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This paper presents the results of the first cycle of an ongoing design research. A Hypothetical Learning Trajectory (HLT) is proposed to introduce the concept of linear combination in a first linear algebra course. To evaluate the HLT, we conducted a teaching experiment with engineering students in a Mexican public university. In the analysis phase, the HLT was compared with the Real Learning Trajectory (RLT) to evaluate how university students' understanding progresses when they work with tasks designed under the practical action projects. We use emergent modelling as a theoretical framework for describing students' level of understanding achieved. Results showed some limitations of the HLT to achieve a formal level of understanding.

Introduction

Linear algebra is one of the fundamental and required courses for many science and engineering students. However, several researchers have reported that linear algebra remains a difficult course for students [START_REF] Dorier | The Obstacle of Formalism in Linear Algebra[END_REF]Stewart & Andrews-Larson, 2018). For example, [START_REF] Dorier | The Obstacle of Formalism in Linear Algebra[END_REF] point out that students' difficulties with linear algebra are a consequence of abstraction, the abundance of new words, symbols, definitions, theorems, and the lack of connection with previous knowledge.

Consequently, since the late 1980s, several studies have been carried out on teaching and learning linear algebra concepts. [START_REF] Trigueros | Linear Algebra Teaching and Learning[END_REF] report that linear algebra topics most frequently studied are span, linear independence, linear transformations, eigenvectors, and eigenvalues. In particular, the existing documentation on the concept of linear combination is scarce. Nevertheless, some researchers [START_REF] Cárcamo | The hypothetical learning trajectories: an example in a linear algebra course[END_REF][START_REF] Stewart | Embodied, Symbolic and Formal Aspects of Basic Linear Algebra Concepts[END_REF] point out the importance of its learning to construct and understand other linear algebra concepts such as linear dependence, linear independence, spanning set and span.

Concerning studies on the linear combination, [START_REF] Parraguez | Construcción y uso del concepto combinación lineal de vectores[END_REF] present a genetic decomposition of the concept under the APOS (Action, Process, Object and Schema) theory. [START_REF] Mutambara | A case study of in-service teachers' errors and misconceptions in linear combinations[END_REF] examined the errors and misconceptions that mathematics teachers have when solving problems based on the linear combination and found that the most frequent errors are the foundational type, relating to misinterpretations of solutions to systems of equations. Furthermore, other studies present teaching and learning proposals, such as the one conducted by [START_REF] Wawro | An Inquiry-Oriented Approach to Span and Linear Independence: The Case of the Magic Carpet Ride Sequence[END_REF], who propose an instructional sequence known as The Magic Carpet Ride based on the Realistic Mathematics Education (RME) theory to study span and linear independence. This sequence begins with a problem that introduces the formal notation and language of scalar multiplication, linear combinations, and systems of equations. In general, the results found in the literature served as the basis for the design of our HLT tasks.

Theoretical framework

In this study, we use the work of [START_REF] Simon | Reconstructing Mathematics Pedagogy from a Constructivist Perspective[END_REF] to construct a HLT with tasks based on the practical action projects principles [START_REF] Cuevas | Les projets d'action pratique, eléments d'une ingénierie d'enseignement des mathématiques[END_REF]. Hypothetical learning trajectories are a structure that describes the process by which the teacher develops a classroom activity plan. A HLT is made up of three components: learning goals, learning activities, and the hypothetical learning or hypothesis of students' learning process. This last component is hypothetical because the students' RLT is unknown [START_REF] Simon | Reconstructing Mathematics Pedagogy from a Constructivist Perspective[END_REF] . RLT is defined by [START_REF] Leikin | Patterns of flexibility: Teachers' behavior in mathematical discussion[END_REF] as the learning trajectory carried out in the classroom, including real events and procedure.

Although the HLT constitutes the starting point for task design, it does not indicate how a task should be designed. In this sense, we use the principles proposed by [START_REF] Cuevas | Les projets d'action pratique, eléments d'une ingénierie d'enseignement des mathématiques[END_REF], or C&P, as principles for designing the tasks presented in this study. These principles are decomposition into partial operations or mathematical concept analysis, prior to the design, to determine concepts necessary to achieve understanding; the action or the need to include dosed problems that promote student's active participation; starting a task with a problem in context; implementation of inverse operations; articulation of representation registers if the concept allows it.

On the other hand, emergent modelling is one of the three RME instructional design heuristics which describes how a series of models may support the mathematical advancement of students. Instead of telling students how to interpret a given model, an incremental process is sought in which models are constructed [START_REF] Gravemeijer | Emergent Modeling: an RME Design Heuristic Elaborated in a Series of Examples[END_REF]. The students are expected to develop formal mathematics through their informal mathematical activities. This heuristic is compatible with our approach to designing tasks for learning the concept of linear combination. In this respect, after a teaching experiment, we use [START_REF] Gravemeijer | How Emergent Models May Foster the Constitution of Formal Mathematics[END_REF] levels of emergent modelling as an analytic framework to assess students' levels of understanding achieved with HLT. Gravemeijer distinguishes four levels of activity:

1. Situational level (activity in the task setting). At this level, interpretations and solutions depend on understanding of how to act in the setting (often out of school settings).

2. Referential level. In this level, models-of refer to activity in the setting described in the task. Consequently, models are grounded in students' understanding of real settings and are integral to explanations in which students describe how they interpreted and solved tasks centering on the starting point settings.

This study is guided by the following research question: How do technology-mediated tasks organized in a HLT support the conceptualization of linear combination in university students? This paper presents a HLT for linear combination and aims to examine how university students' understanding of the concept of linear combination progresses when working with tasks mediated by digital technology and designed under C&P principles.

Methodology

The study presented in this paper was developed under the Design-Based Research (DBR) methodology consisting of the following phases: preparation and design, teaching experiment, and retrospective analysis [START_REF] Bakker | An Introduction to Design-Based Research with an Example From Statistics Education[END_REF].

Preparation and design phase

In this phase, a first HLT for the concept of linear combination in ℝ # was designed and developed (see Table 1). This HLT consists of four tasks that start with a problem in context about a carnival game we call "Atrapa el Oso" (Catch the bear), in which students must manipulate two robotic arms to grab a teddy bear. For each task, virtual interactive didactic scenarios (VIDS) were developed, accompanied by exploration and guided learning sheets (EGLS). These VIDS simulate the game: a board on which are placed a teddy bear and two robotic arms (green and red) whose movement depends on the vectors k1u and k2v, respectively, as shown in Figure 1. The tools of the VIDS are four buttons (A, B, C, and D) that change the bear's position on the board, two sliders (k1 and k2) which are scalars that multiply vectors u and v to control the movement of the robotic arms (k1u and k2v) and two buttons to grab or release the teddy bear. In task 4, the sliders or scalars values are hidden to be found by the students. 

Teaching experiment

This study reports the results of the first cycle of design research on understanding the concept of linear combination as part of an ongoing doctoral study. A teaching experiment was performed during the SARS-Cov-2 pandemic using the Zoom platform in a linear algebra class to investigate how the HLT helped students learn the concept of linear combination. Participants were 38 second-year engineering students at a Mexican public university who had already learned the concepts of linear equations, matrices, vectors, scalar multiplication, and vector addition. Participants had not previously studied the concept of linear combination. The experiment consisted of 4 sessions in which students worked in 10 groups of three or four students and two whole-class discussion sessions.

Students were presented with the HLT tasks via links to access EGLS and VIDS. During the group interaction, each group performed the following activities: sharing the computer screen with the VIDS, reading the EGLS, discussing tasks, and recording the computer screen interaction. One of the authors was the class teacher. The data collected consisted of student EGLS, video recordings of group interactions, and whole-class discussions.

Analysis and results

The students' EGLS were analyzed in the retrospective analysis phase, and video recordings of each working group were transcribed. Subsequently, the research group met to examine the students' RLT, identify their actual learning and define the level of understanding achieved on each task. The following sections will show an approximation of the level achieved by a group (students S1, S2, S3, and S4). This group was chosen for the richness of their discussion and interpretation of tasks.

Task 1 results

The RLT shows that students achieved the situational level in task 1. Initially, the students acted in the task setting to identify the positions in which they could grab the bear with the given robotic arms.

To do this, they used the sliders to determine the movement characteristics of each arm. Although S1 used the terms 'magnitude' and 'direction' (an informal way of talking about the properties of vectors) during the group discussion, he used them to describe the movement of the robotic arms. S1: Is it possible to grab the bear in position D with arm 1? S3:

There, it will be possible (S3 answers before interacting with VIDS 1). S4:

If you could place the bear in any position on the board, at what position on the board, could you place the bear to grab it with this arm? And why? S1:

Well, it would be in position D, wouldn't it? Because the direction cannot be moved in the arm, only the magnitude can be extended.

Task 2 results

The RLT shows that students achieved the referential level in task 2. Students began to reason about the mathematical relationships involved in the starting setting when they discussed the following question: If you could combine the movement of these arms, might you grab the bear in position A? From the group discussion, it was revealed that the idea of combining the movement had led students to the concept of vector addition. S1: I believe it is possible. If we take the vector k1 and then add it to k2 but in a smaller magnitude, then yes, it would be possible, wouldn't it? S3:

Only by addition, correct? S1:

Aha! That is if we leave k1 like that and decrease the magnitude of k2. Then, it would be possible if we put k1 at the end to k2. S4:

But can't we change the origin? S1:

Umm, no, but we can do like the addition, that is, they must keep their direction, but we can do like vector addition because it says: If you could combine the movement of these arms? I mean, I imagine that by combining, I want to think that we can put k2 at the end of k1. S3:

Something like what I am going to write down, that at the end of k1, you put k2, and here you have the vector, right? (S3 uses the zoom tools to draw an arrow representing the vector addition as shown in Figure 2). The RLT shows that students remained at the referential level when solving task 3. The students used the sliders to identify the positions in which they could grab the bear with a 2-DOF robotic arm, and they recognized this model as vector addition. However, the focus of the discussion remained on the starting setting. Although students were expected to identify the movement of each arm as the scalar multiplication of vectors, they didn't achieve this objective. The students knew that the sliders controlled the movement of the robotic arms, but they could not relate the observed changes to the scalar multiplication where 𝑘 -and 𝑘 # values are scalars.

Task 4 results

The RLT shows that students achieved the general level in task 4 without getting the formal level. This task set the stage to introduce the definition of linear combination as follows: 'A linear combination of vectors is the sum of two or more vectors multiplied by a scalar'. Students' reasoning lost dependence on situation-specific imagery. The focus of discussions shifted from evaluating ways to grab the bear whit the robotic arms to determining whether a vector could be expressed as a linear combination of vectors. This reasoning can be observed when students discuss the following question:

Suppose the bear is in the position denoted by the vector 𝐰 = & -5 6 ). Is it possible to express 𝐰 as a linear combination of the vectors 𝐮 = & 1 2 ) and 𝐯 = & -1 2 )?

S1:

Let's say v is from here to here, right? And then this would be from here to here.

Can it be a linear combination w? (E1 draws the blue arrows shown in Figure 3). S4:

No, I don't think so. S1: I don't think so, too, because if we do a vector addition, this one could be pointing this way (E1 draws another arrow as shown in Figure 4), and if we narrow it down, it would also be pointing this way, but, no, wait! I think this one can be.

S3:

I think it could be because of the vector you put. S1:

The v, right? Can you put it in the negative? S3:

Yes! S1:

And then add up, yes, yes, it is true. S3:

If we make this vector multiply by a negative scalar, like here, maybe it will work. 

Preliminary conclusions

This paper presented the results of the first cycle of an ongoing design research, in which a HLT for the concept of linear combination was developed. Tasks were designed under the C&P principles and digital technology. Emergent modelling was used as an analytic framework to identify the levels of understanding students achieved with the proposed HLT. The results of the teaching experiment show that tasks based on the context of the game "Catch the bear" supported students in developing the concept of linear combination at the situational, referential, and general levels of understanding. However, they did not help in developing the formal level. In general, we observed that the interaction with the VIDS promotes dependence on models in the mathematical activity concerning the linear combination of vectors. Therefore, in the second cycle of design research, we should incorporate tasks that promote the development of formal mathematics. Since we present the case of four students, this is a first approximation, and an analysis of all groups is necessary.

On the other hand, to develop a formal level of understanding, there must be a balance between the conceptual and procedural. In this respect, results also showed that students have problems solving systems of equations, which are essential to developing the procedural part of linear combination. Therefore, we agree with [START_REF] Mutambara | A case study of in-service teachers' errors and misconceptions in linear combinations[END_REF] about promoting access to technological resources to reduce the time spent doing many computations by hand and to spend more time in developing conceptual understanding.
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 1 Figure 1: VIDS used in each HLT task

  Goal: Identify the motion limitations of robotic arms by analyzing the length and rotation of the links (magnitude and direction of vectors). Students interact with VIDS 1. They change the bear's position and manipulate the sliders (k1 and k2) to identify in which of the four positions it is possible to grab the bear with each proposed robotic arm: a green robotic arm (k1u with 𝐮 = arms' characteristics such as lengths and directions of movement: the green arm moves in a northeasterly and southwesterly and the red arm in a northwesterly and southeasterly direction. Therefore, it is possible to grab the bear in D with the green arm and C with the red arm. Task 2: Investigate whether it is possible to grab the bear in position A by combining the movements of the robotic arms. Goal: Identify the need to bring the robotic arms together to grab the bear at any position on the board (addition of non-collinear vectors). Students interact with VIDS 2. They identify the robotic arms characteristics in three options: is possible to grab the bear in position A by combining the movement of the robotic arms. Students develop a vector addition representation, i.e., they recognize that combining the movements of the arms consists of placing the red arm's origin at the green arm end. This representation makes it possible to identify that it's possible to grab the bear in position A only with option 3. Task 3: Investigate if it is possible to grab the bear in positions A, B, C, and D with two degrees of freedom (2 DOF) robotic arm. Goal: Development of vector addition and identification of k1 and k2 as scalars. Students interact with VIDS 3. They can link the robotic arms to form a 2 DOF robotic arm to identify the positions in which this new arm can grab the bear. Finally, they discuss the function of the sliders relating the k1 and k2 values to the magnitude and direction of vectors k1u and k2v.
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  Figure 2: S3 drawing of vector addition
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 3 Figure 3: S1 drawing of vectors u and v Figure 4: S1 drawing of linear combination

Table 1 : HLT for the linear combination of vectors in ℝ 𝟐

 1 

	Learning goals	Learning activities	Hypothetical learning process
	Task 1: Investigate which positions		
	on the board it is possible to grab		
	the bear with the robotic arms.		

General level. This level begins to emerge when students reason about the mathematical relations involved. Therefore, it emerges as students' reasoning loses its dependency on situation-specific imagery. In this sense, models-for serve more as a means of mathematical reasoning than as a way of symbolizing mathematical activity based on environments.

Formal mathematical level. This level will often coincide with the use of formal notations. It is achieved when students no longer need the support of models for mathematical activity.
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