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THURSTON’S COMPACTIFICATION VIA GEODESIC
CURRENTS: THE CASE OF NON-COMPACT FINITE
AREA SURFACES

MARIE TRIN

ABSTRACT. In 1988, Bonahon gave a construction of Thurston’s com-
pactification of Teichmiiller space using geodesic currents. His argument
only applies in the case of closed surfaces, and there are good reasons for
that. We present a variant which applies to surfaces of finite area and
to do so we prove a control theorem for sequences of random geodesics.
Note that this theorem may be of independant interest, especially when
the surface is non-compact.

1. INTRODUCTION

The Teichmiiller space T(S) of a surface S of finite topological type, with
no boundary and of negative Euler characteristic x(.5) is the space of isotopy
classes of (complete and finite volume) Riemannian metrics on S of constant
curvature —1. Teichmiiller space is not compact but Thurston showed in [21]
how it can be compactified by the space P;ML(S) of projective measured
laminations on S. The starting point of Thurston’s compactification is the

e(9) Re(s)
embedding of T(S5) into the space P (R,7) =p \'F

+
¢S
¢ T(S) - PR
X = Relx();
Here £x is the length function associated to the hyperbolic structure X on
S and €(S) is the set of free homotopy classes of essential closed curves of
S. What Thurston did is to prove that the image of £ is locally compact

and to identify the boundary of T(S) in P, (RS} with P, ML(S).

Theorem (Thurston’s compactification). If S is a finite analytic type sur-
face with negative Euler characteristic, then the accumulation points of T(.S)

in IP’_i_(Rf_(S)) are the projective classes of functions vy — i(\,7y) where \ €
ML(S) is a measured lamination on S.
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Thurston’s original proof is explained in [9]. Some versions using real-
trees are given by Morgan—Shalen [13], Bestvina [3] or Paulin [15]. An
overview of the different compactification methods is availlable in [16] or
[14]. A compactification for the set of flat-structures and using geodesic
currents is done in [7], note that this article is interested in both compact and
non-compact surfaces. Here, we will be mostly interested in a very elegant
argument, for closed surfaces, due to Bonahon [6]. Let’s sketch the proof.
Recall that geodesic currents are 7 (S)-invariant Radon measures on the set
of bi-infinite geodesics of the universal cover of S. Bonahon embeds T(S)
into the space C(S) of geodesic currents of S, sending each element X € T(S)
of the Teichmiiller space to the associated Liouville current Lx € C(S). The
Liouville current satisfies two important properties:

(1.1) i(Lx,v) ={€x(y) for every essential closed curve v, and
(1.2) i(Lx, Lx) = m*|x(S)|-

Here, i : C(S) x €(5) — R is the intersection form, a continuous bilin-
ear map extending the usual geometric intersection number between curves.
Compactness of S implies compactness of the space P;C(S) of projective
currents. It follows that each sequence (X,)nen in Teichmiiller space ad-
mits a subsequence, say the whole sequence, which projectively converges
to a non-zero current u, meaning that there are positive reals €, such that
nh_)rréo enLx, = p. The continuity of i and property (1.1) ensure that the

length functions £, (-) converge projectively to i(u,-). Moreover, &, tends
to zero unless X,, converges in J(S). Knowing that e, —— 0, property
n—oo

(1.2) ensures that i(u, u) = 0, meaning that p is a measured lamination, as
we needed to prove.

We stress that Bonahon’s argument, with all its simplicity, only applies
to closed surfaces. We will come back later to this specificity and to the
obstructions to a direct extension of his argument. Recently, Bonahon and
Sari¢ have given another proof of this theorem using geodesic currents. The
arguments in [4] are geared to infinite type surfaces, it is worth noticing
that working in such a general context implies the lost of the simplicity of
Bonahon’s original proof.

Our goal here is to adapt Bonahon’s original argument to be able to deal
with non-compact surfaces of finite analytic type .

Let’s look at the difficulties that prevent the extension of Bonahon’s proof
to the non-compact case. The intersection form, especially its continuity,
is the linchpin of Bonahon’s original proof. However, continuity fails when
the surface is not compact, even if it has finite area (see [18] or Example 2.1
below). We will therefore change our point of view to allow us to benefit
from the continuity of i. We will consider currents on ¥ instead of S, where
3. is a compact hyperbolic surface with geodesic boundary whose interior
is homeomorphic to S, that is § = ¥\ 9%. The second key ingredient of
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Bonahon’s proof is the existence of the Liouville current but, as we will see,
when working with currents on ¥ we lose the Liouville current.

Proposition 2.2. Let ¥ be a compact hyperbolic surface with non-empty
boundary and X a hyperbolic structure on S = X\ 0X. There is no current
Lx on ¥ which satisfies i(Lx,7vy) = {x () for every essential closed curve

v € E(X).

In order to recover a version of properties (1.1) and (1.2), we will, for
every hyperbolic structure X on S, replace the Liouville current Lx by spe-
cific sequences of random geodesics (’yflx))neN, that is sequences of essential
closed geodesics whose associated probability measures in 7' X converge to
the Liouville measure with respect to the weak-* topology. They will be

chosen to satisfy (1.1) and (1.2) asymptotically, that is:

1.3 lim 4 < ,'y> = ———— for all essential closed curve 7,
43 ixom) ") T 7S]

. . Tn TIn _ 1
(1.4) i (ex(%)’ ex(%)) EEENC

As discussed in [8], any sequence of random geodesics (v, )nen satisfies (1.3).
Moreover, if the surface is compact then (1.4) is ensured for every sequence of
random geodesics. However, for a non-compact surface, arbitrary sequences
of random geodesics do not necessarily satisfy (1.4), see Example 3.2 below.
Indeed, a large part of this article will be dedicated to building sequences of
random geodesics satisfying this property for non-compact surfaces.

Theorem 1.1. For every complete and finite area hyperbolic structure X on

a finite analytic type surface S of negative Fuler characteristic x(S), there

s a sequence (’y](VX))neN of random geodesics such that:

X X
Y (e S S NS
= \ex () ex(380)) mIxl

Theorem 1.1 is actually part of a more technical result, Theorem 3.5, that
we will prove in section 3. The main additional content of Theorem 3.5 is to
ensure that the convergence rates in (1.3) and (1.4) hold with no dependance
on the structure X. This uniformity will be important to achieve the proof
of Thurston’s compactification in section 4. Moreover, the proof of the
theorem also ensures that we can control the behavior of sequences of random
geodesics into some cusp’s neighborhoods.

Acknowledgements. I am grateful to Juan Souto for our discussions and
for all his suggestions about this paper. I would like to thank people who
gave me their feedbacks on the first version of this document, especially
Francis Bonahon, Frédéric Paulin, Beatrice Pozzetti, and Dylan Thurston
for their remarks and Didac Martinez-Granado and Arya Vadnere for their
questions. I also want to thank the PhD students of the IRMAR in ergodic
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theory for our debates on hyperbolic geometry, Barbara Schapira for her
help with computations and Jing Tao for the time she gave me, her advices
and her comments on my work. Finally, I thank the anonymous referee for
their careful review of this document.

2. PRELIMINARIES

In this section, we give some technical results and definitions. We refer
the reder to [6], [5] and [8] for details. From now on, let S be a non-compact
surface of finite analytic type, with negative Euler characteristic x = x(5) <
0. We denote by X, X', X,,... points in the Teichmiiller space of S, or maybe
just the underlying complete and finite area hyperbolic structure. Note
that, although not specified, all the hyperbolic structures are complete and
finite area. Moreover, we will write Z to refer indifferently to any finite area
hyperbolic surface, possibly with punctures or with geodesic boundaries.
If S is endowed with a hyperbolic structure X then every free homotopy
class of essential closed curves contains a unique geodesic representative,
so we identify a class with its geodesic representative when the hyperbolic
structure is fixed. We will denote by €(S) the set of free homotopy classes of
essential closed curves -by essential we mean non-null-homotopic and non-
peripheral- or equivalently the set of essential closed geodesics. Let also
Y. be a compact hyperbolic surface with geodesic boundary whose interior
is homeomorphic to S. We fix a homeomorphism between S and ¥\ 0%.
This homeomorphism immediately induces a correspondance between the
essential closed curves of .S and the ones of X, that is

(2.1) () = e().

The homeomorphism S = ¥\ 9% also gives an identification between mea-
sured laminations of S and the ones of ¥ supported by X \ 93:

(2.2) ML(S) = {\ € ML(X)|A supported by ¥\ 9X}.

The identifications (2.1) and (2.2) will allow us to work on ¥ rather than on
S.

2.1. Currents on surfaces. We recall now a few properties of currents
that we will need in the following. A geodesic current on Z is a mi(Z)-
invariant Radon measure on the set of bi-infinite geodesics on the universal
cover Z of Z (even if the surface has non-empty boundary). The space C(Z)
of geodesic currents on Z was introduced by Bonahon in [5] and is endowed
with the weak-* topology. For more information on currents we refer to [5],
[6], [1] and, [8, Chap. 3].

The currents we will be mainly interested in are weighted multicurves and
measured laminations and we will always consider currents on the compact
surface ¥. An advantage of doing so is that when Z is compact, the topo-
logical space C(Z) is locally compact, and the associated projective space

P,C(Z) = R+\G<Z> \ {0} is compact. Moreover, in the compact case, the
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geometric intersection number between curves extends to a continuous bi-
linear map ¢ : €(Z) x €(Z) — R4. It will be important later on to know that
this form gives us a characterisation of the measured laminations as being
the currents p € C(Z) satisfying i(u, n) = 0. We can also notice that the
boundary curves are characterised by a zero intersection form with every
current. As mentioned earlier, the reason why we want to work with the
currents on the compact surface X, rather than with the currents on S, is
that the continuity of the intersection number fails in the latter case.

4\/>

FicUure 1. Obstruction to the continuity of ¢

Example 2.1 (Discontinuity of the intersection form in the non-compact
case). Take a hyperbolic surface with at least two cusps, fix an embedded
horocycle around each of them, and a simple geodesic arc between those
curves which meet them orthogonally. Note that this arc is part of a cusps-
to-cusps geodesic arc . Consider a sequence of closed curves (Vn)nen, where
Yn 1S the geodesic homotopic to the closed curve which runs the geodesic arc
mentioned above, turns n times around the first cusp following the fixed
horocycle, goes back along the geodesic arc and turns n times around the
second cusp as in Fig. 1. The self-intersection number of such a sequence is
going to grow without bound. On the other hand, it approaches the weight 2
current associated to v which has 0 self-intersection number.

See [18, Prop. 5.1] for a more detailed discussion on that obstruction to
a continuous extension of the intersection number on the space of currents
for non-compact surfaces.

Example 2.1 shows that there is no continuous extension of the intersec-
tion number for currents on S — it is the reason why we chose to work with
currents on the compact surface ¥ instead of the currents on S = 3\ 9%.
This solves the problem of continuity of i(-, ) but raises a new problem: we
won’t be able to consider the Liouville current anymore.

Proposition 2.2. Let ¥ be a compact hyperbolic surface with non-empty
boundary and X a hyperbolic structure on S = X\ 0X. There is no current
Lx on ¥ which satisfies i(Lx,7vy) = {x () for every essential closed curve
v e €X).

Proof. If v is a closed geodesic and p a weighted multicurve of 3 then

/. . . .
) ) ~' piecewise geodesic homotopic to y

(2.3) i(y, ) = min {ﬁ(v’ N ), ,

in p-general position
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where a piecewise geodesic homotopic to v is in p-general position if the set
of geodesics passing through the corners has vanishing p measure.

FIGURE 2. Obstruction to the existence of the Liouville cur-
rent

Now, consider by and by two boundary components of ¥, maybe the same,
and v a non-trivial geodesic arc joining them. For every k, we define v as
the unique closed geodesic homotopic to the piecewise geodesic which follows
v, turns k times around by, follows back v and turns £ times around by. We
obtain from Eq. (2.3) that for any weighted multicurve p,

(e 1) < KG(b1 O p) + KB (b2 N ) + 28(y N p) = 24(y N ).

We want to extend the previous inequality for p a current, to do so we
need a well-defined notion of intersection with ~. For this purpose we can
embed ¥ into the closed doubled surface DY, for more details about how to
pass from ¥ to DX the reader can refer to [22]. Hence, C(X) is a subset of
C(DX), the double ¥ of ~ is a curve and in C(DX) we have

(2.4) (Vs 1) < 2i(9, ),

for any p weighted multicurve of 3. Moreover, the weighted multicurves
are dense in C(X) and the intersection number is continuous in C(DX) so
Eq. (2.4) induces that

(2.5) Vv e C(X), i(y,v) <2i(§,v) < oco.

However,klim Ux () = oo for any hyperbolic structure X on S, so Eq. (2.5)

— 00

prevents any intersection with a fixed current to produce the length. U
2.2. Cusps neighborhoods and intersection number. Everything in
the next section relies on a good understanding of the behaviour of geodesics
in cusps. More precisely, if X is a hyperbolic structure on S then we denote
by Hj the embedded horosphere of length 1/k around the i-th cusp. The
horosphere H} bounds the horoball Bj, of area 1/k. We will refer to H} and
BfC as the horosphere and horoball of depth k. We also set X* the compact
core of X bounded by the horospheres H,’; and BF its complement:

(2.6) x*=x\\JBi, B =JBi

There is a direct link between the number of times a curve turns around a
cusp and the depth it reaches [2, Prop. 3.4]. It follows that every curve that
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goes deep into a cusp has a large self-intersection number. To make this
link more clear we recall a notion introduced in [8, Def. 2.6]: the peripheral
self-intersection number.

Definition 2.3. Let Z be a hyperbolic surface (compact or not) and re-
call that a peripheral subgroup of m1(Z) is nothing other than a cyclic sub-
group generated by a non-essential closed curve. The peripheral self-
intersection number iy (v,7) of v € €(Z) is the supremum over all
maximal peripheral subgroups G C 71(Z) of the mazimal number of times

that the image of a lift 7 of v under Z — G\Z meets itself transversely.

The peripheral self-intersection number is a topological invariant. It is
thus independent of the metric on S, or more specifically, whether one con-
siders the curves on S or on ¥. Moreover, for every compact subset K of
Z \ 0Z there is a upper bound for the peripheral self-intersection number
of the closed geodesics contained in K. Conversely, for every N > 0 there
is a compact subset Ky of Z \ 0Z that contains all the geodesics v with
iper(7,7) < N [8, Lem. 2.7]. In the absence of boundary, one can easily
quantify this property.

Lemma 2.4. Let X be a non-compact finite topological type surface with no
boundary, and v be an essential closed curve on X, this curve has support
on X* if and only if ipe(v,7) < 4k.

Proof. If we think of the curves of m1(X) as deck transformations then a
peripheral subgroup of 71(X) is a subgroup generated by a parabolic ele-
ment. Let’s study a given cusp C;, we can assume that the correspondence
between X and HZ? is such that an associated maximal parabolic element
is 2 — z + 1. In that case, Hi lifts to the horizontal line {S(z) = k}
and if v is a closed geodesic of X then the number of times that the im-

age of a lift 4 under X — <z z41 >\X meets itself transversely is
t{n € Z\ {0}|7 N (¥ +n) # 0}. However, v stays in X¥ around Cj, if and
only if its lifts stay below the line {&(z) = k}, if and only if its lifts are
half circles of radius at most k. Such a geodesic of H? meets at most 4k
translations of itself (n = +1,42... £ 2k). The same process applies for
every cusps and then to every maximal parabolic subgroup and we obtain
the lemma. (]

3. CONSTRUCTION OF CONTROLED SEQUENCES OF RANDOM GEODESICS

In this section we prove that for all non-compact hyperbolic surfaces of
finite volume with no boundary there are sequences of random geodesics
satisfying (1.4). However, we will first see with Example 3.2 that in the non-
compact case not all the sequences of random geodesics have this property.

3.1. Sequences of random geodesics. As we saw in Proposition 2.2, the
Liouville current does not exist anymore in our setting. However, for every
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(complete and finite area) hyperbolic structure X on S the Liouville measure
on T1X still exists. Recall that the Liouville measure L£x is the measure
on the unit tangent bundle 7'X, obtained by pushing forward the Haar
measure on PSLy(R) and normalized so that Lx(T'X) = 27 volx(S) =
472|x(S)|. We are going to consider geodesics approximating the Liouville
measure in the following sense.

Definition 3.1. A sequence (Vn)nen of essential closed geodesics on X is
a sequence of random geodesics if the associated probability measures
converge to Lx with respect to the weak-+ topology, meaning that:

[ B Ly
71X " Ux (Yn) n—too JT1x T 4m2|x(S)]

9

for every f € COUT'X) continuous and compactly supported function on
T'X.

Remark. We will generally use the notation 4 for the renormalisation
g

Ix(y)

The Birkhoff ergodic theorem, together with the ergodicity of the geodesic
flow, implies the existence of such sequences of geodesics. We refer to [8,
Chap. 2] for some facts about sequences of random geodesics that we will
use here.

The construction of the Liouville measure ensures that for a compact
subsurface K of X we have £ x(T'K) = 2w volx (K). Then, if the boundary
of K is smooth, the Portmanteau Theorem implies that for every sequence
of random geodesics (7, )nen We have

fx(’yn N K) . VO])((K)

x () notoo 27 x(S)]
Applying this property to our compact core X* we have
Ox (v N XF) N volx (XF)

3.1 )
(31) Ex(a)  noveo 20 x(S)
and hence,

k k
(3‘2) EX(’)/” NB ) VO])((B )

{x(m)  nrtoo 2m|x(S)]

What is much more surprising is that sequences of random geodesics can
also be used to compute lengths. More concretely, we have

i(’ynal) KX(I)
Cx (yn) n—too m2[x(S)]

for every compact geodesic segment I in X. This property is basically due
to Bonahon [6, Prop. 14|, we also refer the reader to [8, Prop. 2.4] for

(3.3)

)
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details. A direct consequence of (3.3) is that we can use random geodesics
(Yn)nen to compute the length of any essential geodesic v € €(S):

(34) Z.(’YnafY) N eX(’Y) ]

x () n—too w2|x(5)]
Note that in this equation the curve « is fixed. Meaning that a priori,
equation (3.4) does not say anything about i(7y,,y,). However, for compact
sets (3.3) holds uniformly. As a consequence, cutting the geodesics 7, into
geodesic segments we have

(3.5) z( n TnlK ) .,

Cx(vn) €x (Vi) ) n—too m2|x|

for K any fixed compact subsurface of X.

All those considerations about sequences of random geodesics apply to
compact surfaces, hence, if S were compact, applying (3.5) to K = S, then
we would immediatly have that every sequence of random geodesics satisfies
(1.4). However, that is not necessarily true in general.

Example 3.2. First, note that an excursion of length ¢ into some fo has
between ke/? — 2 and 4ke/? self-intersections. Consider now a sequence of
random geodesics (Yp)nen. Add to v, an excursion of length 6log(£x(vy))
at depth k;, o and pull it tight into a new geodesic ,,. If we add the
excursions in a well-chosen way (for example, gluing it at the deepest point
of an excursion) then the (v} )nen are still random geodesics and

i(Yns Tn) ~ (Y, ¥n) + kngX('Yn)g (Y, n)

Cx ()2 (€x(ym) + 61og(Ex(7m)))2 +50 €x(7n)?

One can can also refer to the arguments in Lemma 3.4 below to prove that
such sequences of random geodesics exist.

In [12, Cor. 11.2] or [11], Lalley gives a construction of random geodesics
that justifies the use of the term ”"random”: if for all n the geodesic v, is
randomly chosen among the geodesics of length at most n then (v, )nen is a
sequence of random geodesics with probability 1. Hence, we wonder which
proportion of sequences of random geodesics satisfies (1.4). This problem
might be linked to the study of the length of cusp excursions for random
geodesics, see for example [10], [17] or [20] and the references therein.

Anyway, the above example makes clear that to obtain (1.4) in the non-
compact case we have to control the excursions of the sequences of random
geodesics into cusps neighborhoods. We will do it through the cutting pro-
cess described below.

3.2. Cutting process. Suppose that X is a fixed complete and finite area
hyperbolic structure for S. Recall that X! denotes the compact core of
X bounded by the horospheres of length 1/¢ around the cusps of S and
that B! = X \ X! is its complement. Given two parameters k& € N and
0 < 6 < m/4, and a curve v we want to cut the excursions of v in B* in
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order to prevent ~ from leaving X%/ To do so, we will study ~ through
its lifts in the universal cover X of X. We focus here on a given cusp but we
apply the same construction around each cusps of X. For ¢t > 1 we denote by
H,; the horosphere of depth ¢ around this cusp and B; the horoball it bounds.
Since X is a hyperbolic surface endowed with a complete hyperbolic metric,
its universal cover identifies with H?, and we can suppose that the parabolic
element associated to the cusp we are interested in is z — 2z + 1. With
this normalization H; lifts to the horizontal line {(z) = ¢t} and we have
that if a curve enters H; with some angle o € [0,7/2) then it reaches the
horosphere Hj,/gin(a) (We measure the non-oriented angle with the normal
to the horosphere). We want to cut « in order to replace its long excursions
into By, (ie. the ones which cross Hygin(g)) by short ones (excursions staying
between Hy,gin(29) and Hy, Sin(g)). To make it explicit we make a description
of the process on the universal cover.

Ficure 3. Cutting process

If v makes excursions in By we are going to modify v explaining the
process on a fixed lift 4 which makes an excursion in the horoball {X(z) > k}
bounded by {(z) = k} but the same process applies to all lifts of By. First,
if 4 enters with an angle greater than 6 then we don’t change it. On the
other hand, if it enters with an angle smaller than 6 then we replace this arc
by a geodesic arc I which enters with angle between 6 and 26 and whose exit
point coincides with the exit point of a different lift 4’ of v (see Fig. 3). This
is always possible as long as 2k cotan(f) — 2k cotan(260) > 1. If we apply the
same process to all the excursions of v around every cusp then « is replaced
by a closed piecewise geodesic v'.

Now, pulling 7/ tight we obtain a closed geodesic v*: we refer to v* as the
geodesic obtained by cutting process of parameters k and 6 from . Note that
if 0 is small then «" and 7v* have basically the same length, more precisely,
they can be mapped one to each other through a homotopy with small
displacement and without disturbing to much the lengths. For the lengths,



THURSTON’S COMPACTIFICATION VIA GEODESIC CURRENTS 11

it is easy to see that there is some eg ﬁ 0, idependent from X, such that
—
for every k > 1 and 6 small

(3.6) (x(v) < (1 +eg)lx (7).
Here {x(v') refer to the arc length of 4/, we will use again this abuse of
notation but its meaning is clear from the context.

3.3. Construction of controled sequences of random geodesics.

Lemma 3.3. There is some 0y > 0 such that if (Yn)nen S a sequence of

random geodesics on X and (V) )nen S obtained from the v, applying the

cutting process of parameters k > 1 and 6 > 60y then there is pn, — 0
n—oo

such that
Cx (Vn )

o gX(P)/n)
for every n. Here, eg is as in (3.6).

Vle<S)
01)(<Xk)

(1+:u ) (1+69)7

Proof. We use the same notation as in the description of the cutting process,

and, as above, we denote by x (7,) the arc length of the piecewise geodesics.

We take 6y small enougth such that (3.6) occurs. The ~, being random

geodesics, (3.1) ensures that we can find a sequence pu, — 0 such that

% =(1+ un)v‘;?lx(g(,g) The construction of 7], ensures that Vn|x* =
Ix (’Yn\Xk )

WZ‘X,Q, thus ——275= < 1 and if 6 > o then eﬁiigi < (1 + eg). The upper

bound follows from those three inequalities.
Now, v, and 7/, coincide on X* but 4/, has shorter excursions than =, in

B*, hence, gx E%; > 1. The geodesic 7, is the unique geodesic representative

of the free homotopy class of 4/, which proves that tx gv ; > 1 and the lower

bound follows. O

Lemma 3.4. Let (7,)nen be a sequence of random geodesics. If () )nen is
obtained from (yn)nen applying the cutting processes of parameters ky, ——
n—oo

oo and 0, —— 0, then (V))nen s a sequence of random geodesics.
n—oo

Proof. In this proof, we denote by %4 the canonical lift of a geodesic v to the
unit tangent bundle of X.

Let f € CY(T'X) be a continuous and compactly supported function on
T'X, there is K a compact core of X such that Supp(f) ¢ T'K. Since
kn ——— oo then there is ng € N such that for all n > ng, Y, x = 77/1\K'

n—oo
The homotopy between +;, and +;; induces that the arcs of v, are freely
homotopic to geodesic arcs of ;. Such a homotopy induces a projection
from v,k to 75, and lifts to Wy, : Y, — 75, which is a homeomorphism on
its image. The homotopy can be chosen to have low displacement, that is
d(p,¥,(p)) < en — 0 for every p € Y, |k, and not to distort too much

the lengths. Moreover, we can find ¢, : [0,fx (v, k)] — Ry a piecewise
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smooth reparametrization of [0, £x (7y|x )] such that for all ¢ € [0, £x (7 k)],

U0 (Y () = ¥ (@n(t)). The homotopy between ~;, and ;; does not distort

too much the lengths, hence, we have some §, —— 0 such that 1 — §,, <
n—oo

¢, <1+ 8, where it is defined.

Fix some p > 0. A compactly supported continuous function is uniformly
continuous, thus, there is €, > 0 such that if d(p, ¢) < ¢, then |f(p)—f(q)| <
p. We can suppose that for every n > ng, e, <¢,. We have

. Lx (U (Yn|K)) ., Lx (Yn|K) . )
/ fiv = /0 fodn(t)dt = /0 £ 07 (on(s)) P (5)ds,

TiX
it follows that

Lx (V| K) Lx (VKD
(1_(;")/0 X (W (T e (5))ds < / fdv:§<1+5n>/ox P (W (G 1 ())ds

Tlx
= (1 —0n) / fd’Yanx(%,K)) < / fdv,, < (1+65) (/ fd’Y7L+/LZX(’Yn|K))
1x Tlx Tlx
Lx (vn) N *
= (o) s (/ fd%—u)g /fdv“<(1+6 ) (:) (,/ fd7n+u)
Tl x 71X
£x (yn)

Adapting the proof of Lemma 3.3 we have —~ — 1, and passing to
Ux () n—eo

the limit in n we obtain

dlx . / . — / / dLX
X <tim, [ fdin <Tm, [ fain < &
/Tle NG fdy It s | T

TiX TiX
This is true for all u, hence, hm / fdy;, = / dbx and we have
o mix 472 (9)]
proved that (7;%),en is a sequence of random geodesics. O

Now, for every hyperbolic structure X on S, we will be able to build

sequences (’YnX))neN of random geodesics satisfying (1.4). Moreover, we will
build them in such a way that neither the converging rates in (1.4) and (3.4),

nor the peripheral self-intersection numbers iper(%(zX), %(LX)) depend on X.

Theorem 3.5. For every complete and finite area hyperbolic structure X
on a finite analytic type surface of negative Fuler characteristic S, there is

a sequence (fynX))neN of random geodesics such that :

(X) (X)
n=oo \ o (W) ex (5 ) mx(S)]
More precisely, they can be chosen such that

(2(X) £ (X) 1 ( 1)
1 )< ———= |1+ —|,VneN,
(1) it qm ) (9 -
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(2) Ya € €(S), Ing € N :

(3) iper(r)/?(lX)v'Y?(IX)) < Cp, Vn € N,

where C, and n, do not depend on X.

o )\ ! 3
i6,0) (362) " -1 < Loz

Proof. To obtain the desired sequence (%QX)),ZGN we start with an arbitrary

sequence of random geodesics (y,)nen. For every p we set k, = eP/? and
0, = e P2 if we apply the cutting process with parameters k, and 6, to the
sequence (7, )nen then we obtain a sequence (75 ),en of piecewise geodesics

and by pulling it tight a sequence (vh)nen of geodesics. We will chose the
X
(7](\, ))NEN among the 4.

First, study the self-intersection number of those 5. As ~h is the geodesic
representative of 4%, its self-intersection number is lower than the number of
self-intersections of 74. To count it, we divide X into two parts, the compact
core X* and its complement B¥. On X*, the geodesic arcs '~y§ IXH and v, x+

are identical so 75 has i(Vn)xks ) self-intersections. On the complement,
we count the self-intersections of 4} considering its different excursions in
Bk
(8,8 < i(yn N X*, ) + > i1, 7).
1,J excursions in B
We can distinguish two types of pairs (I, .J): the ones where at least one of
the excursions stays in B* N X#/51(29) and the ones where both I and J

reach BF/5(20) In the first case, I and J meet at most as many times as
the corresponding excursions of v, and then:

(4B, AR < i(yn N XRS50 ) 4 3 i1, ).
1,J excursions in B¥
which reach B¥/ sin(26)
Moreover, an excursion of 4% in B* which reaches B*/ 50(20) has a length of

at least In(1/6), a lower bound for the length of the geodesic arc which enters

k
with angle 26. It follows that there is at most % such excursions.

Also, the intersection number of two excursions reaching B/ 1(20) ig at most
4k /6, the self-intersection number of the excursion which enters with angle
0. All in all,

. . Ox (70 N B\ 4k
Applying equations (3.5) and (3.2) we have

lx (’Yn)eX (9 N Xk/%)

and
2|

i(’)/n N Xk/2077n) = (1 + 62)

£x (yn) g
2r|x| k

Cx (7 NBF) = (1 +62) where C' is the number of cusps of S,



14 MARIE TRIN

where e, — 0 and 65, —— 0 depend on X. As a consequence,
n—oo n—oo

. gX(’Yn)2 CEX(’Yn) 2 4k
P APY < P 14 o
i(vh, ) < (1+¢eh) m2[x| + (1+5n)27T|X| -k -1n(1/6) 0

and we obtain a upper bound for the self-intersection number of the nor-
malized curves:
(3.7)
. T 1 2C2 4 (Ix(m)\?
(ovem mem) < m (e e ) (385)
We next study the intersection number of the v5 with closed curves. The
set €(S) is infinite and can be enumerated with €(S) = {ayl¢ € N} in
such a way that ipe,(aq, aq) < 4q for every gq. This enumeration is fixed
whatever the structure X. Recall that for every p we have k = k, = eP/?
and 0 = 0, = eP/2. Hence, when p is big enough, for ¢ < p the curve oy is
included in X7 ¢ X*. However in X* we have i(v,,-) = i(7%,-) thus
3) i(300) = PG )
Now, applying Lemma 3.3, for every p there is u}, T> 0, depending on
X, such that e

gX(’Yn) P VO])((S)
(3.9) b= Cx(vn) < Mn)VOlX(Xk)

with e, = e_—,/> with the notation of (3.6).
Therefore, there are m,, large enough such that ef,,, 65, ph, < %, and
i(Ymy» 0) B
Ux (og) /72X

(3.10) 1<

(1+ep).

1

< % for every ¢ < p. Thus (3.9) and (3.7) give us

Vle(S) 1
Vle(Xk) (1+p)(1+€p) p—0oo 1’

lx ('Ymp)
£x (Yin,,)

IN

1 1.4C? 1 1
(3.11) i(3, .4k, ) < < ¢ > volx(S)

1+ (1+ - 1+-)(1+e
2 T DR el ) )
1
— .
p—oo w2|x|

The terms on the right in inequalities (3.10) and (3.11) do not depend on X
anymore so, for N an integer there is py, independent from X and with py >

x A .

pPN—_1, such that 1 < % <1+ % and Z(anj\;Nﬁ%’,N) < 7rQ#bd(l + %)
€X (’ympN )

As a consequence, we can take %(VX) e

The previous constructions ensure that i(‘y](VX) , ’)/](\,X)) < 7r21|x| (1+ %), and we

have proved (1) in the statement of the theorem.
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. . ‘ (X) _(X) -~
Applying Proposition 2.4 we have iper(vy ', 7N ') < 4ePN where py does
not depend on X, which gives us the third point.
At last, (3.8) and the choice of py and m,, induces that

A (X)
3 1 z(’y](\, ,Qq) 1.4 3
1-—<1-—)<——— < (1+=)"<1+—, Vg<N
N—( N)_EX(O[Q)/W2|X| —( +N) = +N7 q= ’
hence, we obtain the second point with n, = ¢ when a = ay.

Moreover, up to passing to a subsequence, the (7§VX)) NeN are built from

the sequence (yn)nen of random geodesics through cutting processes of

parameters ky = ePN/2 — 5 00 and Oy = e PN/2 5 0. As a con-
N—oo N—o0

sequence, Lemma 3.4 ensures that we have built a sequence of random
geodesics. At last, for K a compact subsurface of X we have

Tin !
lx ('Vn‘K) X
and if we pass to the limit, using (3.5), we obtain that
(X)) a(x)y ]
]\}gnooZ(’yN 77N ) - ﬂ_g,X’ .

4. PROOF OF THURSTON’S COMPACTIFICATION

Armed with Theorem 3.5, we are now able to prove Thurston’s compact-
ification. As we already mentioned in the introduction, the starting point
of this compactification is the embedding of T(S) and P,ML(S) into the

space P (Ri(s)):

¢ TS - PR
X = Rylx(:),
Lor PyME(S) - Py (RED)
A = Ry, ).

The image of T(.5) in IP+(]R$(S)) is included into a compact set (use Eq. (4.1)
for instance), thus, the closure T(S) of T(S) is compact. The boundary of
this set is given by the following theorem.

Theorem (Thurston’s compactification). If S is a finite analytic type sur-
face with negative Euler characteristic then the accumulation points of T(.S)

in P+(Ri(5)) are the projective classes of functions y +— i(\,7y) where X €
ML(S) is a measured lamination on S.

Our arguments apply to the compact case, but for the sake of concreteness
we will focus on non-compact surfaces.

Let X}, € T(S) be a sequence which converges in }P’+(Ri(s)) and leaves all

compact sets of T(5), meaning that there are a non-zero element F' of Ri(s)
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and a sequence (e )ren of positive real numbers such that klim eplp(:) =F
— 00

pointwise (we have written ¢ for £x,). We will prove that F' is given by
taking the intersection number with a suitable measured lamination.

Fix a filling curve 8 on S, that is a closed curve such that the connected
components of S\ § are balls and annular neighborhoods of the cusps. Such
a curve gives us a bound on the length of every curve v € €(S), namely,

(4.1) {x () < Lx(B)i(y, B) (1 +i(v,7))
for every hyperbolic structure X [19, Lem. 2.1]. Since F = klim erli(+)
— 00

is non-zero, there is v € €(S) with F(y) # 0. We obtain from (4.1) that
0 < F(v) < F(B)(L+i(v,7))i(y, ) and hence that F'(5) # 0. Since we are
only interested in convergence in IP’JF(]Ri(S)), we can assume that F(8) =1,
meaning that

lim_o* g’;(‘) =F,
k—oo T ’X’

E_ m3x|
where 0° = ék(g’()’

We will now prove that F is of the form i(u,-) where p is a measured
lamination on S.

Applying Theorem 3.5 to each Xj, we obtain some sequences of essen-
tial closed geodesics (%(Lk))neN = (Aq(lX’“))neN with nlgrgoi(ygk)/fk(yék)), ) =
0x(-)/7%|x|. As all along, let ¥ be a compact complete hyperbolic sur-
face with boundary whose interior is homeomorphic to S and let’s iden-
tify €(S) with €(X). In particular, we can consider the weighted curves
‘yy(Lk) = %(f) /Ek(’yék) ) as currents of 3. The space P, C(X) being compact
each (’%(Lk)) keN projectively converges to a non-zero current g, € C(3).

We first want to show that the p, are measured laminations. Consider
the sequence (Aék))keN for n fixed, there are some % > 0 such that Efﬁ,(f)
tends to w, up to a subsequence in k. So, by diagonal extraction we can

suppose that €ffy7(ﬁ)

T Wy for every n. What we have to show is that

— 00

lim ek = 0 for every n. The sequence (Xj)ren leaves every compact set

— 00

of T(S) so there is a simple closed curve a such that klim lp(a) = o0.
%

o0
Recall that to prove Theorem 3.5 we have enumerated €(S) = {a,|n € N}
such that ipe, (o, o) < 4n, since « is a simple curve we can suppose that

a = ap. The %(Lk) come from Theorem 3.5 thus i(’yr(lk), a) <%) -1 < -
n
whatever k& and n. By hypothesis ((«) k—> oo and we can suppose,
—00
~1
i(AT(Lk),Oé) (&c(a)) 1

m2[x|

1
up to a shift in n, that for every n, < 3 As a

consequence ’L.(A'I(‘Lk),a) —— 00. However, oo > i(uy, ) = lim gfli(g/ff)’a)
k—ro0 k—ro0
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thus e¥ —— 0 for every n, and 2(77(116),6/7(1 )) is bounded independently from

k—o0
k)2 (V}Lk),’?ﬁlk)) = 0 and pu, is a measured

(k) . (F)

lamination on Y. By constructlon, iper(Yn s m ) < Oy for every k and n,

as mentioned earlier (or in [8, Lem. 2.7]) it ensures that for n fixed the 'y( )
are all included in the same compact subsurface of X\ 9. It follows that
lin, is supported on a compact set of ¥\ 0¥ and by (2.2) it is a measured
lamination of S.

Recall that $ is a filling curve of S, as a consequence, (i, 3) # 0 and
hence, we can suppose that i(u,, 3) = 1 for every n and we obtain

k and n, hence, i(pn, pn) = hm (

(4.2) Jim 835 = iy in €(3),

where 6 = W is well-defined.
7’Yn
To sum up, we have the following convergence diagram, where all the

convergences are pointwise.

m le \x! 72X
T?
1 . A. 2 .« e PR : . N
0yi (7%1;, ) 55%(7%2;,-) (72 ; ) = i(p,)
013y, ) o) e 5’“ i) o — i)
We want F' to be the pointwise limit of (i(pn,-))nen. To prove it, it is

sufficient to show that the convergence 6¥i(5 {F ), y) —— oF fr’g(lx)‘ is uniform

n—oo
in k when v € €(S) is fixed.

k

”—1’ < ¢, and

If v € €(S) is fixed then Theorem 3.5 ensures that 5

s (DY
o (BRy) -

ng do not depend on k) with €, —— 0. Moreover, fixing v we know that
n—o0

< €, for every k and for n large enough (n, and

ke ()
0% o]
and we obtam

— F(7) hence the sequence (6% Tr’gm)keN is bounded by some d

< vpdy —— 0.

. te(7)
5’;2 7(Lk)7 - 5k "
O =y
Hence, the convergence holds uniformly in k, and h_)m khm ki (%(L ),y)
n—oo k—
(k)

lim lim 6%i(4n,7), which implies that F(y) = lim (pn,7). Moreover,
k—o00 n—00 n—o0
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ML(S) is a closed subset of Ri(s) hence F(:) = ILm i(ftn, +) is of the form
F(-) = i(p, ) where pp € ML(S), which was what we needed to prove. [

(1]

[10]
(11]

(12]

(13]

(14]

[15]

[16]

(17]

(18]

[19]

REFERENCES

J. Aramayona and C. Leininger. Hyperbolic Structures on Surfaces and Geodesic
Currents. In J. Gonzilez-Meneses, M. Lustig, and E. Ventura, editors, Algorith-
mic and Geometric Topics Around Free Groups and Automorphisms, pages 111-149.
Birkhéuser, 2017.

A. Basmajian, H. Parlier, and S. Tan. Prime orthogeodesics, concave cores and fam-
ilies of identities on hyperbolic surfaces, 2020. arXiv.

Mladen Bestvina. R-trees in topology, geometry and group theory. In R.J. Daverman
and R.B. Sher, editors, Handbook of geometric topology, pages 55-91. Elsevier, 2001.
F. Bonahon and D. Sari¢. A Thurston boundary for infinite-dimensional Teichmiiller
spaces. Math. Ann., 380:1119-1167, 2021.

Francis Bonahon. Bouts des variétés hyperboliques de dimension 3. Ann. of Math.
(2), 124:71-158, 1986.

Francis Bonahon. The geometry of Teichmiiller space via geodesic currents. Invent.
Math., 92:139-162, 1988.

M. Duchin, C.J. Leininger, and K Rafi. Length spectra and degeneration of flat
metrics. Invent. Math., 182:231-277, 2010.

V. Erlandsson and J. Souto. Mirzakhani’s curve counting and geodesic currents, vol-
ume 345 of Progress in Mathematics. Birkh&user, 2022.

A. Fathi, F. Laudenbach, and V. Poénaru. Travaux de Thurston sur les surfaces,
volume 66-67. Société Mathématique de France, astérisque edition, 1979.

Andrew Haas. Geodesic cusp excursions and metric diophantine approximation. Math.
Res. Lett., 16:67-85, 2009.

S.P. Lalley. Distribution of periodic orbits of symbolic and Axiom A flows. Adv. in
Appl. Math., 8:154-193, 1987.

Steven P. Lalley. Renewal theorems in symbolic dynamics, with applications to geo-
desic flows, non-Euclidean tessellations and their fractal limits. Acta Math., 163:1-55,
1989.

Jonh W. Morgan and Peter B. Shalen. Valuations, trees, and degenerations of hyper-
bolic structures. Ann. of Math. (2), 120:401-476, 1984.

Ken’ichi Ohshika. Compactifications of Teichmiiller spaces iv. In Athanase Pa-
padopoulos, editor, Handbook of Teichmiiller Theory, volume 19 of IRMA Lectures in
Mathematics and Theoretical Physics, pages 235—-254. European Mathematical Soci-
ety, 2014.

Frédéric Paulin. Topologie de Gromov équivariante, structures hyperboliques et arbres
réels. Invent. Math., 94:53-80, 1988.

Frédéric Paulin. Sur la compactification de Turston de I'espace de Teichmiiller. In
L. Bessieres, A. Parreau, and B. Rémy, editors, Géométries a courbure négative ou
nulle, groupes discrets et rigidités, volume 18 of Séminaires et Congrés, pages 421—
423. Société Mathématique de France, 2009.

Mark Pollicott. Limiting distributions for geodesics excursions on the modular surface.
In Motoko Kotani, Hisashi Naito, and Tatsuya Tate, editors, Spectral analysis in
geometry and number theory, volume 484 of Contemp. Math., pages 177-185. Amer.
Math. Soc., 2009.

Dounnu Sasaki. Currents on cusped hyperbolic surfaces and denseness property.
Groups Geom. Dyn., 16(3):1077-1117, 2022.

J. Souto and Thi Hanh Vo. Deciding when two curves are of the same type, 2020.
arXiv.



THURSTON’S COMPACTIFICATION VIA GEODESIC CURRENTS 19

[20] Denis Sullivan. Disjoint spheres, approximation by imaginary quadratic numbers, and
the logarithm law for geodesics. Acta Math., 149:215-237, 1982.

[21] William P. Thurston. On the geometry and dynamics of diffeomorphisms of surfaces.
Bull. Amer. Math. Soc., 19:417-431, 1988.

[22] Marie Trin. Counting arcs of the same type, 2023. In preparation.

Univ RENNES , CNRS, IRMAR - UMR 6625, F-35000 RENNES, FRANCE

Email address: Marie.Trin@univ-rennes.fr



