Hendrik Van Steenbrugge 
email: hendrik.van-steenbrugge@su.se
  
Rethinking the notion of textbooks as mediators between the official curriculum and classroom practice

Keywords: Mathematics textbooks, culture, social relations

Textbooks are frequently understood to mediate between the official curriculum and the classroom from an alignment perspective. Such an understanding of textbooks has advanced our knowledge of the multifaced nature of curriculum implementation, though it runs short on explaining the origins of aspects in textbooks that aren't typically covered in the official curriculum. As an alternative, I propose to understand textbooks as a locally constituted hybrid. Such a position does not a priori approach textbooks from their alignment with the official curriculum and classroom practice, but might take a network of social practices in relation to textbooks into consideration. I believe that this helps to inquire about the origins of the social aspects of teaching and learning mathematics typically covered in textbooks, but usually not covered in great detail in official curricula. I also believe that such an understanding helps to foreground textbook studies as a full-fledged research field.

Introduction

Mathematics textbooks are commonly situated in between the official curriculum and the actual classroom practice, often with an assumption that content and values travel from the official curriculum through the textbook into the classroom (e.g., [START_REF] Pepin | Investigating textbooks as crucial interfaces between culture, policy and teacher curricular practice: Two contrasted case studies in France and Norway[END_REF][START_REF] Valverde | According to the book: Using TIMSS to investigate the translation of policy into practice through the world of textbooks[END_REF]. Although the specific labeling differs between studies and frameworks, our field of study differentiates between the official curriculum (standards, national or regional frameworks, and sometimes even high-stake tests), written curriculum (the textbooks), teacher-intended curriculum (teachers' ideas for instruction), enacted curriculum (as instruction unfolds in the classroom), and attained curriculum (students' outcomes) (e.g., [START_REF] Remillard | Conceptualizing the curriculum enactment process in mathematics education[END_REF][START_REF] Valverde | According to the book: Using TIMSS to investigate the translation of policy into practice through the world of textbooks[END_REF]. Underlying this conceptualization is an idea of alignment: an alignment between the official curriculum and the textbooks, the textbooks and the teachers' ideas, the teacher ideas for instruction and the actual instruction, and the actual instruction and students' outcomes. Such an understanding of curriculum and of textbooks has helped to advance the field's understanding of how curriculum possibly impacts student learning, and of the multifaced nature of curriculum implementation.

The curriculum implementation process is primarily framed from a content-related perspective. Yet, as much as teaching and learning mathematics is about mathematical content, it is a social activity, making it relevant to also inquire about the nature of the social relations between the teacher, students, resources, and mathematical content [START_REF] Love | This is so': a text on texts[END_REF][START_REF] Pepin | Mathematics textbooks and their use in English, French, and German classrooms: a way to understand teaching and learning cultures[END_REF][START_REF] Rezat | From the didactical triangle to the socio-didactical tetrahedron: artifacts as fundamental constituents of the didactical situation[END_REF]. Whereas official curricula typically don't contain much detail about the configuration of these social relations [START_REF] Boesen | Developing mathematical competence: From the intended to the enacted curriculum[END_REF][START_REF] Valverde | According to the book: Using TIMSS to investigate the translation of policy into practice through the world of textbooks[END_REF], mathematics textbooks do. Thus, the idea of alignment between the official and written curriculum runs short in understanding where the configurations of social relations in textbooks come from. To advance the field's related understanding, I propose to change a predominant understanding of how textbooks are culture. In this paper's remainder, I will first exemplify the predominant view of alignment in influential curriculum studies. I will then describe two views of culture in mathematics education, arguing that one particular view has dominated the field, and to understand textbooks as a locally constituted hybrid. Next, I will apply such an understanding to interpret an example textbook study of configured social relations and present a network alternative to the predominant alignment view.

An alignment view in influential curriculum frameworks and studies

In this section, I attempt to illustrate how an alignment view in thinking about curriculum has dominated the field. I do so in relation to the highly influential framework adopted in the TIMSS textbook studies and in relation to a group of cross-contextual studies that explicitly aimed to uncover part of the cultural dimension of teaching and learning mathematics.

The TIMSS textbook studies

The TIMSS studies center on a model of educational opportunities in which textbooks play a mediating role between systemic intentions and classroom instruction. The grounding of the model of educational opportunities, Valverde and colleagues (2002) describe, is a tripartite model of curriculum: the intended curriculum (the curriculum as system goals), the implemented curriculum (the curriculum as instruction), and the attained curriculum (the curriculum as student achievement). Stressing the mediating role of textbooks, Valverde and colleagues (2002) position the textbook as the potentially implemented curriculum between the intended and implemented curriculum. The language underlying the TIMSS textbook studies reflects a view that understands content and values to travel from the intended (or official) curriculum, through the textbook, into the classroom:

The model envisions content standards, frameworks, programs of study and the like as primary defining elements of potential educational experiences. […] Even so, another characterization is essential for the model. This is a portrayal of the most important instruments intended to translate these goals into prescriptions or suggestions for specific opportunities to be created in classrooms. Thus, an additional important component of the TIMSS measurement strategy included a look at how textbooks provide templates for student actions in the classroom. […] How textbooks are related to the intended curriculum and the particular vision that they promote regarding what students are expected to learn are among the fundamental features of educational systems. […] The ability to link these features to other outcomessuch as instructional practices and student achievement is another strength of this approach. (Valverde et al., 2002, pp. 8-9) The abovementioned description stresses the primary role of the intended or official curriculum, the role of textbooks as translators of the official curriculum, and the linking of textbooks to classroom practice and student achievement. In fact, the title of this study "According to the book. Using TIMSS to investigate the translation of policy into practice through the world of textbooks" [START_REF] Valverde | According to the book: Using TIMSS to investigate the translation of policy into practice through the world of textbooks[END_REF] stresses exactly this idea of linearity.

Other TIMSS textbook studies [START_REF] Schmidt | Why schools matter: Using TIMSS to investigate curriculum and learning[END_REF][START_REF] Schmidt | Many visions, many aims[END_REF] have added empirical grounds to such a linear notion of alignment. Reflecting the textbook research field's focus on mathematical content [START_REF] Fan | Textbook research in mathematics education: Development status and directions[END_REF][START_REF] Herbel-Eisenmann | From intended curriculum to written curriculum: Examining the" voice" of a mathematics textbook[END_REF], these two studies prioritized the content over the social dimension of teaching and learning mathematics. Also, building further on the TIMSS framework, [START_REF] Remillard | Conceptualizing the curriculum enactment process in mathematics education[END_REF] have further specified the official curriculum. Underlying their model is also the notion of alignment from the official to the operational curriculum, partially mediated by textbooks. Remillard and Heck also draw an arrow from the operational to the official curriculum, yet this is one of the few arrows that don't get concretized or explained in great detail.

Cross-cultural textbook studies

Pepin and colleagues have studied French, German, English, and Norwegian textbooks in terms of their cultural underpinnings [START_REF] Pepin | Investigating textbooks as crucial interfaces between culture, policy and teacher curricular practice: Two contrasted case studies in France and Norway[END_REF][START_REF] Pepin | Mathematics textbooks and their use in English, French, and German classrooms: a way to understand teaching and learning cultures[END_REF]. This influential body of cross-cultural work found that the textbooks differed in terms of the particular mathematical focus and the sequencing of activities. French textbooks, for instance, were clearly sequenced according to a learning trajectory consisting of small investigations, essential content, and practice whereas Norwegian textbooks contained a mix of practical activities followed by exercises. These scholars understood the observed differences in terms of underlying beliefs about rationality (as part of encyclopaedism) in France and doing math in Norway. Traces of these underlying beliefs were also observed in official curriculum documents and teachers' actual teaching, which led [START_REF] Pepin | Investigating textbooks as crucial interfaces between culture, policy and teacher curricular practice: Two contrasted case studies in France and Norway[END_REF] to conclude that these underlying ideas travel from the official curriculum, through the textbooks, to the classroom practice. Interestingly, [START_REF] Pepin | Investigating textbooks as crucial interfaces between culture, policy and teacher curricular practice: Two contrasted case studies in France and Norway[END_REF] also mention that the French and Norwegian textbooks under study were designed by teachers and teacher educators, which calls to complicate the idea that underlying ideas travel from the official curriculum, through the textbooks, to the classroom practice. Teachers and teacher educators represent classroom and teacher education practice, each bringing in their particular interest (e.g., [START_REF] Apple | The text and cultural politics[END_REF]. The design of textbooks by teachers and teacher educators is a frequent practice in multiple educational systems across the globe. It seems that multiple paths toward the textbook, or even a network is at stake. Therefore, I propose to reconsider textbooks as culture. That is at focus in the following section.

Two views of culture

Reflecting on research on instructional practices to support equitable learning opportunities in mathematics classrooms, [START_REF] Hodge | Two views of culture and their implications for mathematics teaching and learning[END_REF] come to identify two views of culture in relation to teaching and learning mathematics. The vast majority of studies, Hodge and Cobb argue, is to be situated in the Cultural Alignment Orientation. Related studies understand culture as a network of relatively stable practices of a bounded community. Research then departs in students' out of school practices to work toward aligned classroom practices that offer meaningful opportunities to learn. The Classroom Participation Orientation, on the other hand, considers culture as a network of local hybrid practices that people jointly constitute. In this orientation, research tends to originate in classroom practices that offer meaningful opportunities and considers adjustments and supports to ensure participation of all groups of students. Hodge and Cobb argue that the latter orientation considers cultural alignment as one of the several resources for more equitable learning opportunities, but not as the default option as is the case for the first orientation, and hence as more promising in terms of providing instructional guidance.

Relating Hodge and Cobb's identified views of culture to textbook analysis, I believe it is fair to say that most of the (cross-cultural) textbook studies are to be situated in a cultural alignment orientation.

As illustrated in the previous section, influential studies point to the alignment of textbooks with the official curriculum and with classroom practices [START_REF] Pepin | Investigating textbooks as crucial interfaces between culture, policy and teacher curricular practice: Two contrasted case studies in France and Norway[END_REF][START_REF] Pepin | Mathematics textbooks and their use in English, French, and German classrooms: a way to understand teaching and learning cultures[END_REF][START_REF] Schmidt | Why schools matter: Using TIMSS to investigate curriculum and learning[END_REF][START_REF] Schmidt | Many visions, many aims[END_REF][START_REF] Valverde | According to the book: Using TIMSS to investigate the translation of policy into practice through the world of textbooks[END_REF]. Instead, I propose to understand textbooks and the culture in textbooks as a locally constituted hybrid. Such a perspective does not a priori focus on textbooks in terms of their alignment toward the classroom and the official curriculum, but tries to better understand how textbooks embody culture and how actors representing multiple social practiceshence the hybridare engaged in jointly constitutinghence the localtextbooks as cultural artefacts. As Apple wrote about textbooks about 30 years ago, "[Textbooks] are the simultaneous results of political, economic, and activities, battles, and compromises. They are conceived, designed, and authored by real people with real interests" (Apple, 1992, p. 4). In the following section, I will describe an example textbook study that focuses on the social dimension of teaching and learning mathematicsfor which the cultural alignment orientation falls short in explaining where the observed configurations of social relations come from. I will then try to illustrate how the notion of textbooks as a locally constituted hybrid one might help to inquire in a more powerful way about the origins of these configurations.

The textbook as a locally constituted hybrid

Intended configurations of social relations in textbooks from Sweden, USA, and Flanders

In a related study, I have analyzed textbooks from Sweden, the USA, and Flanders (Van Steenbrugge & Remillard, in preparation). We focused on lesson guides, or the section where textbook authors explicitly communicate with teachers about the author-intended lessons. [START_REF] Bezemer | Multimodality, learning and communication: A social semiotic frame[END_REF] describe that writing is no longer the main mode of communication to facilitate students' engagement with textbooks, and we soon experienced that the same applies to the sections that talk explicitly to teachers. The selected textbooks from all three educational contexts appeared to communicate consistently through written text, layout, and images, which helped to identify particular configurations of social relations between the teacher, students, the central artefacts at stake, and the mathematical content (See Table 1).

We started from [START_REF] Rezat | From the didactical triangle to the socio-didactical tetrahedron: artifacts as fundamental constituents of the didactical situation[END_REF] tetrahedron model to visualize the social relations between teacher, students, and artefact, and their position relative to the mathematical content, but further specified the model in three ways. We differentiated between the social relations during lesson enactment (blue lines) and lesson preparation (green lines) because lesson guides both communicate about the intended lessons and are usually read by teachers during lesson preparation. We also specified the central artefacts at stake: student textbook and/or chalkboard during lesson enactment, and lesson guide during lesson preparation. Finally, we characterized the relations in terms of agency, intimacy, and prominence. Arrows signal who has agency over whom. In some cases, agency was shared between two nodes, which we indicated by means of a double-sided arrow. In other cases, none of the nodes seemed to have authority over one another, which we indicated by means of a line without arrows. Variations of distance between nodes is used to indicate that some social relations between nodes were more intimate compared to other nodes. We marked more prominent relations from less prominent ones by means of thicker lines. The figures appear to be quite consistent within each context, but differ considerably across the three contexts. These representations of the particular privileging of configured social relations relate to particular ideas about what it means to be a student learning and a teacher teaching mathematics. These ideas seem to differ primarily from context to context, with some more within-context variation in the USA, where multiple groups advocate for certain views in relation to teaching and learning mathematics.

In Flanders, for instance, student access to mathematics seems to be mediated by the teacher and the chalkboard. During class, the teacher, ultimately, is the authority of what counts as mathematical correctness. This stands in sharp contrast to the particular configuration of social relations in EM, from which it seems that mathematical authority is a shared responsibility. One of the aspects that differentiates the Swedish textbooks from the others is their configuration of the teacher-related relations. The blue lines without arrows between teacher and student, and teacher and textbook indicate that the teacher has a responsive, rather than an active role during the lesson. The important message here is that the configurations of social relations in textbooks, and the underlying particular ideas of what it means to be a mathematics student and teacher, seem to differ across contexts. This points at context-specific culturally valued norms as to what it means to teach and learn mathematics. That is the starting point for the next section.

Where does the configuration of social relations come from?

The previous section suggests that textbooks from different educational contexts privilige particular configurations of social relations, which have roots in underlying meanings of being a student and teacher. These differences call to nuance a linear conception as to how culture finds it ways into the classroom and the assumed transmissive role of textbooks in this matter (e.g., [START_REF] Pepin | Investigating textbooks as crucial interfaces between culture, policy and teacher curricular practice: Two contrasted case studies in France and Norway[END_REF][START_REF] Valverde | According to the book: Using TIMSS to investigate the translation of policy into practice through the world of textbooks[END_REF]. Official curricula do not contain such detailed descriptions of social relations as the ones represented in Table 1 [START_REF] Boesen | Developing mathematical competence: From the intended to the enacted curriculum[END_REF][START_REF] Valverde | According to the book: Using TIMSS to investigate the translation of policy into practice through the world of textbooks[END_REF]. So where do these configurations of social relations in textbooks come from? Even if it is likely that the enacted lessons differ from the pictures that come out of our analysis (Stein, Remillard, & Smith, 2007), it is worth thinking about where the observed cross-cultural differences come from. In discussing that particular question, I propose to consider textbooks as a locally constituted practice. Thus, rather than primarily understanding textbooks in function of the official curriculum and classroom practice, it is worth focusing on the social practice of textbook design in trying to better understand how cultures of mathematics teaching and learning are constituted in textbooks.

From a locally constituted hybrid perspective on textbooks, the observed privileging of configurations of social relations represent mathematics education culture amongst the actors involved in textbook production. In many cases, textbook authoring includes participation among teachers, teacher educators, researchers, and other stakeholders such as the inspectorates. Each brings in a specific interest, even if not explicitly named. The textbooks under study are published by commercial publishers, which also brings an economic aspect into the picture. Also, families or other influential communities such as the labor market practices influence textbook production and adoption (e.g., [START_REF] Apple | The text and cultural politics[END_REF]. The view of textbooks as a locally constituted hybrid helps to uncover potential sources other than the official curriculum. Explicitly studying this hybrid and locally constituted nature of textbooks therefore seems to have the potential of adding to our understanding of the cultural and political significance of textbooks.

How could an alternative to the predominant view of alignment look like?

I think that Valero's (2010) conceptualization of mathematics education as a network of social practices is helpful in this regard. Such a conceptualization stresses that the social practices outside of the classroom, such as the textbook design practice, are as significant practices of mathematics education as the actual classroom practices. Figure 1 is an attempt to capture some of the relevant social practices in relation to textbooks and textbook design. There are connections with the official curriculum and classroom, but this is not the main flow. There are also connections to other social practices such as teacher education, teaching, high stakes testing, mathematics education research, and digitalization. These social practices are also connected to one another. High stakes testing, for instance, has connections to the official curriculum and the classroom. Digitalization has connections to the mathematics education research field, the classroom, and families. As indicated by the dark blue lines in Figure 1, the configurations of the social relations, then, can come from a negotiation (locally constituted) between teacher educators, teachers, and researchers involved in the design of textbooks, where each draws on her/his particular background (the hybrid). Nowadays, and especially with the COVID-19 pandemic as a catalysator, digital textbooks and platforms are increasingly present in the learning and teaching of mathematics, which also potentially impacts the configurations of social relations (e.g., [START_REF] Ruthven | Instructional activity and student interaction with digital resources[END_REF]. Furthermore, the constitution of the network and the prominence of social practices and connections between these practices can accommodate to the particular educational context. In Sweden and the USA, for instance, significant curriculum interpretation resides at the individual teacher level and in high stakes testing, respectively [START_REF] Van Steenbrugge | A cross-cultural study of curriculum systems: Mathematics curriculum reform in the U.S., Finland, Sweden[END_REF]. This makes the official curriculumteachersclassroom connections particular prominent in the Swedish network compared to the official curriculumhigh stakes testing classroom connections in the USA (See the orange and red lines in Figure 1).

Figure 1: Textbooks in a network of social practices

As one can see in Figure 1, the network allows to take distance from one primary form of alignment.

Rather than considering other factors as potentially influencing alignment, it understands these factors as constitutive elements of the network of social practices that relate to textbook design. It also points towards understanding textbook studies as a research field on its own, not just as auxiliary to studying classroom practices and student performance.
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Table 1 : Configured social relations in elementary mathematics textbooks from Flanders, USA, and Sweden (from Van Steenbrugge & Remillard, in preparation)
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	Flanders	USA	Sweden
	Kompas (KP)	Math in Focus (MiF)	Matte Direkt (MD)
	Nieuwe Tal-rijk (NT)	Everyday Mathematics (EM)	Matte Eldorado (ME)