipped with its generating system R(©) (cf. Definition 4.5) is a Cox-
eter system of Lie type (cf. Proposition 4.7), and that w9, is the
longest length element in W (O).

We denote by N the length of w®, and by W € OV the set of tuples
v = (71,...,7n) such that w®, = o, - 0, ie (0y,...,0,,) is a
reduced expression of w®

max*
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For every ~v in W, the product of cones ¢,, X --- X ¢, is denoted c,.
We define the map

Fy:cy — Ug
(vi, .-, on) —> exp(vi) - - - exp(vw).

We first note that those maps are compatible with the adjoint and
conjugation actions of Lg:

Lemma 6.4. For every v in W the map F is Lg-equivariant.

Proof. Let £ be in Ly and let v = (vy,...,vy) be in ¢,. The action
of / on v is

C-v=(Ad()vy,...,Ad(l)vy)

and is again in ¢, since the cones ¢, are Lg-invariant. The compatibility
of the exponential map with the adjoint and conjugation actions implies

Fy(£-v) = exp(Ad(£)vy) - - - exp(Ad(¢ ) )
= Lexp(v )0t (on )0~
= lexp(vy) - - -exp(on)l = (F,(v)(7",

-l exp

which is the wanted equivariance property. 0

The interior ¢4 is the product Gy, X -+ X Gy and the restriction
of F, to ¢y is denoted by F Similar notation, ¢oPP, FIPP, and F oPP
are adopted for the maps 1nto the opposite unlpotent group.

We will prove in Section 8 that the image of 13’7 is independent of ~y
and that it is a semigroup (similar statements hold for the maps }?’f;pp).

This then allows us to make the following definition

Definition 6.5. The common image of the maps I?’,y (for 4 in W) is the
unipotent positive semigroup Ugo of Ug. The opposite unipotent positive

0. . . o
semigroup U™~ in U’ is the common image of the maps FSPP.

The unipotent positive semigroups Ug°, UP>~"

semigroup in G.

give rise to a positive

Definition 6.6. The positive semigroup Gg° C G is defined to be the
subsemigroup generated by Ug?, UFP>° and LY.

7. BRUHAT DECOMPOSITION AND CONES

The first properties of the maps 13’7 that will be obtained in Section 8
are injectivity and transversality. In order to achieve this, we will need
a precise control of the Bruhat cells containing the elements exp(v)
when o € © and v € ¢,.
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7.1. Bruhat decomposition. We recall here that G can be decom-
posed under the left-right multiplication by P°PP x P°PP. These orbits
are sometimes called the Bruhat cells and are indexed by elements
of W.

Explicitely, for every w in W ~ Ng(a)/Ck(a) (the quotient of the
normalizer of a in K by its centralizer), let w in N (a) be a represen-
tative of w, the subset

POPP, j, POPP

depends only of w (and not on the choice of w) since P°PP contains
the centralizer Ck(a) and is called the Bruhat cell indexed by w; the
following equalities hold

POPPy POPP — UOPPwPOPP — POPPwUOPP
and we will (abusively) remove the dots in the further notation.

It is well known that:

(1) G is the disjoint union of the P°PPw P°PP for w varying in W.
(2) Pg™ is the disjoint union of the P°PPwPPP for w varying in Wa . e.
(3) For all w; and we in W such that £(wiws) = ¢(wy) 4 £(ws), one has

(P°PPyy, POPP)( PPy, POPP) = POPPyyy; POPPypy, POPP — POPPyy ) POPP.,
(4) For all @ in A and for all X in g,, if X # 0 then
exp(X) € PPPs, POPP.

Observe also that s;! also belongs to P°PPs, P°PP (simply because

1

$., ' is a representative of the class of s,).

(5) For every avin A,
POPPg_ POPPg POPP _ pOPP |_| POPPg_ POPP.
6) For every w in W, the P°PP x PgPP-orbit
y S
PoPPy PIPP

depends only on the class [w] of w in W/Wa_e and will sometimes
be denoted PPP[w]Pg™.
(7) The group G is the disjoint union

G= || porrapg™

zeW/Wa o

(8) Similar notation will be adopted for the action of Pg™ x P°PP and
of Pg™ x P3™: a double orbit Pg™wPg™ depends only on the
class [w] of w in Wa o\W/Wa.e and

G= || pgrwrgr
[w]leWao\W/Wa-e
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Application of (3) and (5) above gives that, for every w; and ws
in W and for every g in P°PPw; P°PPwy P°PP| there exist a prefix x;
of wy and a suffix x5 of wy such that g belongs to P°PPx 29 P°PP. In
particular (cf. Lemma 4.14) the ©-length of x = x;xs is less or equal
to lo(wy) + lo(ws). Using the fact that Wa_e consists of elements of
zero O-length together with point (2) above we deduce:

Lemma 7.1. Let wy, we, and x be in W such that PxP3™ C
P3PPwy PSP wo PP . Then

69(37) S Eg(wl) + g@(ﬂ}g).

The following lemma states the equality between some of the orbits
for the two groups P°PP and Pg™.

Lemma 7.2. For every w in W(O), one has
ngpwpgpp — POppwP(gpp.

Proof. Since P3™ = | POPPy: PPP one has

JBEWA\G
PEPPy PEPP = POPP g POPPyy POPP.
(€] S (€]

zeWa<o

It is thus enough to prove the equality, for every = in Wa._ g
POPPxPOPPwP(;PP — POppw_ngp.

Since z belongs to Wa._e, it is a suffix of the longest element wa_g.
Similarly w is a prefix of w9, . We deduce from this that zw is a
subword of wa. ew?,, = wa and in particular ¢(zw) = ¢(x) +/{(w). By

property (3) above, one has
PPPP g POPPyy PIPP — POPP gy PSP

= PPy (w ™ zw) PP
and, as w™lzw belongs to Wa_e (Proposition 4.16)

— POPPy POPP
which is the sought for equality. O
7.2. Dimensions. We give here a recursive information on the dimen-
sions of the Bruhat cells or, what amounts to the same, the dimensions
of their images in the flag variety F,(oy = Feo (recall that the involu-
tion ¢ is always the identity when © # A). A complete calculation of
the dimensions is possible but will not be performed here.

For every w in W we will denote C(w) the Pg’-orbit of pg = w-pg"
in Fg; C'(w) is isomorphic to the quotient Pg™ wPg™ /Pg™. Tt is also
the image of the following map

ug — Fg
X — exp(X)w - pg”*.
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Recall that ug® has the following decomposition

opp __
Yo = @ g-a-

aezg
For w € W we denote
Yo=Yt nw-X7, Tf =Y"nw- -3,

so that ¥t = X7 X7

w
+ vyt + + v+ +
2®,w< - Ew< n 2@’ E@,w>— - 2w< A E@’
so that X§ = Zg,w-< L ngww and at the level of Lie algebras
opp opp
Uow< = @ G—a;, Ug e = @ 9—a;
aezg,w< a62g7w>

so that ug® = ugy  ®ug,. and, for all X in ug y, exp(X)w belongs
to wPg™.
It is well known that the length of w is the cardinality of ¥ and
the following equalities hold
Y os={a} Us, - Sh_ if U(sqw) = 14 f(w)

SaWw=<
(7.1) Sho=S ua™t -2t if l(aw) = l(z) + {(w)

Tw=
Lemma 7.3. Let w be in W. The map
fwiug ., — C(w)
X — exp(X)w - Pg™
s a diffeomorphism.

Proof. Clearly this map is C'*°. It also results from classical facts about
nilpotent Lie algebras that

UG < X Ugy, — Ue
(X,Y) — exp(X) exp(Y)

is a diffeomorphism. Since, for all Y in ud® | exp(Y)wPg™ = wPg"™,

O,w>"

we have that f,, is onto. By the very choice of the space ug’, , this map
is a local diffeomorphism at 0. By equivariance with respect to the ele-
ment exp(Y_ . Ha) of the Cartan subspace that acts as a contracting

transformation on ugy, . we deduce that f,, is a diffeomorphism. [

From this we deduce how the dimensions of the cells C'(w) jump:

Proposition 7.4. Let w be in the Coxeter group (W(©), R(©)) and
let o be in O such that oc,w is a reduced expression in W(O). Then

dim C(o,w) — dim C(w) = dimu,,
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which means

dim C(o,w) — dim C(w) = 1 if a # ae,
dim C(ouew) — dim C(w) = dimu,, if o = ae.
Proof. Denote by ¢ the difference of dimensions. The hypothesis im-
plies that o,w is also a reduced expression in W. By the previous

lemma, the equation (7.1) (applied with x = 0,), and the equalities
dim g_z = dim gg we deduce that

pexd.on ' Ben-
But Lemma 7.5 below establishes
{Bexilo'fex}={feXt|f—acSpan(A\O)},
hence
=dm P  gs=dimu,. O
pext,
B—acSpan(A~O)
Lemma 7.5. Let a in ©. If a # ag, then
[Bexd|o'Bex ) = {a} = {B€ X" | B—acSpan(A~ O)},
and if o = ag
{(BexiloBer }={8eX |3 —ae cSpan(A\ O)}.
Proof. In the first case, 0, = s, and it is already known that
{(Besi|o'Bex t=5f_ ={a}.

Since a belongs to X, this proves the equality Zasﬁ =Xf.N ¥& =
{a}. Since « is not connected to A \ O, the only root in the affine
subspace « + Span(A \ 0) is « and this proves the equality {a} =
{BeXt | —acSpan(A N\ O)}.

Let us treat the case o = ag. The element 0,y = Wiagua0WA 0
belongs to the subgroup Wiagiuae = (58)sefaciuae of W.

Since every positive root is a sum with nonnegative coefficients of
simple roots, we have that the set

{Be€XT|B—ae € Span(A \ 0)}

is contained in Span({ae} U A\ ©) and thus in the root system gen-
erated by {ae} U A \ O since every positive root 7 is contained in a
chain of roots (yo,...,7) with v, = 7, 70 = 0 and 7; — v;_1 € A for
every i =1,..., k.

For this reason and from the fact that, for every simple root § in
© \ {ae} and for every a in {ag} U A N\ O, s,(8) — S belongs to
Span({ae} UA N\ ©), we have that the set

{Bexylo.pex}
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is contained in the root system generated by {ag} UA \ O.

Therefore we can and will assume that A = {ag} UA \ O, i.e. that
we are in the Hermitian tube type case. In this case it is known that
the longest length element w,,1ua<0 is —id so that

{Besi|olpes }={BeSi|waobeT}]

Furthermore, since for every 8 in 3¢, wa.e/8—f belongs to Span(A~\0)
(and again since every root is a sum of simple roots with coefficients
all of the same sign), this set is equal to . However in this Cjyiq
type, the equality X = {8 € ¥ | 8 — ae € Span(A \ O)} is sat-
isfied. Indeed a standard description of this root system is {+e; £
ejbi<icjcar1U{E2€; f1<icarr (as asubset of R4 with its standard basis

(61, Cey €d+1)) with pOSitiV@ roots being {ei:tej}ngjgdHU{Qei}lgigdﬂ
and simple roots a; = ey —e9,..., g = €4 — €411, and agy; = 2e441.
One has here © = {ag} and ag = agi1, the span of A \ O is

{v € R | 2y + -+ 24,1 = 0}. Thus the positive roots in this
span are {e; £ ¢; h1<i<j<dar1 S0 that X is {2€;}1<i<ar1; and the roots
equal to agr1 modulo this span are 2e; for v = 1,...,d+ 1. This proves
the announced equality. O

7.3. The nontrivial cone and the Bruhat decomposition. We
explain here the precise understanding of the Bruhat cells containing
the image of the cone ¢,, by the exponential map.

We assume in this section that © # A and adopt the notation of the
previous parts: g is the special root, A \ 0O = {x1,..., x4} (with x;
connected to aig in the Dynkin diagram), and the elements Z, . .., Z, of
the Lie algebra (Section 3.3). The reflection in W associated with ag is
denoted by sg and the reflections associated with 1, ..., x4 are denoted
by s1,...,sq respectively.

We know that the longest element in W,gyuae is

i S1 8184
w{ag}UA\@ =S50Sy " 9Sp )
(with the notation 2¥ = y~tzy so that? sj!"% = s; -+ - 518051 - - - 8;) and

that the above is a reduced expression of wi,qyua-6-
Let us introduce also the following elements of W:

(7.2) w; = sgsy sy T for j=0,...,d+1

and, for every subset I of {0,...,d}
(7.3) wy = H sot
icl
so that wy = wy = e is the neutral element of W, wqy1 = wyo,..qp =
Wiaeluawe, and the above are reduced expressions. Therefore, by

2Note that these elements sg' "% pairwise commute.
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Lemma 4.14, we have that
(7.4) lo(wj) =j, lo(wr) =11, Vj and VI.

We start by determining the Bruhat cells for linear combination of
the elements Z; with nonnegative coefficients.

Lemma 7.6. Let Y be a linear combination with nonnegative coeffi-
cients of the Z;: Y = Z?:o NiZ;, i.e. Y belongs to coo NERZ;. Let
I cH{0,...,d} be the indices of the nonzero entries in (Ao, ..., \q) (in
formula I ={i <d |\ >0}). Then

exp(Y) belongs to P°PPw;PPP.

Proof. Since the elements Z; pairwise commute, we have that

exp(Y) = exp(AoZo) exp(A1Z1) - - - exp(AaZa).-
By property (4) of Section 7.1, if A\g > 0, then exp(AgZy) belongs to
PoPPgy PoPP - For all 4, one has Z; = Ad(s; - - - $1)Zy so that exp(\;Z;) =
;- 81exp(NiZy)sy -+ §; 1. Recursive application of the property (3)
of Section 7.1 and the fact that s; - - - 5150871 - - - 5; is a reduced expression
imply that, when \; > 0, exp(\;Z;) belongs to

PP, .. 51508 « - - 5;POPP = POPPgl % POPP,
Recursive application again of property (3) and the fact that Equa-
tion (7.3) is a reduced expression imply that

exp(Y) belongs to P°PP H st POPP
:A; >0
hence the result. O

We can now determine the Bruhat cell corresponding to elements in
the open cone.

Proposition 7.7. Let X be in the open cone ¢o. Then exp(X) belongs
to PP a,yua-0 P

Proof. Recall that the element E,, = Zy+ Z; + - - -+ Z; belongs to g
and that its stabilizer in Lg (for the adjoint action) contains K N Lg.
Furthermore the action of Lg on ¢, is transitive: there is an element g
in L@ such that Ad(g)E,, = X.
The Iwasawa decomposition for Lg states the equality
Ly = (PPPN L) (K N LY).

There are thus elements p in P°°PNLg and k in KNLg such that g = pk.
Since Ad(k)Eqy = Eag, one has Ad(p)E,, = X. By the compatibility
of the exponential map with the adjoint action and the conjugation
action, we get exp(X) = pexp(FE,,)p ! so that exp(X) and exp(F,,)
belong to the same Bruhat cell. By Lemma 7.6, exp(E,,) belongs to
PPy a3 POPP = PPPwy, vua e POPP. This concludes that exp(X)
belongs to PPPwiqq uae°PP. O
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For the elements in the closure of the cone, it will be enough for our
purpose to determine their class under the left-right action of Pg™.

Proposition 7.8. Let X be an element of c,,, There is then a unique j
in {0,...,d} such that

exp(X) € PSPPw,; P,

Proof. Uniqueness follows from the observation: for j, k in {0, ..., d}
POPPy; POPP C PgPPw; PSP and
P3PPw, PSP = U POPPy wy e POPP.

z1,72€EWa o

(The last union is justified by property (2) of Section 7.1 and may
contain more than once the same Bruhat cell.) Hence an equality
P3PPw; PP = PgPPw P’ implies (and is in fact equivalent to) the
existence of x1, x5 in Wa_e such that
W; = T1WET3.

Hence j = lo(w;) = lo(r1wire) = lo(wy) (by Lemma 4.12) = k and
Wj; = Wi

Consider now an element X in ¢,,. Since ¢, is the closure of ¢,,,
there exists a sequence (X,,)nen il ¢4 that converges to X. For every n
in N, let g, be an element in L such that X,, = Ad(g,)Fae-

The Cartan decomposition in Lg gives

Lg = Kgexp(b™)Kg,

where K = KNLY and bt = {A €a | x;(A) <0, Vi =1,...,d}
is a closed Weyl chamber for the reductive Lie group Lg. There ex-
ist thus, for all n in N, elements k,, k], in K3, and A, in b™ such
that g, = k,exp(A4,)k!,. Up to extracting we will assume that the

sequence (ky)nen is converging and its limit will be denoted k.. One
has therefore, for all n,

Ad(exp(4,))Eoe = Ad(k, ') Ad(g,) Eap = Ad(k, 1) X,
so the sequence (Ad(exp(A;))Fag)neN is converging and its limit is
Y = Ad(k; )X, As K C Pg™, it will be enough to determine the

Bruhat cell of exp(Y').
For all n in N and for all i = 0,...,d, let

Aim = exp((ae +2x1 + -+ 2x;)(An))

so that, for all n, Ao, > A1y > -+ > Ag, > 0 and
d

d
Z NinZi = Z exp(ad(A,))Z;
i=0

1=0

d
— exp(ad(Ay)) Z Z; = Ad(exp(A,))Ea, .
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This last equality implies that the sequences (\;,)nen (2 = 0,...,d)
converge in R>q and their limits will be denoted \; (i =0,...,d). We

have hence ;
Y = Z \iZ;
i=0

and A\g > Ay > --- > A\; > 0 and the set of indices of the nonzero

elements in (Ag,...,A\q) has the form {0,...,7 — 1} for some j in
{0,...,d + 1} (this set is ) when ;7 = 0). Lemma 7.6 says that
exp(Y') € P°PPw; P°PP and this implies the wanted result. U

Remark 7.9. Building on the Iwasawa decomposition (instead of the
Cartan decomposition) one can in fact establish that the element exp(Y)
belongs to the Bruhat cell corresponding to w; for some subset I of

{0,...,d}.
Corollary 7.10. Let Y be in coo and let w be the element of W such
that exp(Y') € P°PPwPPP. Then

(1) lo(w) < d+1;
(2) if lo(w) = d + 1 then Y belongs to Cop and w = wiagyua-o-

7.4. The Bruhat cells of non-zero elements. The previous para-
graph determines the Bruhat cell of elements of the form exp(X) when
X belongs to the cone c,,. We now consider the case when X is only
supposed to be a non-zero element of u,, .

Lemma 7.11. Let X be a non-zero element of u,, and let x be the
element of W such that exp(X) = P°PPxP°PP. Then lg(x) > 0.

Remark 7.12. Note that the element z belongs to Wi,gyua-e-
Proof. One has (Lemma 4.15)
Wawo ={z €W |lg(x) =0}.
Furthermore, the following equality holds:
U Porraperr = PEPP.
zeWao

Thus the statement will be established if we can prove that exp(X)
does not belong to Pg™. This last property is a consequence of the
fact that the map:

up X P — G
(X,9) — exp(X)g
is an embedding. O

8. THE UNIPOTENT POSITIVE SEMIGROUP

This section addresses the properties of the maps F, (see Section 6.2)
enabling among other things the definition of the unipotent positive
semigroup.
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8.1. The main statement. We denote by QF" = Pg™waPS™ the
open Bruhat cell with respect to Pg™® and by Q¢ = Powa Pe the open
Bruhat cell with respect to Pg. Recall that W denotes the set of
reduced expressions of the longest element in W(0O).

Theorem 8.1. (1) For any v in W, the image of the map ]31, is con-
tained in Q5" N Us.
(2) For any ~ in W, the map éo — Fo | v > Fy(v) - p2%* injective.
(3) For any ~ in W, the map é, — Fo | v — Fy(v) - p2% is open.
(4) We have Fy(cy \ éy) C Ug \ Q"
(5) We have F(¢y) = Fy(cy) NQGT.
(6) The map F,: cy — Ug is proper.
(7) The image of ﬁl, is a connected component of Q5" N Us.
(8) The image of ﬁl, does not depend on ~.
Analogous properties hold for FIPP.

Property 8 in this theorem justifies Definition 6.5, other consequences
will be drawn in Section 8.8. Theorem 8.1 will be proved in Sections 8.2—
8.4 and 8.6-8.7 below. Section 8.5 gives an explicit description of the
tangent cone of the positive unipotent semigroup.

8.2. Transversality, injectivity, and openness of the maps F,.
We prove here points (1) and (2) of Theorem 8.1, that is:

Proposition 8.2. For every ~ in W, the image of the map 131, s

- . popp, © pPOPP _ pOPP ©  pOPP __ ()PP
contained in PPPwy,, Po™ = Pg wy .. Po = Qg and the map

&y — Fo | v — Fy(v) - p2P
18 injective.
Remark 8.3. Note that, since the map Ug — Fo | u — u-pg”* is an em-

bedding, the injective of the above map is equivalent to the injectivity
of F.

The result will be proved thanks to an inductive process whose re-
sults have their own interest. For this it will be a little more con-
venient to have a decreasing numbering for the indices of v: v =
(YN, YN—1,---,71) where N is the length of w®, in (W(©), R(O)).

max

With this notation the cone ¢, is the product ¢, x --- x ¢,, and the
map F is

Cy — U@
(XN7 s 7X1) — eXp<XN) o 'eXp(Xl)'
(Recall that I?’,y is the restriction of F to ¢,.)

Proposition 8.4. Let, for j = 1,...,N, x; = 0,,---0,,. Then for
every j in {1,..., N}
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(1) The image of the map

Fj:cy, x - x ¢y, — Us

(Xj,..., Xq) —> exp(Xj) - -exp(Xy).

is contained in P°PPx; PS"Y = PP x; PP (the equality follows from

Lemma 7.2 since x; belongs to W(0));
(2) The map

Uy X Gy X o0 X ¢y — Fo
(XJ R 7X1) — eXp(X]) o ~eXp(X1) . p(épp

18 1njective.
Proof. We prove first (1) by induction on j in {1,..., N}. For j =1
in the proof below Fj_;(X;_1,...,X;) and z,;_; should be replaced by
the identity element.

Let (Xj,...,X1) be in ¢,, x -+ X &,,. Suppose first that v; is not
equal to ae. Then (Section 7.1) exp(X;) belongs to P°*Pg, PP =
POPPs, POPP. Since x; = Sy, 0y "+ Oy = Sy;Tj-1 1S a subword of a
reduced expression of wa, we have for the lengths

U(sy,wj-1) = £(s4;) + £(z;1)
thus
Popps’)/j POppxj,Ingp — POppijgpp.
By induction FO’J-,I(XJ-,I, ..., X1) belongs to PPPz; 1 P™ and since

}%}(X], C 7X1) = eXp(Xj)ﬁ’j,1<Xj,1, c 7X1),

we can conclude that F;(X;, ..., X;) belongs to PPz, PSP,
We now treat the case when v; = ag, thus o, = 0,,. By Proposi-
tion 7.7 exp(X;) belongs to

PPPoaowa o PP C PPo, P,
We deduce that F;(X,,..., X;) belongs to
VASLY ERER
opp opp __ opp
POppCTa(_)P@ l‘j_1P@ = POppCTa(_)POppl‘j_1P@
= P®g,ox_1Pg™"

where we applied Lemma 7.2 to z;_; and the fact that z; = o4ex;_1 is
also a reduced expression.

We now prove point (2) by induction on j again. For j = 1, in-
jectivity follows from the fact that ug x Pg™ | (X, g) — exp(X)g is
injective.

Suppose now that 7 > 2 and that the inductive hypothesis has been
established up to j — 1. Let (X;,...,X1) and (Y},...,Y1) be in u,, x
Cy,_y X +++ X ¢y, such that

Fi(X;,..., X)) P = Fy(Y;, ..., Y,) PSP,

J J
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this means that
(81) ﬁ’j,1<Xj,17 ce ,Xl)ngp = eXp(% - Xj)}%j,1<}/},1, cvuy Yl)ngp.

By point (1) we have that ﬁ’j_l(Xj_l, ..., Xj) and ﬁj_l(lg_l, ., Y)
belong to Pg™x;_1 Pg’™. Suppose that X; # Y; then (by Lemma 7.11
or by point (4) of Section 7.1) we have that exp(Y; — X;) belongs to
PoPPy POPP with lg(xz) > 0. Using again the multiplicative properties
of Bruhat cells we deduce that the element y such that

exp(Y; — X;)EF_1(Y;_1,..., Y1) € PoPPypP®
satisfies £g(y) > lo(xj_1) which is a contradiction with Equality (8.1).
Hence X; = Y; and the equality (8.1) together with the induction
hypothesis imply that X; =Y; for all ¢ less than j. U

With the notation of the proposition, we can now deduce point (3) of
Theorem 8.1. Recall that C(x;) C Fg is the P’ -orbit of the element
z; - pg’. We have:

Corollary 8.5. For all j the map
é'}/j X "'XCOWI —>C<.§L’]) CF@
(Xj,. . .,Xl) — F’]‘(Xj, .. .,Xl) _p(épp
1S open.

Proof. We know that this map is injective. By Invariance of Domain,
it is enough to show that the dimensions of the source and the range
coincide. This can be proved again by induction on j, using the relation
r; = 0,,x; 1 and Proposition 7.4 which says in this context:

dim C(z;) — dim C(x;_;) = dimu,, = dimec,;.

This is the precise relation to show that the induction step holds true.
O

8.3. Nontransversality at the boundary. We now prove point (4)
of Theorem 8.1:

Proposition 8.6. Let v be in cy. If v does not belong to ¢y, then
F,(v) does not belong to PPPwS, PPP.

max

Proof. We denote (vy,...,v;) the components of v, at least one of
them v; is in ¢q, N c°a].. For all 7 between 1 and N denote by ¢; an
element of W such that exp(v;) belongs to Pg™t; Pg™. We have, for all 4,
lo(t;) < lo(o,,) and, since t; = e when a; # ag or by Corollary 7.10
when a; = ag, we have that le(t;) < le(0q,).

Repeated applications of Lemma 7.1 show that the element z of W
such that I (v) belongs to PPz Pg™ satisfies

lo(x) < Ze@(ti)
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N
< Z £@<0-ai) = e@('rgax)'
=1

This implies the result. U

The point (5) of Theorem 8.1 is now an immediate consequence of (1)
and (4) in that theorem.

8.4. Properness. To prove properness of the maps [, we will obtain
a formula for the composition of log oF.,: ¢, — ug with the projection
up — P, cota- For this a few notations will be useful. We will use
again natural numbering for the components of v: v = (y1,...,7n)-

Let d be the degree of nilpotency of the Lie algebra ug (i.e. the
iterated Lie brackets of d + 1 elements of ug is always zero). Let ey 4
be the free degree d nilpotent real Lie algebra generated by elements
ei1,...,en. Then ey, is a finite dimensional graded Lie algebra whose
degree 1 component is equal to @Z]\il Re;.

Forany v = (vq,...,vy) in Hfil u,, the unique Lie algebra morphism
ena — Ue sending, for each ¢ = 1,..., N, ¢; to v; will be denoted V,,.
The Lie algebra ug is also graded (with degree 1 component equal to
D.co tta) and the map W, is in fact a graded morphism.

The simply connected Lie group with Lie algebra ey 4 will be de-
noted Eyg4. It is well known that exp: eyg — Eng is a diffeomor-
phism whose inverse will be denoted by log and the map ey g X ex g —
eva | (X,Y) — log(exp(X)exp(Y)) is given by the Baker-Campbell-
Hausdorff formula. (In fact, we could have used directly this formula.)

Let us introduce the following element of ey 4

I := log(exp(er) - - -exp(en)).
Then, for every v in Hfil u,,, the following holds

log(exp(v) - - - exp(vn)) = Uy(T).

The Baker-Campbell-Hausdorff formula implies that the degree 1 com-
ponent of I' is equal to

N
(8.2) I = Zeié
i=1

and we will denote I'so = I' — I'; the sum of components of higher
degree.
From the fact that W, preserves the degree, we deduce:

Lemma 8.7. Let || - || be a norm on ug. There is a constant C' > 0
such that, for every v in Hfil U,
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(1) the degree 1 component of log(exp(v1) - - -exp(vn)) is equal to

N
log (exp(vy) - - - exp(un)), = Z v,
i=1
(2) and, denoting

log (exp(vy) - - -eXp(vN))22 =
log (exp(v1) - - -exp(vw)) — log(exp(vi) - - -exp(vn)),
the sum of components of higher degree, we have
|log (exp(vy) - - ~exp<UN))Z2H < leax g2

We can now deduce:

Corollary 8.8. The map Fy: ¢, — Ug is proper. More precisely,
there is a constant C' > 0 such that, for any v € c,, max; |jv;|| <

CHlog(FA,('v))lH.
Proof. 1t is enough to establish that the map

is proper. But this map is

& — Pen

acO

(V1,...,0n) —> (Z vi)

. acd’

Ly =
This last application is clearly proper since, for any acute closed convex
cone ¢ (in a finite dimensional normed real vector space) and for any
n > 1, the map ¢ — ¢ | (x1,...,2,) — 21 + -+ + x, is proper.
Furthermore there is constant D (depending on ¢ and n) such that
max ||z;|| < D||x; + -+ + x,|| and this implies the precise control on

v — log(Fy(v))1. O

8.5. Tangent cone of the semigroup. The techniques introduced
in the previous section enable the determination of the tangent cone
at e of the semigroup USO:

Corollary 8.9. Let ¢ := @ o
at e of the semigroup Ugo, precisely

co C ug. Then c is the tangent cone

(1) There is a constant C' such that, for every X in log(Ug’) C ue,

let X1 € P u, be its degree 1 component, then X, belongs to ¢ and
X — X, <X
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(2) For any continuous map ~: [0,1] — UZ°, if v is differentiable at 0
then ~'(0) belongs to ¢

(3) For allY in c, there is X in log(Ug") such that X, =Y.

(4) For all'Y in ¢, the map v: Rso — Ug | t — exp(tX) is of class
C™, contained in USO and its deriwative at 0 1s equal to Y .

Remark 8.10. The proof below will use that the semigroup USO is closed
and that it is the image of F’; this will be established later in Section 8.8
(and without appealing to Corollary 8.9).

Proof. The first item (1) is a direct consequence of the estimates given
in Corollary 8.8 and in point (2) of Lemma 8.7.

The second item (2) is a consequence of the first one.

The third item (3) follows easily from the formula for the map v —
log(F5(v))1 (cf. proof of Corollary 8.8).

For item (4), it is very classical that this map is C*° and that its
derivative at 0 is Y. Let v be in W and let also v be in ¢, be such
that log(Fy(v)), =Y. Let t be in Rxo. For all n € N, tv/n belongs
to cy so that

F,(tv/n) and F,(tv/n)"

belong to Ug". Since the sequence (F (tv/n)"),~o converges to exp(tY’)
and since Ug" is closed, we deduce that exp(tY’) belongs to Ug’. [

8.6. Connectedness. We now prove point (7) of Theorem 8.1:
Corollary 8.11. The set F.,(¢.) is a connected component of g NUsg.

Proof. Corollary 8.5 and the fact that Ug — C(w®,.) | g = g - par
is a diffeomorphism imply that the set F,(¢,) is open in Ug. Since
the map I, |., is proper, we have that the closure of F,(¢y) in Usg is
equal to Fy(cy). Therefore the closure of F(¢4) in Qg NUsg is equal
to Fy(cy) N QY hence to F,(¢y) by point (5). Thus F,(é4) is open
and closed in Q5” N Ug. Since it is connected, it is one connected
component. U

8.7. Independence on ~. A priori the connected component F,(¢4)
could depend on the choice of v € W. We show now that this is not
the case. For this we consider the split real Lie algebra geg of g of
type W(O) determined by a ©-base (E,, Fi, Do)aco- Note that the
intersection ge N pe is a standard minimal parabolic subalgebra, and
Ne = go Mg is its unipotent radical. We denote by Ng < Ug the
corresponding subgroup.

The Lie algebra ng is generated by the elements (E,).co. Recall
that E, € ¢, for all o« € ©.

Given an element v € W we can restrict the map Fy to [[, RsoE,,.
Lusztig showed
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Proposition 8.12 ([Lus94, Prop. 2.7 (b)]). The image of Ng° =
E, (Hf\il R>0E%.) is independent of the choice of v € W.

As a corollary we obtain the following proposition, which is point (8)
of Theorem 8.1.

Proposition 8.13. The image of Fy(¢y) is independent of the choice
of v € W.

Proof. Since E,, € ¢, for all a € ©, and ¢, are convex cones, for any vy €
W we have that F, (Hf\il R.oE,,) C Fy(éy). Let v,+" € W be two dif-
ferent reduced expressions of the longest word in W (©), then F,(¢4)N
Fy(éy) contains NZ° = FL([]V, RaoEy,) = For (TN, R0, ). There-
fore Fy(¢y) and F./(¢4+) have non empty intersection. Since both sets
are connected components of Q" N Ug, they have to be equal. O

Remark 8.14. Note that we can get in fact precise formulas for the
change of coordinates if two elements v and «’ differ by a braid relation.
This is done by considering appropriate notions of universal enveloping
algebras for Ug and deriving explicit systems of polynomial equations
from relations in the universal enveloping algebra, as has been done
for the split real case by Berenstein and Zelevinsky [BZ97|. These
explicit formulas for the braid relations, as well as a more detailed
investigation of the positive semigroup Gg° will appear in a forthcoming
article [GW22).

8.8. Consequences. In this section we draw some consequences from
the results of the previous sections and the explicit parametrizations
by F, not only for the positive semigroup, but also for the non-negative
semigroup.

As defined in Section 6.5, we set UZ? := [ (&) C Us. By Propo-
sition 8.13 this set is independent of the choice of v € W. But we
still have to show that UZ° is indeed a semigroup. For this we prove a
slightly stronger statement.

Proposition 8.15. For all « € © and for all v, € c,, the set UZ" is
invariant under left and right multiplication by exp(v,,).

Proof. We prove only the invariance by left multiplication, the case of
right multiplication follows by entirely similar arguments.

Let v, € ¢, for some a € O, and let u be an element in Ugo. We
want to prove that then exp(v,) - u € UZ% Let us choose v € W
such that 74 = «, and v € ¢4 such that F,(v) = u (the existence
of such reduced expression 7 of the longest length element w®, in
(W(O),R(0)) is a classical fact and is established starting from the
equality w®, = o, (c,w?,. ) and from a reduced expression of o,w?, ).

Then we have

exp(va) - u = exp(va) exp(vy) - - - exp(vy)
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= exp(vq +v1) - - -exp(vn),

where we used that « starts with a. Since ¢, is a convex cone, v; € ¢,
and v, € ¢, we have that v, + v; € ¢,. Therefore exp(v,) - u belongs
to I (¢y) = Ug°. O

As a direct consequence of this proposition we obtain

Corollary 8.16. (1) The inclusions Ug°UZ" c UZ°, and U3°U5" C
Ug® hold.

(2) The subset U3® C Ug is a semigroup that is invariant by conjuga-
tion by Lg.

(8) The closure Ugoﬁa semagroup, invariant by conjugation by Lg.

(4) The semigroup E is the image F(cy) for every v in W.

(5) The semigroup UZ° is equal to the nonnegative semigroup Ugo, mn
particular the non-negative semigroup USO 15 closed and every ele-
ment in it can be written as a finite product (of length at most N )
of elements of the form exp(vy) with vy € ¢4

(6) The semigroup UZ° is equal to the intersection of Ug° with Q&P .

Proof. The first point (1) is a direct consequence of Proposition 8.15
and the fact that the semigroup Ugo is generated by exp(c,) (for a
in ©).

Point (2) follows from (1), from the (obvious) inclusion U3° C Ug®,
and from the equivariance property of the maps F, (Lemma 6.4). Since,
for every v in W, the map F} is proper, its image is closed and is
equal to the closure of F,(¢,) = UZ% The closure of a semigroup is
a semigroup and again by Lg-equivariance, this concludes points (3)
and (4).

We now have that U3 is a semigroup containing the elements exp(v)
for every @ in © and v in ¢,. Hence this semigroup contains USO.
Conversely, since Ug" is the image of ¢, by F, it is also contained
in Ugo hence the equality of point (5); the other statements in that
point follow from the already proven ones.

Since the map F’,y is open (cf. Corollary 8.5), its image Ug" is con-
tained in the interior of Ugo. Conversely let u be in the interior of
USO. There is thus a neighborhood V' of the identity in G such that,
for every v in V, v~'u belongs to USO. It is however clear that the
image of ]31, contains elements in V. Let v be such an element. Then
v belongs to Ug° and the equality u = v(v~1u) (together with point (1))
shows that u belongs to Ug". This concludes point (3).

Point (6) follows from the corresponding properties established for
the parametrizations F, (points 4 and 5 of Theorem 8.1). O

Remark 8.17. Note that F,|. is in general not injective, and thus,
point (5) of Corollary 8.16 does not give a parametrization of USO. We
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discuss the structure of Ug" in the case when G = SO(3,q), ¢ > 4 in
more detail, see Section 8.9.2.

8.9. The orthogonal groups. In this subsection we discuss in a bit
more detail the case when G = SO(3, q), ¢ > 4. The description of the
O-positive structure for general orthogonal groups SO(p,q), ¢ > p > 2
restricts basically to this case and the description of the positive struc-
ture for SL3(R), see also the discussion in [GW18]. For the case when
G =S0(3,q), ¢ > 4 we in particular also provide a parametrization of
the non-negative semigroup USO.

8.9.1. The positive semigroup. We realize SO(3,q) = SO(bg), where
bo is the non-degenerate symmetric bilinear form of signature (3,q)

0 0 K
on R*™ given by bg(v,w) = vQw, with Q = 0o J 0], K=
—-K 0 0

0 1 0 0 1

(_1 O)’ and J = |0 —id,—3 0]. We denote by b; the form
1 0 0

by(z,y) = 3'zJy and set ¢;(z) = by(z,x). Note that b, is a non-

degenerate symmetric bilinear form of signature (1,¢ — 2) on the cor-

responding subspace of RI3.

We choose the Cartan subspace a C s0(3, q) to be the intersection of
the set of diagonal matrices with s0(3, ¢). Denote e;: a — R the linear
form that associates to a diagonal matrix its i-th diagonal coefficient.
The set of (restricted) roots is {+e;%e; }1<icj<sU{=Ee; }1<i<3; a classical
choice for the set of positive roots is {e; & €;}1<icj<3 U {€;}1<i<3 and
the set of simple roots A = {ay, g, g} is given by «; = e; — €;41, for
1=1,2, and ag = e3.

We have © = {aj,ay}. Furthermore u,, = R and u,, = R»2
Then the cone ¢, = Ryg, and ¢ = ¢b972 = {z € RM 2 | ¢;(z) >
0, z; > 0}. Note that the closed cones identify with ¢; = R, and
o 2?2 ={z e R 2| ¢s(x) >0, 21 > 0}

The Weyl group W is isomorphic to {£1}3 x S3, the group of signed
permutation matrices. It is presented by the generators s, ss, s3 as-
sociated with the simple roots, with the relations s? = (s189)® =
(s183)% = (s983) = e. The group W(O) is generated by o, = s;
and o9 = s95359. It is a Weyl group of type By and the longest word is

e

Whax — 01020102 = 02010207.
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The exponential maps R — Ug and R4™! — Ug are denoted xq, x5
and given by

0 s 000 1 s 0 00
00000 01 0 00
z1(s)=exp |0 0 0 O Of =10 0 ide—y O O
0000 s 00 0 1 s
00000 00 O 01
00 0 0 0 10 0 0 O
00w 0 0 01 % gqv) 0
zao(v)=exp |0 0 0 Jv 0| =]0 0 idjgy Jv O
000 0 O 00 O 1 0
000 0 O 00 O 0 1

Thus, the positive semigroup U5 in this case is
>0 o o o o
U@ - F010'2010'2 (Cl X (&) X &1 X 62)7

i.e. all matrices, that can be written as x1(s1)ze(vy)x1(s2)xe(ve), with
51,52 € Rog and vy, vy € ¢1972,

When we use the other reduced expression of the longest element
w®, = 09010901, and consider elements y(ws) 1 (t2) o (w1 )z (t1) With
ti1,ts € Ry and wy, wy € ¢4972, we parametrize as well the positive
semigroup Ug".

The equation
(8.3) x1(81)T2(v1) 21 (S9) T2 (V2) = To(we)x (t2)xe(wy)x1 (t1),

determines then the change between these two parametrizations; com-
paring the entries of the corresponding matrices, we get the following
relations

(8.4) S$1+ 89 =1t + 1t

(8.5) v + Uy = wy + wy

(8.6) s1(v1 + V) + Sovg = towy

(8.7) 5147 (v1 + va) + 82qs(v2) = tags(w1),

(8.8) Sou1 = tows + t1(wy + wa),

(8.9) 824 (V1) = taqs(wa) + t1qs (w1 + wy)
(8.10) s18247(v1) = tat1qy(w1)

Remark 8.18. Since the maps x, 2 have some compatibility with trans-
position (namely, for all v in R ‘zo(v) = z9(Jv) = Dao(v)D™!
where D is the bloc diagonal matrix with blocs ids, J, idy, and, for all s
in R, ‘z1(s) = z1(s) = Dxy(s)D™'), Equation (8.3) above is equivalent
to
T <t1>x2<wl>$1 (tg).l’g(’wg) = .TQ(UQ).Tl(SQ).TQ(Ul)SL’l(Sl).

Hence the chosen numbering will make the relation between (s;, v;) and
(t;, w;) more symmetric.
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We observe that Equations (8.4)—(8.7) determine the others: indeed
multiplying (8.4)x(8.5) and subtracting (8.6) gives (8.8); the scalar
product of (8.5) with the difference of (8.6) and (8.8) is the difference
of (8.7) and (8.9); applying ¢; to (8.6) and subtracting the product
of (8.4) and (8.7) gives (8.10).

These equations can be solved as follow: the ratio of (8.10) and (8.7)
gives t1; the ratio of ¢;(8.6) and (8.7) gives t9; once ty is determined,
(8.6) gives wy; once w; is determined (8.5) gives wy. Explicitely we
have

- 5152q7(v1)
t] =
s1¢y(v1 4 va) + 52¢5(v2)
o a7 (s1(v1 + vo) + S9v2)
? 514 (v1 + v2) + S2q(v2)
s1¢y(v1 4 va) + 52¢5(v2)
wy = S1(v1 + vg) + Sov
! qs(s1(v1 4 va) + S9v9) ( (v 2) 2 2)
= (s2as(w2)en+
Wy = S9q 7(v9)v
? qs(s1(v1 4 v2) + s90) 2471%2/%1

s1(qs(v1 +v2)vr — qg(v1) (01 + Uz)))

Note that even though the formula for ws contains a minus sign, the
following lemma implies that w, belongs to ¢,.

Lemma 8.19. For all vy and vy in ¢o, the element

a(vy,v2) = qs(v1 + va)vy — qs(v1) (V1 + v2)

belongs to ¢s.
Proof. We calculate g;(a(vy,v2)). This gives
qs(a(vr,v2)) = qs(v1 + v2)gs(v1)qs(v2).

Thus a(vy,vy) belongs to ¢ LU —¢o. Since a(vy,vy) = 2qy(vy,v1)v; a
connectedness argument shows that, for all v; and vy in ¢y, a(vy, v9)
belongs to ¢;. dJ

Remark 8.20. As explained the parametrization of the positive unipo-
tent semigroup depend on the choice of a reduced expression of the
longest word in W (©). In order to get explicit formulas for changes of
coordinates it is sufficient to derive such formulas for braid relations of
the form (0;0;)™9 = 1 among the generators of W(0). For Lusztig’s
total positivity in split real groups formulas for the braid relations in
the simply laced cases where determined by Lusztig [Lus98|, and for
the non-simply laced cases by Berenstein and Zelevinsky [BZ97|. The
above gives explicit formulas for the braid relations in the SO(p,q)
cases. The formulas for general braid relations for ©-positivity will be
derived in [GW22].
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8.9.2. The non-negative semigroup. Note that by point (5) of Corol-
lary 8.16, the non-negative unipotent semigroup is characterized as

>0

U@_ = F01020102<Cl X Cy X C1 X CQ),
. . > .
i.e. every element in Uéo can be written as

z1(s1)22(01)71(82)72(V2),

with 51,50 € R5o and vy, v9 € a2,
. . . . >0 .
However this does not give a parametrization of Ug" since one can

easily check that F,, ,,0,0, 1s Dot injective. For example take vq,v9 €
972 and s; = s5 = 0. Then

!E1(51)$2(U1)$1(82)$2(02) = $2(U1)$2(02) = $2(U1 + UQ),

hence Fy,50010,(0,01,0,02) = Fy 500100(0, 01 + 12,0, 0).

Giving a parametrization of USO is thus more subtle. Already in the
case of split real groups, the maps F,, (defined here on (Rs¢)") are
not injective (for the same reason than in the example above). A solu-
tion to this non-injectivity in this split case has been found by Lusztig
in [Lus98, Corollary 2.8|; he showed that the non-negative unipotent
semigroup U=" can written as a disjoint union of subsets U~>°(w), where
w varies over the elements of the Weyl group W and U>°(w) is the in-
tersection of U= with PPPwPr*P. Then a parameterization of U~ (w)
is obtained as follows: a reduced expression v = s;, - - - s;, of w is cho-
sen and the map g;, x---xg;, = Ua, (v1,...,v) — exp(vy) - - - exp(vg)
is denoted F; then U>%(w) = F,(¢;, X -+ X ¢, ). Lusztig showed first
that this image does not depend of the choice of reduced expression.
He introduced a monoidal structure on W, where given w;, and wsy, the
element w; * wy is determined by U~ (w)U>%(ws) = U~ (wy * ws).

In the parametrization of the positive unipotent semigroup Ug 0 the
role of the Weyl group W in the split case is replaced by the Weyl
group W (O), so one might hope to get a decomposition of Ugo into
a disjoint union of parametrized sets, indexed by elements in W (0).
However, we already saw in the case when © = {ag} that this does
not work (cf. the discussion in Section 7.3). In order to describe a
decomposition of Ugo we have to consider a different object and replace
W by Wa.e\W/Wa_e (which for © = A is obviously equal to V).

We describe a decomposition of the nonnegative unipotent semigroup
for SO(3, ¢) and a parameterization of it, using Wa. o \W/Wa.e. It will
be of interest to explore this further in the general case, and investigate
the monoidal structure this gives.

In order to give a parametrization of USO, let us first consider the
Bruhat decomposition of G with respect to the action of Pg™ x PS™:
G = Ujews o\w/wao Fo  wPg™. The next lemma determines the
number of orbits in this decomposition.
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Lemma 8.21. The following provides a list of smallest length represen-
tatives for the 16 classes in Wa. o \W/Wa-o: (1) e (2) s1 (3) s2 (4) (s25352) (5) sas1 (6) (525359

Proof. Here the group W can be realized as the group of signed per-
mutation 3 X 3-matrices and the subgroup Wa. g is the subgroup (iso-
morphic to Z/2Z) of diagonal matrices whose only possibly nontrivial
diagonal coefficient is in the third position. The element s; corresponds
to the transposition (12), sy corresponds to the transposition (23), and
s3 is the nontrivial element in W g.

A direct calculation shows then the result. O

In the present situation the flag variety Fgo can be realized as the
space of partial flags in R*? consisting of an isotropic line contained in
an isotropic 2-plane. For concreteness the canonical basis of R*? with
respect to which bg is given by the matrix ) above will be denoted

(617 €2,€3,01,92;,---,9q-3, f37 f27 fl)

Then E* = (Rej, Re; @ Rey) and E- = (Rf1,Rf; @ Rf>) are partial
isotropic flags, and Pg = Stab(E™) and Pg™ = Stab(E~). More gen-
erally, given a pair of vectors (vi,v9) in R*?, the flag determined by
(v1,v2) is denoted Ey, v,) = (Rvi, Rvy ® Ruy); this flag depends only
on the lines Rv; and Rws.

Lemma 8.22. For each double Pg™ orbit in G, the following gives a
flag in Fg representing the corresponding Pg™ orbit in that quotient:
(1) e: Ep 1) (2) 510 Eqpyp0) (3) 820 Epy )

(4) (828382)3 E(f1,62) (5) S9S51. E(f3,f1) (6) (828382)81.‘ E(e%fl)

(7) S152- E(f27f3) (8) 51(525332): E(f2,61) (9) (3253)5132 : E(f3762)

(10) 8281(825382).' E(fg,el) (11) (828352)8182.' E(627f3)

(12) (828382)81(828382).' E(eg,el) (13) S$152S51" E(f37f2)

(14) 81(828352)51.' E(el,fg) (15) 81(828382)8182.' E(el,fg)

(]6) Sl<828382)81<828382).‘ E(el,@).

Proof. The flag E~ = E(y, 5,) corresponds to the class of the trivial ele-
ment. The flag corresponding to a double class Pg™ [w] P3P, associated
with w in W, is then w - F'~ where w is a lift of W to SO(3, q).

For the explicit calculation, we can choose

e For the lift of s; the matrix that exchanges e; and e,, ex-
changes f; and f,, and fixes the other basis vectors.

e For the lift of sy the matrix that exchanges e, and es, ex-
changes f, and f3, and fixes the other basis vectors.

e For the lift of s3 the matrix that sends e3 to f3, sends f3 to —egs,
and fixes the other basis vectors. ]

For every x in Wa. e\W/Wa.e, define U3%(z) to be the intersection
of PSPPx PSP with Ug®. Let v = (o1, 09,01, 0) and F, be the map

RxRT!'x R xR — SO(3,q)
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(81, V1, S92, 1)2) — ZL‘1(Sl)IL'Q(’Ul)ZL'l(SQ)ZL'Q(’UQ).

For each of the reduced expression w listed in Lemma 8.21 we define
F,, to be the restriction of F), to the set D,, where

(1) De = {0} x {0} x {0} x {0}, (2) Dy, = Rog x {0} x {0} x {0},
(3) Dsy = {0} x (9c2{0}) x{0} x{0}, (4) Dsys5s, = {0} x E2x{0} x {0},
Dy,s, = {0} x (9c2 . {0}) x R>o x {0},

D(828352)51 = {0} X 62 X R>0 X {O},

Dy,s, = Rog X (0cy . {0}) x {0} x {0},

D81(828382) = R>O X é2 X {O} X {0}7

D(5253)5152 = {(0,1)1, 81,’02) | 51> 0,041,109 € 602, bJ(’Ul,UQ) 7& 0},
Diysi (s05350) = 10} X (Oca \ {0}) x R X ¢,

D(828382)8182 = {O} X é2 X R>0 X (802 N {0})7

D(828332)31(823332) = {0} X Gy X R>0 X é27

D818231 = R>0 X (802 AN {0}) X R>0 X {0},

D81(828382)81 = R>O X 52 X R>0 X {0}7

D81(828382)8182 - R>O X é2 X R>0 X (802 N {0}>7

D81(828382)81(828382) - R>O X é2 X R>O X é2-

Proposition 8.23. For every w in the list of Lemma 8.21 the map
Dw — F@

22— Fu(z) - F~

is injective; the image of F,, is Ugomngpngpp = Ug"(z) with x = [w].
The nonnegative semigroup USO is the disjoint union the Ug°(x).

Proof. The map (s1,v1, S2,v2) — Fo(s1,v1, S2,v2) - F~ is equivalently
given by the last two columns of the matrix F, (s, vy, S2,v2) that is

51¢7(v1 + V) + S2qs(v2)  s152qs(v1)

g (v1 + v2) 524 (v1)
V1 + U S201
1 S1 + S9o
0 1

We can now check by case by case consideration that the statement
holds. U

9. INVARIANT UNIPOTENT SEMIGROUPS

In order to define ©-positivity we took a very algebraic approach. In
this section we will show that essentially any Lg invariant semigroup U™
in Ug arise from a ©O-positive structure. This gives the two following
theorems characterizing ©-positivity. These results will be useful to
make the connection with a geometric characterization of ©-positivity
(Section 10).
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Theorem 9.1. Let G be a connected semisimple Lie group, and let
Uo be a standard unipotent subgroup of G and Lg be the corresponding
standard Levi subgroup. Suppose that there is UT C Ug such that

(1) UT is closed and of nonempty interior;

(2) Ut is LY -invariant;

(3) Ut is a semigroup;

(4) U contains no nontrivial invertible element (if g € U™ and

gleUt theng=e).
Then G admits a ©-positive structure and the semigroup U contains
the semigroup Ugo.
If we further assume that

(5) the interior of U is contained in Q"

then Ut = Ug".

In fact, when condition (5) holds the sharpness of the semigroup
(condition (4)) can be relaxed.

Theorem 9.2. Let G be a connected semisimple Lie group, and let Ug
be a standard unipotent subgroup of G and Qg* the open Bruhat cell
with respect to the parabolic group Pg™. Suppose that there is V' C Ug
such that

(1) V* is a connected component of Ug N QGY.
(2) VT is a semigroup;

Then G admits a ©-positive structure and the semigroup V' is equal
to UZ°.

Sections 9.1-9.2 address the proof of Theorem 9.1 and Section 9.3
addresses the proof of Theorem 9.2. Section 9.4 gives examples of
semigroups that satisfy the hypothesis of Theorem 9.1 and are not
equal to USO.

9.1. The cones associated with U". With the notation of Theo-
rem 9.1 (and the general notation introduced in Section 2), for all «
in © we introduce

ko = pa (log(U+))
where p,: ug — U, is the projection coming from the decomposition

Ug = @5 ug.
We will first show that

Proposition 9.3. Let X, be an element of u,. Then X, belongs to k,
if and only if exp(X,) belongs to UT.

Proof. Let us define the following sequence (A,,)nen in a; for all n € N,
A, is the element of a defined by the equalities

a(A,) =0,7(A4,) =0Vy e AN O and y(A,) = —n Vy € O\ {a}.
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One has then, for all X, € u,

ad(A4,)X, =0
and for all g not congruent to o modulo the span of A ~\ © and for
all Y in ug

ad(A,)Xp = —ssnXp

for some sg > 0. The sequence (g, = exp(A,))nen belongs to exp(a) C
Lg and, for every X in ug, the sequence

Ad(gn) - X = exp(ad(A,))X

converges to X, = p,(X); indeed using the decomposition X = > X
according to the direct sum ug = P, us, one has

Ad(g,) - X = exp(ad(4,)) X + > exp(ad(4,))X;
BFa
=Xo+ Y e " Xp.
Ba

Let now X, be in k,. There exists then X € ug such that exp(X)
belongs to U™ and X, = p,(X). By the above, the sequence

gnexp(X)g, ' = exp(Ad(g,)X)
converges to exp(X,). Since U™ is Ly-invariant and closed, one has
exp(X,) belongs to U*.
Conversely if exp(X,) belongs to U™, then
Pa (log(exp(on))) = pa(Xa) =X,
belongs to k.. O

From this we deduce:
Corollary 9.4. The set k, is a closed Lg-invariant convex cone.

Proof. By the previous proposition k, = log™* (U Nexp(uy)). Since
UT Nexp(ug) is closed and Lg-invariant, this implies that k, is closed
and Lg-invariant.

Let X, € k, and let ¢ > 0. Let A € a be defined by a(A) = logt
and y(A) =0 for all vy € A~ {a}. Then

tX, =exp(ad(A))X, = Ad(exp(A)) X,

belongs to k, since exp(A) belongs to Lg. This means that k, is a
cone.

Let X, and Y, be in k,. Then exp(X,) exp(Y,) belongs to U". Thus,
from the Baker-Campbell-Hausdorff formula,

Pa 0 log(exp(Xy) exp(Ya)) = Xo +Ya
belongs to k.. This is the property that k, is convex. O
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9.2. The positive structure. The last point to make the relation
with Definition 3.1 is that k. are nontrivial and acute:

Lemma 9.5. For every a in ©, the cone k, is not reduced to {0} and
contains no line.

Proof. Suppose that k, = {0}. Then U" would be contained in {g €
Uo | pa(log(g)) = 0} and would be of empty interior, contrary to the
assumptions.

Let now X in u, be such that X and —X belong to k,. Then
g = exp(X) belongs to Ut as well as ¢g7! = exp(—X). Thus g = ¢
(since U™ contains no nontrivial invertible element) and X = log(g) = 0.
This means that the convex cone k, contains no line. O

Thus G has a ©-positive structure and one can introduce the semi-
group Ugo with the following choice ¢, = k, of invariant cones. With
this choice one has obviously the inclusion USO C U™. This concludes
the proof of Theorem 9.1 except for the last point, but this point will
be a direct consequence of Theorem 9.2 that we will prove in the next
section.

9.3. The cones associated with V* and the induced positive
structure. We now turn to the proof of Theorem 9.2. The strategy is
similar to the above and we introduce, for every « in ©

ko = pa(log(VT)).

Observe that V* is a semigroup.
It is easy to show that

Proposition 9.6. Let X, be an eﬁament of uy. Then X, belongs to k,
if and only if exp(X,) belongs to V.

Furthermore the Lg-invariance is a consequence of the hypothesis
here:

Lemma 9.7. The semigroup V' is Lg-invariant.

Proof. Indeed Ug and Qg* are invariant by L@, hence every connected
component of Ug N Q" is invariant by Lg. O

From the results already established we deduce as above

Lemma 9.8. For every o in O, k, is a closed conver Lg-invariant
cone in U, and is not reduced to {0}.

Lemma 9.9. The following inclusions hold
VYVt c VT, and VTVt c vt

Remark 9.10. Equalities hold in fact since the neutral element belongs
to V*.



GENERALIZING LUSZTIG’S TOTAL POSITIVITY 57

Proof. Let x be an element of V+*V ™. There exist thus v € V' and
v € V* such that 2 = uv. Let (v,) be a sequence in V' converging
to v. Then the sequence defined by, for all n € N, u, = zv, ! =
uvv, b converges to u. There exists hence ny such that, for all n > ny,
u, belongs to V. For such n, the equality z = w,v, shows that
x belongs to the semigroup V+.

The other inclusion follows by similar arguments. O

Corollary 9.11. The open set VT is the interior of its closure V.

Proof. Since V* is open and contained in V*, one has V+ Cc V.

Let (y,) be a sequence in V1 converging to the neutral element
(the existence of such sequence is insured, for example, by the Lg-
invariance).

Let # be an element of V*. Since the sequence (y,'x) converges

to x, there exists ng such that, if n > ng, then y, 'z belongs to V. For
such an integer n, the equality = y,(y,, 'r) together with Lemma 9.9
imply that x belongs to V. O

Corollary 9.12. For all a in ©, k, is an acute convexr cone in i,.

Proof. Since k, is a closed convex cone and is Lg-invariant, the sub-
space of maximal dimension contained in k, is Lg-invariant. Since the
action of Lg on u, is irreducible (cf. Theorem 2.1), this subspace is
either {0} or u,. Hence we have to exclude the case when k, = u,.

Suppose, by contradiction, that k, = u,. We then have (Propo-
sition 9.6) expu, C V*. Recall that the Lie algebra ug admits the
following decomposition

Ue = Uy P Uy, Where uy = @ug
B#a

and that the map

u, usg — Ug
(X,Y) — exp(X) exp(Y)
is a diffeomorphism.

Let now z be an element of V. There exist thus X € u, and Y € ug
such that = exp(X)exp(Y). The equality k, = u, implies that
exp(—X) belongs to V' and, by the Lemma 9.9, exp(Y') = exp(—X)z
belongs to V*. But this element exp(Y) does not belong to 2", in
contradiction with the fact that V¥ is contained in Qg”. O

As a consequence the group G has a ©-positive structure and we can
choose ¢, = k, in the construction of Ug O The last point is to notice
Lemma 9.13. One has V™ = Ug°.

Proof. These two open sets are connected components of UgNg* and
must intersect; they are then equal. O
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9.4. Semigroups bigger than USO. We end this section with an ex-
ample of semigroups contained in the unipotent standard subgroup of
SL3(R) that are bigger than the semigroup of totally positive unipotent
matrices.

For each r € R denote by U, the set of matrices

OO =
O~ Q
_ o O

with a,b > 0 and 0 < ¢ < rab.

Remark 9.14. The semigroup of totally nonnegative unipotent matrices

is Ul-

Lemma 9.15. For allr > 1, U, is a closed semigroup without nontriv-
1al invertible element and invariant by conjugation by diagonal matrices
with positive coefficients.

Proof. Closedness and invariance are easily checked. To check the semi-
group property, we calculate the product of two elements of U,.:

1 a c 1 d ¢ 1 d
01 b 01 ¥v¥|l=10 1 Vb
0 0 1 0 0 1 0 0 1

thena” =a+d >0,0"=b+b >0and " =c+ +ab >0, thus
ra’b" — " = (rab—c) + (rd't = ) +ra'b+ (r — 1)ab’ > 0,

and the product belongs to U,. The above formula shows that if an
element

OO =
O~ Q
_ o O

is invertible in U, then necessarily a = b = 0 and for such an element
the condition of being in U, says 0 < ¢ < 0, i.e. ¢ = 0. This proves the
wanted properties for U,. U

10. POSITIVITY IN THE FLAG VARIETY Fg

In this section we use the positive unipotent semigroups to give a
notion of positivity in the flag variety Fg.

10.1. A first diamond. We assume that G has a ©-positive structure.

The positive semigroups Ug? and ngp’>0 will enable us to define
“diamonds” (cf. Section 10.4 below) in the flag variety Fg.

We will denote by O C Fg the set of points transverse to pg and
by O°PP the set of points transverse to pg”. These sets are open and
diffeomorphic to the unipotent Lie groups Ug and UZ™; indeed the
maps Ug — O | u — u-pd” and UL® — O°PP | u +— u - pg are
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diffeomorphisms. Since wa -pe = pg > and wa - Py = pe, one has also
O = Q@ - Po and O°PP — Q(épp . p(épp'

Our first result is
Proposition 10.1. One has the equality, in Fg,
Ugo . p%pp _ ngp,>0 Po.

More precisely these sets are equal to the same connected component of

O NO°PP,

Proof. Point (7) of Theorem 8.1 implies that UZ? - p&® is a connected
component of O NOP. Equally, U’ -pe is a connected component
of O N O°P. Hence we only need to see that these sets intersect. This
can be obtained exactly along the same lines than Proposition 8.13
using the split Lie subalgebra gg and Lusztig’s work. Indeed [Lus94,
Th. 8.7] precisely implies that the two above sets intersect. (l

10.2. Axiomatic of diamonds. In this section and the next one, we
do not assume that GG has a ©-positive structure. We will prove however
that the definition below forces the presence of a ©-positive structure.

We introduce now the expected properties that one wants for positive
triples in Fg. It will be a little easier to express these properties in
terms of “diamonds” that are, fixing a and b in Fg, the connected
components of the set {z € Fg | (a,x,b) is a positive triple} (cf. below
Definition 10.14).

Let © C A be a subset invariant by the involution ¢: o — —wa - «
(so that F,e) = Fe and we can speak of transverse pairs in Fg). For
a point a in Fg, let us denote by O, the (open) subset of Fg whose
points are those transverse to a.

Definition 10.2. A family of diamonds in Fg is a family F of triples,
called diamonds, (D, a,b) where D is a subset of Fg and a, b belong to
Fo (and will be called the extremities of the diamond) such that

(1) For every (D,a,b) in F, a is transverse to b and D is a connected
component of O, N Oy;

(2) For every (D, a,b) in F, (D,b,a) belongs to F;

(3) For every (D,a,b) in F, and for every g in Aut(g), (9-D,g-a,g-b)
belongs to F;

(4) For every (D, a,b) in F, and for every x in D, there exists a unique
diamond (D', a,z) in F such that D’ is contained in D.

The symmetry condition (2) together with the last condition imply also
(5) For every (D, a,b) in F, and for every x in D, there exists a unique
diamond (D', z,b) in F such that D’ is contained in D.

Remark 10.3. It is natural to ask that the notion of diamond (or the
notion of positive triple to come later) is invariant under all the auto-
morphisms of the flag variety Fg. This is why we require invariance
under the group Aut(g) in the definition and not only under G.



60 O. GUICHARD AND A. WIENHARD

We can immediately note that:

e For all ¢ and b in Fg, with a transverse to b, there is a least one
diamond with extremities a and b (simply since the group Aut(g)
acts transitively on the space of pairs of transverse points), and there
are finitely many such diamonds (since O, N O, has finitely many
components);

e For every diamond (D, a, b) the set D is invariant under the connected
Lie group Ly; , that is the neutral component of the stabilizer (in &)
of the pairs (a,b).

10.3. From diamonds to O-positivity. We assume in this subsec-
tion that there is a family of diamonds F in Fg. We immediately note
that this family is produced from a semigroup in Usg.

Proposition 10.4. Let a and b be respectively the elements po and
po’ of Fe. Let (D,a,b) be a diamond in F with extremities a and b.
Then the set

Vt={veUs|v-be D}

; opp . .
is a connected component of Ug N Qg" and is a semigroup.

Proof. The fact that V' is a connected component of Ug N Q" follows
directly from the conditions on the family of diamonds F.

Proving that V' is a semigroup amounts to show the inclusion, for
all v in V*, oVt C V*. This inclusion can be phrased in term of
diamonds: let z = v - b so that x belongs to D and there is a unique
diamond (D', a,z) with extremities a and z with D’ C D; with this
notation, one wants to prove the equality D' = v - D.

Let /5 = exp(sX) (s € R) be the 1-parameter subgroup associated
with X, the element of a such that o(X) = —1 for all & in A. Define
(@¢)tejo,) and (vy)iepo,1) by the equalities z; = vy - b, vo = e, and vy =
Elogtvfﬂaét for ¢ > 0. By the choice of X, the path (v¢):c[o,1] is continuous
and xg = b, 1 = x.

For all positive ¢, D; = log; - D' is the diamond with extermities a
and z; contained in D; i.e. D; is the connected component of O, N O,,
contained in D. From the convergence of z; to b, we deduce that
D; converges to D as t tends to 0. Stated differently, setting D} =
D, the family (Dj):cj0,1) is continuous. This implies that the family
(v; '+ D})iepo) of diamonds with extremities a and b is continuous. Since
there are finitely many connected components in O, N Oy, we deduce
that this family is constant equal to D. In particular D = v; ' - D} =
v~!. D" which is the sought for equality. O

This means that Theorem 9.2 applies and that G admits a ©-positive
structure. Let us then fix, for every o in ©, a nonzero acute Lg-
invariant closed convex cone ¢, in u,. We already noticed that there
are exactly two such cones, namely ¢, and —c,. To take into account
all the possible choices of cones, let us introduce, for every € = (£, )aco
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in {#1}° the nonnegative unipotent semigroup ngo generated by
exp(€qaty) (for a varying in ©) and the positive unipotent semigroup
UE>° that is the interior (relative to Us) of Ug™".

Applying Theorem 9.2 and the fact that the cones ¢, are determined
up to sign, we get the following corollary

Corollary 10.5. Let a and b be respectively pe and pg”. Then the
diamonds in F with extremities a and b are exactly the triples (U -
b,a,b) for e varying in {£1}°.

Proof. Indeed Proposition 10.4 and Theorem 9.2 prove that every di-
amond with extremities a and b has this form. The fact that all
signs € are possible is a consequence of the invariance under Aut(g)
and that there are elements in this group exchanging the cones (Propo-
sition 3.8). O

In fact the transitivity observed in Proposition 3.8 implies that there
is exactly one orbit of diamonds under the action of Aut(g).

Corollary 10.6. Let a and b be pe and pa®. Then (D, a,b) = (Ug" -
b,a,b) is a diamond and the diamonds are exactly the (- D,g-a,g-b)
for g varying in Aut(g).

10.4. From O-postivity to diamonds. We now consider the reverse
direction of Corollary 10.6. Namely, we assume that G has a ©-positive
structure and consider the family F consisting of the Aut(g)-orbit of
the triple (U5 - b, a,b) where a and b are respectively pe and pg”.
Equivalently, the family F can be defined by taking the G-orbits of

the diamonds (U§™" - b, a, b) for € varying in {£1}°.
Proposition 10.7. The family F is a family of diamonds in Fe.

Proof. We need to check the conditions of Definition 10.2. Condition (1)
follows from the corresponding property of Ug? (point (7) of Theo-
rem 8.1) (cf. also Proposition 10.1). Condition (2) is a consequence
of the equality waUgw,;' = U™ and of Proposition 10.1. Condi-
tion (3) is there by construction of the family F. The existence part in
Condition (4) follows directly from the fact that Ug° is a semigroup.

Let us now address the uniqueness in Condition (4). With the nota-
tion introduced in this condition, we can (by Aut(g)-invariance) assume
that a = pe, b = pa”®, and D = UZ?-b. Let u be the element of UZ°
such that # = w - b and let (D’,a,z) be a diamond in F such that
D' C D. Then (u™'D',a,b) is a diamond with extremities a and b.

There is thus an element ¢ in Aut(g) fixing a and b and such that
u '~ D' = (-D. The element ¢ stabilizes all the spaces u, (for «
in ©) and thus sends, for every a in ©, the cone ¢, to e,¢, for some g,
in {£1}. Setting € = {4 }aco one has thus u=' - D' = U§™? - b and the
inclusion D’ C D can be rewritten as uUg™"  Ug°.
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The sought for uniqueness is now equivalently expressed in the equal-
ities ¢, = 1 for all a in ©. Suppose by contradiction that there ex-
ists a with ¢, = —1. Then, using for example the parametrization
of the semigroups, one can construct an element v in U§™? such that
o (log(uv)) = ma(logu) 4+ ma(logv) = 0 (where again m: ug — uq
is the projection on the factor u,); this is incompatible with the fact
that uv belongs to Ug? since we should have that m, (log(uv)) belongs
to Cq. O

10.5. U-pinnings. We make the relation with the diamonds intro-
duced here and the definition that was used in [GLW21, Definition 2.4].

Denote, for every element a in Fg by P, its stabilizer in G and by U,
the unipotent radical of P, (so that U, = Ug when a is pg). The
group U, is completely determined by its Lie algebra and will be also
identified with a subgroup of Aut(g) (namely the unipotent radical
of the stabilizer of a in Aut(g)). We will call a U-pinning of U, any
homomorphism s,: Ug — U, induced by the map z +— gxg~! where
g is an element of Aut(g) such that g - pe = a.

Lemma 10.8. Let a and b be two transverse points of Fg. Then the
diamonds with extremities a and b are exactly the triples

(SG<U®>O) -b,a, b)
where s, runs through the U-pinnings of U,.

Proof. Indeed every triple in the statement of the lemma is a diamond
and the family defined is invariant by the action of Aut(g). Hence the
result by the transitivity observed in Corollary 10.6. U

10.6. Opposite diamond. The notion of U-pinning allows us to in-
troduce the notion of the opposite of a diamond. Let (D,a,b) be a
diamond ant let s,: Ug — U, be a U-pinning such that D = s,(U5")-b
then the triple (s,(Ug°)~" - b, a,b) is a diamond that is called opposite
to (D, a,b).

Lemma 10.9. There is a unique diamond (D', a,b) opposite to (D, a,b).
Proof. Set V={ue U, |u-be Dyand V' ={uec U, |u-be D'}.
Then from the definition

V' =5,((U")™") = (5.(Ug")) " =V = {u huev,
this proves uniqueness. U

The diamond opposite to (D, a,b) will be denoted (DY, a,b). One
obviously has (DY)Y = D. Uniqueness directly implies

Corollary 10.10. If D is a diamond, and if g belongs to Aut(g), then
the opposite of the diamond g- D is g-DY: (g-D)Y =g-DV".

Lemma 10.11. Let (D, a,b) be a diamond. Then every x in D and
every y in DV are transverse.
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Proof. By invariance we can assume that a = pe, b = pg"* and D =
Ug%-b. There are then w and v in U3 such that z = u-band y = v='-b.
Then the pair (x,y) is in the same orbit that (vu-b,b). Since vu belongs
to Ugo, vu - b belongs to D and is transverse to b, thus x is transverse
to y. 0

The opposition of diamonds reverses inclusion:

Lemma 10.12. Let (D,a,b) be a diamond and x belong to D. Let
(D', a,z) be the diamond contained in D. Then the opposite diamond
D" contains DV.

Proof. We can assume a = pg and b = pa® and D = Ug" - b. Let u
be in Ug° such that * = u - b so that D' = w - D. One thus has
DY = (Ug°)™'-band D" =w-DY or u='- D"V = DV. The sought for
inclusion is therefore equivalent to u='(Ug%) ™' C (U5")~! which is a
consequence of the fact that Ug° is a semigroup. U

The last lemma implies

Corollary 10.13. The set DV consists of those x in Fg transverse to b
and such that there is a diamond (D', a,x) containing D.

10.7. Positive triples in Fg. We now use the family of diamonds to
define positive triples of flags.

Definition 10.14. A triple (f1, fo, f3) € (Fo)? is positive if f; is trans-
verse to f3 and if there exists a diamond with extremities f; and f3
that contains f.

The next proposition collects the main properties of positive triples.

Proposition 10.15. (1) [Invariance| for every (f1, f2, f3) and every g
in Aut(g), the triple (fi, fo, f3) is positive if and only if the triple
(9-f1,9" f2,9- f3) is positive.

(2) A triple (fi)icz/3z is positive if and only if, for all © # j in Z/37Z
there exists a diamond D;; with extremities f; and f; with D;; =

Dy; and fi belongs to D;; for all (i,k,j) cyclically ordered (i.e.
j—k=k—i#0inZ/37Z).

(8) [Permutation| for every permutation o € Ss and every (fi, fa, f3),
the triple (f1, fa, f3) is positive if and only (fo1), fo(2), fo3)) i pos-
itve.

(4) A triple is positive if and only if it is in the orbit (under Aut(g))
of (pe,u-pg¥, par) for some u in UZ°.

(5) A triple is positive if and only if it is in the orbit (under Aut(g))
of (pe,u™t - pdP, pa®) for some u in UZP.

(6) |Component| the set of positive triples is a union of connected com-
ponents of the space of pairwise transverse triples, in particular it
is open in (Fg)?.
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(7) |[Properness| The group G acts properly on the space of positive
triples. In particular stabilizers are compact.

Proof. (1) This property follows from the invariance of the family of
diamonds.

(2) If (f1, fa, f3) satisfies these conditions, then fo belongs to Dy 3, a
diamond with extremities f; and f3 and the triple is positive.

Conversely, if the triple (f1, fa2, f3) is positive, there exists a di-

amond D, 3 with extremities f; and f3; and containing fy. Define
D 5 to be the unique diamond with extremities f; and f, contained
in D;3 and Dy3 to be the unique diamond with extremities fo
and f3 contained in D;3. For ¢ > j define D, ; = Dv . Then the
wanted membership properties of the fj in the D, ; follow from the
choices made and from Corollary 10.13.

(3) The characterization of the previous point is clearly invariant by
permutation, hence the result.

(4) This follows from the definition and from the fact that (UZ°-b, a, b)
is a diamond (again a = pg and b = pJ™").

(5) This property follows from the previous one and the invariance by
the transposition (23).

(6) This is a consequence of the connectedness properties of diamonds.

(7) The map F — F% (where F% is the space of transverse pairs)
is continuous and equivariant. The sought for properness is then
equivalent to the properness of the action of Lg onto the semigroup
Ug 0. this properness is in turn a consequence of the fact that the
parameterizations (cf. Section 6.2) are Lg-equivariant and from the
already know properness of Lg on the product of cones (Proposi-
tion 3.7). O

Remark 10.16. In resonance with Remark 3.10, we can establish (when
© # A) that the space of positive triples has two connected components
when 70 is odd and one connected component when #0 is even.

Point (6) can be used to prove other characterizations of positive
triples, for example

Corollary 10.17. A triple is positive if and only if it is in the |Aut(g)-
orbit of a triple of the form (vu-b,v-b,b) where b = pd” and u,v belong
to UZ".

Proof. Let us prove first that any such triple is positive. By property
of the semigroup Ug°, the flags in (vu-b,v-b,b) are pairwise transverse.
Let ¢; = exp(sX) (s € R) be the 1-parameter subgroup, contained in
the Cartan subspace, where X is the element of a such that a(X) = —1
for all @ in A. Then the family {(vfsul;! - b,v - b,b)}s>0 consists of
pairwise transverse triples and converges, as s — oo, to the positive
triple (a,v - b,b) (where a = pg). This implies (thanks to point (6) of
the above proposition) that (vu - b,v - b,b) is positive.
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Let now prove the reverse statement. Any positive triple is in the
orbit of (a,w b, b) for some w in U3". The diamond with extremities a
and b and containing w - b is our first diamond D = UZ°-b = U’ a.
For z € ngp’>0, one has = - (a,w - b,b) = (z - a,zw - b,b). The element
z - a belongs to D and hence is of the form r - b for some r in Ug°.

The element zw - b belongs also to D: indeed there is z € UZ*™°
such that w-b = z-a; hence zw -b = (x2) - a and zz belongs to Ugh "
thus 2w - b belongs to U™~ -a = D. There is therefore v in U such
that zw -b=wv-b.

We finally prove that the element u = v~!r belongs to Ug". For
this, note first that u belongs to Q@* since v'r - b is transverse to b;
choose (w¢)c0,1) @ continuous path satisfying wy = e, w; = w and
w; € U for all ¢ in ]0,1] (such a path can be constructed thanks to a
parametrization F). The path (v;)cpp1 in Ue defined by the equality
ve-b = xw,-bis continuous and satisfies vy = e, v; = v and v, Ly belongs
to QP for all t. Hence u = v~!r = v{'r and 7 = vy 'r belongs to the
same connected component of Ug N QFP. Since U3 is a connected
component of that intersection and since 7 belongs to U3, we obtain
that u belongs to Ug", as announced. U

10.8. Positive quadruples. We investigate here properties of positive
quadruples.

Definition 10.18. A quadruple (a, z, b, y) in Fg is said positive if there
exists a diamond (D, a, b) such that x belongs to D and y belongs to D".

Proposition 10.19. (1) Let (a,z,b,y) be a quadruple in Fg and let g
be in Aut(g). Then (a,x,b,y) is positive if and only if (g-a,g-x,g-
b,g-y) is positive.

(2) A quadruple is positive if and only if it is in the Aut(g)-orbit of
(a,u-b,b,v~t - b) where a = pe, b=pa’ and u,v belong to UZ".

(3) A quadruple is positive if and only if it is in the Aut(g)-orbit of
(a,vu - b,v-b,b) where a = pe, b =pa’ and u,v belong to UZ°.

(4) Let (a,x,b,y) be a quadruple in Fo. Then (a,x,b,y) is positive if
and only if there is a diamond (D, a,y) such that b belongs to D
and x belongs to D', the unique diamond with extremities a and b
contained in D.

(5) A quadruple is positive if and only if it is in the Aut(g)-orbit of
(a,2 - a,zy - a,b) where a = po, b = pX* and x,y belong to UF™".

(6) Let (a,x,b,y) be a quadruple in Fo. Then (a,x,b,y) is positive if
and only if there is a diamond (D, a,y) such that x belongs to D
and b belongs to D', the unique diamond with extremities x and y
contained in D.

(7) A quadruple (f;)iczaz is positive if and only if, for all i # j in
Z/AZ there exists a diamond D, ; with extremities f; and f; with
D;; = D;. and fy belongs to D, ; for all (i,k,7) cyclically ordered.

jyi ,]
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(8) The space of positive quadruples is invariant under the dihedral
group Dy C Sy (i.e. the group generated by the 4-cycle (1,2,3,4)
and the double transposition (1,4)(2,3)). Precisely for o € Dy and
a quadruple (f1, fa, f3, fa) then (f1, fa2, f3, f1) is positive if and only
if (fo), fo@), fo®)s for)) is positive.

Proof. (1) This follows from the invariance of the family of diamonds
and the equivariance of opposition (Corollary 10.10).

(2) This follows from the definition and from the fact that, up to the
action of Aut(g), we can assume a = pg, b = pg* and that D =
Uz° - b.

(3) Applying the element v € UZ° to the quadruple (a,u - b, b, v1b)
gives the wanted result.

(4) This is the previous characterization stated in term of diamonds.

(5) This follows as (3) above using this time the equality Ug™”" - a =
Ug?-b.

(6) This is the previous characterization stated in term of diamonds.

(7) If a quadruple satisfies the stated condition, then the condition of
the definition is obviously satisfied and the quadruple is positive.

Conversely, suppose that (f1, f2, f3, f4) is positive. By definition,
there is a diamond D3 with extremities f; and f3, containing f,
and such that f; belongs to Ds; := DY,:;- We define D; 5 to be
the diamond contained in D, 3 and with extremities f; and f, and
similarly Ds 3 is the diamond contained in D; 3 with extremities fo
and f3. The characterization of point 4 gives also a diamond D 4
with extremities f; and f; and containing f; and f3. This di-
amond can be used to define the diamond Dy4 and Ds4. The
other diamonds are defined thanks to the requirement D;; = D},
All the wanted memberships are satisfied by construction and by
Corollary 10.13 except possibly that fs; belongs to D, 4. However
this membership follows from the characterization established in
point (6).

(8) The permutation invariance follows from the previous point.

t

Based on point (3) above one has

Lemma 10.20. Let a and b be the elements pg and pg* of Fo and
let v be in UZ® and x = v -b. Fory € Fo, the quadruple (a,y,x,b) is
positive if and only if there is u in UZ® such that y = vu - b.

Diamonds associated with positive quadruples are properly contained
one in another:

Lemma 10.21. Let (a,z,b,y) be a positive quadruple and let (D, a,y)
be the diamond containing x and b and let (D', x,b) be the diamond
contained in D. Then the closure D' is contained in D.
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Proof. 1t will be enough to prove that this closure is contained in the
intersection O,NQO,. By symmetry, we need only to prove the inclusion
into O,. We can assume that a = pe, y =pg"  andb=v-y, z =vu-y
with u,v in Ug". Any point in D’ is of the form vw - y with w € Ugo
(and w™'u must also belong to Ugo). In particular vw belongs to Ug"
(Corollary 8.16.(1)) and vw - y is transverse to y as wanted. O

Similarly to what as been established for triples we note

Lemma 10.22. The space of positive quadruples is a union of con-
nected components of the space F§ of pairwise transverse quadruples.

10.9. Positive tuples. Let n be an integer > 3. We introduce here
the positive n-tuples in generalizing point (2) of Proposition 10.15 or
point (7) of Proposition 10.19.

Definition 10.23. A n-tuple (f;)icz/nz of elements of Fg is positive if,
for all i # j in Z/nZ, there exists a diamond D, ; with extremities f;
and f; with D;; = D}, and f; belongs to D;; for all (i, k, j) cyclically
ordered.

Note that the diamonds are uniquely determined by the properties
that fiy1 belongs to D;; (when j ¢ {i,i+1}) and D1 = D,y ;.
From the definition, it is obvious that

Lemma 10.24. (1) The set of positive n-tuples is invariant by the di-
hedral group D, (i.e. by cyclic permutations and by the permutation
in+1—1)

(2) Any subconfiguration of a positive tuple is a positive tuple.

Here is one (among many) characterization of positive tuples.

Lemma 10.25. A n-tuple is positive if and only if it is in the Aut(g)-
orbit of

(a,ul S U 3Up—g DUy Uz by Uy b,b),
where a = po, b =paT, and, for alli=1,...,n—2, u; belongs to UZ".
Proof. Let (f1,..., fn) be a positive tuple. Up to the Aut(g) action, we
can assume that f; = a, f, = band f, 1 = u;-b. Repeated applications

of 10.20 give the sequence (ug, ..., U, _2).
Conversely let uy, ..., u, o be in U3? and let (fy,..., f,) be

(a,...,uyp---u;-b,... 0b).
For all i« < j in {1,...,n}, let D;; be the unique diamond with ex-
tremities f; and f; contained in D = UZ%-b and D;; = Dy;. The
facts that f; belongs to D;; (for i < k < jin {1,...,n}) come from
Corollary 10.17, the other cases come from Corollary 10.13. U

Restated in term of diamonds, the lemma says it is enough to check
that some sub-4-tuples are positive:
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Proposition 10.26. Let (fi,..., fn) be in (Fo)™. Then (fi,..., fn)
18 positive if and only if, for every i = 2,...,n — 2, the quadruple
(f1, fis firn, fn) is positive.

We also note that

Lemma 10.27. The set of positive n-tuples is a union of connected
components of the space of pairwise transverse n-tuples.

10.10. Compatibility of positive structures. It sometimes happens
that a Lie group admits positive structures with respect to two differ-
ent flag varieties. This can happen only when the Lie group is split
over R and if its Dynkin diagram has a double arrow. This concerns
the following groups up to isogeny:

e the symplectic Lie group Sp(2n, R);

e the orthogonal groups SO(n,n + 1);

e the real split Lie group of type Fj.

Let G be a split real group that also admits a positive structure
for © # A. We denote by B = P the Borel subgroup and by Pg
the parabolic subgroup associated with ©; their Lie algebra will be
denoted b = pa and pe respectively; similar notation will be adopted
for the standard opposite parabolic subgroups and algebras. We have
B < Pg. Note that in this case, as explained in Section 3.3, a pinning
in the sense of Chevalley determines a ©-base. Let U>% U°PP>0 and
Ug’, ngp’>0 be the corresponding semigroups. The natural projection
m: Fa — Fo is Aut(g)-equivariant and 7(b) = pe and m(bPP) = pJ*.
This projection behaves well with respect to the notion of positivity
introduced:

Proposition 10.28. Let (a,z,b) be a positive triple in Fn. Then
(m(a), m(x),m(b)) is a positive triple in Fg.

Proof. The positive semigroup U>? is determined here by elements X,
generating g, for a in A. These elements can be used to fix the semi-
group Ugo, i.e. to fix the cones ¢, C u, (a € O): for a # ag, Uy = ga
and we let ¢, = R>¢X,, for a = ag we fix ¢, C u, by the property
that X, € c,.

First observe that, by the transitivity of the action of G on the space
of transverse pairs and since (m(b),7(b°PP)) = (po,pg’), the image
by 7 of every transverse pairs in F is a transverse pair in Fg.

Let us prove the proposition. By the transitivity of the action
of Aut(g), we can assume that a = b, b = b°®® and z = w - b for
u € U Hence 7(x) = u - 7(b) and we need to show that u - m(b) €
Ug? - m(b). Since w(z) is transverse to m(b) it is enough to prove that
u-m(b) € Ug” - (D).

Let us prove thus that U= (Ug%-m (b)) C Ug"-7(b). Since U=" is the
semigroup generated by the exp(X) where X =tX, € g, forall ¢ >0
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and a € A, it is enough to show the inclusion exp(X) - (Ug" - 7(b)) C

Ug" - m(b) for such an X. When « belongs to ©, then exp(X) belongs
to USO and the inclusion comes from the fact that Ugo is a semigroup.
When « belongs to AN\ ©, then exp(X) belongs to Lg and the inclusion
comes from the fact that L normalizes Ug® and fixes m(b). O

10.11. Positive maps. We extend the notion of positive tuples to the
notion of positive maps. For this let us denote by A a set equipped
with a cyclic ordering (typically A is a subset of the circle). This means
that there is a subset A3* of A? consisting of cyclically oriented triples.
There is therefore a notion of cyclically oriented n-tuples in A.

Definition 10.29. A map f: A — Fg is said positive if the image by f
of every cyclically oriented n-tuple is a positive n-tuple.

Proposition 10.26 implies immediately

Lemma 10.30. A map [ is positive if and only if it sends every cycli-
cally oriented quadruple to a positive quadruple.

11. POSITIVE SLs

In this section we will show the Lie algebra of a simple Lie group G
admitting a ©-positive structure admits a special 3-dimensional subal-
gebra. We will draw several consequences from this, in particular the
existence of a positive circle in Fg, that is used in [GLW21, Proposi-
tion 2.9).

11.1. The ©-principal subalgebra. The split Lie subalgebra ge ad-
mits a special subalgebra (rather a conjugacy class of subalgebras),
called the principal sly. In the correspondence with nilpotent elements
given by the Jacobson-Morozov theorem, it is the sly-subalgebra cor-
responding to a regular nilpotent element (again it is rather the conju-
gacy class that makes intrinsic sense). A regular nilpotent element is

for example ) o E, (where E, are given in Section 3.3).

Definition 11.1. The ©-principal subalgebra is (the conjugacy class
of) the subalgebra of g, isomorphic to sly(R) and represented by the
principal subalgebra of gg.

The induced morphism 7g: sly(R) — g will be called ©-principal
embedding.

Ezample 11.2. When G = Sp(2n, R) let us explain the subgroup cor-
responding to the ©-principal subalgebra. For the case © = A, the
subgroup is the image of the irreducible representation of SLy(R) of
dimension 2n. For the case when © = {«,,}, the subgroup is the set of
bloc matrices, with blocs of size n all scalar multiples of the identity
matrix.
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11.2. The O-principal sl,-triple. Recall from Section 3.3, that the
choice, for all @ € O, of elements X, in g, such that {X,, X _, =
7(Xa), Hy = [Xa, X_o|} form an sly-triple, determine a family called
a ©-base {E,, F, Dy }aco and generating ge.

Let ® denote the simple roots of go (where the Cartan subalgebra
is chosen to be the span of the D, ). By the choice of the ©-base, O is
naturally identified with the simple roots in ® and the associated set
of positive roots will be denoted ®*. For every «a in ®, we will also
denote by (E,, F,, D,) an sly-triple in gg corresponding to the root a.

Let us introduce

D= ) D.,

acdt

there are positive integers ¢, (o € ©) such that

D= g¢uDa.

acO

and we can introduce also

E=) q/’E.. F=) q)/’F..

acO [IC)

Lemma 11.3 (|[Kos59, Lemma 5.2|). The triple (E, F, D) is an sly-
triple and it generates the principal 3-dimensional subalgebra of ge.

Definition 11.4. The triple (F, F, D) (and its conjugates) will be
called a ©-principal sly-triple.

For Lusztig’s total positivity in split real Lie groups, it is well-known
[Lus98, Proposition 5.9.(a)| that for X =" .\ kqX, with k, > 0 for
all &« € A one has that exp(X) is contained in the positive unipotent
semigroup. This directly implies

Lemma 11.5. The element exp(E) belongs to N5, where NG is the
totally positive unipotent semigroup in Nog = Gg N Ug.

From this lemma, we deduce the following corollary, which is of in-
dependent interest. It generalizes [Lus98, Proposition 5.9.(a)].

Corollary 11.6. Let Z =) .o Za, with Z, € ¢q for all v € ©. Then
exp(Z) belongs to UZ°.

Proof. Since Lg acts transitively on Il,ce¢, (Proposition 3.7), there
exists ¢ € L@ such that Z = Ad(¢)E. Since exp: ug — Ug is equivari-
ant with respect to Ly, and Ug? is Ly-invariant, Lemma 11.5 (together
with the formula defining ') implies the claim. [l

The ©-principal embedding mg: sly — g induces an homomorphism
To: SLe(R) — G and hence an action of SLy(R) on the flag variety Fe.
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Lemma 11.7. The stabilizer of po € Fo in SLa(R) is the standard
Borel subgroup B (whose Lie algebra is b = RE ® RD).

Proof. Since mo(E) and mg(D) belongs to pe, it is clear that the Lie
algebra of this stabilizer contains b. Since the SLy(R)-orbit of py is not
trivial, the Lie algebra of the stabilizer must be equal to b. Hence the
stabilizer is either B or its neutral component B°. We thus need to
prove that —id = exp(m(E — F')) belongs to the stabilizer.

It is well known that the element x = exp(5(E — ")) of SLy(R) is
sent by mg to (a representative of) the longest length element of Ge.
One has hence (cf. Proposition 4.8) that 7g(z)-pe = wa-pe = pg" and
mo(z) - pa¥ = pe which implies the sought for equality: 7e(2?) - po =
pe. U

From this, identifying P(R?) with SLy(R)/B, we obtain an equivari-
ant embedding P(R?) — Fg. As a direct consequence of Lemma 11.5
(and since the cyclically ordered tuples of P(R?) are well understood)
we obtain the following

Proposition 11.8. The embedding P(R?) into Fg induced from the
Lie algebra homomorphism mg: sly(R) — g is a positive circle.

Remark 11.9. When © # A, there are sometimes more than one em-
bedding of sl that give rise to a positive circle in Fg. For example
when G is a split real group, the principal 3-dimensional subalgebra
of g determines a positive circle in Fg for any © such that G admits a
©-positive structure (cf. Section 10.10).

Remark 11.10. Motivated by the introduction of ©-positivity, Bradlow,
Collier, Garcia-Prada, Gothen and Oliveira introduce in [BCGP*21]
the notion of magical nilpotent elements and of magical sly-triples.
They further observe that given a complex Lie group and a magical
nilpotent element e there is a canonical real form g associated with e,
and this real form admits a ©-positive structure. It is clear from the
above construction, that the split real form ge is the split real subal-
gebra denoted g(e) in [BCGP*21], and the image of the embedding
To: sly — g is the (real) magical sly-triple in g.

APPENDIX A. LONGEST LENGTH ELEMENT IN B,

In this section we determine a reduced expression of the longest ele-
ment in they Weyl group associated to a root system of type B,;.

This is the type of the system of restricted roots of the groups SO(p+
Lp+k) (p>0,k>1). A choice of quadratic form which makes the
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0 0 K
calculations a little easier is given by the matrix @ = [ 0 J 0 [,
'K 0 0
(-1
) 0 0 1
where K = a ,and J = [0 —idg_; O
1 1 0 0

—1
With this choice, a Cartan subspace a of so(p + 1,p + k) is its in-
tersection with the space of diagonal matrices. A natural basis of a*
(with respect to this particular matrix realisation of the group) are the
e; (i =1,...,p+ 1) mapping a diagonal matrix to its i-th diagonal
entry. We will use this to identify a with RP*! and describe the Weyl
group and its elements in GL,+1(R).
The roots are

{Feiticq, priy U{Ee; L ertjren, pritjick-

For the lexicographic order the positive roots are

{eitieq,..pr1y U{es £ ertjneqr, priti<n
and the simple roots are a; = e; — ez, g = €3 —€3, ..., Qp = €, — €py1,

Qp+1 = Ep1.
The Weyl group W naturally identifies with (Z/2Z)P*! x S, acting
on RP™! by permuting the coordinates and changing their signs. Its

generators Sy, ..., Sp,+1 associated with a, ..., @, are the transforma-
tions:
s1: (21, Toy ooy Tpr1) > (T2, T1, oo, Tpp),s
So: (1, T2, T3y ..o, Tpy1) > (21, X3, X, . oo, Tpi1),
.
Spi (T1y ey Tpy Tpi1) > (T1y 0o Tpi1, Tp)
and spi1: (21,22, ..., Tpp1) > (T1,Tay ooy, —Tpi1)-

Furthermore the longest length element of W is —id,;; as it must
exchange the Weyl chamber with its opposite.

Let © = {1,...,p}. With the notation of Section 4 g = v, the
longest length element in Wa. o = (Sp41) i 5,11 itself and the subgroup
of W generated by s, and s, is isomorphic to (Z/2Z)? x Sy (the Weyl
group of SO(2,2 + k)). Its longest length element is s,5,115,5p+1 =
Sp+15pSp+15p S0 that the element 0, = o0g is spsp415,. Seen as an
element of GL,:1(R), 0, is the transformation (z1,...,2,, p41) —
(X1, oy —Tp, Tpi1)

Recall that the group W(O) is the subgroup of W generated by
$1,...,5p—1 and g,. As all these generators fix the last coordinate, we
can identify W (0) as a subgroup of GL,(R). With this identification
in mind and the above description, it is apparent that this subgroup
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is the Weyl group of type B, and its longest length element is, in this
geometric realization, —id,.

Turning back to subgroups of GL,.(R), the longest length element
of W(©) is the transformation

(1, oy Ty Tpi1) = (X1, ey =T, Tpi1)-
Since the longest length element of W is —id,; and the longest length
element of Wa_e is s,41 one gets as well that w®, is

(1, Xy Tpi1) > (—X1, ooy —Tp, Tpi)

establishing, for the type B,1, the equality of Proposition 4.8.
Written as products of generators, these elements are: (we use the
notation ¥ =y~ 'xy so that (z¥)* = 2¥* and 0, = 5,7, ;)

— SprS1 SpreeS2 .« e Sp ..
WA = Spt1 Spa Sp+1° " Sptl
© _ Sp=rS1 _Sps2 Sp
Wiax = Spr1 Spr1 ° " Spti
— 45p—1"51 5Sp—1"752 | | 5Sp—1 |
=0, o, o, Tps

which gives an other proof of the fact that w?, is the longest length

element in W (©). The above equalities are easy to establish noting
that )%™ 18 (@1, ..., Tk, ..o Tpgr) = (L1, 000y =Ty oo, Tpp)-

One can also verify that the above decompositions are reduced: for
example, the length of wx is the dimension of the complete flag variety
for the split group SO(p + 1,p + 2) and is thus equal to (p + 1)?; this
number matches the length of the above product.

APPENDIX B. LONGEST LENGTH ELEMENT IN F}

In this section we determine a reduced expression of the longest ele-
ment in they Weyl group associated to a root system of type Fj.

The root system Fj is intimately related with the lattice A of R*
generated by Z* and the element £(1,1,1,1). An alternative descrip-
tion of A is the set of elements in R* all of whose coordinates have the
same remainder, 0 or 1/2, modulo 1.

The elements of F, are the elements of A whose Euclidean norms
are 1 or v/2. They can be explicitely listed: let (e;);1.. 4 the canonical
basis of R*, then

1
EF, = {iei}ie{17...,4}{i€k + ef}k,ﬁe{l,...A},kd{Q(iel +eytest 64)}.
The positive roots are (using colexicographic order)

1
{ei}ie{L...A}{iek + elf}k,ge{1,...,4},k<e{§<i€1 teytes+ 64)}7

and the simple roots are

1
] = —€9 + €3, (ig = —€1 -+ €, X3 = €1,y = 5(—61 — €y — €3 —+ 64).
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The Weyl group is the subgroup of GL4(R) generated by the sym-
metries si, ..., sS4 associated with aq,...,ay. The transformation s; is

T T — 2%0@. In matrix coordinates

1 -1 —1
s—l -1 1 -1
7ol -1 -1 1
1 1 1

—_ =

The element s is (x1, 2, T3, x4) — (=21, T2, x3,24). Finally sy and s
are respectively (xy,zo, x3,24) — (X9, 21,23, 24) and (21, g, T3, T4)
(SL’l, T3, Lo, .T4).

The relevant subset of the simple roots in this situtation is © =
{a1,a5} and the root ag is ay. The subgroup Wa. e is generated
by s3 and s; and is isomorphic to Sj, its longest length element is
S5' = $45354 = $35453 = Sy°.

The subgroup generated by the symmetries indexed by A \ © and
ag is the group generated by {ss, s3, s4} and is isomorphic to the Weyl
group Bjs (with the reindexation 1 — 4,2 +— 3,3 +— 2 with respect
to the previous appendix). Its longest length element is sgs5°s5*** =
$98382835453525354. Hence the element oy = og 1is:

O9 = S985°85°% 84838,
59535253545352(53545453)54

= 325382835453(3254)

= 528352(33845384)52

= 525352545352

— 59535459253S592.
And the last two expressions are reduced (this can be deduced from
the fact below that s,8354828389 is a subword of a reduced expression

of the longest length element).
One can calculate o9 in GL4(R):

-1 -1 -1 1
I S T R R
2751 -1 1 1 1|
1 -1 1 1
as well as (recall that o7 = 1)
-1 -1 -1 1
11 -1 1 1 1
12=51 1 11 -1
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Its square is

1 00 0
;[0 o1 0

(@@ =19 00 -1 |
0 -1 0 0

showing that oy09 is of order 6 and that W (0©) is of type Gb.
Finally, the following holds

1 1 1 -1
_1 1 1 -1 1 q
535483 — 5 1 -1 1 1 al
—1 1 1 1
-1 -1 -1 1
Il -1 —1 1 -1
(0102)° = 5| -1 1 -1 -1 |~ —'(s35453) .
1 -1 -1 -1
We thus have
(0’10’2)3838483 = (0’20‘1)3838483 = — 1d4

— 59853592545352S51 * §95352545352S571 * $95352545352S51 * $354S53

which is the longest length element of F, (since it sends the Weyl
chamber to its opposite) and a reduced decomposition of it (since the
length of this decomposition is equal to 24, the number of positive
roots). This shows the identities in Proposition 4.8 in this case too.
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