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BLOW-UP OF 2D ATTRACTIVE BOSE-EINSTEIN CONDENSATES
AT THE CRITICAL ROTATIONAL SPEED

VAN DUONG DINH, DINH-THI NGUYEN, AND NICOLAS ROUGERIE

ABSTRACT. We study the ground states of a 2D focusing non-linear Schrodinger equation with rotation and har-
monic trapping. When the strength of the interaction approaches a critical value from below, the system collapses
to a profile obtained from the optimizer of a Gagliardo—Nirenberg interpolation inequality. This was established
before in the case of fixed rotation frequency. We extend the result to rotation frequencies approaching, or even
equal to, the critical frequency at which the centrifugal force compensates the trap. We prove that the blow-up sce-
nario is to leading order unaffected by such a strong deconfinement mechanism. In particular the blow-up profile
remains independent of the rotation frequency.
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1. INTRODUCTION

Bose-Einstein condensates [9} 24] form a remarkable phase of matter where quantum effects can be spec-
tacularly observed on a mesoscopic scale. Indeed, a single quantum wave-function being macroscopically
occupied, its quantum coherence becomes accessible e.g. to imaging techniques. The flexibility of modern
experiments with dilute atomic gases are also remarkable [1} 14} [10} [8 135 134], allowing to access reduced
dimensionalities (2D or even 1D), to tune the interactions (allowing for repulsion or attraction between par-
ticles) and to mimic external magnetic fields either by rotation or by coupling internal degrees of freedom to
optical fields.

In this note we consider such a combination of effects. Namely we are interested in 2D attractive BECs,
where the contact interactions will destabilize the gas towards collapse if they are too strong. The resulting
collapse of ground states [20] turns out to be unaffected by the addition of a moderate rotation of the gas [235]]
(see also [15] for dipolar gases). A fast rotation may however destabilize the gas towards expansion, be-
cause the centrifugal force fights the confining potential. These two effects might compete, but we prove that
the instability towards collapse always dominates, leading to a blow-up scenario independent of the rotation
frequency. This answers a question raised in [25, Remark 2.2].

Date: August 2022.
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We shall consider the minimization problem
ENLS := inf{egfgs(¢) cpeXRY : bl = 1}, (1.1)

where 6'3];5 is the nonlinear Schrodinger (NLS) energy functional with attractive interactions
£y (@) = / V()| dx + / X2 dx + 29, L) - 5 / ¢l *dx
R2 R2 2 R2

- / =iV + Qxb)p()2dx + (1 - 9P / P12 — & / () dx.
R2 R2 2 Jm2

Here a > 0 describes the strength of interactions, Q > 0 is the rotation frequency, xt = (—x,,x1), and

L =—-ix A V = i(XZal - Xlaz)
the angular momentum operator. The space X (R?) in (T.T)) is a functional space in which the energy functional
SNLS is well-defined, see below.

In the case of high rotational speed Q > 1, it was proved in [3] that there are no ground states for ENLS for
all a > 0. Indeed, when the rotational speed is larger than the trapping frequency, the centrifugal force caused
by the rotation is stronger than the centripetal force created by the harmonic trap and the gas flies apart. On
the other hand, the condensate remains stable when Q < 1. In this case, one can prove the norm equivalence

VO, + lIx¢l7, +2Q(L, d) = IV, + lIxII3 . (12)
It is then clear that the energy functional is well-defined on the weighted Sobolev space
2(R?) := H(R?) n L*(R?, |x|?dx),
and hence one can take X(R?) = X(R?). Using the compact embedding Z(R?) ¢ L"(R?) for all r € [2, o0),
one can easily show the existence of a ground state for Egl;s with 0 < a < a, (see e.g., [20] in the case

Q =0). Here a, = ||Q||i2 with Q the unique (up to translations) positive solution of the elliptic equation

-AQ+0-0°=0 in R> (1.3)

The constant a, also appears in the sharp Gagliardo—Nirenberg inequality

a
8 / (o)l dx < < / |V¢<x>|2dx> < / |¢<x>|2dx>, Vo € HI®RY), (1.4)
2 RZ IR2 R2

The case of critical rotational speed Q = 1 is special. The situation becomes more subtle since the centrifugal
force caused by the rotation is exactly compensated by the harmonic trap. In particular, the norm equivalence
(T-2) is no longer available. Thus working on X(R?) does not help to find ground states for ENLS In this case,
we study the minimization (I.1)) on a larger functional space of magnetic Sobolev functions, namely

H R :={¢pe L’R) : (-iV+x"pe LR},
hence we set X(R2) = H ; | (R?) when Q = 1. Note that by the Cauchy—Schwarz inequality, we have Z(R?) C
H}lCl (R2), but Z(R?) G H;l([Rz) (for the latter see e.g., [13} Remark 2.1]). By making use of a concentration-

compactness argument adapted to magnetic Sobolev spaces (see e.g., [[14]]), it was proved in [13}|18]] that Ei‘%s
has at least one ground state provided that 0 < a < a,.. By the standard Gagliardo—Nirenberg inequality (T.4)
and the diamagnetic inequality (see e.g., [28, Theorem 7.21])

VIl < =iV +xDd(x)], aexeR? Vpe H! (R (1.5)

we also have the following magnetic Gagliardo—Nirenberg inequality

a
—*/ |p(x)|*dx < (/ |(—iv+xi)¢(x)|2dx> (/ |q’>(x)|2dx>, Vo € H! (R?). (1.6)
2 RZ RZ Rz X
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The main difference between (1.4)) and is that there is no optimizer for while Q in (1.3) is the unique
(up to translations and dilations) optimizer for (T.4). Thanks to (T.6), the energy Eg];S is non-negative for all
O<a<a,. ’

1.1. Collapse in NLS theory. In the sequel we are interested in the blow-up behavior of ground states for

Eg];S when a approaches a,.. Our first result concerns the blow-up limit with the critical rotation speed Q = 1.

Theorem 1.1 (Collapse of NLS ground states at the critical rotational speed).
We have, as a /" a,,

ENS = (q, - a)!/2 <2w n o(l)) (1.7)

1/2
a*/

where Qg = ”Q”; Q. In addition, for any sequence {a,}, satisfying a, /' a, and any sequence of ground
state ¢,, for Eﬂ“s, there exist a sequence {0,,}, C [0,2x) and a sequence {x,}, C R? such that the following
convergence holds strongly in H' 0 L®(R?):

@ —a)'* | (@ —a)" (a, —a,)'/*

lim X+ x, |exp i—xL-x+i9n = Qy(x). (1.8)

1/4 127N 1/4 1/2 1/4 172 n
= @l | @kl ay ! 1xQy I’

As an application of this result, we have the following blow-up behavior of ground states when Q /' 1 and
a /' a* at the same time.

Corollary 1.2 (Collapse at subcritical rotational speed).
For any sequence {Q,},, {a,}, satisfying Q, /' 1 and a, /' a,, and any ground state ¢,, for ESLE , there

exists a sequence {0,}, C [0,2x) such that the following convergence holds strongly in H' n L®(R?):

fim =) @ —a)'" | o 0y(x) (1.9)
im » x e = Qg(x). .
= @ MxQoll | @Ikl

Remark 1.1.

1. The convergences of energy and of ground states were proved by Guo and Seiringer [20] when Q = 0.
These convergences were extended to the case 0 < Q < 1 fixed by Lewin, Nam, and the third author
[23]] (see also further works in [22} 17, [12]). In [19] it is even proved that a fixed rotation rate has no
effect at any order. Theorem [I.1]shows that the energy convergence found remains valid in the case
of critical rotational speed Q = 1, at least to leading order. This is noteworthy because the trapping
potential, which sets the length-scale of the blow-up behavior, is compensated by the centrifugal force.

2. The convergence of ground states however has to be stated differently from [20] 25]. The model is
translation-invariant for Q = 1 and thus ground states converge only modulo a magnetic translation
(namely, a translation decorated by the suitable phase making it commute with the magnetic Laplacian
see e.g. [33] and references therein).

3. The only effect of the magnetic/rotation field is to set the blow-up length-scale (see the sketch of proof
below). This is comparable to the positive particle mass m > 0 in the Hartree-type and Thomas—
Fermi-type models of stars [21, 29} |32] 30} [31]].

4. Our blow-up result, when Q 7 1 at the same time asa /' a,, answers a question raised in [25, Remark
2.2]. In this situation, although the centrifugal force almost compensates the trapping potential, the
small residual trapping favors blow-up at the center of the trap. Hence there is no need for a magnetic
translation and the ground state convergence is completely similar to the case 0 < Q < 1 fixed.
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Let us briefly describe the strategy of the proof. To prove Theorem|[I.1] we first show that the sequence of
ground states {¢,, }, for E{\E‘S blows up in the sense that

£, = ||V|¢n|||; - 0asn— . (1.10)

The blow-up length is then set by €, (whose precise asymptotic behavior is not known at this point) and we
shall show that

@, (x) 1= €,p,(e,x + x,,)e"e"xi'x”g" - Qy(x)
strongly in H'(R?), i.e. there is convergence modulo a magnetic translation of vector {x,}, C R? and the
choice of a constant phase {6,}, C [0,2x). To prove this, we rely on a property of the Lagrange multiplier
associated to ¢, together with the local boundedness of sub-solutions obtained by analyzing the corresponding
Euler-Lagrange equation. Thanks to the non-degeneracy of Q, we then prove that the imaginary part of ¢,
is small in H'-norm. This implies that the rotation acts on ¢, only as a quadratic external potential. This
effectively sets a length-scale, and we next prove by matching energy lower and upper bounds that the blow-up
length behaves like
( a,—a )1 /4

1/4 1/2°
" Ix0o |1,

Hence we obtain the energy convergence (I.7). Finally, the L*®-convergence of ground states follows from
H'-convergence and H?-boundedness deduced from the variational equation.
To prove Corollary u we first use an energy argument to show that ENLi has the same asymptotic

behavior as for Q = 0, 1. By taking a sequence of ground states for E| NLS

ENLS E NLi is an approximate ground state for ENLS At this point, the

Vl

and choosing a suitable trial state

for , we prove that a ground state for

conclus10n follows directly from a result proved in [25} Section 3].

1.2. Collapse in the mean-field limit. The focusing NLS functional (I.I) is commonly used to predict the
collapse of an attractive system, but it should be seen as an effective, mean-field model [36]. It is of interest
to see whether the mean-field and blow-up limits can be exchanged as in [25]]. Based on Theorem [I.1] and
Corollary [I.2] we give a positive answer to this question, starting from many-body quantum mechanics.

In this framework, a Bose gas with an attractive interaction is described by the N-particle Hamiltonian

N
Houn =Y, <—ij +1x, 12 - 29ij> Y wny—x)), (1.11)

j=1 1<i<j<N

acting on HV := Lfym

(R*N). As is customary [36]], the two-body interaction wy is chosen in the form
wy(x) = NP w(NPx) (1.12)

for a fixed parameter § > 0 and a fixed function w satisfying
wx) =w(=x) 20, (1+]|xhw, & e L'R?), / w(x)dx = 1. (1.13)
R2
We are interested in the large- N behavior of the ground state energy per particle of H, , y, namely
QM 1 :
Eg,(N) =N~ inf (®n,Hg , nPr ), (1.14)
oyesVloyl=t NN

and the associated eigenstates of Hg, , . When Q = 1, the Hamiltonian H, , 5 is magnetic translation
invariant so it probably has no discrete spectrum (see e.g., [2, Proposition 5.4] or a discussion before (1.21) in
[27] for a similar model of stars). In the following, we therefore assume that 0 < Q < 1 and 0 < a < a,. We
will consider the limit where a = ap /' a, at the same time as Q = Q, /' 1 when N — oo. In that case, the
NLS ground states blow up at the origin to the function Q, as showed in Corollary [I.2} We will prove that
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the many-body ground states condense fully on Q. As usual, the convergence of ground states is formulated
using k-particles reduced density matrices, defined for any @, € $ by a partial trace
k
2SI S LI IC N

Equivalently, ygc; is the trace class operator on $* with kernel

k
7/((1)) (xl, veey xk; yl’ veey yk) = / (DN(xl, ceey xk, Z)(DN(yl, veey yk’ Z)dZ
N R2(N—k)

Bose—Einstein condensation is properly expressed by the convergence in trace norm
- K _ 1 1@k @] —
dim Trlyg) — 1% (¢ =0, vkeN.
We have the following result.

Theorem 1.3 (Collapse and condensation of the many-body ground states).
Let 0 < f < 1/2 be fixed and a = a)y = a,, — N~* with

O<a<min{§ﬁ,2(l —2/3)}.

Then for every 0 < Q < 1 we have, as N — oo,

M IxQqll .2
Eg’aN(N) - Eg‘;fv + o(Eg;fv) = (a, —ay)'? <2a1—/2L +o(1) }. (1.15)
*

Assume in addition that Q = Qn =1 - N~ with

. Sa
O<v< {1—2 —g, ——}.
v < min p 2,6 7

Let @ be a ground state for ESMa (N). Then we have
N-YN
: ®) _ 1 »®ky\;®k|| —
dim Trlyg) 105 (0% | =0 (1.16)
forall k € N, where
1/4 1/2 1/4 1/2
a*Ixol? (@ 1o,
On(x) =

= X1.
(a, —ap)/* 20| (a, —ay)l/4

Remark 1.2. This shows that a result found in [25]] remains valid when Q /' 1 slower than a / a, ([25] only
deals with 0 < Q < 1 fixed). The method is the same as in [25]]. The energy estimates do not depend on
the rotation parameter. In fact, we also obtain (I.13)) for Q = 1. Furthermore, the convergence of the many-
body ground states follows from that of the approximate NLS ground states. In the case Q5 " 1, under the
additional assumption on the convergence speed of Q,; in Theorem|1.3| we check that the approximate NLS
ground state for Egl‘faN is still the one for Eg%f]

Acknowledgments. This work was supported by the European Union’s Horizon 2020 Research and Innova-

tion Programme (Grant agreement CORFRONMAT No. 758620).

2. COLLAPSE OF THE NLS GROUND STATES

In this section we study the limiting behavior of ground states for (I.I) when a approaches a,, from below.
We first deal with the critical speed Q = 1. The case Q /' 1 will be given in the end of this section.
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2.1. Collapse at the critical speed. Let us consider the case Q = 1. For simplicity, we denote V,1 :=
—iV + xt. Let us start by recalling some useful facts.

Lemma 2.1 (L2-bound).
We have
20913, < IV ¢l3,, Ve H (R?)
Ix2

with equality achieved e.g. by ¢(x) = \/;e_ 2,

This is a consequence of Landau’s well-known diagonalization of (in )2 (seee.g., [37I).

Lemma 2.2 (Compactness modulo translations).
Let {¢,}, be a sequence of functions satisfying

inf >C.
inf gl >

for some positive constant C > 0. We have the following weak convergences:

o Ifsup,sq |, ll g1 < oo, then there exist ¢ € HY(R*)\{0} and a sequence {x,}, C R? such that up
to a subsequence,

¢,(x + x,) = ¢(x) weakly in H! (IRz) and almost everywhere in R2.
e Ifsup,s, ||d>n||H1 < oo, then there exist ¢ € Hll(le)\{O} and a sequence {y,}, C R? such that
up toa subsequence
n X, (x +y,) = @(x) weakly in Hil(le) and almost everywhere in R2.

Here ¢, — ¢ weakly in HiL(RZ) means that
/(Vxld)n - V.¢) -V, ipdx+ /(d)n —d)pdx -0, Vepe H;L(IRZ).

Proof. The proof of this Lemma can be found in 26, Lemma 6] for the H I_weak convergence and [13, Lemma
2.6] for the Hi | -weak convergence. g

Lemma 2.3 (Energy upper bound).
Let {a,}, be a positive sequence satisfying a, /* a, as n = oo. Then, for every 0 < Q < 1, we have

. NLS NLS
nli)ngo EQ p E =0.
More precisely,
ENLS
Q, x
lim sup @ o IxQlls2 @.1)
n—oo (a* - an)1/2 01/2

Proof. Itis obvious that ENLS > 0, by the magnetic Gagliardo—Nirenberg inequality (I.6). On the other hand,
let O be the unique positive rad1a1 solution of @]) By Pohozaev’s identity, we have

||VQ||2LZ = §||Q||L4 = ”Q”2Lz =a,.
Denote Q, = ||Q||2;Q. Then
a*
VOl = S 1Qoll. = I1Qoll7, =1

By the variational principle, we have

a
EjL < EGS(0Q0(4) = 42 <1 ~ a—) + A2 1xQ I, 22)
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for all A > 0. Here we have used the fact that (L(AQ(4-)), 4Qy(4+)) = 0 since Q) is real-valued, where we
recall that L = i(x,0; — x;0,). Optimizing over A, we get

NLS ”xQOHL2 1/2
EgS < 27(@ —a,)" (2.3)
which implies (2T) and also lim sup,,_, ., EN~S < 0. O

Lemma 2.4 (Blow-up).
Let {a,}, be a positive sequence such that a, /' a, as n — oo and ¢, be a ground state for Ei\g‘s Then {¢,},

blows up both in Hil(R2) and in H'(R2) in the sense that
Tim (Vb2 = lim IV, 2 = lim [V ][] 2 = +co.

Proof. We first show that {¢), }, blows up in H! ! (R?). Assume for contradiction that

sup ||V, 19, ||L2 0. 2.4)

n>1
In particular, {¢,}, is then a bounded sequence in Hi l(IRz). Observe that there exists C > 0 such that
lim inf >C
minf ||, |+ >
since otherwise, we have

lim ENLS = lim IIVXMbnll 22,

n—oo
where the last inequality is due to Lemma @ Thls, however, is not possible (see Lemma [2.3). Thus, by
Lemma , there exist p € H i L (R}H)\{0} and a sequence {x,}, C R? such that up to a subsequence,

Pp(x) 1= eixﬁ'x(i)n(x + x,) — ¢ weakly in HiL([R2) and almost everywhere in R?.
We claim that “¢”sz = 1. Indeed, we have
2 . . Ird 2 . . 2
0< lIgl12, < liminf |5, |2, = liminf [1g,,]2, = 1.
If ||(]5||2L2 < 1, then by the magnetic translation invariance, we have
ENS = E005,) = £0°(y) 2 €158, = E15(@8) + €15, — ) + o(D). 2.5)

Here we have used the weak convergence in H; L(Rz), the almost everywhere convergence in R2, and the
Brézis-Lieb lemma (see [5]) with the fact that ||¢~>n|| ;4 1s bounded uniformly, by the magnetic Gagliardo—
Nirenberg inequality (T.6) and (Z.4). Again, (I.6) implies that
liminf ENS(g, — ¢) > 0.
n—o00 Iy

ENLS 228NLS< ¢ > % 1 450
Or= 10l \Taors ) * 2 gz, ~1 ) 10>

since 0 < [|¢]l;2 < 1. This contradicts the fact that Eﬂ“s — 0 as n - oo, by Lemma Therefore, we

must have ||@]|;2 = 1, hence ¢, — ¢ strongly in L>(R?). In fact, ¢, — ¢ strongly in L"(R?) for r € [2, c0),
because of the H, (R?) boundedness. Since a, /" a,, we have from (Z3) that

Furthermore,

Ei\’fl‘s < £NLS(¢) < 11m mf ENLS(¢>") = 11m 1nf ENLS ENLS,

la, *

In particular, ¢ is a ground state for ENLS However there are no such ground states, as proven in e.g. [ 13} 18],
and we deduce that (Z.4) cannot hold.



8 V. D. DINH, D.-T. NGUYEN, AND N. ROUGERIE

We now conclude the proof by showing that {¢,,}, blows up in H 1(R?). We have

. . . a
0=Ey,> = lim Ey;S = lim &%) = lim IV,d,l3, = Sl

Ay n—oo  1fn
Since ||V 1¢,|l;2 = o0 as n — oo, we must have ||q'>n||i , — oo. But then the standard Gagliardo-Nirenberg
inequality (T-4) implies that ||V, || ;2 = oo and ||V|@,||| 2 = oo as well. O

We are now in the position to give the proof of Theorem [I.1]

Proof of Theorem[I.1] The proof is divided into several steps.

Step 1. Convergence of the modulus. We first show that there exists a sequence {x,}, C R? such that
£,19,|(e, - +x,) = Q strongly in H'(R* asn - o 2.6)
where €, is given by (I.10). Denote
v,(x) :=¢g,|¢p,|(e,x).
We then have
loallz2 = ll@yll2 =1 and |[Vo,liz2 = €,[IVIp,lll 2 = 1.

Hence {v,}, is a bounded sequence in H!(R?). On the other hand, using the diamagnetic inequality (T-3)) we
have

a
€l @ 2 VI, = Sl =: £aD.
But the Gagliardo-Nirenberg inequality (T.4) implies

gl > (1 - i) IVIgII2,.

a*
From this and Lemma[2.3] we obtain
0= lim EYS = lim £705(,) 2 liminf £ (1¢,]) 2 0.
In particular, we have 83 (v,) = ei&'{(l) (I¢,]) = 0asn — oo. Since by definition
IVo,ll2 =1
for all n > 1, we infer that, up to a subsequence,
inf >C
inf lollps =
for some constant C > 0. By Lemma there exists ¢ € H'(R?)\{0} and {yada C R2 such that up to a
subsequence,
b,(x) :=v,(-+y, = ¢ weakly in H 1([Rz) and almost everywhere in R2.
We next show that ||@]| ;2 = 1. In fact, we first have
0 < lIgll7, < liminf 13,17, = lim inf flo, |17, =1,
where the first inequality comes from the strong convergence in leoc(le) (see again [26]]). Assume for con-
tradiction that ||¢]|;2 < 1. As in (2.5), we have
0= lim ggn(u,,) = lim egn(ﬁ,,) > 53* () + lim inf 53*@,, — ). .7)
Again, by the Gagliardo—Nirenberg inequality (I.4), we have

liminf £° (5, — ¢) > 0
n—00 *
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and

£9 () = 28°< ¢ > af_ 1 450
o D=0t oz ) 2 iz, ~' 170>

since 0 < [|¢|l;2 < 1. This is a contradiction with (2.7) and we thus must have ||¢||;2 = 1. Then 5, — ¢
strongly in L?(R?), up to a subsequence. In fact, #, — ¢ strongly in L"(R?) for r € [2, c0), because of the
H'(R?) boundedness. Therefore,

0< € (§) < liminf £ (5,) < liminf £ (v,) = 0.

This shows that 4 4

Jim V5,2 = lim 28,00 = lim =l s = IVl 2.
Hence &, — ¢ strongly in H'(R?), up to a subsequence. Moreover, ¢ is an optimizer of the standard
Gagliardo—Nirenberg inequality (T.4). By the uniqueness (up to translations and dilations) of optimizers for
and the fact that §, is non-negative, there exist A > Oand x, € RZ such that ¢(x) = AQo(A(x+x()). Since
IV@ll;2 = 1, we must have 4 = 1. Again, by uniqueness of Q, we conclude that passing to a subsequence
is unnecessary. This leads to 2.6) after setting x,, = £,(y, — X)-

Step 2. A property of Lagrange multipliers. The minimizer ¢, of E)-* satisfies the Buler-Lagrange

n

equation

(Vor)’ bo = a,lb by = by in B2 28)

in the distributional sense, namely
/2 Vxl¢n : VXJ‘I - an|¢n|2¢n1 - Hn¢n%dx = 0’ VX E C(?O(RZ)7
R

where p, € R is the Lagrange multiplier. In this step, we show that 55 H, = —lasn — oo. Indeed, as ¢, is a
ground state for E f{ll‘s, using (2.8), we have

a a
= Ve ball], = asligullys = €067 (@ba) = ballys = Evgy = S lull -
Denote
@u(x) = ery, (x) 2.9)
with |
yv,(x) 1= €,¢,(e,x + x,)enn ¥

and 0, € [0, 2x) satisfying

o = Qollz2 =, min ey, = Qoll 2. (2.10)
By @.6), we have |@,| := €,|d,|(e, - +x,) = Q, strongly in H'(R?). Therefore,

2

: 2 4 _ 1 4 _ 4 _ “
lim &3 19,013 = Jim o} = 1Qoll}, = 2=

Since 0 < Eﬂ;ﬂs — 0 (see Lemma h and a, / a,, we get
a
lim 2y, = lim e2ENSS — lim Zg2 4, =-1.
Jim &)1, = lim £, B = lim —=e, [,
|2

Step 3. A sub-equation for |, |“. We next use (2.8)) to derive an equation and a sub-equation satisfied by ¢,

and |@,|?. To do so, we write
W, (x) = €,¢,(¢,%)
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with ¢, (x) 1= ¢, (x + xn)e[xi"‘. A direct computation gives
2 2 ek
(Vo) @) = (V) by ) G 0057
which, by (2.8), implies
2~ ~ ~ ~
(Vxl) ¢n - an|¢n|2¢n = Mn(pn'
Using the identity
(Vi) ¢ = —Ap+2Le + |x|*p
with L = i(x,0; — x,0,) = —ix* - V, we see that ¢, solves the elliptic equation
_A(in + |x|2()5n + 2Ld;n - anld;n|2¢;n - ﬂnd;n = 0
By the definition of ¢, in (2.9), we get
—-Ag, + £3|x|2(pn + ZEiL(pn - an|(pn|2(pn - 63/4,,@, =0. (2.11)
Observe that (Z.TT)) can be written as
. 2
(—IV + eixl) ®, — anl(pnlz(pn - 53#;1%1 =0
which, by [[7, Proposition 2.2], implies that ¢, € L®(R?) and lim | l@,(x)| = 0.
Denote W, := |¢,|?. Since |@,| € H'(R?) (using the diamagnetic inequality (T.3)) and @, € L®(R?),

we have W, € H! (R?). Multiplying both sides of (Z.11)) with @,,, taking the real part, and using the following
identities (in the distributional sense)

—_ 1
—Re(Ag,p,) = AW, + Vo,

(2.12)
2Re(Lp, @) = Lo,@,+ Loy@, = X J (@),
with J (@) = i(pVp — V) the superfluid current, we obtain
—%AVVn + IV, 2+ xPW, + €25 - T (@) — a, WP — 2, W, =0, (2.13)
Using the identity
=iV + ex M@, = Vo, > + e5xt - (@) + 01 xI*W,,
we deduce that
—SAW, = W, - a, W2 <0 2.14)

in the weak sense, namely

/R2 %VI/V,, Vy—eu Wy —a,Wlydx <0, VO<yeCPR?.

Step 4. Uniform boundedness of W,,. To prove the uniform boundedness of the sub-solution W, = |@,,|? to
(2.14), we need its local boundedness. The following formulation is taken from [23, Theorem 4.14] (see [23}

Theorem 4.1] and [[16, Theorem 8.17] for the proof).

Theorem 2.5 (Local boundedness).
Let D be a connected open set with smooth boundary in R?. Assume that a ik € L®(D) satisfies

MEP <) aj(0EE < AIEP, Vxe D, VEeR!
j.k
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for some positive constants A and A. Let u € H'(D) be a non-negative sub-solution in D in the following
sense

/ajkajuak)(dxsff)(dx, V)(EH(;(D), ¥ =>0inD.
D D

Suppose that f € Li(D) for some q > %. Then there holds for any Br(x,) C D and any p > 0
_d o4
sup u(x) <C (R ?llull LB yxgy + R 1 ||f||Lq(BR(x0))> ,
Br2(x0)
where C = C(d, A, A\, p, q) is a positive constant.

Let M > 0 and denote D;; = {x € R? : |x| > M}. Applying Theoremto (2:14) with D = D,,,

aj = %5jk, f= eﬁynVVn + a,,VVnz, p=q=2,R=2,and B,(xy) C Dy, we get

sup W, () < C (IW,ll 2aayngy + 19 2myis) ) 2.15)
B, (xq)
for some universal constant C > 0. Since B,(x,) C D,,, we deduce
2 2
Wl 2By xo)) + W T 2By x0)) S IWall 2> a0y + W, 215 )
2 4
= 195l 2> a0y + 190l £2(1x)5 M)

Here we have used erz’yn — —1 and the fact that W, — Q% in L2(R?) and Ianz - Qg in L2(R?) because

IW, = Qglir2 < ll@al = Qoll slll@,l + ol 14,
W2 = Q412 < M@l = Qoll slll@al + Qoll sl + QI .
and |, | = Qg stronglyin L" (R?)forall r € [2, o). The later follows from the strong convergence lo,| = O
in H'(R?) and Sobolev embedding. In particular, for e > 0, there exist n, € Nand M, sufficiently large such
thatforalln > n,andall M > M,
€
Wl 23,500 + W 2y S &
which together with (Z.13)) yield

sup W,(x) <e
By (x)

for all By(xp) C D)y, . As By(xg) is arbitrarily in Dy, , we get (by possibly increasing M)
W, (x) < e forall |[x| > M, and all n sufficiently large. (2.16)

Applying again Theorem to 2.14) with D = R2, aj = %5jk, f= ,u,,sﬁI/Vn + a,,I/VnZ, p=gq =2, and
R=2M,, we get

0 W) < C (MW, 123 00+ MW 308 )
M

for some universal constant C > 0. This implies

sup W,(x) < C(M,) for all n sufficiently large. 2.17)
By, (0)
Collecting (2.16) and (2.17), we prove
0 < sup W,(x) < C for all n sufficiently large, (2.18)
x€R?

where C > 0 is a constant independent of #.
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Step S. Uniform exponential decay of 1W,. We now prove the uniform exponential decay of W,. Since
C8°(R2) is dense in H'(R2), we can test (2.14) against non-negative functions in H 1(R2). The following
calculation is done formally by testing (2.14) with e“|x|VVn for some constant @« > 0 to be chosen shortly.
Strictly speaking, this requires a standard truncation argument. First we replace e**! by
Ix]
Xs(x) 1= " Talx] , 6>0

and perform the usual computation. Then we let 6 — 0 to obtain the desired estimate. For more details, see
e.g., [6, Theorem 8.1.1]. Note that y; is bounded, Lipschitz continuous, and |V y;| < ays; hence y;W, €
H(R?).

We have
—%/ Awnealxlwndx—yneﬁ/ Vl/ne""xlwndx—an/ w2e W, dx < 0. (2.19)
R2 R2 R2
Observe that
/LM%WWMM=/:M”GMWﬁ—WWf%u
R R
1 2
== Ale™*Ndx — 2 _alx|
Z/RQVV” (e**Ndx /%ZWVane dx
=l/ w2la?+ L e“lxldx—/ VW, |2e**ldx
P |x]| R2
and

2
IV X2 2dx = [ w2em¥ax + [ v PeMax — L [ w2 (a2 + ) el¥lax.
R2 " 4 R2 n R2 " 2 R2 n |x|

In particular, we have
2
/ AI/VneaIXII/Vndx - * VVnZealxldx _/ |V(I/Vnealxl/2)|2dx,
R2 4 R2 R2
hence (see (Z.19))

2
%/ |V(W,,e®¥1/2)12dx — %/ I/VnZealxldx - ,unei/ I/VnZealxldx - an/ I/V:ealxldx <0
R2 R2 R2 R2

2
/ <—,un£i - % - anW'n> VVnze"’lxldx <0.
R2

We pick @ = 1 and choose M > 0 so large that W, (x) < % for all |[x| > M and all n sufficiently large (see
[216)). As p,e2 - —1 (by Step 1), we get

SO

1 1
—,unﬁi - g - anVVn(x) >

for all |[x| > M and all n sufficiently large. Thus we obtain

l/ lwwm</
2 Jm2 n -
R2\B),(0) B (0)

for all n sufficiently large, where we have used (2.18)) to get the second estimate. This proves that

N

1
S

VVnzelxldx < Cej"‘{||I/V,,||i2 < ceM

/ w2eldx < C, (2.20)
R2
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for all » sufficiently large, where C > 0 is independent of n. From this, we get

1/2 1/2
/2 I, |2/ *dx = 2 W, elX1/12e=X1/4qx < </2 anelxldx> </2 e_lxl/zdx> <C (21
R R R R

for all n sufficiently large. A consequence of this uniform exponential decay and |@, | = Q, in H'(R?)is that
Ix|l@,| = 1x|Qy strongly in L2(R?).

Step 6. H'-strong convergence. By the definition of ¢, (see (Z.9)), we have

$,(x) = €, @, (e, (x — x,,))e ™ 10,

Since ¢,, is a ground state for E%\I{;S we see that

a
ENy = €10 @) = IV lI7, + Ixll7, + 2Ly b,) = bl (222)
This implies the following identity (see again (2.9))
a
Elg = IVl +265(Lay, @) + £, 1x0,117, = Tl (2.23)
By the Cauchy—Schwarz inequality, we have

1
2eX Loy 0 <262V, 2130, 2 < 51V, + 260 I1xe, I,
which implies
2 2 -NLS |, _4 2 a 4
1V0,12, <2 (EENS +edlixe 12, + Sl ) -
Since ETL‘S - 0,¢, = 0, |x||p,| = |x]Q strongly in L?*(R?), and |@,| = QO strongly in L*(R?), we infer

that {@, }, is bounded uniformly in H'(R?).
From (2.23), we also have

2

Using the uniform boundedness of {¢,}, in H'(R?), the strong convergence [x|l@,] = |x]Q in L2(R?),
and a,, / a,, we deduce that

4 a,

2 a 2 -NLS 2 4 2 a 4
IVeull;, = 7*||¢n||L4 = 6,1E1,an = 2¢, (Lo, ¢,) — €,l1x@ull7, = < |79 e

. 2 a, 4 _
Jim (IVeully, = 5 lleall ;s =0.
Since ||@,|l;2 =1 and |@,| = Q strongly in L"(R?) for all r € [2, ), there exists {z,}, C R? such that
Pu(x +2,) > €9 0(x) (2.24)

strongly in H'!(R?), for some € [0,27). Using the fact that ||Q(-+z,)—Qyll 1 — Oif and only if |z,| — 0,
we get |z,| — 0. This in turn implies that ¢, — ¢/?Q, strongly in H'(R?) since
@ = €?Qoll i1 = N@a(- +2,) = Qo + 2, 1
< N@al +2,) =€ Qoll 1 +11Q0 = Qo + 2,)ll 1 = 0.
Now we write
@n(x) = q,(x) + ir,(x)
with g, and r,, the real and imaginary parts of ¢,, respectively. By (2.10), we have the following orthogonality

condition

/ Qyr,dx = 0. (2.25)
[RZ
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: i0 2
Since ||, — e Q0||L2 — 0, we have

; 2 ; 2
/R i (Re(p — Q)" + (Im(p, — Q)" dx - 0.
In particular, we get
/ (r, — Qg sin0)*dx — 0.
RZ

Using 2.25), we have
/ r2 + Qf sin” fdx — 0.
R2
This shows that
/ ridx — 0and sin?6 =0
R2

or @ = 0 or § = x. In the following, we consider only the case & = 0. The case § = z can be treated similarly
by changing ¢,, to —@,,. For 6 = 0, we have @, — Q, strongly in H'(R?). In particular,

/2(% - Qp)dx - 0 and /2 r’dx — 0. (2.26)
R R

This, together with the exponential decay of W, yields

/ i 1x|?(q, — Qp)*dx — 0 and / i |x|*r2dx — 0. (2.27)
R R

In fact, by the exponential decay of W, (see (2.21))), we have
2

12 1/
/{R2 |x|2ridx < </Rz |x|4ridx> </R2 rﬁdx) -0

and similarly for g, — Q.
Step 7. Smallness of the imaginary part. Observe that

(Lp,, ®,) =Re(Lp,,p,) = /le-lm@,,V(pn)dx
R (2.28)

=/ xt - (q,Vr, —r,Vg,)dx = 2/ xtq,Vr,dx
R2 R2

which implies

(L @) < 2l1x4,ll 21Vl 2 < CIVE 2
Here we have used the fact that |x|g, is bounded uniformly in L*(R?) since |x||@,] — |x|Q, strongly in
L?*(R?). We deduce from the above and (Z.23) that

a
eiEi\I}l‘ns > </RZ Ianl2 + IVrnl2 - ?*(qﬁ + ri + 2q3ri)dx - CeiHVrnIILz.
We have
a
= / (r} +2q7r2)dx < a, / @, [Pradx = / Q°ridx +a, / (lp,|* — Qp)rrdx
2 R2 R2 R2
_ 2.2 2
= /R2 O°r,dx + o(l)||rn||H1.
Here we have used that

2 2y,.2 2 2 2 2 2 2
/Rz(l(pnl — Qprdx| < ll@,|” = Qpll 2,174 < Cllle, ™ = Qpli2Mlrall,
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and
2 2
l@,l= = Ogll L2 < ll@ul — Ol 4 lll@,]l + Qpllps — 0

as |@,| = Q strongly in H' (R?) hence in L*(R?) by Sobolev embeddings. On the other hand, by the standard
Gagliardo-Nirenberg inequality (T.4)), we have

[ Ve = gt > 190,20 = ) = -+ oDl .,

where we have used that g, — Q, strongly in H'(R?), ||qn||iz+||rn||i2 =1las ||(,o,,||i2 =1,and ||VQ0||2L2 =1.
Thus we get

2ENLS >/ |Vr,? = Q%2 + r2dx + o(D)|r,, || - CEXVr,ll 2

= (Lryry) +0lr,ll3, = CerllVr,ll 2,

where £ 1= —A— Q0%+ 1.

We now use the non-degeneracy property of Q. It is well-known (see [28, Theorem 11.8 and Corrollary
11.9]) that Q is the first eigenfunction of £ and the corresponding eigenvalue 0 is non-degenerate. In particular,
we have

(Eu,u} > A’Z”””iz

for all u orthogonal to Q, where A, > 0 is the second eigenvalue of £. This together with the fact that
(Cuuy > [l = 1012 llull2,
yield
(Lu,u) > Cllull?,,
for some constant C > 0 and all u orthogonal to Q. Thanks to this estimate and the orthogonality condition

@23). we et

2 -NLS 2 2
EnEl,a,, > C1||rn||Hl = Gy IVr,ll 2
for some positive constants C; and C,. This implies that
||r,,||2 < C(ezENLS +eh. (2.29)

On the other hand, from (2.3), the magnetic Gagliardo—Nirenberg inequality (I.6) and the diamagnetic in-
equality (T.3), we have

Cla, —a,)'? 2 EY}S = €015(0,) > 2

—a a,—a a, —a
2 2 -2
Yl 2 Z VI I, = =
* *

which implies

ElNLS <C(a, -a)"? <Ce (2.30)
for some constant C > 0. This together with (2.29) yield
7l 1 < Ce?. (2.31)

Step 8. Identifying the blow-up limit. Coming back to (Z.28)), we have
(Lo, ,) = 2/ xt . Vr g,dx = 2/ xt - Vr,Qpdx + 2/ xt - Vr,(g, — Qp)dx
R2 R2 R2
=2 / xt - Vr,(q, — Qp)dx
R2

where we have used the fact that x* - VQ,, = 0 since Q, is radial and (Z.27). This shows that
(L@ @) < 1VF,llp2[1x(g, = QI 12 < o(DIIVr,ll 2 < oley). (2.32)
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Here we have used (2.27) in the second inequality and (2.31)) in the last one.
From (2.22) and the Gagliardo—Nirenberg inequality (I.4), we have

ENSS 2 2Ly ) + lIx, 115, = 2Ly ) + €550, 17,

Denote

p o=

n ° (a*_an)1/4.
From (2.30), we have
p?>C>0.
Moreover, using (2.3)), we also have
ENLS
la, 2 ) )
= (a, —a)'/? > (a, —a,)l/? (L@ys @) + ﬁnHX(Pn“Lz-
* n % n

Thanks to (2.32) and the fact that |x||¢,| — |x|Q, strongly in L*(R?), we deduce
C 2 B(IxQolI7, + o(1)).

In particular, we deduce that {, }, is bounded above and below away from zero. Passing to subsequence, we
have f, = > 0asn — oo.

By 2.23)), we have
a,—a
BN > B2 1 420,060 + v, 2,
(a, —a,)'
B z—ﬁzu(pnu; + 2L, 9,) + (a, — a,)' 2 BLlIx, 12,
n
Since @, — Q strongly in H'(R?), |x||@,] = |x|Q, strongly in L?(R?), and 2:32)), we infer that

NLS
lLa,

1 . ,
@ —a) 2 2 2—ﬁ2||Qo|IL4 + B1IxQy I3, + o(1).

Optimizing over # > 0 and noticing that ||QO||‘1 = al we get

NLS

La 1xQoll 12 1

lim inf z and =

e (g, —a,)2 T Gl g al*|1xQ, 112
L

From this and the energy upper bound (2.I), we obtain (I.7) and (T.8).

Step 9. L™ convergence. We finally prove the L*-convergence. To this end, we first show the uniform
exponential decay for V¢,,, namely

/ |V, |?e™/*dx < C (2.33)
R2

for all n sufficiently large. We provide below a formal calculation and a regularizing argument is needed to
justify it rigorously (see Step 5). We multiply both sides of (2.11) with e**I%, , integrate over R?, and take
the real part to get

Re/ —A(pnealxlan + silxlze"‘l"| |(,o,,|2 + ZSiLgone“lxlEn - anl(pnl“e”’lx| - ei,unlqonlze“lxldx =0.
RZ
Arguing as in [25, Lemma 3.2], we have

2
Re / -0, eMp,dx = / IV (e12g,)dx — = / Mg, |dx.
R2 R2 2 R2
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In particular, we get

2
a
0= /2 |V(€a|x|/2(pn)|2dX+£i /2 |x|28a|x||q0n|2dx + /2 ea|x|< _ an|¢n|2 _ gﬁl’ln _ Z)"/’n|2dx
R R R
+2£i/ Lo, 5,dx.
R2

Since L(e%*1/2) = 0, we have

2ei/ Lo, ™™g dx
R2

R
< 2 llxte M 20, || 21V (@ 20 2

sl/ |V(e“|x|/2(pn)|2dx+2£4/ |x|2e°‘|x||(pn|2dx.
2 Jr2 " Jr2

It follows that

1 a?
5 /2 |V(e“|x|/2(pn)|2dx < ei /2 |x|2€a|X||(Pn|2dX+/2 ea|X|<an|(pn|2 + |6i/’ln| + Z>|(Pn|2dx
R R R

By choosing a = 7, using (2.20), (2.21) and the fact that £, 41, — —1, we obtain

/2 V(e Bg,)%dx < C (2.34)
R

for all » sufficiently large. Note that, by the triangle inequality,

X
8|x|

Then the claim [2.33) follows directly from (2.34) and (Z.21).
We next show that {¢,,}, is bounded uniformly in H?(R?). To see this, we rewrite (2.11) as

IVE V@)l = [VEVp, + e,

1
’Lz > [e/5V 112 = £ 1M/, .

-A@, + @, = +eu)p, — el|x*p, —262Lo, + a,l9,|* ¢,

Since {@,}, is bounded uniformly in H'(R?), the uniform exponential decay in and imply that
the right hand side is bounded uniformly in L%(R?). This shows that {®,}, is bounded uniformly in H 2(R?).
By the Sobolev embedding H3/2([R2) C L®(R?), the strong convergence @, — QO in H(R?), and the
uniformly boundedness of (¢,), in H 2(R?), we have that @, converges strongly to O in L*®(R?) and hence

(T3). O

2.2. Collapse with an almost critical speed. We now study the blow-up behavior of minimizers for Eg ,
when both Q /' 1 and a / a, at the same time. To this end, we recall the following energy asymptotic
formula when Q = 0 (see [20]):

1xQpll .2
EgZ‘S =4/a,—a (2% + 0(1)) asa / a,. (2.35)

Proof of Corollary[l.2] LetQ, / 1,a, /' a, asn — oo, and ¢, be a minimizer for Eq , . We rewrite the
energy functional as follows

Egs =Eqms () = QuEN (@) + (1= Q)EN (@)

n~1,a, ,a,

NLS NLS
> QBN + (1 - Q) ENS, (2.36)
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where we have used that 8 NLS (qb ) > ENLS and 8 NLS (¢,) = ENLS Since both ENLS and ENLS have the same
asymptotic formula (see (T.7) and @) we obtaln

NLS _ 1/2 ||XQ0||L2
Egry =(a.~a,) / (2T +o(1) |,
%

where the upper bound follows from 2.3). Let y, be a ground state for E ?IES By Theorem there exist
sequences {x,}, C R? and 3,), € [0,2x) such that

. Loyid
©,(x) 1= £,w,(,Xx + x,)e'E% X0 0 (x)

strongly in H' 0 L®(R?) as n — co. We choose 7, (x) 1= y,(x + x,,)e"xﬁ’x“s" as a trial state for ENLS and
obtain
EyS <&l ) = Q,6N5,) + (1 - Q)6 )
= Q,E1° + (1= Q)E 5. 2.37)

Here we have used the magnetic translation invariance of the energy functional 8{\1(1;5. Putting together (2.36)

and (2.37), we obtain
Epa (D) < E50 ().

By (2.3) and the arguments in the proof of Theorem- (especially of (Z.32) and €, ~ (a, — a,)'/*), we have
lxOpll 12
E0nS @) = EXVS (@) = 2, L) = EN5S = 29, Loy) < (0, —a)'/? < 132 L +o(1) ).
This together with (2.35) show that ¢,, is an approximate ground state for ENLS We then conclude (see e.g.,

[25 Step S in Section 3]) that there exists a sequence of phases {6, }, C [0, 277) such that

i (a, —a,)'/* (@, —a)'* |, )38
= 1A Qo||]/2¢ x| =% (239

strongly in H'(R?). In fact, we obtain the strong convergence in L®(R?), by the same arguments as in the
proof of (I.8). O

3. COLLAPSE OF MANY-BODY GROUND STATES
In this section, we prove the large-N behavior of ground states for (I.14) given in Theorem[I.3]
Proof of Theorem[I.3] Following arguments from [25], we have
- 3 NLS QM NLS 26-1
CN 13||VQ1\,||L2||QN||L6 +Eg, 2Ey, (N)2Eq> —CN p-1.

where Q is given in Theorem[I.3] Note that the above energy estimates as well as the asymptotic formula
of ESES are independent of Q. Therefore, we obtain (T.T3) for every 0 < Q < 1.
AN
To prove convergence of ground states as Q = Q,; /' 1 we consider the perturbed Hamiltonian
N

Hopy an Ny = Hoyayn +18 D, A; 3.1)
=

with ground-state energy per particle denoted Egi:l axy (N). Here i1y > 0 is a small parameter to be chosen
later and A is a bounded self-adjoint operator on L*(R?). The associated NLS energy functional is

eNLS NLS
QNﬂNﬂN( )—8 (u)+;1N(Au u).
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ENLS
N-ANMN

statefor Hg o n = Ho

Denote by the corresponding ground-state energy and u,  its ground state. Let @ be a ground

v.ay.N,0and ygl)v its one-body reduced density matrix. Asin [25) Step 2 in Section 4]

we obtain
ny Tr [Arg) | 2 ny (g 1ALy, ) + O(NP=h) + O(N/47), (3.2)

Again the above estimate is independent of Q ;. Under the assumption that a, — ay = N~% with
O<a< min{4?ﬁ,2(1 —Zﬂ)}
one can chose ny = N~%/27% with
0<6<min{1—2ﬂ—%,ﬁ—%¥}

in such a way that
v = o(Eqgy) = of(a, = an)'?) = o(N7*/%)

and also
1N2/3 1+n I N3a/4-B __,
N—-oo
Then dividing (3.2) by 7, and repeating the argument with A changed to —A yields
(u, | Alu, ) +0(1) < Tr [Ay(” < (u_py | Alu, ) +o(1). (3.3)

On the other hand, with the above choice of #,;, we have
ey g )= EG5 (g )+ Oy Al < €55 (o) + Oy I AID = EG->,  + Oy 1Al

By the argument in the proof of (T.9), the above implies that

IxQoll 2 n
ENeS(uyy) < (a, = a)'/? 2#+0N(1) +0 %HAH :
a, TRAN

It then follows that (1, ) and (u_, ) are sequences of quasi-ground states for ENLS under the assumption

on Qy in Theorem [I.3] Thus both sequences satisfy (2:38). Combining with @ we get, after a dilation
of space variables, trace-class weak-x convergence of yq)) to |Qn){Qn|. Since no mass is lost in the limit,

this convergence must hold in trace-class norm (see e.g., [L1] or [38, Appendix H]). The limit being rank
1, this implies the convergence of higher order density matrices to tensor powers of the limiting operator by
well-known arguments (recalled e.g. in [36} Section 2.2]). O
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