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In this contribution we discuss a teaching and learning sequence on conjecturing and proving in grade 7. We rely on the Universal Design for Learning principles to design inclusive educational activities and we also promote the activation of formative assessment strategies, so as to create an educational path where the teacher monitors and, if necessary, refines the learning trajectory of each student of the class. Focusing on one formative assessment activity, we discuss the effectiveness of the sequence in terms of proof understanding and inclusion.

Introduction and background

In this contribution we discuss the design and implementation of a teaching and learning sequence aimed at fostering students' first encounter with conjecturing and proving in lower secondary school (grade 7). The sequence is designed considering the principles of Universal Design for Learning, so as to realise an inclusive activity, and adopting formative assessment strategies.

In order to frame our teaching and learning sequence, firstly we refer to the specific mathematical process at issue, that is conjecturing and proving. There is a wide body of research on the teaching and learning of proof, see the work of [START_REF] Stylianides | Proof and argumentation in mathematics education research[END_REF] for an overview. Here we focus on the first approach to proof, encompassing both understanding what a proof is and in learning how to prove (Balacheff, 1987). As De Villiers (1990) points out, it is crucial to make students aware of the different functions that proof has in mathematical activity: verification/conviction, explanation, systematization, discovery, communication. [START_REF] Lin | Principles for task design for conjecturing and proving[END_REF] present a series of principles for task design aimed at promoting conjecturing, proving, and the transition between conjecture and proof. In relation to conjecturing, it is important to provide students with an opportunity to engage in: C1) observing specific cases and generalizing; C2) constructing new knowledge based on prior knowledge; C3) transforming prior knowledge into a new statement; C4) reflecting on the conjecturing process and on the produced conjectures. Concerning the transition from conjecture to proof, the teacher should propose tasks that raise students' need to prove. Moreover, the teacher should establish "social norms that guide the acceptance or rejection of participants' mathematical arguments" (p. 317), emphasizing that the acceptance /rejection is based on the logical structure of the argument and not on the authority of the instructor. In relation to proving, it is important to guide students: P1) to express in different modes of argument representation (verbal arguments, symbolic notations, etc.); P2) to understand that "different modes of argumentation are appropriate for different types of statements" (p. 318); P3) to create and share their own proofs and to evaluate proofs produced by the teacher, thus "changing roles"; and P4) to become aware of the problem of sufficient and necessary proof.

In particular for algebraic proof, [START_REF] Boero | Transformation and anticipation as key processes in algebraic Problem solving[END_REF] describes the fundamental cycle of formalization, transformation and interpretation. Performing a proof by algebraic language encompasses the following crucial issues: the choice of the formalization, that must be correct but also goal-oriented; the validity and usefulness of the transformations; the correct and purposeful interpretation of algebraic expressions in a given context of use.

As previously outlined, our aim is to design an inclusive teaching and learning sequence. Universal Design for Learning (UDL) is a multifaceted theoretical framework of learning that conceives teaching and learning as a dynamic system that must face the needs of all the learners [START_REF] Rose | A practical reader in universal design for learning[END_REF]. CAST (Center for Applied Special Technology), a non-profit education research and development organization, created the Universal Design for Learning framework and the UDL Guidelines (https://udlguidelines.cast.org/more/research-evidence), offering a set of concrete suggestions that can be applied to any discipline or domain to ensure that all learners can access and participate in meaningful, challenging learning opportunities. UDL principles are deeply rooted in the foundational works of Vygotsky or Bruner. For example, through Vygotsky's theory UDL emphasizes one of its key points of curricula-the importance of graduated "scaffolds".

The first UDL principle (UDL1) focuses on providing multiple means of engagement: indeed, besides recognizing the necessity of recruiting students' interest, one must know that not all learners will find the same activities or information equally relevant or valuable. To reach this aim, the UDL framework suggests to:

• UDL1.1 Vary activities and sources of information;

• UDL1.2 Design activities so that learning outcomes are authentic, communicate to real audiences, and reflect a purpose that is clear to the participants;

• UDL1.3 Provide tasks that allow for active participation, exploration and experimentation;

• UDL1.4 Invite personal response, evaluation and self-reflection to content and activities;

• UDL1.5 Include activities that foster the use of imagination to solve novel and relevant problems, or make sense of complex ideas in creative ways.

The second UDL principle (UDL2) focuses on providing multiple means of representation. As far as representation of math objects is concerned, this principle suggests to provide options for perception in terms of alternative options of the registers of representation (algebraic language, for instance) through which the mathematical object can be represented. This allows students to improve comprehension about information at disposal, activating background knowledge, highlighting big ideas and new ideas to answer tasks and to guide information processing and design strategies of solution. We note that this is also in line with research in mathematics education, addressing the use of physical and digital artifacts for students with low achievement in mathematics and students with Mathematical Learning Difficulties [START_REF] Robotti | Coming to see fractions on the numberline[END_REF].

Providing multiple means of action and expression is the third UDL principle (UDL3). Physical action on some of these mathematical objects' representations can support mathematics thinking.

Similarly, the action supports communication (thus, not just writing but also gestures, or moving objects). This enhances the management of information, resources and ideas in order to develop mathematical thinking, supports the executive functions which are essential in guiding appropriate goal setting and progress monitoring.

Such a focus on goal setting and progress monitoring establishes a natural link with formative assessment, conceived as a method of teaching in which "evidence about student achievement is elicited, interpreted, and used by teachers, learners, or their peers, to make decisions about the next steps in instruction that are likely to be better, or better founded, than the decisions they would have taken in the absence of the evidence that was elicited" (Black & Wiliam 2009, p. 7). A key element of formative assessment is feedback, that is any "information provided by an agent (e.g., teacher, peer, book, parent, self, experience) regarding aspects of one's performance or understanding" (Hattie & Temperley, 2007, p.81). [START_REF] Wiliam | Integrating assessment with instruction: What will it take to make it work?[END_REF] provide a description of five main formative assessment strategies: (FA1) clarifying and sharing learning intentions and criteria for success; (FA2) engineering effective classroom discussions and other learning tasks that elicit evidence of student understanding; (FA3) providing feedback that moves learners forward; (FA4) activating students as instructional resources for one another; (FA5) activating students as the owners of their own learning. Such strategies may be activated by the teacher, but also by the peers and by the student himself. Indeed, formative assessment should in principle lead to auto-regulation.

Method

From a methodological point of view, the sequence is the result of cycles of design, enactment, analysis and redesign, according to the design-based approach (DBCR, 2003). Following this approach, we take as a starting point specific theoretical claims concerning the teaching and learning process (guidelines for conjecturing and proving, UDL principles, formative assessment strategies) and we aim to understand "the relationships among theory, designed artifacts, and practice" (DBCR, 2003, p. 6), also considering the design of the teaching and learning sequence as an outcome of the research in itself. Moreover, the research is characterized by a strong interaction and collaboration between researchers and teachers, who take part in the design, implementation and a posteriori analysis. The teaching and learning sequence we present is the result of cycles of design, enactment, analysis and redesign that started in 2012 and involved four teachers of a lower secondary school in the North of Italy. At present, five cycles were performed in grade 7 (pupils' age: 12-13). During the implementation we collected teacher's notes, observer's notes, video recordings of the class discussions and written productions of the students. In this contribution we mainly rely on students' written productions.

In the subsequent paragraphs we illustrate the design of the sequence, guided by our theoretical tools, and we focus on the last formative assessment activity (Step 6), with the aim of exploring two research questions. The first question concerns the efficacy of the designed sequence to promote a first encounter with conjecturing and proving. The second question concerns the efficiency of the sequence in terms of inclusion.

The sequence

The teaching and learning sequence concern isoperimetric rectangles. At the core of the sequence is the conjecture and explanation of the fact that, among all the rectangles with fixed perimeter, the square has the maximum area. In the designed sequence the students, starting from the empirical evidence, grasp the idea of variation of the area according to the length of the sides. Students are asked to conjecture about the maximum area. Afterwards, they are guided by the teacher to feel the need for a general explanation and to appreciate the power of algebra in leading to a proof. The task sequence is organized in the following steps.

Step 1: Students address individually an explorative task in paper and pencil: "Draw four rectangles with a perimeter of 20 cm". Afterwards, students are asked to work in small groups: "Compare the methods you used to draw the rectangles and synthesize".

Step 2: Students work in groups and cut cardboard to create a set of isoperimetric rectangles.

Step 3: Students work in groups, aided by paper and pencil and cardboard, on the following questions: "Do you think all the rectangles have the same area? If not, what is the rectangle with the biggest area?". After each of the steps 1, 2, 3 the teacher promotes mathematical discussions.

Step 4: Once established that the square is the rectangle with the biggest area, the teacher guides the students to prove it. The proof, carried out in algebraic language, is presented at the blackboard, with the teacher involving the students via open questions. When presenting the proof, the teacher refers to the previous steps and highlights the crucial steps of the proving process. For instance, the teacher underlines that using algebra allows one to generalize from a specific rectangle to the generic rectangle, that is a rectangle with the same perimeter as the square.

Step 5: Each student receives a sheet containing the written proof of the property, and is asked to fill some open sentences concerning the proving process (for instance: "I put the rectangle over the square in order to…" ; "I use letters because…."). After step 5, the teacher collects written answers from the students and promotes a discussion amongst them.

Step 6: Each student is asked to answer to the following open question: "Looking back at the previous steps, you may note that we worked on the problem of isoperimetric rectangles by means of different approaches: we used paper and pencil, cardboard, we drew a rectangle over a square on the blackboard, we used letters. What does each approach tell you? Do they make you understand the same thing? Were they equally easy to follow and understand?".

The sequence is conceived according to the principles by [START_REF] Lin | Principles for task design for conjecturing and proving[END_REF]: students observe specific cases and generalize, so as to formulate a conjecture (C1); concerning the transition to proof, the teacher proposes different modes of argument representation (P1), paying special attention to the link between geometric and algebraic representations. During the guided proof and the subsequent individual reconstruction, students are led to reflect on the cycle of algebra, from the formalization (using letters to express relations) to the transformation and interpretation of algebraic expressions.

The sequence is also conceived according to the UDL principles: the steps involve different registers of representation, hence many channels of access to information (UDL2). Throughout the sequence, each student may address the problem on the basis of the privileged channel. For instance, the student may do some conjecture on the biggest area on the basis of the drawing, or on the basis of the manipulation of cardboards. In line with the UDL principles, modes of representation alternate so as to scaffold the solving process of any student. Working on different modes of representation (UDL3) is a support for reasoning, and also promotes motivation (UDL1). Each student can ground his/her reasoning on the mode of representation that is most suitable for him/her. This fact, giving the students autonomy in the choice of the way of tackling the problem, promotes sustaining effort and persistence and provides multiple means of engagement (UDL1).

From the perspective of formative assessment, we may note that during the designed sequence many formative strategies are activated. In steps 1 and 3, the student is asked to explain respectively the procedure for drawing isoperimetric rectangles and the conjecture. Explaining makes the student responsible for his/her learning (FA5). During the group work and all the class discussions, students act as instructional resources for their classmates (FA4). During the guided proof of the statement (step 4), the teacher explains the learning objectives of the activity (FA1). During steps 5 and 6, students are encouraged by the task itself to become responsible for their own learning (FA5); the teacher may gather information on the learning process, and use it to provide individual feedback (FA3).

Analysis

We focus on Step 6, which is a veritable formative assessment activity, where students are asked to give meaning to all the sequence, and also to reflect on their understanding and possible difficulties.

Besides being responsible for their own learning (FA5), students also prove to be aware of the learning intentions of the activity (FA1). Moreover, encouraging students to make a self-reflection on the experienced learning sequence is in line with UDL1.4.

We selected some excerpts that provide evidence of the efficacy of the sequence in terms of first encounter to proof, and also in terms of inclusion.

Camilla: In the first approach I understood well what is the meaning of isoperimetric rectangle.

In the second approach I understood well which was the rectangle with the biggest area because overlapping the cardboards one group created a square which is a special rectangle. We understood that [the square] has the biggest area. In the third approach we specified better why the square has the biggest area.

Camilla describes the journey from discovery to explanation. Moreover, Camilla ascribes to each approach a specific role in terms of construction of meaning: the first one (figural) makes the students understand the problem and the relations at issue, the second approach (kinesthetic) leads to the conjecture and its perceptive verification, the third approach (verbal, non-visual, symbolic) allows to generalize and reach an explanation.

Erika:

The first approach was not very useful to me because, since we used a particular measure, I did not know whether what I understood could be applied to any rectangle. Moreover, it was not very useful because just drawing you could not see anything special and if you noticed something, you could hardly see it. The second method was very useful because we all had the idea of overlapping them to see which was the one with the biggest area and we understood it was the square. And also thanks to a sort of "ladder" with the square as a starting point and each step was a rectangle with longer basis and shorter height in comparison with the side of the square. But in this way you don't understand why the square is the rectangle with the biggest area. The third method was the most important because it gave motivation to the fact that the square is the rectangle with the biggest area.

Erika proposes meta-level reflections on the function of each approach towards meaning construction: for instance, she points out that the drawing is too specific and static and doesn't allow seeing invariants. On the contrary, the dynamic actions on concrete figures in cardboards allowed her to see invariants and relations. Erika is aware of the fact that the cardboard figures give a perceptual evidence for the conjecture ("also thanks to a sort of "ladder" with the square as a starting point") but do not provide a general explanation ("in this way you don't understand why the square is the rectangle with the biggest area"). Erika also recognizes the value of the algebraic language as a generalizing tool ("The third method was the most important because it gave an explanation"). Erika also explicates a link between action on cardboard figures and algebraic transformation. We point out that Erika judges the approaches in terms of "usefulness", thus expressing her personal preference and functionality in relation to the objective of conjecturing and proving. Erika seems to be fully aware of the learning intentions and criteria for success of the activity (FA1).

Gaia: I had more difficulties understanding the last activity because with the cardboards and without letters it is easier… you can move figures, you cut the pieces that are left, you add to what is missing… but the concept is not as accurate as the one with the letters.

Gaia points out that the concrete representation on cardboards allows action (thus promoting conjecture) and communication to the classmates. At the same time, the concrete representation does not hinder the necessity of moving to another representation (algebra) in order to generalize.

Beatrice: we did many approaches, but the easiest was the one where we had to draw four rectangles with the same perimeter but drawn in different ways; the approach of cutting cardboards was not difficult, the only problem was to draw rectangles that were equal to those on the cardboard; the method on the blackboard seemed to me more difficult to understand. On the blackboard there were a square and a rectangle overlapped, they had the same perimeter and, by means of calculation, we had to explain why the area of the square is bigger than the area of the rectangle. They all say the same thing, but in different ways, for example they want to make understand that rectangles that are isoperimetric to the square are infinite, but with drawing and the cutting you understand less because you cannot draw infinite ones, whilst with the mind and numbers you can go on to infinity. For me, a student in difficulty should try the first two methods, but a student not in difficulty should try the third one. With the third method I had difficulty because I could not understand well, while with the first two methods I understood the concept of area, but I could not immediately grasp the idea of infinity but it was not possible to do it. The first two approaches are also more amusing because you can compare your ideas with the ones of your classmates and if you don't understand your classmates can help you, while if you are alone you have to understand by yourself, which is more difficult.

[…] Not everybody understands letters and figures and calculations, but with the drawing and easier explanations you understand more.

Beatrice recognises that the sequence was organised in terms of evolution of generality. She is also aware at metacognitive level of the fact that the algebraic approach, although valuable in terms of generality, is more demanding in terms of cognitive load. She adds considerations in terms of engagement and points out the different methods are suitable for different students.

Ivan: They are all useful and each of us can use their own method but they all take the same result, so there is not a wrong method among them. They all take to the result and each of us may use their own.

Ivan, in a very synthetic way, seems to confirm that the designed sequence achieved its main goals: provide all students with multiple modes of representation, occasions of action and motivations to address the problem, and construct the meaning of algebraic proof.

Discussion and conclusions

The students' reflections in step 6, conceived as a formative assessment occasion, prove to us that the designed sequence promoted an inclusive approach to conjecturing and proving. We observe that students were able to report the evolution from exploration, to conjecture, to proof. Moreover, they were generally aware of the need for a general explanation and appreciated the proving power of algebraic language.

From the point of view of inclusion, we saw the effectiveness of the three principles of UDL "in action". A crucial issue is that in the teaching and learning sequence each register has its own status (and students prove to be aware of this), but for each student a register may play a specific function with respect to the learning objective. Some students construct the meaning by means of the kinesthetic register, other students by means of the algebraic one. Some students are completely aware of the generalising power of algebra, other students appreciate the necessity of algebra after having dealt with the dynamism of cardboard figures. In general, cardboard figures are efficient in activating the reasoning that leads to the conjecture, because the dynamic work on the figures allows one to identify geometric invariants. Interestingly, students themselves are aware of the two dimensions of the registers (status in reference to the designed teaching sequence, function in relation to the personal learning experience throughout the sequence). This suggests that providing multiple registers of representation enriches and makes the teaching and learning sequence really inclusive, without losing the content-related objectives of the activity (approach to proof). Moreover, we observed that students link their appreciation of one register to the fact that working in that register fosters understanding.

In the previous analysis we used the formative assessment activity (Step 6) to discuss the "inclusiveness" of the sequence. Conversely, we argue that the formative assessment activity performed in Step 6 was a way of fostering engagement and self-reflection. UDL principles suggest to promote also self-reflection on the performed activities (UDL1), and this clearly coherent with FA1 and FA5 that are activated in Step 6. Thus, we may argue that the formative assessment acted as a means of inclusion.