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In this paper, we analyse the incorrect responses of grade 8 students to mathematical items of the national assessment of mathematics. We frame our study starting from an item which requires to write the perimeter formula for an isosceles trapezoid as a function of one variable. Focus is put on common features of groups of incorrect responses, which we look at as routes to algebraic thinking in this context and which reveal partially correct responses. Studying the mutual relationships between the routes and the students' proficiency levels reported via the assessment scores, we gain insights into the students' mathematical proficiency and the nature of their errors. Expansion of our route-based investigation to other items still highlights the inclusion of partially correct answers, which might entail a wider range of acceptable responses and more complex marking involving partial credit scoring.

Introduction

In this paper, we first investigate the incorrect responses to a mathematical item by grade 8 students in a national assessment of mathematics. The item asks to write the formula for the perimeter of a simple figure as a function of one variable and had a very high percentage of incorrect responses. It has to do with the algebraic understanding of formulas, as part of the mathematical literacy required at the end of middle school. Specific focus on writing a formula is crucial, since formulas evoke problematic pairs of mathematical thinking, such as conceptual and procedural, relational and operational, and general and particular (e.g. [START_REF] Sfard | On the dual nature of mathematical conceptions: Reflections on processes and objects as different sides of the same coin[END_REF][START_REF] Arcavi | Symbol sense: Informal sense-making in formal mathematics[END_REF]. Each pair emphasises a tension between the semantic and the syntax of formulas, which usually remain bounded to applying static calculation instead of being conceived as versatile means to establish relationships, despite their role in transitioning from arithmetic to algebra and in mathematical modelling. A formula further requires the usage of letters as variables, of which students often reveal static images, as unknown values, or labels, with difficulties to conceptualise quantities in a problem context, how they can be related, how they vary together [START_REF] Bush | Prerequisite algebra skills and associated misconceptions of middle grade students: A review[END_REF][START_REF] Carlson | A study of students' readiness to learn calculus[END_REF].

We know that, despite their role in reasoning algebraically or functionally, formulas did not receive extensive attention in mathematics education research, especially in relation to student literacy. In considering the specific item mentioned above, we aim to investigate how formulas are (or can be) interpreted by middle school students and the corresponding difficulties in seeing them as algebraic relations or functions. To address this concern, we take a sampled group of grade 8 students, who took part in a national standardized assessment test, and we focus on their incorrect responses to the item to better interpret their approaches to the solution. We further an initial analysis of these answers, which showed types of emerging errors, related to known misconceptions or procedural forms of mathematical thinking [START_REF] Pozio | Difficulties in formulating a geometric situation algebraically: Hints from a large-scale assessment[END_REF], to better see them in terms of conceptualisation processes about the mathematical task rather than as reasoning products.

We then briefly expand our considerations to other items, based again on central but different aspects of mathematics thinking and learning at middle school in our country. We overall frame this study with reference to the content of the initial item (algebraic knowledge) to introduce the reader to the idea of route as a methodologically relevant means to study the ways students can face mathematical items and produce incorrect responses, and to focus on their mathematical literacy. [START_REF] Arcavi | Symbol sense: Informal sense-making in formal mathematics[END_REF] offers the idea of symbol sense to discuss the versatile nature of algebra and its use as a tool to understand, express, and communicate generalizations, to reveal structure, and to establish connections. Symbol sense is difficult to achieve, especially in the early grades as it involves letter usage and understanding of the roles and multiple meanings of variables [START_REF] Bush | Prerequisite algebra skills and associated misconceptions of middle grade students: A review[END_REF]Küchemann, 1978;[START_REF] Philipp | The uses of algebraic variables[END_REF]. Küchemann and Philipp analysed misconceptions related to letter usage and observed that variables can be treated as labels or objects, constants, unknowns, generalised numbers, varying quantities or variables, parameters, or abstract symbols. Philipp focused on the difficulties students have with variables as related to an inability to recognize the role of the variable, and Küchemann studied how certain ways of using letters were typically perceived as less demanding than others. Following Küchemann, students understand the meaning of the use of symbols in algebra only when they can work with letters as variables. [START_REF] Usiskin | Conceptions of school algebra and uses of variables[END_REF] pointed out misconceptions about a view of variables as simple labels and reported failure to grasp variables as varying quantities rather than missing values. [START_REF] Kieran | Learning and teaching of algebra at the middle school through college levels: Building meaning for symbols and their manipulation[END_REF] argued that the meaning of a variable varies depending on the context, an obstacle when learners face problems involving this notion. Discontinuities with arithmetic are also implicated in work with variables, which uses number from a more structural point of view [START_REF] Stacey | Learning the algebraic method of solving problems[END_REF][START_REF] Warren | Research on the learning and teaching of algebra[END_REF]. According to Stacey and MacGregor, difficulties in formulating and solving algebra word problems have often to do with a compulsion to calculate, which rests with arithmetic problem solving and accounts for many misconceptions of algebraic thinking at the early grades. These authors identified different "routes" to a solution of simple problems on equations by grade 10 learners. They associated non-algebraic routes to students using arithmetic reasoning or trial and error; superficially algebraic routes to students writing equations to solve the problem as formulas describing sequences of calculations; algebraic routes to equation writing and solving. [START_REF] Capraro | Algebraic equations: Can middle-school students meaningfully translate from words to mathematical symbols[END_REF] further claimed that writing equations from word problems is difficult for middle grade students, whether concerned with misconceptions or literal translation.

Theoretical highlights

These studies shed light on the fact that the inclination to misconceptions may be related to mainly procedural or operational approaches. Formulas, as algebraic statements that value the interplay of procedural and conceptual (relational), are instead a powerful means to mobilise symbol sense. Interestingly, the context of measurement teaching and learning shows confusion between area and perimeter, especially for rectangles, indicating weakness in grasping both formulas [START_REF] Smith | Learning and teaching measurement: Coordinating quantity and number[END_REF]. Similarly, even middle school learners still struggle to distinguish area from the length of the region's boundary [START_REF] Chappell | Perimeter or area? Which measure is it? Mathematics Teaching in the Middle School[END_REF].

In respect to this body of literature, our first aim in this paper is to gain insight into how formulas are conceived by middle school students and to better understand difficulties and misconceptions related to formulas in context. To this aim, we focus on types of errors as critical to meaning making, and we look at them as generative of specific approaches to the solution of a mathematical item, that is, of "routes" to the solution, borrowing from Stacey and MacGregor's study. This helps us see ways that middle school students still struggle with seeing formulas as means to establish relationships. A second aim of the study is to shed light on the relevance of routes for the analysis of students' incorrect responses and related mathematical literacy. In the end, attention is therefore shifted to other items of the national assessment in which high percentages of students performed incorrectly.

Context and participants

The context for this paper is the national standardized computer-based assessment of mathematics administered in 2018 to grade 8 Italian students at the end of the school year, as part of the evaluation of their middle school-based education. The assessment is administered by the National Institute for the Evaluation of the Education System (Istituto Nazionale per la Valutazione del Sistema di Istruzione e di Formazione-INVALSI, in Italian). While the participation in the national computerbased test (CBT) is mandatory for all grade 8 students, a sample group is selected for the evaluation process. CBT uses a wide number of items (item bank) from which to extract clusters of items for creating multiple forms of the test. A peculiarity of the CBT is the development of empirically based proficiency levels to report student progress. Accordingly, students' mathematics proficiency and item difficulty are located along a shared scale, which is divided into five levels, 1 to 5, lowest to highest (therefore, a level refers both to student proficiency and to item difficulty). This approach allows describing what students can do with mathematical tasks at different levels of difficulty.

In this paper, we particularly draw on one mathematical item of the 2018 assessment of mathematics at grade 8. The item requires students to write the perimeter formula for a simple geometrical figure as described in the next section. Out of the 574506 students who completed the assessment test, 31300 constituted the sampled group. Of these, 4543 students answered the item under consideration. Some 2147 students out of our 4543 respondents gave an incorrect answer (47,2%), only 1561 students answered the task correctly (34,4%), and there were 835 missing answers (18,4%). Successful students were for the majority at a high proficiency level (4 and 5), while the 71% of students at low proficiency (levels 1 and 2) do not even attempt to answer.

A mathematical item about algebraic knowledge

The mathematical item, which is the initial point of this paper, is an open-constructed response item that involves an isosceles trapezoid given by a picture, as shown in Figure 1. Relational information for which the long base is twice the short base is presented in a textual stimulus at first (line 1). The picture additionally provides a number (5) and a letter (b) respectively for the leg's length and the short base's length. The task follows (line 2) asking the students to write a formula to express the trapezoid's perimeter "as a function of b". Apart from knowledge about simple calculation of the perimeter, the task therefore focuses on reasoning functionally on the formula, implying the use of the letter b to capture relationships beyond coordination among the different semiotic sets. 

Data and method

We are interested in investigating the incorrect responses given to the item to better understand its complexity and the ways in which middle school learners approach it. For the analysis, we consider those incorrect responses (1759) which concern the use of letters to write the requested formula, leaving out only numerical values or expressions, and word answers as single letters. The data we use are quantitative and qualitative. Quantitative data are percentages of correct, incorrect, and missing answers, the students' proficiency levels and the item difficulty. Qualitative data are the written responses, which were accessible thanks to the expert correction that INVALSI uses for open constructed-response items.

Data are finally combined to study the relationship between the routes and the proficiency levels of the students. Our method can be seen as a qualitative method in principle. The analysis was developed by first looking at the incorrect responses to search for common features, for example reference to a single semiotic set, like natural language or numbers, and attention to the relationships implicated in the item. We then grouped the answers according to the identified features into those that we interpret as routes and sub-routes to the solution. The same method was applied to study incorrect responses to other items centred on different but crucial aspects of mathematical literacy at middle school. These items also share with the original one high percentages of missing and incorrect answers.

Findings

We recognised three major approaches to the formula item, essentially: there have been students who have tried to write the formula making explicit reference to the relationship between the bases (Relational route); students who have only partially referred to the given elements to write the perimeter (Partial route); who, on the other hand, has written an area formula (Habitual route). We also found another widespread approach, that of students whose answers present letters but seem to escape decipherable orientations, while still relating to elements in the item (Murky route). The routes are captured by the examples in Tables 1 to 4 as follows (the number of responses of a certain kind is in parentheses at the top). The students whose responses belong to the Relational route (Table 1) are essentially capable to orient themselves to the information presented across the different semiotic sets and the various degrees of relationship in the item. Beyond writing a relationship between the bases, in fact, these students know that they must find the perimeter of an isosceles trapezoid and consider all its elements, gaining information from the text and the picture. The route is made of 5 sub-routes (R1 to R5, Table 1). The students who undertake the Partial route, which includes 4 sub-routes (P1 to P4, Table 2), are capable to understand the request of a formula even if they do not refer it to the entire context, which demands connection with various degrees of relationship. The responses in this route essentially share particular focus on writing a formula for the isosceles trapezoid's perimeter, while forgetting some of the elements in the task, like the relationship between the bases (P1) and the specific length of the leg (P3). P1 and P3 exemplify how letters B and l respectively are used as labels [START_REF] Usiskin | Conceptions of school algebra and uses of variables[END_REF]. The Habitual route contains the 5 sub-routes H1 to H5 (Table 3) and comprises answers that concern the writing of an area formula rather than a perimeter formula (the known confusion introduced above) and, therefore, are far from solving the item correctly. We can realise this by observing the use of letter h, which habitually labels the height of a geometric figure, multiplied-in most cases-by a base or by the sum of two bases. The students in this route seem to associate the trapezoid and the formula with the task of finding the area of the trapezoid as students learn to measure the area of specific figures, not the perimeter, by means of rote procedures. While some consider the relationship between the bases (H2), many show a vague awareness of an adequate area formula (H3, H5). The Murky route, with its 3 sub-groups (M1 to M3, Table 4), basically shows attempts to examine information for producing an answer that still uses letters, revealing some reasoning albeit quite rough. Most of the answers are relatively oriented to partial elements of the item, in many cases they exclude the legs' length or the relationship between the bases. We often assumed that these students have little if any clear idea of which elements to use for finding the perimeter of the trapezoid. It may also be that the request of writing the perimeter in function of b had implied specific reasoning on how to use letter b, and other letters, in a formula, or particular focus on one or the other base.

Conclusive discussion

For the sake of space, we cannot elaborate on the routes further. We shift attention to the relationship between the routes and the students' proficiency levels, turning to graphical representations of the distribution of the routes across the five levels and of the levels across the four routes. Figure 2 shows how percentages of students in each route are divided into the five proficiency levels (the first graph). A general trend emerges in the routes. In particular, the 29% of students at level 1 of proficiency and the 37% of students at level 2 belong to the Murky route (M), while students with medium proficiency (level 3) are present in both the Relational (R) and Partial (P) routes, with a percentage of about the 35% (shortly, the 70% of students who show medium proficiency are in the first two routes). Turning to high proficiency, we see that level 4 and 5 students are present at most for the 27% and the 15% respectively in R. We essentially see an increase of percentages of students with low proficiency as we pass from routes R to M, and a decrease for students at medium-high proficiency level. This trend is consistent with the assessment model, for which the closer an answer is to a correct one, or the more it includes steps toward the solution (partially correct answer), like reference to the relationship between the bases, the higher is the probability that the answer is given by a high proficiency student.

That less than 10% of students in P are at level 1 or 5, while the rest is at levels 2 to 4, also means that middle level students are basically capable to write a generic formula for the perimeter of a quadrilateral but may have troubles to write a more complex relationship between the given data.

Most students in H are within the ranges of low proficiency, showing confusion between perimeter and area and, possibly, weakness in grasping both formulas, as outlined by [START_REF] Smith | Learning and teaching measurement: Coordinating quantity and number[END_REF]. Briefly speaking, the routes inform about the relative distance from solving the item correctly. The routes contain partially correct answers (especially R), which often satisfy the question intent and therefore might be considered for grading in the assessment. An additional aspect is the presence of all levels in all the routes. We can conclude that students make errors which reveal much about their algebraic proficiency in context, especially regarding the interpretation of formulas and the use of letters, which are still often conceived respectively as mere procedures or rules and labels or names.

After this first analysis, we moved to use our route-based approach to look at how other items of the national assessment in grade 8 were incorrectly answered and gain more insights into mathematical proficiency at middle school. Proportional reasoning and the relationship between simple geometric figures' area and perimeter are the core mathematical contents involved in these items. The incorrect responses are 1154 out of 2231 for the first item, and 6504 out of 8997 for the second item (300 and 777 missing answers respectively). Examined through routes, the answers highlight a multiplicity of approaches to single solutions, the impossibility of unambiguous interpretations in certain cases, and the inclusion of responses that are partially correct while satisfying the question intent. Again, the routes inform us about students' kinds of errors and misconceptions (and their mathematics literacy), which deserve specific attention from the educational point of view. The routes also help us reason about the importance of the question intent and the need for a wider range of acceptable responses and more complex marking by partial credit scoring, in line with the PISA and TIMSS assessment.

A general, conclusive observation relates to the fact that the sample we analyse is representative of the entire population of middle school students in grade 8 in our country. These students come from different classes of different schools spread across the national territory. Therefore, studying their incorrect answers is meaningful to the extent to which it allows us to better understand ways that specific aspects of mathematics thinking and learning are practiced at middle school in our country and conceptions that learners develop from them.

  1. In the isosceles trapezoid in the figure, the long base is twice the short base.2. Write a formula that expresses the trapezoid's perimeter p as a function of b.

  3. Type your answer to the question.
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 1 Figure 1: A mathematical item about algebraic knowledge

Table 3 :

 3 Examples of answers in the Habitual route and its five sub-groups (293)
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 2 Figure 2: Distribution of routes across proficiency levels

Table 1 : Examples of answers in the Relational route and its five sub-groups (228)
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Table 2 : Examples of answers in the Partial route and its four sub-groups (676)
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	P1 (229)	P2 (276)	P3 (145)	P4 (26)
	Using letter B for	Multiplying b by	Seeing the perimeter	Writing the procedure
	the long base	2 instead of 3	as sum of any 4 sides	in words
	B+b+5+5	(5+5)+b*2	B+b+l+l	Long base + short base + 2*5