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Abstract

We obtain the well-posedness and Schauder estimates for a class of system of linear, quasi-linear
and non-linear second order partial differential equations. We deduce existence and uniqueness of
a global smooth solution of a non-linear and non-local equation that we call “semi” incompressible
Navier Stokes equation in R3.
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1 Introduction

The main goal of this article is to establish the global well-posedness of a smooth solution u for a
class of non-linear parabolic equation. Specifically, for any = € R?, we consider the Cauchy problem,
for any (t,x) € (0,7] x R?

{atu(t, z) + A(u)(t,z) - Du(t,z) = D*u(t,z) : a(t) + C(u)(t,z) + £(t,z), (11)

u(0,z) = g(x),

where the operator A is point-wisely bounded and possibly non-local, C is “sub-linear”, see Assump-
tions (Pa), (Pc) and (F) further; and f, g, u are R"-valued functions, r € N. The Burgers’ equation
in a particular case of (L.I]).

The strategy developed here is based on the Schaefer fixed point theorem whose the cornerstone
is the a priori estimates that we obtain by first considering the usual linear parabolic problem,

u(0,z) = g(z), = € RY, (1.2)

{@u(t, 2) +b(t,z) - Du(t, z)+c(t, z) @ u(t,z) = D>u(t,z) : a(t) + £(t, ),
where b is R” ® R%valued, c is R"-valued and a is R? ® R%valued. The function b will depend on u,
this dependency on u must be locally bounded.
Importantly, we obtain a parabolic bootstrap which provides a additional controls of the solution
than stated in the classical books by Ladyjenskaia , Solonnikov and Ural’ceva [LSUGS|, and by Lieber-
man [Lie96].

The backbone of the controls of the above linear equation (L2)), is to consider the probabilistic
representation of the solution by the Feynman-Kac stochastic formula, which easily yields the bound-
edness of the uniform norm. Next, some Gronwall’s lemma applications allow us to obtain Schauder
estimates for the a priori controls and to use compactness argument requires for the Schaefer fixed
point theorem.

*Univ Lyon, CNRS, Université Claude Bernard Lyon 1, UMR5208, Institut Camille Jordan, F-69622 Villeurbanne,
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Usual Picard iteration for non-linear parabolic yields difficulties to obtain a global existence of
smooth solution, i.e. for a general initial condition g and time horizon T > 0.

Thanks to our approach, we can also perform an other fixed-point argument to consider the
equation, that we call “semi” Navier-Stokes equation,

{Btu(t,x) + Plu](t,x) - Du(t, z) = vAu(t,z) + £(t,x), t € (0,71, (13)

u(0,z) = g(=),

where P stands for the Leray-Hopf projector, which is a projector on the divergence free function
space, see Section 2l The analysis is essentially based on the energy estimates inspired by the Leray’s
estimates for the usual Navier-Stokes equation [Ler34], associated with Feynman-Kac representation;
additional controls in Lebesgue space, thanks to harmonic analysis, are also used.

In the standard Navier-Stokes equation, the Leray-Hopf projector is applied on u - Du instead of
only u in equation (L3)).

From the quasi-linear equation, we deal with some non-linear equations of the type :

{@u(t, ) + P(u,Du(t,z))(t, z) + c(t) @ ut,z) = D?u(t,z) : a(t) + £(t,z), t € (0, T, 1.4

u(0,z) = g(=),

where P is a locally bounded operator, see Assumption (Pp) latter.

When P(u, Du(t,z))(t,z) = Du(t,z)®? and a(t) = x > 0, this is a multidimensional version of
KPZ equation without white noise as source function, see [KPZ86].

The method developed in this article could be adapted to equation associated with other differ-
ential operator. Some non-local operators could be considered like a a-stable operator or a fractional
Laplacian operator, see e.g. [CARMP19], as soon as there is a suitable probabilistic representation.

The paper is organised as following. We define useful notations in Section 2l In Section B we
gather some tools required for our analysis: fixed-point argument and some computations rules.
Next in Section E we develop the crucial analysis of linear parabolic equation (L2)). Thanks to
these computations, we state in Section [l our first main result on non-linear equation, the Schauder
estimates with uniqueness of quasi-linear equation (LIJ). The proof of the strong well-posedness of
a solution of the quasi-linear equation (L) satisfying Schauder estimates is developed in Section
With some substantial extra computations, we succeed in adapting the method for “semi” Navier-
Stokes equation (L3]) in Section [l We extend the results to a fully non-linear of the first order
equation (4] in Section 8. Finally, we develop in Appendix Section [Ala precise proof of the Schauder
estimates for a usual heat equation.

2 Notations and Definitions

2.1 Constants

From now on, we denote by C' > 0 and ¢ > 1 generic constants that may change from line to line but
only depends on known parameters such as v, d, r.

In our analysis we state some controls where the upper-bounds are of the type N(.(-) > 0 which
is defined in the identity given by the index; and the dependency in the parenthesis is increasing,
namely if 1 < x5 then N(_)(-,xl, ) < N(_)(-,xg, )

These cumbersome notations are useful to track the dependency on some non-linearity in the a
priori controls.



2.2 Tensor and Differential notations for real valued
2.2.1 Unidimensional valued-problem

For any z € R?, we use the decomposition z = z1e; + ... zqeq, where (e, ..., eq) is the canonical base
of R

We usually use the notation 0y for the derivative in time ¢ € [0, T7, also 9, , k € N, is the derivative
in the variable z.

Next, D, denotes the gradient in the variable z € R?, in other words D, = 0..e1+ ...+ 0,64
When there is no ambiguity, we will also write D for the gradient or the Jacobian matrix.

The divergence writes D.- also denoted by D-, and is defined for any R-function f : R? — R by

D, f=%0_10.f

For any f : R? i R, we define the Hessian matrix D?f = (621, 0z, f)1<i i< and the usual Laplacian

operator Af =37, .,0,0.f.
More generally, for any k € N, D¥f denotes the order k tensor (Oziy - Oz [ian,in)eraps- For

any multi-index o = (a,...,aq) € N&, we write D f = 921 .. .02k f, in particular if for i € [1,d],
a; = 0 there is no derivative in z; in the expression of DY f.
We also denote for any o = (a1, -+, ay,) € N™, the order of this multi-index by o = > 7" a;.

The symbols |-] and [-] stand respectively for the well-known floor and ceiling functions defined
for any x € R by:

x] = max{n€Z[n<x},
[Xx] = min{ne€Z|n> x}. (2.1)

2.2.2 Multidimensional valued problem

From now on, the symbol “” between two tensors is the usual tensor contraction. For example, if
M e RIQRI@R? and N € R? then M - N is a d x d matrix. If the two considered tensors are vectors
then “” matches with the scalar product.

Let us explicitly precise the used tensor notations in the linear Cauchy problem (IJ]). In the
whole article, “ - ” denotes the usual tensor contraction, namely for any (t,x) € (0,7] x R%,

b(t,z) - Du(t,z) = ((bl,Duz>(t x))ieﬂlvr]], (2.2)

for u = (w);epi,,) and b = (b;);cq,, also D is the R¢ gradient operator and (-, -) stand for the usual

[

R? scalar product. Furthermore, corresponds to a double tensor contraction. Namely, we set

D?u(t,z) : a(t) = (Tr(Dzuia(t))) , (2.3)

ie[l,r]

where D?u; = (&Bj Or, i) 1< k<d is the usual Hessian matrix of u;, and Tr is the matrix trace operator.
In (Z3) above, D?u;a is a usual matrix product.
Finally, we denote tensor product by

c(t,x) @ u(t,z) (Zc” (t,z)u;(t ac)) Lcier” (2.4)

2.3 Holder spaces

In this section, we provide some useful notations and functional spaces. For all k € Ny and g € (0, 1),
| - llewts@m rey, with m € {1,d} and £ € {1,d,d ® d} the considered dimension, 6 € (0,1), is

Lwe write R4®? for R? ® R? the space of square matrices of size d.



the usual homogeneous Holder norm, see for instance [Lun95]. Precisely, for all ¢ € CF+9(R™ RY),
a= (a1, - ,am,) € N™ we set the semi-norm:

k
H¢||Ck+6(Rm,RZ) = Z sup ‘|Da¢||L°°(Rm,R4) + sup [DY]s,
i—1 lal=i || =k
D%)(x) — D*
(2.9)E®™)2 4y [~y
the notation | - | is the Euclidean norm on the considered space.
If § = 1, the space matches with the usual Lipschitz space we write:
k
[l crtr (om ey = > sup (DY oo (om ey + sup (D1,
i=1 lol=i o=k
D%)(x) — D*
(wy)ER™)2 2y |z =yl

We denote by:
Cy P (R™,RY) = {p € CFFO(R™, RY) : [[]| poo (rem ey < 400},

the associated subspace with bounded elements (non-homogeneous Holder space). The corresponding
Holder norm is defined by:

[l cr+s m gey = [l cres @m ey + [19l] Loo e me)- (2.7)
For the sake of notational simplicity, from now on, we write:
[Dllzee = [Pl oo mareys [[Dllcrss = [[Pllcrromamey 1¥llns = 1l ors ga ey

For time dependent functions, ¢; € L=([0,T]; CF(R™,R)) and @, € L®([0,T]; CF+H (R™, RY)) we
define the norms:

1l ey = 5Up s (6l ggrsgomgey: Neellzoe(orssy = sup_ [loa(t, Mowss am ey
t€[0,T) tel0,T
In this article, we will be as precise as possible on the norm controls. We do not necessar-
ily upper-bound by the complete norm of the consider function space. For instance, even if f €
L>([0,T); CJ (RY,RY)), we will sometimes give some controls in term of | fl| oo (¢ instead of HfHLoo(C;/)
which is crucial to our proof of the Schauder estimates.

For the study of the “semi” Navier-Stokes like equation, we need to define for all g > 0, ¢ €
Cs° (R4, R?) and ¢ € C$°(R?, R?), the useful notation:

[9lls == sup (1 + |z")[(@)], [l¢llzes:= sup sup (1+[a|”)o(t,2)|. (2.8)
z€R4 t€[0,T] zeR4

For this problem, we also consider the Lebesgue space with usual notations that we do not detail
here.
Finally, the Leray projector P is defined for any function ¢ : R? — R3, sufficiently integrable by

Vr € R3 Py(x) = o(x) — D(=A)"'D - o(x). (2.9)

This is a projector on the divergence free functions space, i.e. we have D - Py = 0.



3 Tools for the proof

3.1 The fixed-point theorem

Our proof of the global existence of a smooth solution to non-linear equations relies on a fixed-point
strategy, the Schaefer also called Leray Schauder theorem established in [LS34] and [Sch55].

Theorem 1 (Schaefer/Leray-Schauder’s Fixed Point Theorem). Let E be a Banach space and F :
E — FE a continuous mapping. We suppose that 7€ is compact and if there is a constant M > 0
such that for any p € [0,1], e = ps#’(e) = |lellg < M. Hence, there is e € E such that 7 (e) = e.

This topological result has the major property that it does not require any contraction with usual
Banach fixed-point theorem. That is why we succeed in getting global Schauder estimates without
any assumption of smallness in T" or g.

All long the paper, we use some crucial Gaussian estimates stated in the following section.

3.2 Fundamental tools for the Gaussian function
3.2.1 Absorbing property and cancellation

Let us recall a well-known and important result about the Gaussian function: for any § > 0, there is
C = C(0) > 1 such that:

_1‘22‘2

Vo € RY, |z)e 1P < ce @ (3.1)

Furthermore, we will also often use the cancellation principle: for all f € C7, v € (0,1), z € R?
and o > 0

_ |lz— y\Q

D, de dy—/ Dgye™ 2o [f(y) — f(x)]dy, (3.2)
R

as the Gaussian function, up to a renormalisation by a multiplicative constant, is a probabilistic

lz—y|?
distribution we get Dy [pae” % dy = 0 and

(2%0)%

2 o2 |2 —
L W] < et [ ey
Rd R4 o

— 1 |z— 2
< C@ro)d[f],0 T / Ol
R4
= C[flo’7. (3.3)
The penultimate 1dent1ty comes from the absorbing property (B.1)).
For Gy (tz) == fo Jzs hw — y)U(s,y)dy ds, we also have the standard results.

Proposition 2. There is a constant C = C(d,~) > 0 such that for any ¢ € L>([0,T]; C"(R% R)),
€ (0,1], we have for the uniform norms controls

IGC L < CT¢| 2o, (3-4)

for the spatial derivatives

’Y 1+w

~ —1+
IDGC| oo < Cv ™2 T2 |[¢|lpoe(cys 1D2GC e < Cv T2 T|C poe (o). (3.5)

We also have the Hélder moduli controls
ID*GC¢ |l re(cny < Cv™ H fllneeenys 10:GE ) ey < ClICI Lo (o)- (3.6)

For the sake of completeness, the proof is recalled in Appendix.



3.2.2 Queues and integrability controls

In this section, we consider d = r = 3 as for the “semi” Navier-Stokes equation. For any g € L*>(R3,R)
satisfying ||g||s < 400, B > 0, there is Cz = C3(5) > 0 such that

+1a)?] [ hottss =t

< 27 /RS |z — y|Phy(t,x — y)|g(y)|dy + 2° /RS ho(t, 2 — ) (1 + [y])°lg(y)|dy
B
< o [ 00 haltsz — lgwldy +2° ol
B
< Cavt)2|\gllz= +2%)gl15
B
< Cp(L+[vt]2)llglls- (3.7)

Also, for all ¢ € LP(R3,R3), p € (1, +0o0), by Holder inequality we get for any 1 < ¢ < 400 such
that % + % =1:

| [ huttie = p)dy] < el btz = s

with )
_plz—yl® 1 -1 3 1
v > 4 t D _3 3(1l=p
It == ([ )’ = (L2E) =y amn 5. @y
R3 (4d7vt)z (4mvt)=z

We can write, thanks to integral Minkowski inequality, see for instance [HLP52], for any p > 1,

o= [t = otssas] s < [ s s

3.3 A circular argument

fout

We provide a short result which is used in the a priori controls.

Lemma 1. For any x € Ry, if there are a,b € Ry and n € (0,1) such that
x < az" + b, (3.9)

then ) )
r <2b+21-ngl-n,

Proof of Lemma[l. From (3.9]), we get
x < 2max(ax",b),

there are two possibilities:

axr™ <b = 1z < 2b,
1 1
ax" >b = x<2i-ngl-n,

the result follows.



4 Linear parabolic equation

The goal of this section is to study the operator giving the solution of the linear parabolic equation

{@u(t,x) +b(t,z) - Du(t,z) — D*u(t,z) : a(t) + c(t,z) @ u(t,z) = —f(t,z), (t,z) € (0,T] x RY,
u(0,z) = g(z), z € R%

(4.1)
Assumptions

(E) There is a positive real v > 0 such that for all z € R? and ¢ € [0, T
v|z|* < (wa(t), z) < llafl]al*.

This uniform ellipticity hypothesis is important to ensure that the solution of (4.I]) exists. We
could consider degenerate function a with Hormander hypo-elliptic condition, see for instance [CDRHM18].

Theorem 3 (Schauder estimates for linear parabolic equation). Let us suppose (E). For~ € (0,1) be
given. For allb € L*°([0,T],C) (RYL,R"®RY)), ¢ € L([0,T],CJ (R, R")), £ € L2([0,T]; C) (R, R7))
and g € C§+7(Rd,R”), there is a unique strong solution u lying in LOO([O,T];CgJ”(Rd,R")) N
Gy ([0,T); ¢ (R, R")) of @T).

The control of [lu|; . () is already known, see [Fri64], but the novelty here, is the sharpness
in each control in terms of regularity required for b, f and g in the Schauder estimates. After
preliminaries in Section ] to introduce corresponding notations, we develop in Section 3] the proof
of these Schauder estimates.

Remark 1. We can consider more general matriz diffusion a, precisely depending on the space ,
but in this case we cannot derive a suitable probabilistic representation of the parabolic equation. To
bypass this problem, we can use a suitable prozy. We introduce a freezing parameter & € R® which
allows us to linearise parabolic equation ([EJ)) around this freezing point.

{atu(t,:c) +b(t,z) - Du(t,z) + Tr(D*u(t, z)a(t, €)) = £(t,z) + 1 Tr(D*u(t, 2)aa(t, z,£)),
u(0,z) = g(=),

where
an(t,z, &) :==a(t,&) — a(t, ).

The idea is to consider a new source function —f(t,z) + 3Tr(D?u(t,z)aa(t,x,£)) where the second
term is supposed to have a small contribution. This can be done thanks to a cut locus like in the
choice of the freezing point through a separation of a diagonal/off-diagonal regimes and for a small
final time T'. After this procedure, we could perform a circular argument to conclude as it was done
in [CDRHM1S|.

4.1 Identification of the linear parabolic operator.

Let us define the corresponding parabolic differential operator for all ¢ € Cy°(Ry x R? R") and
(t,x) € [0,T] x R%:

Lo(t,z) :== b(t,z) - Dp(t,z) + D?¢(t, z) : a(t). (4.2)
With our assumption, we know from [Fri64] that equation (ZII) has a unique strong (point-wise)

solution satisfying Schauder estimates. The following subsection set a constructive method in order
to get Schauder estimates of u. It remains to compute these Schauder estimates as sharp as possible.



4.2 Approximation procedure

We first suppose that g = 0, the study of the general case is performed further. In other words, we
consider for z € R the following Cauchy problem

onu(t,r) +b(t,z) - Du(t,z) + D?u(t,z) : a(t) +c(t,z) @ u(t,x) = —f(t, ), t € (0,T], (4.3)
u(0,z) = 0. '
We approximate this Kolmogorov equation by the prory heat equation
duu(t,z) + Ly(t,z) = —f(t, z), (4.4)
u(0,z) =0, '
where for all ¢ € Cf°(R; x R4 R") and (t,7) € [0,T] x R%:
Lo(t,z) := D%p(t, z) : a(t). (4.5)
The associated heat kernel is the Gaussian density:
1 1
p(s,t,x,y) = exp <—— ANz —y),z—y ) , (4.6)
(47)2det(A, ;)2 1\ )
where s
As,t = / a(§)d§ (47)
t

Observe that because for any t € [0, 7], det(a(t)) > 0 from assumption (E), the kernel p(s, ¢, z,y)
is a probabilistic density. In particular, for all z € R% and s,¢ € [0,T] we have JraB(s,t,z,y)dy =1
and p(s, t,z,y) > 0, for any y € R%. Moreover, from assumption (UE) we have:

|z —yf?

_W> =: p(s,t,z,y). (4.8)

and from (B.1]), for each o € N? there is a constant C = C(a, d) > 1 s.t.

[B(s,t,2,9)| < (4mw(s — 1)) 2 exp (

lo]

(s~ 0) " Fexp (ot U

Aflal[Loo (s — 1)

(Sl

|Daﬁ£(8,t,£ﬂ,y)| S C(47TV(S—t))_

_le
= C(v(s—1)) 2 pc-1(s,t,z,y). (4.9)
For the sake of notational simplicity, we will identify po-1(s,t,x,y) with p(s,t,z,y).
For any f € 001 ’2((0, T] x R4 R"), we define the prozy Green operator:

Y(t,z) € (0,T] x RY, Gf(t,z) ::/0 /Rd p(s,t,x,y)f(s,y) dy ds. (4.10)

We define as well, the corresponding semi-group, i.e. for any g € Cg(Rd, R"),

Pe(t,a) = [ p(0.t2,)8(0) dy (4.11)
We are now in position to give the PDE associated with the density p(s,t,s,y), and Gf.
Proposition 4. Let f in C&’Q(Rd,RT) then, point-wisely, for any s € [0,T],

V(t,z,2) € (s,T] x (RY)?, <3t + it>]5(s,t,x,z) =0, (4.12)
and

{&téf(t’x) + L,GE(t, ) = f(t,2), V(t,x) € (0,T] x RY, (4.13)

Gf(0,z) = 0,
the above differential relation is to be understood point-wise.

We carefully point out that obtaining (£.13]) requires the derivatives to be point-wise defined. Due
to the specific form of p and a, we directly perform this operation.



4.3 Schauder estimates

We describe, in this section, the various steps that will lead to our main result and provide a new
approach to Schauder’s estimates. For the uniform control of the solution, we crucially use a stochastic
representation, which allows to regard the fundamental solution of the PDE as a probability density.
Next, for the other Schauder controls we combine the Duhamel formula, considered as a perturbative
formula around the heat equation, with the already estimated uniform norm through a Gronwall
lemma.

4.3.1 Feynman-Kac representation

For the particular case of the uniform L control of the solution of the smooth linear parabolic
equation (4.1]), we can readily use the Feynman-Kac formula associated with the stochastic process:

dX}! = —by(T — s, X})ds + 20 (t)dB},
dX; = : eRIQR", (4.14)
dX] = —b.(T — s, X])dt + /20(t)dB},

where the coefficients are such that

b = (bj)i<i<r,

a = o0 0,

where o matches with the Cholesky decomposition of the second order term a of the linear parabolic
equation (4]), which is still regular thanks to the elliptic hypothesis (E).

Lemma 2. For any (t,z) € [0,T] x R3, we can write the solution to (&) by
t
u(t,z) = Ex,— |g(X1)| ~ Ex=| / (s, Xr) = (s, X—;) @ u(s, Xp_,)ds|.
0
Proof. For any (t,z) € [0,T] x R%, let us introduce w(t,z) := u(T — t, ) which solves:

{—&eﬁ(t,x) b(t,z) - Da(t,7) + &(t, 2) ® (s, 7) = Di(t, @) : 4(t) +£(t,2), £ € 0.T),

_|_
(T, z) = g(z),
with f(t,z) := £f(T — t,z), b(t,z) := b(T —t,z), &(t,x) := (T — t,z) and a(t) := a(T —t). With
these notations, it is well-known that for bounded continuous matrix diffusion (which is guaranteed

by assumptions on a) and for b € L*([0, T7; CJ (R4, R” ®R?)) continuous in time, we can apply Ito’s
lemma

u(T, X7) —u(t, Xy)

T T
_ / (9ria(s. X.) — (s, X,) - Di(s, X,) + D0(s, X,) z als) )ds + / &(s)Dia(s, X, )dB,.
t t
Because 1 is solution of (£.I5]), we obtain

T T
a(t, Xy) =g(Xr) — /t f(s, Xs) — ¢(s, Xs) ®@u(s, Xs)ds — /t o(s)Du(s, Xs)dBs.

Taking the expecting value, we get
T ~
(t, 7) = Exmala(t, X)) = Bx,—alg(Xr)) — Ex,—| / (s, X,) = &(s, X,) @ (s, X, )ds|,
¢

9



by definition and by variable change, § =T — s, we can write

u(t,z) = a(T—t,z) = Exa_,[8(Xr)]—Ex,— {/Ot f(T—5, X7_5)—&(T — s, Xp_s) @ 0(T — 5, X7_5)d5|.

The result follows directly.

O
This formulation readily leads to the control:
t
a(t, )z < llgllzee + tlIf]|ze +/0 l[e(s, )llzee llu(s, )| e ds.
Next, by Gronwall’s lemma we get
t
Jut, e < (llgloee + tIfl e ) exo /0 le(s, )l o<ds)
< (llgllz + €l ) exo (L))
= Nam @ [[fllze, [[gllze [[e] o). (4.16)

Let us to point out that the above control (4I6]) does not depend on b (neither on a). This
crucial fact allows us to perform suitable a prior: controls for a fixed-point argument to get solution
of non-linear equations.

4.3.2 Control of gradient

From Duhamel formula, we readily write
1 t ~
Duta)| < Clo 43 flu= + [Dgli= + | [ [ Dits.t..9) (bis.y) - Du(s.)dyds
0 JR

+‘/Ot RdDﬁ(s,t,m,y)ea(c(s,y)®u(s,y))dyds‘_

Hence,
1,41 t _1
Du(t, )= < Clv t]?l!fHLooJrHDgHLoo+CHbHL°°/O[V(t—S)] 2[|Du(s, )| e ds

t
+0Nm(t,HfHLoo’HgHLoo’HCHLw)/O le(s; )l Lo ds.
By Gronwall’s lemma, we then derive

[Du(t, )| L=

IN

—1,7% t —1,,%
C([V ]2 £l + | Dg] Lo +Nm(t,\|f||Loo,\|gHLw,IICHLoo)/O lle(s, ')IILwdS> exp (C|b|lz=[~11])
= Nazp @, [bllzee, [fllz~, lglcp, llellze)- (4.17)

4.3.3 Control of Hessian

Similarly, we obtain from cancellation techniques, see (3.3))
t
ID*u(t, M= < Cv ' FEE3[|E] s (omy + D) +C/ [v(t = 5)] "2 [b(s,-) - Du(s, )], ds
0

)

+‘ /0 v(t— S)]71+% [c(s,) ®u(s,")],ds
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with

b(s,) - Dus, )y < [bllz (e Dullz + bz [Du(s, )]
[e(s;)®@uls, )y < lellis(evllallze + flellze[u(s, )],
By interpolation inequality, we write
[Du(s, ), < 277 "Ngxg(t, [bllze, [z, lgllcs, lellz=)" " D*u(s, )} (4.18)
[u(s, )]y < 27N, [z, [gllre, llell=)"""Naxg (t. [[bll o, €]z, Igllcy » lle] o)
= Nam @, [[fllze, [glc; llellze ). (4.19)
Then, we obtain
ID*u(t, ) e

IN

— X, — J,a
Cv™ 282 |f] o (o) + D8l + Cv ”m<HbHLoo(cv>Nm(t7HbHLoo,Ilf\\Lwallgllcg7\\C|!Lw)

+2177|bl| = Nz (& £ g 2o el 22<) '~ ID2ul ] )
lell o Nazm (4 1l llgl o, llellze) + llell o Nz (¢, €], llgllep llell o)
= Ny (b Il o g, lgllezs llell o cp))
+Cv 242 ||| oo Ny (4 [|£[] oo [18]] e [l oo )7 D2 ] . (4.20)

Therefore, we then derive from Lemma, [T]

IDu(t, -)|[ £
B e AN
< 2Nz, [fll o), lgllozs el oo cpy) + (2Cv ™+ 282) 7= ||b| Lo Ngy (4 1€ o< |l o< s [l )
— Nazn (T Ibll o) [z ey gz el e e (4.21)
From this inequality and (A.I8]), we also deduce readily, by interpolation, that
[Du(t, )}, < 2N, bl [£lr=, gl lelze)'™
b
< Nzzn (T, [ll o c): 1€l e (e gz el ey
— Nz (Dbl oo [l ey Igllez el ey (4.22)

4.3.4 Control of the Holder modulus of the Hessian
From Proposition [2]
ID*u(t, Yooy < Cv R+ 7 2) ] + (D
+Cv 3 (14073 (b - Du o) + e @ ull o))
Cv™ 3 (14 v 9)|[fll o o) + D),
+Or 3 (14 1) (1] o) 1D e+ Bl 2 D )

IN

Fllellzoe e llallz~ + IICHLooIIuHLoo(m))-

11



Hence, we obtain,
ID2ut, Mm@y < Cv 31+ 07 2) || (o) + [Dgy
+Cv 3 (1407 8) (Ibll ) Nz (& [l 22, £l <, [ Do, el )
+Ibll o N gy (¢, [l 2o, ]| o=, [IDg| o<, el o )
Hlell o () Nzm (4 bz, [Ell o, [Dgllze, llellzo)
+ell = Nezm (¢, [l 22, £l <, [ D2, llell <))

=t Nazg) (T, [bllree ) [Ell e ) I8l gz el oo cp))- (4.23)

4.3.5 Control of the uniform norm of the time derivative

It is direct from the Duhamel formula and Proposition B that, for any (t,z) € [0,T] x R,

Ora(t,z)] < Iz + Cv 282 ]| oo (o) + vIID?g ] 2 + [[b - Duflzee + Cv 282 b - Duf g o)

Hle® ullz + CrHEE e @ ul| (o), -
which yields that
Ou(t,2)| <l + Cv I ]| o) + D8 1

+C([b]l o + t2|[b]| o (o) )Nz (& 1 o<, |£] o< | Degll o<, el )
+Cv 23 b 1 Nz (8, [bll oo (e I e gy Igllezs llell s o)
+C (el + v 282 el oo () Nezzm (4 [1fllzoc, l1g o, lle] o)
Hllell e Nz (&, [z, [gllcy el )

= Nazg @, [Pl cp) [fllze ), l8llezs lellzoe ) (4.24)

4.3.6 Control of the spatial Holder of the time derivative
Similarly to the previous control and from Proposition 2] we get
Jollpeeny < (1 Cv TR+ ) ey + CvT R (L4072 D),
+1+Cr 4+ 1/_%)) (Ib - Dul|fec vy + lle @ ul|poo(c))
(1+Cr 3 (1407 2) [El] = (c) + CIDgl,
(14 v 14 073)) (bl Nz (T Bl o ) 1€ v Il el oo )

+{IBl| oo (¢ N @my (T bl zoe , [[El| Lo, [ Dgl o<, €]l o< )
Hllell Lo Nazm (T, [1bll 2o (), [l 2, Igllep s llellz)

IN

+llell o () Naag) (T, [l e, ]l o<, gl zee ||CHL<>°)>

=: N(IIZE])(Ta ”bHLoo(cg)a ”fHLoo(cg)a ”g”cg+% HC”LOO(C;]))- (4.25)

Thus the stated Schauder estimates.

5 Quasi-linear equations

This current section is dedicated to the general case of quasi-linear equation when the first order term
depends on the solution itself. In the next part, i.e. Section [7, a non-local case, that we call “semi”
Navier-Stokes equation, is treated where the proof requires some extra computations.
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For 0 < r < d, we consider the non-linear equation defined for a given 7' > 0 (arbitrary big) by

opu(t,z) + A(u)(t,z) - Du(t,z) = D?u(t,z) : a(t) + C(u)(t,z) + f(t,x), t € (0,71, (5.1)
u(0,z) = g(x), '
where we recall that Du stands for the Jacobian matrix by blocks, “.” for the tensor contraction. In

other words,

A(w)-Du= (Y (A();0; (i), ;o (5.2)

1<j<d

The dimensions d and r can be different and can be arbitrary “big”. The associated non-linear
differential operator is defined as following, for any ¢ € C5°([0,T] x RY,R"), by

V(t,z) € [0,T] x RY, Lop(t, z) := Al@)(t, z) - Do(t, z) — D%p(t, x) : a(t) + C(p)(t, ). (5.3)
Assumptions

(Pa) There is a non-negative real function .#, : Ry — R locally bounded such that, for all b €
C3°([0,T] x R4 R™) and v € (0, 1]:

JAD®)Iz~ + [CO)z~ < Aa(lbllz~),
JA®) |y + ICO) ey < Aallblzo)): (5.4)

for v = 1, we naturally suppose ||[DA(b)||z + |[DC(b)||ze < #Zx(||Db|1).
(P¢) There is a non-negative function ¢ € L>([0,7],R,) such that, for all b € C§°([0,T] x R4, R"),
and t € [0, 7]
IC®)(E e < )b, )]z,
IC®)E Moy < Db ep- (55)

(F) There are non-negative real functions My, M R4+ x Ry — R locally bounded such that, for
any by, by € C5°(]0, 7] x R4, R"),

|A(b1) — A(b2)||pe < [[b1 — bo || (|[br]|zoe, b2 L), (5.6)

and
[C(b1) — C(b2)|lL < [b1 — bal[peeAc(|[b1] Lo, [[b2] L) (5.7)

Importantly, the operators A and C can be non-local, as it will be the case for “semi” Navier-Stokes
equation (which requires a particular analysis as it does not satisfy the above assumptions).

Remark 2. We can suppose some dependency on the current time in the upper-bounds, even with
some time singularities (a priori only integrable ones). But for the sake of clarity, we choose to avoid
this case which should not imply substantial difficulties.

For example, we can choose the operators:

A(b)(t,z) = b(t,x), (multidimensional Burgers like equation),
A(b)(t,z) = |blf(t,z)b(t,x), k € Ry, (generalized multidimensional Burgers like equation),
Ab)ta) = [ plto = pIb(to)blt)dy, k€ Re, for any p € (0.7 L' (R R),
Rd
Ab)(tx) = exp (bl(t,2))b(t,2). (5.5)

Remark 3. The first example, the “multidimensional viscous Burgers’ equation” is a particular case
of this problem whose the Schauder estimates are already established in [Unt17] but with high reqularity
for [ called therein the forcing term.
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Theorem 5 (Schauder estimates for quasi-linear equation). We suppose (E), (Pa), (Pc) and (F).
For v € (0,1) be given. For all £ € L>=([0,T);C)(RY,R")) and g € C§+7(Rd,Rr), there is a unique
strong solution u € L*([0,T7; C’,?JW(]Rd, R")) N CL([0,T]; C (R4, RT)) of ().

The idea of the proof is to combine the Schaefer/Leray Schauder theorem, see Theorem [I, with
our Schauder estimates in Theorem [3, which allows us to bypass some usual difficulties related with
quasi-linear equations, see e.g. Remark and warning page 507 in [Eva98|] where we see the difficulty to
build a sequence which at the limit converges towards the quasi-linear equation (no Cauchy sequence
without smallness assumption on the initial condition). A fixed point approach is not new for non-
linear equations, we can refer for instance to the steady-states solutions of incompressible Navier-
Stokes in [LR16] p530.

6 Proof of Theorem

For a given B € L>°([0,T]; C} (R%,R")), we approximate this quasi-linear equation by a multidimen-
sional version of the linear parabolic equation previously studied. We first consider the following
parabolic equation, for any (t,z) € [0,T] x R?

{Btﬁ(b)(t, r) +B(t,z) - Da(b)(t,z) + D(t,2) = D2u(b)(t,z) : a(t) + f(t, x), (6.9)
u(b)(0,z) = g(x),
where the drift term and the zero order term write:
B(t,z) = A(b)(t,x), D(t,z):=C(b)(t,z). (6.10)
We define the associated differential operator, for any ¢ € C§°([0, 7] x R4, R"), by
V(t,z) € [0,T] x RY, Ly(b)p(t,z) := B(t,z) - Dp(t, z) — D3p(t, z) : a(t) + D(t, z). (6.11)

It is well-known, see [Fri64], that there are Green operator and semi-group, respectively denoted by
G(b) and P(b), such that the solution of (63) writes, for any (¢,z) € [0,T] x RY,

i(b)(t,z) = G(b)E(t,) + P(b)g(t, z) = Hi(f, g)[b](t, z). (6.12)

The aim is to prove that we can consider b = u by use of Schaeffer fixed-point argument.

6.1 A priori boundedness of the fixed-point

In this section, we perform, the crucial a priori controls of a fixed-point. Namely, we suppose that
u = J,(f,g)[u]; the case u = pJ7,(f,g)[u], p € [0,1), is even more direct. In particular, the
boundedness of such a u is quiet direct thanks to Schauder estimates in Theorem [B replacing in the
upper bounds b by A(u), ¢ by C(u), and from assumptions (E), (P4), (Pc):

ID*ul| ey < Nz (T, Au(lall oo o) Il e gy Il g2+ el o),
ID*uflze < Nezm (T, Au(lull o) 1€l gy, I8llez llell ),
IDul[re < Ngp (T, Au([all<), [f]ze; [[glley, lelze<)

b
[ullzee < Neag) (T [l gl el oe),
1Opuflre < Nazm (T, Aa(l[ull oo cp)s (€l ) 18l cps llellze),
b b b
10pu]l Loy < Nz (Ts Aa(([ull oo cp))s €l gy 18l eps llellze),
b b b

Importantly, from the fourth inequality, the boundedness of the norm ||Dul|z~ is already done:

[Dullie < N (7,6 (N (T, £l gl lellz)). 1€l el el o)
= Ngm(T. [flz~. gl el o). (6.13)
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We also deduce from interpolation inequality that

— 1—
lallzeo(ery < 2777 ullp [ Dulffs

IN

2! "N (4 1|z, lgllzee, llell =)' ™" Ngz (7, 1| o=, lglley llell 2 )
= N (T, [Ifllz=; gllcy [l <) (6.14)

Thanks to this inequality, we can directly derive the other Schauder estimates:

D] pmery < Nz (T Aa(Ngm(T, 18] . gl lellze ). 18]l oe ey s el )
= Nz (T [fll e cp). Il eas llellz=), (6.15)

ID*uf i~ < N (T, A (N (T I e gl el o)), 1] ooy gl ellzo)
= Nz (T Il =) gz llelz=), (6.16)

loullie < Ny (T, o (N (T 6] 2 lgllop llell o)), €] e cps gl ellz=)
— Nz (@Il o) Il llll ), (6.17)

1lzmcry < Nz ANz (T [E1, lgllcy lell ). [£]l ey, Il ez el o)

= Nz (T [fll=cp), lgllcas llellz=). (6.18)

The a priori Schauder estimates are then established.

6.2 Compactness of the parabolic operator

To show that the operator is compact, we aim to obtain the sequential characteristic: for each bounded
sequence (b, )men in L®([0, T]; Cf (R4, R")) there is a subsequence of (£, g)[by,] which converges
in L>=([0, T]; CH(RY,R™)), i.e. S (f,g)[] is relatively compact.

6.2.1 Truncation procedure

The usual way to deduce convergence of a subsequence is to use Arzela-Ascoli theorem, however the
starting space has to be compact. Hence, to apply this theorem we need to use a smooth cut-off
0,.r € D in a ball By(y, R) C R%, the ball with R as radius in R? and y € R? as center, defined by

x

=) (6.19)

0y,r(x) = 6,(

where 6, : R? — [0,1]¢ is a C™ function such that

0, (z) z, if |z —y| <1,
xTr) =
Y 0, if |z —y| > 2.

For u solution of the linear equation (6.9]), we consider now the function defined, for any (¢,z) €
[0, 7] x R?, by
Uy r(t ) = u(t, 0y r(r)), (6.20)

with the important particular case
u, gr(t,z) =u(t, z). (6.21)

But to directly get the suitable convergence when R — 400, we need some integrability properties
of @, to do first let us consider the weak formulation of the parabolic equation (4.I]) which allows to
consider a truncated solution as in (6.20). We pass to the strong solution in Section [6.2.4]
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6.2.2 Weak solution

Let us take a smooth function ¢gr supported on By(0, R). We can write a weak formulation of the
solution u = ., (f, g)[b], i.e. for any (t,7) € [0,T] x R%:

/Rd or(z —y)[0u(t,y) + B(t,y) - Du(t,y) + D(t,y) — D*u(t,y) : a(t)]|dy = /Rd or(r —y)f(t, y)dy,

/ er(z —y)u(0,y)dy = / or(r —y)g(y)dy,
R4 Rd

recalling that B and D are defined in (6.10).
Thanks to the definition of the support of ¢g, the first line of the above equation equivalently
writes

|, on(e = 0)[0r(t.2) + Ban(t.9) - Dis(t.9) + Dan(t.9) ~ D alt,y) s (o)) dy
= [ ente =)t (6:22)
with By r(t,y) = B(t, 0x,r(y)) = A(b)(¢,0r,r(y)) and Dy r(t, y) = D(t, 02 r(y)) = C(b)(t, b2 r(y))-

Hence, for each bounded sequence (b, )men in L®([0,T]; C}(RY,R")), from Schauder estimates
stated in Theorem [l we know that (¢,y) — 7 (f,8)[bn](t, 02, r(y)) = H1(f,8)[bm]z r(t,y) is also
bounded in L>([0, T]; C} (B4(0, R),R")); and, thanks to the Arzela-Ascoli theorem, there is a sub-
sequence of 7, (f,g)[bm].,r which converges in the Banach space L>([0,T]; Ct(Bq4(0, R),R")). In
other words, the operator 7 (f, g)[bm]z r is relatively compact in L*°([0, T]; Cf(Bq(0, R),R")).

6.2.3 Weak solution to strong equation

At this stage, we can apply Leray-Schauder theorem, i.e. Theorem [l to the operator J7(f,g)[-|z,r
which is continuous and compact in L>([0,T]; C}(B4(0, R),R")), and any fixed-point is a priori
bounded, see Section G.I} hence there is a smooth function u, g € L*([0,T]; C} (By(z, R),R")),
z € R%, such that

V(t, y) € [0’ T] X Rd’ um,R(t’ y) = jfL(f’ g) [um,R]m,R(t’ y)’

which is, in particular, a weak solution of quasi-linear equation writing for any (¢,z) € [0,T] x R%:

Jpa wr(z =) [Orus r(,y) + A(us R)e kR(E ) - Dug R(t,Y) + C(ug,R)e r(L,Y) — D*uy r(t,y) - a(t)]dy
= Jpa or(z = y)E(t,y)dy,
Jra or(@ = y)ue r(0,9)dy = [ra 9r(z —y)8(y)dy.
(6.23)
Moreover, from the a priori Schauder estimates performed in Section [6.I, we also get that u, r €
L£>2(10, T); Gy (Ba(0, R), R")) N Gy ([0, T); G} (Ba(0, R), R")).

6.2.4 From weak to strong solution

Thanks to the regularity of the above solution up of the weak quasi-linear equation (6.23]) we can ex-
pect to solve this equation point-wisely (in a strong form). To do so, let us introduce a smooth Dirac
sequence (¥, )m>0 with compact support B;(0, R) such that [, = 1; we can choose for instance

the Landau example which is, in dimension 1, defined by ¢, (x) = %(1 — E—z)m]lze[_ R,R]-

The idea now is to show that we can pass to the limit when m — +o00 in the weak formulation
(623). This is in fact possible thanks to the already known regularity of u, g stated in Theorem [0l
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Let us define for any (¢,z) € [0,T] x R%:
u(t,z) == uy r(t, x), (6.24)

in the spirit of (62I]) but for the weak solution of the quasi-linear equation defined only in a compact
set. This function u(¢,z) is a good candidate to be the strong solution of the quasi-linear equation

ET).

Now, we show that replacing ¢r by ¥, in (6.23) and letting m going to +oc yields point-wisely
to the strong formulation of the quasi-linear equation. Namely, we aim to prove that

lim ¢m($ - ) [82511:1: R( ) + A(um R)m R(t y) Dux,R(ta y) + (c(um,R)m,R(t’ y)

m——+00 Rd
_Dzum,R(ta y) : a(t) o f(ta y)] dy
= Juu(t,z) + A(u)(t,z) - Du(t,z) + C(u)(t,z) — D*u(t, z) : a(t) — £(t, ).

We write for any z € R? thanks to the well-known regularisation by convolution controls and
Schauder estimates the following results.

e The time derivative part:

‘ /]Rd Ym(x — y)Opug, r(t, y)dy — Opult, x)‘ ‘ /]Rd Ym(z —y) [&tux,R(t, y) — Orug, r(t, x)] dy‘

< Cm7||0pug Rl oo (o)
< Om N (T, [fllz(cp): 18l o c27))
— 0. (6.25)
m——+00

e The first non-linear part, which is dealt thanks to assumptions (P,) and (F):

‘ / T;Z)m T — (ux,R)x,R(t, y) . Dum,R(t, y)dy - A(u) (t’ x) : Dll(t, x)‘
< [«///A(HUHLOO )Py gl + A ([[ul =) [Dug, Rl L (o))
< cm—vw, £l cp» I oe )
— 0, (6.26)
m—-+00

where N(T,||fHLoo(C;),HgHLOO(CQ-Q—'y)) is a constant depending on d, r, v, v, T, [[f|| =(cy), and
b

gl Loo(C2t) given by interpolation and by Schauder estimates.

e The second non-linear part, thanks to assumption (F):
| [ ol = D alt iy - S| £ O el o)

< om0t (Ngmm (T 1€, gy lell =)
o (6.27)

m—-+00

e The second order part:

| [ mle =)D usn(t.9)  alt)dy — DPu(t.a) s alt

< COllafpeem™ D*ug, rll 1 (o)

< Cllaflom™ Nz (T, Ifll = ey lgll e 2))

— 0. (6.28)
m—-+00
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The convergence of the other contributions in (6.23]) are even more direct. Hence, from (6.25])-([6.28)),
we obtain that u defined in (6:24) is a strong solution to quasi-linear equation (5.1I) which satisfies
Schauder estimates.

6.3 Uniqueness of the solution to quasi-linear equation

We establish uniqueness of the solution of the quasi-linear equation (5.1) for any finite 7' > 0.

Let us consider two smooth solutions u; and uy of (&I lying in L>°([0,T7; CQ+7(RTRT)) such
that there is a positive mapping N¢ ¢(7") depending on HfHLoo(Cg) and [|g| 2+~ (also on 7, d and )
b

satisfying:
Hu1||Loo(C§+”/) + ||u2HLoo(C§+”/) < Nf,g(T)- (6.29)

We also define U = u; — uy, which is solution, for any (¢,z) € (0,T] x R%, of

O U(t,z) + [A(uy)(t,x) — A(ug)(t, z)] - Duy(t,x) + Alug](t,z) - DU(¢, z) + [C(uy)(¢, ) — C(ug)(t, z)]
=D?U(t,2) : a(t),
U(0,z) =
(6.30)
From Duhamel’s principle, we readily derive that for any (¢,z) € [0,T] x R%:

U(t,z) = PU(0,z) —G[A(u;)—A(uy)]-Duy (t, 2) — GA(ug)-DU(t, ) — G[C(uy) —C(ug)](t, ). (6.31)
=0

We directly get:

[G[A(u1) — A(ug)] - Duy (¢, )| 2o

IN

t ~
CHDulllLoo/O U (s, )| oo An([[ur || oe s [[uz ]| <)

IN

ON;o(T) /O 1U(s, )| oo ds, (6.32)

from assumption (F).
Also we write by integration by parts:

HGA(HQ) -DU(t,)||pe = sup
€[0,771, R4

//Rd - (B(s, t, 2, y)A(uz)(s,y)) U(s, y)dy ds

_1
< C/O (IDA(u2)[|z + (¢ = )2 [|A(u2) || Lo ) [[U(s, ) || oo ds.
and by assumptions (Py), for v =1,

IGAwe) - DU e < C [ (Ah(IDuslli) + (=) H (=) UG )=

IN

ONi o(T / [U(s, )| e ds. (6.33)
We finally obtain by assumption (F):

IGIC(u1)(t, ) = Cluz)(t, Nl < /0HU(Sw)HLoo«/Z«:(HulHLoo’Hu2HLoo)d8

IN

«/Zc(Nfg ); Ne g (T / [U(s, )|
(6.34)
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Combining (€.31]) with (6.32), (6.33) and (6.34) readily yields:
t
IO, )z < Cvag(T)/O U(s, )| Lo ds. (6.35)

We deduce from Gronwall’s lemma that ||U|z = 0, which, in particular, means that u; = ug, the
smooth solution of quasi-linear equation (5.JJ) is then unique.

7 A “semi” Navier-Stokes equation

In this part, we set the dimension@ d = r = 3. We consider the following semi-linear equation, that
we call “semi” Navier-Stokes equation:

(7.1)

{@u(t,x) + Plu](t,x) - Du(t,z) = vAu(t,z) + £(t,x), t € (0,71,
u(0,z) = g(x),

where v > 0 is called viscosity in fluid mechanic context, and P is the Leray-Hopf projector defined
in (2.9).

We point out that in the non-linear contribution, the Leray projector applies on u and not on
u - Du required for the usual Navier Stokes equation, see [LR16]. If u is divergence free, in such a
case the Cauchy problem (Z.I]) would match with the incompressible Navier Stokes equation, but this
hypothesis has no reason to be generally true...

For the sake of simplicity, in this section, we do not specify the exact norm in the upper-bounds
of the type N(,(-), as the upper-bounds require several extra norms (in Lebesgue space and some
queuing controls). We write instead upper-bounds as N(.)(T ,f,g), where the index still refers to the
associated identity. This is all the more relevant here, as we do not have exactly a usual parabolic
bootstrap. Indeed in the Schauder estimates below, some L? norms are in the r.h.s. which is due to
the required energy control.

Theorem 6 (Schauder estimates for semi Navier-Stokes equation). For v € (0,1) be given. For all
source functions f € L>([0,T]; Cy (R3,R3))NL?([0, T]; L*(R3,R?)) and g € C§+7(R3,R3)HL2(R3,R3)
satisfying

sup [D*f||z=,5 + sup [DVgl|s < +oc,

|lal<1 lo’|<2
there is a unique strong solution u € L*([0,T]; CI?+V(R3,R3)) NCL([0,T]; C) (R, R3)) of (TI) satis-
fying the energy estimates

sup [lu(t,)[7: < V2gl7s +20fl172 e,
te[0,7)

T B t s 1 /%, . . N
| iDutslads < v (gl + [ 186 ek (el + 5 [ 16GIads)ds)., (72
the Schauder estimates, and also the queueing controls

locu(t, )lls + [D*u(t, s + IDu(t, )lls + [ult,)ls < N, @z, cm,.cz (¢ f.8).  (7:3)

Remark 4. If Pu is solution of an incompressible Navier-Stokes, then we can prove that this solution
is unique and is “physically reasonable”, see [LR16]; and thanks to the queuing controls, we can readily
derive the smoothness of the projection of u on the divergence free function space. Unfortunately, to
prove this assumption seems to be highly not trivial, or even false in most cases.

2This dimension assumption is crucial for the harmonic analysis required in the Poisson equation implied by the
Leray-Hopf projector.
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Remark 5. There is no dependency on v in the L? norm in (T2) and in the uniform control ||u| =~ <
T|f||zee + |lg|lzee, see (T8) below, then we can expect some reqular behaviour in a turbulent regime
phenomenon, when v — 0.

We need to specifically study this equation as the operator P does not satisfy a priori assumptions

(P4) nor (F).

To use Schaeffer theorem, we need to consider continuous compact operator in Banach space with
bounded fixed points. The proof of continuity of the consider operator is very similar to the Navier-
Stokes operator, see Section 16.5 dans [LR16]. In order to obtain compactness, we use Arzela—Ascoli
theorem, but we need to consider a starting compact space as in the previous quasi-linear case.
Thanks to the queuing controls of the norm || - ||g, we can growth the compact size to infinity in a
easier way than in Section

7.1 Compactness

The Duhamel formulation of the solution () is
u(t,z) = Gf(t,z) + Pg(t,z) + G(P[u] - Du) (¢, z). (7.4)
Hence, the operator to consider is for any 1 € C§°(R3,R3):
Hp(t,x) = GE(t,x) + Pg(t,z) + G(P[] - DY) (¢, 2). (7.5)

To establish compactness of this operator, we have to show that for any bounded sequence of func-
tions (1, )men of the Banach space E there is a subsequence of 71, converging in E, i.e. J is
relatively compact.

Let us choose as Banach space F, the space of all functions ¢ lying in L>([0, T]; C?>T7(R3,R3)) N
C([0,T); C7(R3,R3)) such that

l@llLoe 5 + D] Lo 5 < 400 (7.6)

By the controls stated in Theorem [6 and computations performed further, we see that J#,, is uni-
formly continuous. Therefore, by Arzela—Ascoli theorem there is a subsequence (7Y, );>1 uniformly
converging in all compacts of [0, 7] x R3 toward a limit ./#% lying in E.

In particular, for any R > 0, S, uniformly converges on [0,7] x B3(0, R) towards .
Furthermore, for any ¢t € [0,7]

B Supy_ o [0, (1, ) — AU, ) £
— Sy o0 SUP [ H Ui, (£,0) — A ()|

|z|>R
< limsupy_,, o |S|UI;%(1 + 2P (1 my, (£, )| g + [|720(E, ) 5)
xT|>
Cs
< £ — 0
= o lomle 220

where ||, || p depends on the associated norms to E. In other words, (7, )i>1 uniformly converges
on the whole space [0, T] x R3 towards #).

7.1.1 Energy estimates

Considering u a solution to the “semi” Navier-Stokes equation ([I]), and taking the scalar product
with u of the solution yields:

Ju-u+Pul-Du-u=vAu-u+f-u,
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this is equivalent to
Oilu)?> + Plu] -DJu]?* = vAu-u+f-u

We can then integrate in time and space:

nm>w—mm+// DMSw@%—//vmu$y@@ﬁ//fuuwws
R3 R3

By integration by parts, we derive that:

t t t
|mmwé4m@—//Xnmwmwawmw:—//ﬁmm&mw@@ﬁ//fu@w@@.
0 R3 0 R3 0 R3

From D - P[u] = 0, we derive the following crucial formula

t t
wmw§+//umw@w@w:M@+//fu@w@w (7.7)
0 R3 0 R3

Next, by the Cauchy-Schwarz inequality

t t
futt 3+ [ [ vIDueg)dyds < Ll + [ 1o s leds,

and by Young’s inequality

1 [t 1 [t
Wﬂﬂﬁﬂﬂ®@+§AHﬂwWé®+§AHM&Mé®

We deduce from Gronwall’s lemma:

t 1/t
fatt. 1B < ¢ (lglBe + 5 [ 1806, Bads).
0

and so

t B t s 1/ -
[ IDus s < o (gl + [Nt (el + 5 [ 166Gl d)s).

7.1.2 L°° controls

We directly derive, as previously, from Feynman-Kac representation, see Section 3] because the
corresponding drift Plu] € L>([0,T]; C}(R3,R3)), see (ZI6]) further, which is smooth enough to get
a probabilistic representation and the uniform control of the type [£.16 namely:

Jul[pee < T[]l + [lgllzee = Nz (T, [[£l| 2, [l o< )- (7.8)

7.1.3 A first control of the gradient

From Duhamel formula, we get for any ¢ € [0,77:

t
IDu(t,)||pe < CV_%t%HfHLoo + || Dgl|p~ + sup ‘/ Dp(s,t,x,y)P[u] - Du(s,y)dy ds|.
zeR3'J0o JR3

By Hoélder inequality, we have for any 1 < p, g < 4o00:

IDu(t, e < Cv~2t2[f] 1 + [Dellz + SUP/ IDp(s,t, ;)| a|[Pu] - Dus, )| rds.  (7.9)
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By similar computation as (3.8]), from B.1]), we write

1

Dits e = ([ Doty ltdn)’

1
q

IN

Clt=)#( [ | 1o(s.ta.)l1ay)

=393
)

_3 14
= Ot =)
= Oq (e —s)]

which is an integrable singularity, if -2+ 23—q > —1. In other words, we suppose

3
2

<3p>
1S5 P> T

= 3. (7.10)
Next, it is clear that
[P[ul(s, ) - Du(s,-)|[rr < [[Du(s, )| L~|Plal(s, )| zr-

To control the LP norm of the Leray projector, we need a Calderon-Zygmund inequality, see e.g.
Theorem 9.9 in [GT83].

Lemma 3. For any 1 < p < +o0, ¢ € LP(R3,R3), there is a constant €, = €,(p) > 0 such that
[Pellzr < Ep(d+ 1)@l Lo (7.11)
From this result, we deduce

[Plul(s,-) - Du(s, )l[r < 4G [Du(s,-)|[re[[als, )]s

< A% [|Du(s, )|z fuls, )l % [lull7.,

by interpolation inequality. Also from (7.8)) and (7.2])

p—2
IP[u](s,-) - Du(s, )llr < 46 IDuls, )|z (sllf > + llglz=) 7 (V2lgliz + 20IflZ212) 7,

where we denote ||f[%,,, = fOT 1£(s,)[132ds.
Hence, from (7.9)

[Du(t, )| e~
1
< Ol ')z |fl|z= + | Dgllze

AN

p—2
P

+Cq %, /0 ot — )72 Du(s, Yo (slElL~ + glie) 7 (Ve + 2] ga) bds.
By Gronwall Lemma, we deduce:
IDu(t, )
(Clv 43Iz~ + IDgll 1)

IN

p—2
P

_ 3 t oL 3 2
cexp (Ca7HG, [ e )25 sl + ligli) 7 (VElgl + 218172) )

1
("3 11l + IDgll = )

IN

-2 p=2 2 [t s
X exp (Cq 206, (H[|f] oo + llgllze) 7 (V20gl2s + 2/If]32,2) 7 /0 (t—s) 2+2qu)

IN

—1,,L
(Clv 031 + Dl 1)

3
2qg 2C
<exp (65

p=2 2 5.3 3%
(tIEllze + ligllzoe) 7 (V2lgllFe + 201fF2p2) P20t 2 )

(7.12)
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Hence, we derive

[Du(t, )|z
1
< (Cv '3l + gl )
1—3
. 2 2C p=2 2 9.3 3-2
inf ex ((57tfoo+ «) 7 (V2|gl|?s + 2||f]|? Py 2qt2q>
g M o (B (t1Ele + ligllzee) 7 (V2ellze + 20ll72 ,2)
= Nt f,g).

7.1.4 A second control of the gradient

From Duhamel formula and queue controls stated in ([B7), we get for any (¢,z) € [0,T] x R3:

Du(t.a)] < CO+pt) 1) (1005 185+ IDels)+| [ [ Dot o,)Plul Duls,)dy ds]

By Hoélder inequality, we have for any 1 < p, g < 4o00:

t
B _ —1,1L ~
IDu(t Yo < CO+) 1+l (10702 1815+ IDels)+ | [D(s. b2, )5 Duls. ) oa [Pul .

(7.13)
From (3.1)), we have

1

Dits. e Duts, e = ([ | 1Dis b Dus. )y
< Cq (4P HDuls(v(t =) (1), (T14)

from identity ([B.7]), the above time singularity is an integrable singularity, if -2+ % > —1. In other

words, we suppose
3
2

3
g<z,p> =3. (7.15)

2 31
From Lemma [3],

p—2

p=2 2
[PTu] (s, )lze < 6%p[luls,-)[[Lr < 6Gp[[uls, )] % [uls, )72

by interpolation inequality.
Furthermore, we obtain thanks to the uniform control (7.8 and to the energy control (7.2)

p=2 2
IPLu](s, )l|ze < 6 (slIfllzo + llgllze) » (V2llgl72 +20l[7212) 7,
Hence, from (ZI3]) and (7.14)
[Du(t,-)lls
B 1,1
< O+ [wt]2) (v t)2]Iflls + IDglls)
p—2
p

_ 3 R oL 3 2
+Cq QQ%p(lﬂL[Vﬂ?)/o (t—s) "2 | Duls, )llg (s|fllz + gll<) 7 (V2lgl2e + 2[|f]2272) 7 ds.
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By Gronwall Lemma, we deduce:

IDu(t. )l
< C(L+ %) ([ 7]l + |Dells)

xexp (Cg~ %, (1+ i) ) /Ot[u<t—s>r2+i(s\|f||m+||g||Loo> (V2llgl3s +20If22,2)  ds)
< C+ ) (v 3]s + [Dglls)

x exp (Cq 3,1+ ] ) (I + gllie) T (V2allZa +20f2210) 7 /0 it $)) 7> ds)
< c<1+[uﬂ?)([u—ltﬁufnﬁj||Dg||/a> (7.16)

X exp <(5p(1+[’/t]§)2§1:72f(t||f\|m+Hg\|L<>°) (V2llgls + 20f[22p0) v 20t 20" ).
Hence, we derive

IDu(t, |5
< C(1+[wt]2) (vt €] + |Dgls) in

1<q<3, p~l4q~1=1

3
5.2¢'"2C 2 _,
{o (60 + 1975 = [l + gle) ™ 7 (V2lglle + 20|22 p0) P2

=: N (t,f, g). (7.17)
From a precise analysis of the Poisson equation, it is well known that:
[PDul|ze g2 < C[[Dullg, (7.18)

see e.g. [LRI6]. We can now give a first point-wise estimate of the Leray-Hopf projector of the
gradient of the solution, i.e.

H]P’Du”Loo,ﬁ,Q < CNm(T,f,g). (7.19)

7.1.5 A second point-wise control of the velocity

From Duhamel formula, we get for any (¢,z) € [0,T] x R3:

B _
[u(t,2)| < CL+ )1+ [2) ™ (¢I€]5 + lgls) +suﬂ51 / /R (s, t,@,y)Plu] - Dus, y)dy ds|.
xre

By Hoélder inequality, we have for any 1 < p, g < 4o00:
B _
jut.2)| < C(1+ ) )(1+ )7 (#18];+ Dl ) + sup / 55, . 2, - Du(s, )| |Pul] ods. (7.20)

From (3.1I)), we have
1

[5(s.t.2, ) Du(s, s = ([ 1505, ,5)Duls, ) ldy)
_3 B _3(a=1) _8
Cq % (1+ (v )| Dulls (v(t = ) (1+ o))

< CqE L+ ) Ng (. £.8) (vt — ) B (14 [2]) 7,

IN

from B.7] the above time singularity is an integrable singularity, if ?’(‘12—;1) > 1. In other words, we

suppose
3 3
-2 21
(<3, p>3—7=73 (7.21)
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Next, by the Calderon-Zygmund control stated in Lemma 3]
p—2

p=2 2
[PLa](s,)llze < 4Gp[luls, )L < 4Gp[[uls, )] L% [als, )72,

by interpolation inequality.

Also from (.8]) and (7.2)
p=2
IPLu(s, )lze < 4% (slIfllze + ligllz=) 7 (V2llgl7z +20£]72p2) 7.
Hence, from ([7.20)
[u(, )lls

AN

< 0@+ ?) (42 1IEls + IIDglls)
+00745%, [ Nzl tg) (i —9) 5 (ltlloe + lgllx) T (VElgls + 21815, )
<+ i) (43 0gls + IDglls) (7.22)
_3
+cg,,03‘f_ q v N (1, £, (1L + llgllz=) 7 (ValiglZ + 20812,2) 7 ).
So
fu(t, s

< o+l (2 1IEls + IDglls

3

1—-3
. . q 2¢ _3(=1) 3-g p=2 9 9 2
b G R N (1 £,8) (e + lellz=) 7 (VR8I + 20l3r) )

= N(m(t,f,g). (7.23)

Let us also precise that, like in (7.I8]), we have the crucial point-wise estimate of the Leray-Hopf
projector of the solution, i.e.

[Pl g2 < Cllul|>p < ONgzg (T 1, g). (7.24)

7.1.6 A first control of the Hessian

Still by Duhamel formula, for any t € [0,T7:
ID*u(t, e < Cv R B o) + D gl

¢
+ sup / Dﬁ(s,t,x,y)D(P[u] . Du) (s,y)dy ds
0 JR3

z€R3

IN

t
OV 3 ] o + 1D+ sup | [ [ Dps,1 )P - Do,y s
z€R3 0 JR3

+ sup

t
/ Dji(s, t,z,y)P[u] - D*u(s, y)dy dS(-
zeR3'J0o JR3

We can use the previous point-wise controls to obtain

t
142, _1
ID*u(t, )|z~ < Cv 1+gtgllfHLoo(m)ﬂLIIngllL“’J“C/O[V(t—S)] 2[|Du(s, )[|s[[Du(s, )| L~ ds

e /O [t — )] F[u(s, )15 [D?u(s, ) | o ds

1 1
Cv 243 |[f|| poo(cn) + ||D?g L + Cv 2t IN (1, £, 8)

IN

+c/0 (t — 5)]"* Nz (s, £, 2)|[D?u(s, )| o ds.
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We finally get by Gronwall’s lemma:

ID2u(t, )|~
_ _ 1
< (O EE o) + D%l + Clv ] N (4.1, ) )
t
X exp <C’/ [v(t — s)]féNm (s,f, g)d8>
0
_ 7, _ 1 _ 1
< (CvEBfllpe on) + D%l + Clv NG (4,8, 8) ) exp (Cl ] Nz (1. £, 8) )
= Nz (t.f,8). (7.25)

7.1.7 A second control of the Hessian
We also have, for any t € [0, T:

ID?u(t, z)|
8 4.1 t _
< C(+[vt]2)(1+ |z)) " (t2|Df|| =5 + | Dglls) + ‘/0 /}R3 Dyp(s,t,z,y)P[Du] - Du(s,y)dy ds

¢
#] [ [ Ditssto,) @ Plul - DPus,)dy ds
0 JR3
We can use the previous point-wise controls to obtain

IDu(t, )|
< C(+ [vt]?)([v )2 |DE|| o 5) + Dglls) + C(1 + [v1]7) /0 [v(t — 5)] "2 |Duls, )| s|Du(s, )| sds
1O+ 1)) / w(t — 9] Jus, )| ID2u(s, )| sds

< L+ wt]%) (v 3 IDE|s + [D2glls) + [ )3 N (&£, 8)
+/0 Wt~ )] Nz (s, £, &) [Du(s, )| o).

We finally get by Gronwall’s lemma;
B _ 1 _ 1
ID2u(t, s < OO+ i) (v R IDEs + [D%glls + Clv™ NGy (.. 2))
t
<exp (C(L+ vt)?) [ it - )7 Nz (s, 8)ds)
0

B _ 1 1
< C(+ i) (3 IDE s + |Dglls + Ct3 NGy (. £.8))

X exp <C(1 + 1)) )P N g (1, F, g))
. Nem(t.E.g) (7.26)
7.1.8 Control of the Holder modulus of Hessian

Similarly, we obtain
_ _1
D%u(t,)], < v A+ v72)|[f] o) + D8]l oo (o)

—i—[/ Dp(s,t,-,y)D(P[u] - Du)(s,y)dy ds} . (7.27)
0 Jr3 g
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Let us separate the diagonal and the off-diagonal cases as in Appendix. For any (x,2) € R? x R3,
we first write

t
‘ / / [D2]3(S,t,.%',y) - D2ﬁ($7tamlay)]P[Du] ’ Du($7y)dy dS‘
t+|z—2’|?2 JR3

t

< o= o x [BDW-Dulsp)luwiery [ ple- o) ds

t+|z—z'|?

-3 _
Cv'7 |z — 2/|"|P[u] - Du(s,y) || (IIP[Du] - Du(s, y)||z= + [[P[u] - D*u(s, y)| )"

<

< CvT e - 2 Ny (4 F, )N iy (1 £, ) ( ONFrn (. £, 8) + CN g (4, £, )Nz (0 F, g))'y

= |z —2'["Nezg)(t,f,g). (7.28)
Next,

t|z—a'|?
/ [ [D%(s.t..9) ~ D*3(s,t,',)] P[Du - Du(s, )y ds
0 R3

t

< |P[Du] - Dus, )]l s~ (c) / it — )% ds

t+|z—z'|?
< OVF |- 2/ ["Niz (¢, £, &)N iy (¢, f,g)<CNh(t, f,g)+ CNm(t,f,g)Nm)(t,ﬂg)y

= |z —2'["Ngzg) (4, f,8). (7.29)

Hence, gathering (7.27)-(7.29)

1
[Du(t, ), < v 3 (L+072)|f] g (o) + ClID’gl () + Nz (1 £,8) + Nezzm) (1, £ 8)

= N (t f,g). (7.30)
7.1.9 A control of the time derivative
For any t € (0,77, it is direct that:
Dt 2)| < C(1+ P31+ [al) 7 (v 25| DE| o(s) + [Dgl5) + |Plu] - Dut,z)
+‘ /0 t [ Oubls,t. 2, )Plu] - Dus, y)dy ds‘. (7.31)

As previously, we get:
8 11
[0t )llg < CO+ [Vt]2)<(V 2t%|Df | 1 (5) + |D’glls) + Nz (t. £, 8)Nezan (4. £, 8)

+[u71t]% (N?EIZD (s,f,8) + Nz (s, £, g) Nz (4, F, g)))

— Ngm(t.fg). (7.32)

7.1.10 Spatial Holder modulus of the time derivative

The last estimate readily derives from Section [[.T.8k
[8tll(t, )]’Y < HfHLDO(C’;{) + ||D2g||L°°(CW) + Nm (t, f’ g) + N(M)(ta f, g) = Nm (t’ f’ g) (733)

The Schauder estimates are then established.
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8 Non-linear equations

For 0 < r < d, we consider the non-linear equation defined for a given 7" > 0 (arbitrary big) by

{Btu(t, r) +P(u,Du(t,z)) + c(t) @ u(t,z) = D?u(t, ) : a(t) + £(t,z), t € (0,7, (8.1)

u(0,z) = g(=),

where P is a locally bounded function. We point out that here the first input of P does not depend
on the current point z and the second input the non-linearity is supposed to be local.

For the sake of simplicity, we do not consider a general non-linearity C(u) as in quasi-linear
equation (5.I). For such a non-linearity, we would consider a hypothesis of the kind |[DC(u)||z~ <
[l ze< [[Dul| Lo

Assumptions

(Pp) There is a non-negative real function .#p : R, — R, locally bounded such that, for all
b e C5(0,7] x RLR"), ¢ € C5((0, 7] x R%R) and 7 € (0, 1)),

(¢, z) — P(c,b(t, x))) L~
H(tvx) = P(C7 b(tvx))HLw(C;’)

Ap(|[bl| L) (1 + [lc]| =),

<
< p(|bl e o)) (X + llellze), (8.2)

with, for v = 1, [|(t,2) = DP(c,b(t,z))|[r= < #p(|Db|[r=)(1 + |c(t;-)]cp), with DP(c,b(t, z))
the Gateau derivative of b — P(c,b(t,z)) for a given c.

(Fp) There is a non-negative function //Zp : ]Ri — Ry locally bounded such that, for all by, by €
Cee([0,T) x RER™) and ¢, ca € C5°([0,T] x RE, R,

IP(c1,b1) — P(c2,bo)|| 1 < [|by — balpeedlp(|[bi| oo, 2]z, [l || oo, [[e2]lzo).- (8.3)

Theorem 7. We suppose (E), (Pp) and (Fp). Forvy € (0,1) be given. For all f € L>([0,T]; C} (R4, R")),
gc Cg”w(Rd, R") andc € L*([0,T],R"), there is a unique strong solution u € L*([0,T]; §+7(Rd, R™))N
CH([0.T); Gy ™ (R R")) of BT

Proof of Theorem[7 . Continuity and compactness of the associated operator is very similar to the
quasi-linear case. In the current proof, we detail the a priori controls. Nevertheless, in the current
non-linear case, we first need to upper-bound the gradient.

Control of |Du(t,-)| =

Let us denote v = Du, thanks to chain rules, we get

D(P(u7 u(t, x))) = DP(u,Du(t,z)) - Dv(t,z),

where DP stands for the Gateau derivative of the operator w.r.t. the second entry. By differentiating
the Cauchy problem (BI]), we then derive for any = € RY,

{Btv(t,x) + DP(u,Du(t,z)) - Dv(t,z) + c(t) @ v(t,z) = D?v(t,z) : a(t) + Df(t,z), t € (0,T],
v(0,z) = Dg(z).

From the Feynman-Kac representation, see Section A3l we directly derive that
t
[v(t, )z = [Du(t, )|z < t|Df||z= + [[Dgllz +/0 ()l (s,-)l[L~ds.
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Let us point out that we cannot easily perform a control of an integration by part to consider less
regularity of the source functions. Indeed, the probability density relies on the stochastic process
associated with the Kolmogorov equation (8.4) whose the gradient behaviour may depend on the
corresponding drift (which also depends on u), see for instance [Aro59] and [Fri64].

Next, the Gronwall’s lemma yields

Du(t. )= = vt )i~
t
< (UDE1~ + [Dgl) e ([ fe(s)ids)
~ Nigy(t. [Dfl|z. [Dglz~ [l ). (85)

Control of [ju(t, )|z~

Coming back to the initial Cauchy problem (8Il), we derive from Duhamel formula

[t Lo < tlfll Lo + (gl +/0 HP(H(S),DH(S,-))IILwdS+/0 lc(s)ll[uls, )| Lo ds.

By assumption (Pp), we get

[u(t, )z < tlfllze + llgllze +/0 Ap(|Du(s, )| L) (1 + [[u(s, -)!!Loo)d8+/0 lc(s)ll[als, )|z~ ds,

and by Gronwall lemma

la(t, = < (tIEl + gl + /0 Mp(|Du(s, )| < )ds ) exp /0 Mp(|Du(s, 1<) + [o(s)]ds)

IN

t
(tUEllz + ligl 2~ + /0 M (N (¢, | DF|| <, [Dgll s, [e] 1)) ds )

t
<exp ([t (N 1. D [ Dl el=)) + fe(s) )
= Nt [1fl=(c3), Il Ielzo). (56)

Control of |D?u(t, )| =

For the Hessian estimates, we differentiate twice Duhamel formulation and we get

ID2u(t, )| 1
t
< Clv 42 |Df |1~ + |D%g 1~ + C / (t — 5)] 72 [DP(u(s), Du(s, -))|| o [D>u(s, )| = ds
0
t
+C / [t — )] 2|c(s)| x [Dus,-)|| o ds
0
< Ol '7||Df| 1~ + |D%g| 1=

t 1
+/0 [v(t — )" Zp(|Dus, )| o) (1 + Neggy (£ 1 l] oo (¢ gl llclze)) D u(s, ) [ ds

+Cllef| LNz (¢, [DE[| oo (7)., 1Dl ey el o)
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also Gronwall’s lemma yields
11
ID*u(t, )| < <[V '1]2[|Df || oo + | D?gl|1 + +lcl| 2 Ngm (¢, €]l oo ¢ 18l HC||L°°))
t
_1
<oxp ([ it = s)) . ior (Ve (1, D . (D el 1=)

(1+ Ny (& [0 (¢ gl lell <)) ds)
= Nt [Ellpe(cp) gl el ). (87)

The remaining Schauder estimates directly derives from Theorem [3

A Reminders on the heat kernel properties
Let us detail now the proof of Proposition 2] thanks to the recalled properties stated in Section

Proof of Proposition[d. For all x € R%, ¢t € [0,T] and a € Ng, we recall

|DO‘GC (t,z)| = ‘/ / Dgp(s,t,x,y)C(s,y)dy ds|.

The first uniform norm is direct.

Uniform norms of the spatial derivatives

e Control of |[DGC||
By cancellation , i.e. for any s € [0,t] we have [pq Dop(s,t, 2, y)((s,z)dy =0 , we get

pécta) = | [ [ Dats.ty)lcto) = Cs.)ldy ds

A

t
1
= C\'HCHLO"(CV)\/0 /Rd[l/(t—5)]_5ﬁ(s,t,x,y)|y—x|ﬂ/dy dS,

from ([@9]) and the regularity of (. We deduce from (B.1):

DGC(t2)] < ClCmien / / (t— )" p(s, t,0,y)dy ds

—1t
< Olclamiery [ =) ds
< Clcllpmiony 2t (A1)
e Control of || D?G(¢||z~
Similarly, by cancellation, we obtain
PR = | [ [ D2t Clo.n) — closo)ldy ds

IN

Clclieen [ [t =01 pts. bl — sl s,
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from (@3] and the regularity of (. We deduce from identity (3.1))

B t
|D22:G<(tax)| < CHCHLDO(C'Y)/O /Rd[y(t - S)]_1+%ﬁ(8,t,$,y)dy ds

IN

t
Il e /0 w(t — s)]"ids

~

C||C||Loo(cv)fl+%t7- (A.2)

IN

Holder moduli of the spatial variable

Control of ||D2éCHLoo(C'y)
For any (z,7') € R? x RY, we aim to prove that there is C' > 0 such that

S[lépT] |D2GC(t, @) — D*GC(ta/)| < Cv™ 3 (14 v72) ¢ o (o)l — 2.
te|o,

We basically differentiate the diagonal/off-diagonal regimes. Let us define the associated Green
kernels:

t
GYeec(t,z) = //Rdﬁ(s,t,x,y)((s,y)ﬂt_ss[x_l,/gdy ds,
0

t
GOH_dlagC(t, .%') — /0 /Rd ]5(3’ t,x, y)C(& y)Ht—s>[x—J:’\2dy ds. (A3)

* diagonal: if (t — s) < [z — 2’|, we get by triangular inequality
|D2GUE((t, w) — D*’GHEC(1, )| < |D*GUE((L, x)| + | D GU¢(t, 2)|.
Inequality (A.2) and the diagonal considered regime yield

|D2édiagg(t’x) - D2édiagg(t’x/)| < 2C’HCHL"O cv Vﬁl+%f%ﬂt<[m x'|?
— X
< O Rl oo (omy e — 2| (A.4)

* off-diagonal: if (t — s) > [z — 2’|, we write by a Taylor expansion:
|D2 égﬂ—dlag(t’ ,CL') _ D2égﬁ_d1ag(t, x/)|

t—|z—a'|?
- ‘/0 /Rd[Dg‘ﬁ(S’t’x’y) - Dgﬁ(s,t,xl,y)]g(s,y)dy ds

) ‘/Ot—” /Rd/ z— ') D3p(s,t,a’ + p(z — '), )dug‘(s,y)dyds‘.

We write by cancellation,

’DQGOH_diagC(t, 1_) _ DQGOH_diagC(t, 1”)‘

t—|z—a'|? 1
- ‘/ /Rd/ (m—x’).Diﬁ(s,t,x/%—p(:c—x/),y)
0 0

[¢(s,y) = C(s,2" + pla — 2'))]dp dy ds

< Cll¢llpoeemle — ]

t—|z—a'|?
/ // (t—s) 2p(s,t, 2’ + p(z — '), )|y—x+,u(x—x Pd,udyds.
R4

A

w
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We get by (),

‘DZGOH_diagC(t, .%') o DZGOH_diagC(t, 1”)’

< Cl¢llpeeemylr — ']
t—|z—a'|? 1 34y . .
/ L = o7 plss ! e =)o) dy s
. t—|z—a'|? .
< Cllmenle=a [ -
—34
< O g iomlz — 2| (A.5)
Finally, by inequalities (A.4]) and (A.5]), we get:
~ 1
ID? G| oo oy < Cv™ 2 (1417 2) [l os (- (A-6)
e Control of ||9;G¢|| L
By chain rules,
~ t
HG((t, ) = —((t,y) +/0 y Op(s,t,z,y)((s,y)dy ds. (A.7)

We already know that ¢ € L>(C7), we then have to show that the second contribution in the
r.h.s. lies in the same Holder space. To do that, let us first remark that from the heat equation:

b (s, t, ,y) = Tr(D3p(s, t, 2, y)als)). (A.8)
Hence we can rewrite (A7) by:
t
0Gc(tr) = =)+ o [ [ Dilsitm s mdyds). (A9)
From (A6) and (A7), we readily have:

18:GC o < [ICllpoe + CIVTIZ I poo (- (A.10)

e Control of ”atéCHLoo(C'y)
We directly deduce from ((A.G]):

= X _1
18:GC || poo(cmy < vE (L + 17 2) ¢l poe ) < ClC poe(om- (A.11)
O
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