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ABSTRACT. This is a joint introduction to classical and free probability, which are twin
sisters. We first review the foundations of classical probability, notably with the main
limiting theorems (CLT, CCLT, PLT, CPLT), and with a look into examples coming from
Lie groups and random matrices. Then we present the foundations and main results of
free probability, notably with free limiting theorems, and with a look into examples
coming from quantum groups and random matrices. We discuss then a number of more
advanced aspects, in relation on one hand with free geometry, and on the other hand
with questions in operator algebras coming from subfactor theory.



Preface

Probability theory, and the probabilistic way of thinking, have seen a considerable
surge in the last years, with virtually every single branch of mathematics being affected.
It goes without saying that everything mathematics coming from quantum mechanics,
which actually accounts for a big part of pure mathematics as we know it, has some
probability behind, and this has become more and more visible during recent years. The
same goes of course for statistical mechanics, once again somehow by definition. As
in what regards classical mechanics, randomness of the initial data is certainly a very
fruitful idea too. Finally, old branches of pure mathematics, such as number theory, are
increasingly becoming more analytic, and more probabilistic too.

At the technical level, probability theory comes in many flavors. However, if there is
one thing to be known, having interesting mathematics and physics behind, this is the
fact that classical probability theory has a “twin sister”, namely free probability.

Free probability was introduced by Voiculescu in the mid 80s, with motivation coming
from general quantum mechanics, and more specifically with a number of operator algebra
questions in mind. Among the main discoveries of Voiculescu was the fact that Wigner’s
semicircle law, coming from advanced quantum physics and random matrices, appears
as the “free analogue” of the normal law. This has led to a lot of interest and activity
in free probability, with the subject having now deep ties to operator algebras, random
matrices, quantum groups, noncommutative geometry, and virtually any other branch of
mathematics coming from quantum mechanics, or statistical mechanics.

The present book is an introduction to free probability, with the aim of keeping things
as simple and concrete as possible, while still being complete. Our goals will be on
one hand that of explaining the definition and main properties of free probability, in
analogy with the definition and main properties of classical probability, and by keeping
the presentation as elementary as possible, and on the other hand to go, at least a little bit,
into each of the above-mentioned classes of examples and applications, namely operator
algebras, random matrices, quantum groups and noncommutative geometry.

The first half of the book contains basic material, all beautiful and useful things,
leading to free probability. Part I is concerned with classical probability, or rather with
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4 PREFACE

selected topics from classical probability, which extend well to the free case. These in-
clude the standard classical limiting theorems (CLT, CCLT, PLT, CPLT), all done via
the moment method and combinatorics, and then a discussion regarding Lie groups, and
Weingarten calculus. Part II is an introduction to the random matrices, benefiting from
the probability theory learned in Part I, and making a transition towards the free proba-
bility theory from Parts ITI-IV. The main results here are the classical limiting theorems
of Wigner and Marchenko-Pastur, both done via the moment method and combinatorics,
and with a look into the block-modified random matrices too.

The second half of the book is concerned with free probability itself, and applications.
Part III deals with the definition and main properties of free probability, central here
being, besides the foundations, the free analogues of the classical limiting theorems (CLT,
CCLT, PLT, CPLT), following Voiculescu. Our approach is based on standard calculus
and basic operator algebra theory, a bit in the spirit of the original book by Voiculescu,
Dykema and Nica [90], but by keeping things simpler, self-contained, and with the whole
presentation meant to be as accessible to everyone as possible. We will explain in partic-
ular the Bercovici-Pata bijection, and the block-modified random matrix models for the
corresponding main free laws. As for Part IV, this deals with applications to quantum
groups, noncommutative geometry, operator algebras and subfactors.

All in all, many things to be discussed, meant to correspond to a l-year graduate
course. At the level of things which are not discussed in the present book, for advanced
combinatorics, complex analysis and operator algebra aspects you have [55], [72], [90],
and for advanced random matrix theory you have [1], [29], [70]. So, in the hope that you
will like free probability, and end up learning everything, from here and from [1], [29],
[55], [70], [72], [90], with the precise order being more a matter of taste.

I learned myself free probability long ago, as a graduate student, from [90], with my
first research paper being a 1996 note on the circular variables [5]. Later I started doing
quantum groups, and sometimes random matrices too, with free probability always in
mind. I am grateful to Mireille Capitaine, Benoit Collins, Steve Curran, Ion Nechita and
my other coauthors, for substantial joint work on the subject. Many thanks go as well to
my cats. No serious science can be done without advice from a cat or two.
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Part 1

Classical probability



The Magical Mystery Tour
Is coming to take you away
Coming to take you away
Take you today



CHAPTER 1

The normal law

la. Probability theory

Generally speaking, probability theory is best learned by flipping coins and throwing
dices. At a more advanced level, which is playing cards, we have:

THEOREM 1.1. The probabilities at poker are as follows:

1) One pair: 0.533.

) Two pairs: 0.120.

) Three of a kind: 0.053.
) Full house: 0.006.

) Straight: 0.005.

) Four of a kind: 0.001.
) Flush: 0.000.

) Straight flush: 0.000.

PROOF. Let us consider indeed our deck of 32 cards, 7,8,9,10, J,Q, K, A. The total
number of possibilities for a poker hand is:

<32) ~32-31-30-29-28

(
(2
(3
(4
(5
(6
(7
8

—32.31-29.
5 2-3-4-5 32-31-29-1

(1) For having a pair, the number of possibilities is:

() () e

Thus, the probability of having a pair is:
8-6-35-64 6-5-16 480
39.31.20-7  31.20 809 0%

(2) For having two pairs, the number of possibilities is:

() () -mws

Thus, the probability of having two pairs is:

28 - 36 - .
_ 8-36-24 :363:@:0'120
32-31-29-7 31-29 899

11

P=

P
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(3) For having three of a kind, the number of possibilities is:

() C)(

Thus, the probability of having three of a kind is:
8-4-21-16 3-16 48
= = = — =10.053
32-31-29-7  31-29 899

(4) For having full house, the number of possibilities is:

()

Thus, the probability of having full house is:
8-4-7-6 6 6

P = = = — =0.006

32-31-29-7 31-29 899

(5) For having a straight, the number of possibilities is:

A\
N =4 ) 4|1 =16-63
Thus, the probability of having a straight is:
16 - 63 9 9
P = 0.005

T32.31-29-7 2-31-29 179
(6) For having four of a kind, the number of possibilities is:

=0 ()) -+

Thus, the probability of having four of a kind is:
8-7-4 1 1
32-31-29-7 31-29 899 0.00

(7) For having a flush, the number of possibilities is:

i) v

Thus, the probability of having a flush is:

4 - 66 33 9
T 32.31-29-7 4-31-29-7 25172
(8) For having a straight flush, the number of possibilities is:

N=4-4

P

= 0.000
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Thus, the probability of having a straight flush is:

B 4-4 B 1 1
©32-31-29-7  2-31-29-7 12586
Thus, we have obtained the numbers in the statement. Il

P = 0.000

Summarizing, probability is basically about binomials and factorials, and ultimately
about numbers. We will see later on that, in connection with more advanced questions,
of continuous nature, some standard calculus comes into play as well.

Let us discuss now the general theory. The fundamental result in probability is the
Central Limit Theorem (CLT), and our first task will be that of explaining this. With
the idea in mind of doing things a bit abstractly, our starting point will be:

DEFINITION 1.2. Let X be a probability space, that is, a space with a probability mea-
sure, and with the corresponding integration denoted E, and called expectation.

(1) The random variables are the real functions f € L>(X).
(2) The moments of such a variable are the numbers My(f) = E(f*).
(3) The law of such a variable is the measure given by My(f) = [ #%dpus(x).

Here the fact that us exists indeed is well-known. By linearity, we would like to have
a real probability measure making hold the following formula, for any P € R[X]:

Ewunzépummm

By using a standard continuity argument, it is enough to have this formula for the
characteristic functions y; of the measurable sets of real numbers I C R:

WMU”ZAM@MW@)

But this latter formula, which reads P(f € I) = puyg(I), can serve as a definition for
g, and we are done. Alternatively, assuming some familiarity with measure theory, ji; is
the push-forward of the probability measure on X, via the function f: X — R.

Next in line, we need to talk about independence. We can do this as follows:
DEFINITION 1.3. Two variables f,g € L>(X) are called independent when
E(f*9') = E(f*)E(d")
happens, for any k,l € N.

Again, this definition hides some non-trivial things. Indeed, by linearity, we would
like to have a formula as follows, valid for any polynomials P, @ € R[X]:

E[P(f)Q(9)] = E[P(f)] E[Q(9)]
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By using a continuity argument, it is enough to have this formula for characteristic
functions 7y, xs of the measurable sets of real numbers I, J C R:

Elxr(f)xs(9)] = Elx: ()] Elxs(9)]

Thus, we are led to the usual definition of independence, namely:
P(fel,ge J)=P(fel)P(geJ)

All this might seem a bit abstract, but in practice, the idea is of course that f, g must
be independent, in an intuitive, real-life sense. As a first result now, we have:

PROPOSITION 1.4. Assuming that f,g € L>®(X) are independent, we have
Hf+g = Hf* Hg
where x is the convolution of real probability measures.

Proor. We have the following computation, using the independence of f, g:
Mi(f+9) = E((f+29)")

- ¥ (D

T

= X (D)o

r

On the other hand, by using the Fubini theorem, we have as well:

/R (g ) () = / (@) iy (@) )

= X (1) [arausto) i)

T

S (’“) M,(f) My (9)

T

Thus py4y and py * g have the same moments, so they coincide, as desired. U

Here is now a second result on independence, which is something more advanced:
THEOREM 1.5. Assuming that f,g € L>(X) are independent, we have
Fyyg = FyFy

where Fy(x) = E(eF) is the Fourier transform.
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PrROOF. We have the following computation, using Proposition 1.4 and Fubini:

Freo@) = [ e dupiy(e)
= [ g )2
= [ e G

= [ st [ ey
R R

= Fy(x)Fy()
Thus, we are led to the conclusion in the statement. Il

This was for the foundations of probability theory, quickly explained. For further
reading, a classical book is Feller [47]. A nice, more modern book is Durrett [44].

1b. Central limits

The main result in classical probability is the Central Limit Theorem (CLT), that we
will explain now. Let us first discuss the normal distributions, that we will see later to
appear as limiting laws in the CLT. We will need the following standard result:

THEOREM 1.6. We have the following formula,
/ e dy = Nz
R

PROOF. Let I be the integral in the statement. By using polar coordinates, namely
x =rcost, y =rsint, with the corresponding Jacobian being r, we have:

I’ = //e‘x2_y2d9§dy
= / / ™ drdt
= 27r/ (_e ) dr

0 2

= 7

called Gauss integral formula.

Thus, we are led to the formula in the statement. Il

We can now introduce the normal distributions, as follows:
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DEFINITION 1.7. The normal law of parameter 1 is the following measure:
1

g1 = \/%

More generally, the normal law of parameter t > 0 is the following measure:
1

gt = \/%

These are also called Gaussian distributions, with “g” standing for Gauss.

e~ 2y

2
e~ /thl'

The above laws are usually denoted N (0,1) and N(0,t), but since we will be doing
in this book all kinds of probability, we will use simplified notations for all our measures.
Let us mention as well that the normal laws traditionally have 2 parameters, the mean
and the variance, but here we will not need the mean, all our theory using centered laws.
Finally, observe that the above laws have indeed mass 1, as they should, due to:

/ e P2y = e_yQ\/Q_tdy = V2nt
R R

Generally speaking, the normal laws appear as bit everywhere, in real life. The reasons
for this come from the Central Limit Theorem (CLT), that we will explain in a moment,
after developing some more general theory. As a first result, we have:

ProproOSITION 1.8. We have the variance formula

Vig) =t
valid for any t > 0.

PROOF. The first moment is 0, because our normal law ¢; is centered. As for the
second moment, this can be computed as follows:

1 2
My = x2e " 2 dy
2 \ 27t /R

1 2791\’
= tx (—e’x /2t> dx
V2mt /R( )
1 2
= te v /Pdx
V2nt /R

=t
We conclude from this that the variance is V = M, = ¢. O

Here is another result, which is widely useful in practice:
THEOREM 1.9. We have the following formula, valid for any t > 0:
Fy,(z) = et/

In particular, the normal laws satisfy gs * g = gs1¢, for any s,t > 0.
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PRrooOF. The Fourier transform formula can be established as follows:

1 —22 1Tz
th(ff) = \/%/Re /2t+ dz
_ 1 /6—(2/\/%—1/15/21'2)2—15332/2(12

V27t Jr

1 2 2
= e VT2 /91 g
V2t /R Y

1 —t 2/2 / 7y2
= —e 7 e Y dy
VT R

e—tx2/2

As for g5 * g; = gs4+, this follows via Theorem 1.5, log F),, being linear in t. O
We are now ready to state and prove the CLT, as follows:

THEOREM 1.10 (CLT). Given real variables fi, fa, f3,... € L>®(X) which are i.i.d.,
centered, and with common variance t > 0, we have

1 n
= Z Ji~ gt
vn i=1
with n — 00, in moments.

PROOF. In terms of moments, the Fourier transform is given by:

A - = (30

r=0

2. (i) B(f"
;( )H(f)

AT ML(f)
S (f) .

r!
r=0

Thus, the Fourier transform of the variable in the statement is:

o - ()]

= {1 — g + O(nQ)]n

~ e—tas2/2

But this function being the Fourier transform of g;, we obtain the result. O

Let us discuss now some further properties of the normal law. We first have:
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PROPOSITION 1.11. The even moments of the normal law are the numbers
My (g;) = t°/% x k!
where k!l = (k—1)(k — 3)(k —5) ..., and the odd moments vanish.

PRrROOF. We have the following computation, valid for any integer k£ € N:

1 2
M, = / ke—v™ /2t
k ot Ry Yy

1 _ _ /
_ = /R(tyk 1) <_€ y2/2t> dy
1

— tHk — 1)yF2ev*/2g
o /R ( )y Y
1

— tk—1)x k=2,-y?/2t g
(b= 1) x —— / y y
- t(k - 1)Mk,2

Now recall from the proof of Proposition 1.8 that we have My =1, M; = 0. Thus by
recurrence, we are led to the formula in the statement. Il

We have the following alternative formulation of the above result:
PROPOSITION 1.12. The moments of the normal law are the numbers
Mi(g:) = 12| Pa(k)]
where Py(k) is the set of pairings of {1,... k}.

PROOF. Let us count the pairings of {1,...,k}. In order to have such a pairing, we
must pair 1 with one of the numbers 2,...,k, and then use a pairing of the remaining
k — 2 numbers. Thus, we have the following recurrence formula:

P(k)] = (k = 1)| Pa(k — 2)
As for the initial data, this is P, =0, P, = 1. Thus, we are led to the result. U
We are not done yet, and here is one more improvement of the above:
THEOREM 1.13. The moments of the normal law are the numbers
My, (ge) = Z ¢
7T€P2(k)
where Py(k) is the set of pairings of {1,...,k}, and |.| is the number of blocks.

Proor. This follows indeed from Proposition 1.12, because the number of blocks of
a pairing of {1,...,k} is trivially £/2, independently of the pairing. O

We will see later on that many other interesting probability distributions are subject
to similar formulae regarding their moments, involving partitions.
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1lc. Spherical integrals

In a purely mathematical context, the simplest way of recovering the normal laws is
by looking at the coordinates over the real spheres Sﬂg ~! in the N — oo limit. To start
with, at N = 2 the sphere is the unit circle T, and with z = e the coordinates are
cost,sint. Let us first integrate powers of these coordinates. We have here:

PROPOSITION 1.14. We have the following formulae,

/2 w/2 e (k) "
/ cos® tdt = / sin®tdt = (Z) k—
0 0 2 (k+ 1!

where (k) = 1 if k is even, and (k) = 0 if k is odd.

PROOF. Let us call I the integral on the left in the statement. In order to compute
it, we use partial integration. We have the following formula:

(cosPtsint) = kcos" ' t(—sint)sint + cos* t cost
= (k+1)cos"™t — kcos" 't
By integrating between 0 and 7/2, we obtain the following formula:
(k’ + 1)[k+1 - k.[k-_l

Thus we can compute [ by recurrence, and we obtain in this way:

L=
k=1 k-3
Tk k-2
_ k-l k=3 k-5,
k k-2 k—4FF
kN

AL
(k+ 1) ™

The initial data being Iy = 7/2 and I; = 1, we obtain the result. As for the second
formula, this follows from the first one, with the change of variables t = 7/2 — s. O

More generally now, we have the following result:

THEOREM 1.15. We have the following formula,

/2 , a\eMe(s) g
cos" tsin®tdt = (—) —_—
0 2 (r+s+ 1!

where e(r) = 1 if r is even, and (r) = 0 if r is odd.
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PROOF. Let us call I, the integral in the statement. In order to do the partial
integration, observe that we have the following formula:
(cos” tsin®t) = rcos" 't(—sint)sin®t + cos"t- ssin® ! tcost
= —rcos" 'tsin®Tt + scos" M tsin® Tt
By integrating between 0 and 7/2, we obtain, for r, s > 0:
Tfr—l,s+1 = S-[r+1,s—1

Thus, we can compute I,.; by recurrence. When s is even we have:

s—1
Irs = Ir 5—
T +2,5—2
s —1 5—31
T or1 pyg e

s—1 s—3 s—5
r+1 r+3 r+5

r+6,5—6

sl
= m r+s
But the last term comes from Proposition 1.14, and we obtain the result:
rlls!!
L, = m Irys
rils!l sayelr+s)  (r+ s)!!
T (r+ )l (5) (r+s+ 1)l
7\ £(r)e(s) rlls!!
(5) (r+s+ 1D
Observe that this gives the result for r even as well, by symmetry. In the remaining
case now, where both the exponents r,s are odd, we can use once again the formula

rl_1s11 = sl,41,s—1 found above, and the recurrence goes as follows:
s—1

Iy = —— Lo

7"+1 +2,5—2

o s—1 s-3
 r4+1 r+3 4

s—1 s—3 s—95
r+1 r+3 r+5

r+6,s—6

rilis!! I
(r+s—1n et
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In order to compute the last term, observe that we have:

w/2
I, = / cos” tsint dt
0

1 w/2
= - / (cos™ T t) dt
0

r+1
B 1
o or41
Thus, we obtain the formula in the statement, the exponent of 7/2 appearing there
being £(r)e(s) = 0-0 = 0 in the present case, and this finishes the proof. O

In order to deal now with the higher spheres, we will use spherical coordinates:

THEOREM 1.16. We have spherical coordinates in N dimensions,

(

T = rcost

To = rsint; costs

Tn_1 = rsint;sints...sinty_ocosty_1
Ny = rsint;sinty...sinty_osSinty_1

the corresponding Jacobian being given by the following formula:
J(r,t) = rNtsin 2t sin™ 3ty L. sin® ty_ssinty_o

PRrROOF. The fact that we have indeed spherical coordinates is clear. Regarding now
the Jacobian, by developing over the last column, we have:

Jy = rsinty...sinty_osinty_1 X sinty_1Jy_1
+ rsinty...sinty_ocosty_q1 X costy_1JIn_1
rsint;...sinty_o(sin®ty_1 +cos®tn_1)JIn_1

= rsint;...sinty_oJn_1
Thus, we obtain the formula in the statement, by recurrence. U
As a first application, we can compute the volume of the sphere:

THEOREM 1.17. The volume of the unit sphere in RY is given by
Vo <7r>[N/2] 1
2V \2 (N+1)!

with our usual convention m!! = (m — 1)(m — 3)(m —5) ... for double factorials.
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PRrOOF. If we denote by () the positive part of the sphere, obtained by cutting the
sphere in 2V parts, we have, by using Theorems 1.15 and 1.16 and Fubini:

v 1 pr/2 /2
o = / / / rN L sinV 72 ¢ L sint o drdty ... din_y
2 o Jo 0

1 /2

T /2 /2
= / erdr/ sinV =2 ¢ dt, . / sintNgdth/ ldtn—
0 0 0 0

1 <7r>[N/21 (N=2)Il (N—3)Il 21 11
—1

AR Y A O\ TR G [T RRETTITT

- 5

Here we have used the following formula for computing the exponent of 7/2, where
e(r) =1if r is even and e(r) = 0 if r is odd, as in Theorem 1.15:

e(0)+e(l)+e2)+...+4e(N—=2) = 14+0+140+...+e(N—2)

I
n

2

N
12
Thus, we are led to the conclusion in the statement. U

Let us discuss now the computation of the arbitrary polynomial integrals, over the
spheres of arbitrary dimension. The result here is as follows:

THEOREM 1.18. The spherical integral of x;, ...x; wvanishes, unless each inder a €

T

{1,..., N} appears an even number of times in the sequence iy, ...,i.. We have
(N — DR kp!!
/ Ty oo Xy dr =
SN-1 (N + Xk, — 1)!!

with k, being this number of occurrences.

PROOF. In what concerns the first assertion, regarding vanishing when some multi-
plicity k, is odd, this follows via the change of variables z, -+ —x,. Regarding now the
formula in the statement, assume that we are in the case k, € 2N, for any a € {1,..., N}.
The integral in the statement can be written in spherical coordinates, as follows:

N w/2 /2
1:7/ / bk dty . dty
0 0

In this formula V is the volume of the sphere, J is the Jacobian, and the 2V factor
comes from the restriction to the 1/2V part of the sphere where all the coordinates are
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positive. According to the formula in Theorem 1.17, the normalization constant is:

N [N/2]
2 (2)

As for the unnormalized integral, this is given by:

w/2 /2
I'= / / (cost;)™ (sint; costy)*2
0 0

(sinty sinty...sinty_ocos 75]\[_1)"‘“'1“1
(sin tl sin tQ ...sin tN_g sin tN_l)kN
sin¥ 2 ¢, sinV 3¢, . .. sin? ty_3sinty_o
dty...dty_q

By rearranging the terms, we obtain:
/2
I' = / cos™ ¢y sin®r T RN N2y g
0

w/2
/ cos?? to sinf3 AN EN=3 ¢ gt
0

/2
/ COSkN*2 tN_Q SinkN*l—HgNJrl tN_Q dtN_z
0

/2
/ cosPN-1 ¢y sinfN tn_ g din_g
0
Now by using the formula in Theorem 1.15, this gives:

I/

EWky+ ...+ ky + N =2)Il ym\e(N=2)
(k14 ...+ ky + N — 1) <§>
koll(ks + ...+ ky + N — 3)!! (E)E(Ng’
(ky+...+ky+N=2)11 \2

ky_oW(ky_1 + ky + 1! (E)E(l)
(ky—o+kn_1+ ky+2)I1\2
k:N_lllkN!! 7\ €(0)

(kn_1 + kn + 1) (5)

23
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Now observe that the various double factorials multiply up to quantity in the state-
ment, modulo a (N — 1)!! factor, and that the 7/2 factors multiply up to:

P <z> [N/2]
2

Thus by multiplying by the normalization constant, we obtain the result. O

We can now recover the normal laws, geometrically, as follows:

THEOREM 1.19. The moments of the hyperspherical variables are

N — 1)lip!
/ Py = Y = D
o1 (N +p— 1)

and the rescaled variables y; = v Nx; become normal and independent with N — oo.

PrROOF. The moment formula in the statement follows from Theorem 1.18. As a
consequence, with N — oo we have the following estimate:

/ aPdy ~ NP2 x pll = N7P2M,(gy)
St

Thus, the rescaled variables v/ Nx; become normal with N — oo, as claimed. As for
the proof of the asymptotic independence, this is standard too, once again by using the
formula in Theorem 1.18. Indeed, the joint moments of x1,...,xxN are given by:

b g VDRI RN e

By rescaling, the joint moments of the variables y; = vV Nx; are given by:

/ gk N e~ g k!
SN—I
R

Thus, we have multiplicativity, and so independence with N — oo, as claimed. U

As a last result about the normal laws, we can recover these as well in connection with
rotation groups. Indeed, we have the following reformulation of Theorem 1.19:

THEOREM 1.20. We have the integration formula

N — 1)lipl!
vr qu — Y = DR
[, v = oy

and the rescaled variables Vi; = \/NUU become normal and independent with N — oo.
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PROOF. We use the basic fact that the rotations U € Oy act on the points of the real
sphere z € S’ ', with the stabilizer of z = (1,0,...,0) being the subgroup Oy_; C Oy.
In algebraic terms, this gives an identification as follows:

ST =0n/On

In functional analytic terms, this result provides us with an embedding as follows, for
any 7, which makes correspond the respective integration functionals:

C(Sﬂ]{y_l) C C(ON) , Iy — Uli
With this identification made, the result follows from Theorem 1.19. U

We will see later, following [37], [95], that the relation between the orthogonal group
Oy and the normal laws goes well beyond Theorem 1.20. And we will see as well, following
[6], [13] and related papers, that there are also “free versions” of all this.

1d. Complex variables

We have seen so far a number of interesting results regarding the normal laws, and
their geometric interpretation. As a last topic of this chapter, let us discuss now the
complex analogues of all this. To start with, we have the following definition:

DEFINITION 1.21. The complex Gaussian law of parameter t > 0 is

G, = law <%(a 4 ib))

where a,b are independent, each following the law g;.
As in the real case, these measures form convolution semigroups:

THEOREM 1.22. The complex Gaussian laws have the property
Gs * Gt = Gs+t
for any s,t > 0, and so they form a convolution semigroup.

Proor. This follows indeed from the real result, namely g, * g;: = gs1¢, established in
Theorem 1.9, simply by taking real and imaginary parts. U

We have as well the following complex analogue of the CLT:

THEOREM 1.23 (CCLT). Given complex variables fi, fo, fs,... € L>®(X) which are
i.i.d., centered, and with common variance t > 0, we have

1 n
ﬁzfi~Gt

with n — 0o, tn moments.
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Proor. This follows indeed from the real CLT, established in Theorem 1.10, simply
by taking the real and imaginary parts of all variables involved. O

Regarding now the moments, the situation is more complicated than in the real case,
because in order to have good results, we have to deal with both the complex variables,
and their conjugates. Let us formulate the following definition:

DEFINITION 1.24. The moments a complex variable f € L>°(X) are the numbers
M, = E(f*)
depending on colored integers k = o e e o ..., with the conventions
=1, r=f, r=f
and multiplicativity, in order to define the colored powers f*.

Observe that, since f, f commute, we can permute terms, and restrict the attention
to exponents of type k = ...cooceeee... . if we want to. However, our result about
the complex Gaussian laws, and other complex laws, later on, will actually look better
without doing is, and so we will use Definition 1.24 as stated. We first have:

THEOREM 1.25. The moments of the complex normal law are given by

tPp!  (k uniform, of length 2p)
0 (k not uniform)

My(Gy) = {

where k = o eeo...is called uniform when it contains the same number of o and e.

Proor. We must compute the moments, with respect to colored integer exponents
k=oeeo..., of the variable from Definition 1.21, namely:

1 .
f= E(a—kzb)

We can assume that we are in the case ¢t = 1, and the proof here goes as follows:

(1) As a first observation, in the case where our exponent k = oeeo. .. is not uniform,
a standard rotation argument shows that the corresponding moment of f vanishes. To
be more precise, the variable f' = wf is complex Gaussian too, for any complex number
w € T, and from My(f) = Mi(f") we obtain My(f) = 0, in this case.
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(2) In the uniform case now, where the exponent kK = ceeo... consists of p copies of
o and p copies of e, the corresponding moment can be computed as follows:

w = [y

_ 1 2 2\p

— l (p)/a2r/b2p—2r
2p — \r

= Qip T (f)(zr)!!@p—mu

1 p! (2r)!  (2p —2r)!

o . rl(p—r)! 2l 2077 (p —r)!
7! Z 2r\ (2p —2r
T - r p—r

(3) In order to finish now the computation, let us recall that we have the following
formula, coming from the generalized binomial formula, or from the Taylor formula:

a2 ()
T+t o \q¢)\4
By taking the square of this series, we obtain the following formula:

- 2(0)E)

qr

-2(5) ()0

p

Now by looking at the coefficient of t on both sides, we conclude that the sum on the
right equals 4. Thus, we can finish the moment computation in (2), as follows:

My =P —
We are therefore led to the conclusion in the statement. O

As before with the real Gaussian laws, a better-looking statement is in terms of parti-
tions. Given a colored integer k = ceeo. .., we say that a pairing 7 € P(k) is matching
when it pairs o — e symbols. With this convention, we have the following result:
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THEOREM 1.26. The moments of the complex normal law are the numbers

w€P2(k)

where Py(k) are the matching pairings of {1,...,k}, and |.| is the number of blocks.

PRrooOF. This is a reformulation of Theorem 1.25. Indeed, we can assume that we are
in the case t = 1, and here we know from Theorem 1.25 that the moments are:

M. — (|k]/2)! (K uniform)
7o (k not uniform)

On the other hand, the numbers [Py (k)| are given by exactly the same formula. Indeed,
in order to have a matching pairing of k, our exponent £ = o e @ o ... must be uniform,
consisting of p copies of o and p copies of e, with p = |k|/2. But then the matching
pairings of k correspond to the permutations of the e symbols, as to be matched with
o symbols, and so we have p! such pairings. Thus, we have the same formula as for the
moments of f, and we are led to the conclusion in the statement. O

In practice, we also need to know how to compute joint moments of independent
normal variables. We have here the following result, to be heavily used later on:

THEOREM 1.27 (Wick formula). Given independent variables f;, each following the
complex normal law Gy, with t > 0 being a fized parameter, we have the formula

E (S5 fF) = 24 {r € Palh)|m < Keri}

where k = ky... ks and i = 11...1,, for the joint moments of these variables, where
m < keri means that the indices of © must fit into the blocks of 7, in the obvious way.

ProoOF. This is something well-known, which can be proved as follows:

(1) Let us first discuss the case where we have a single variable f, which amounts in
taking f; = f for any ¢ in the formula in the statement. What we have to compute here
are the moments of f, with respect to colored integer exponents k = oeeo ... and the
formula in the statement tells us that these moments must be:

E(f*) = tM72|Py (k)]
But this is the formula in Theorem 1.26, so we are done with this case.

(2) In general now, when expanding the product fi'? . fzk and rearranging the terms,
we are left with doing a number of computations as in (1), and then making the product
of the expectations that we found. But this amounts in counting the partitions in the
statement, with the condition 7w < keri there standing for the fact that we are doing the
various type (1) computations independently, and then making the product. U
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The above statement is one of the possible formulations of the Wick formula, and
there are in fact many more formulations, which are all useful. We will be back to this in
chapter 6 below, when discussing applications of the Wick formula. Getting back now to
geometric aspects, in the spirit for what we did in the real case, we have:

THEOREM 1.28. We have the following integration formula over the complex sphere
Sév L CV, with respect to the normalized uniform measure,

ok obn o (N =Dkl k!
/le|21| -l dz_(NJeri—l)!

C

valid for any exponents k; € N. As for the other polynomial integrals in z1,...,zn and
their conjugates zy, ..., Zn, these all vanish.

Proor. Consider an arbitrary polynomial integral over S(]CV ~! written as follows:

I = / Zi1Rig + + - Rigg_1 Rig dz
SNfl
C

By using transformations of type p — Ap with |[A\| = 1, we see that this integral [
vanishes, unless each z, appears as many times as z, does, and this gives the last assertion.
So, assume now that we are in the non-vanishing case. Then the k, copies of z, and the
k, copies of z, produce by multiplication a factor |z,|***, so we have:

1_/ 21?5 o[22 de
SN71

C

Now by using the standard identification S(]CV 1~ 52N we obtain:

PG ) )

R
k k
= Z ( 1) ( N) / gk 2 .x?\’fN_QTNy]Q\;N d(x,y)
7”'1 TN SQN—l
71...TN R
By using the formula in Theorem 1.18, we obtain:

I= 2 (rl)”‘<m) (2N + 2%k — 1)

B ks ka\ 2NN — DUTT2r)! /(27 TT(2k: — 2r)1/ (2574 (ks — 1))
— Z (7”1) <7’N) INTEkL(N + 5 k; — 1)

_ K v\ (N — DU 2r ). (2rn) (2K — 2r)! ... (2ky — 2ry)!
= Z (7”1) (TN) A2k (N + >k — Dl ooyl (ky — ) (B — 1)

r1..TN

r1..TN

r1...TN
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Now observe that can rewrite this quantity in the following way:

I — Z /{31' .. k’N'(N — 1)'(27’1)' . (27’]\7)'(2]{31 — 27”1)! . (2/{31\/ — 27‘]\/)!
N - 4Zk’(N + Zkl - 1)‘(T1' .. .T’N!(kl - Tl)! e (kN - T’N)!)2

_ 2r1\ (2ki = 2m 2ry\ (2kn —2rn\ (N — D)kl k!
- ;<Tl)(kl_rl)H'%:<7“N)(k’zv—7”1v)42’“(N+Zki—1)!
(N = D)lky! .. k!
45k (N 4+ 3"k — 1)
(N = Dkl k!
(N4> k= 1)

Here we have used the following well-known identity, whose proof is standard:

()G

Thus, we obtain the formula in the statement. O

= 4k x x4k ox

Regarding now the hyperspherical variables, investigated in the above in the real case,
we have similar results in the complex case, as follows:

THEOREM 1.29. The rescalings /N z; of the unit complex sphere coordinates
Zi S(]CV 1 5C
as well as the rescalings v N Uij of the unitary group coordinates
Uyj Uy —C
become complex Gaussian and independent with N — oo.
PrROOF. We have several assertions to be proved, the idea being as follows:

(1) According to the formula in Theorem 1.28; the polynomials integrals in z;, Z; vanish,
unless the number of z;, z; is the same. In this latter case these terms can be grouped
together, by using 2;%; = |2|?, and the relevant integration formula is:

o (N =1
/sg—1|z’| = N TR

Now with N — oo, we obtain from this the following estimate:
/ |zi|#de ~ N7F x k!
syt

Thus, the rescaled variables v/ Nz; become normal with N — oo, as claimed.
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(2) As for the proof of the asymptotic independence, this is standard too, again by
using Theorem 1.28. Indeed, the joint moments of 21, ..., 2y are given by:

N = Dl k!
2%1 %N Jp — ( 1 n

~ N72Fx k! k!

By rescaling, the joint moments of the variables y; = vV Nz; are given by:

/N ) [y 2Py PN da ~ k! Ky
GN-

R

Thus, we have multiplicativity, and so independence with N — oo, as claimed.

(3) Regarding the last assertion, we can use the basic fact that the rotations U € Uy
act on the points of the sphere z € S(]Cv_l, with the stabilizer of z = (1,0,...,0) being the
subgroup Uy_; C Uy. In algebraic terms, this gives an identification as follows:

SN =Uyx /Uy

In functional analytic terms, this result provides us with an embedding as follows, for
any 4, which makes correspond the respective integration functionals:

C(Sévjl) C C(UN) , Ty — Uy;
With this identification made, the result follows from (1,2). O

As already mentioned in the real context, it is possible to get beyond such results, by
using advanced group theory. We will be back to this, in chapters 3-4 below. It is also
possible to formulate “free versions” of all the above, and we will do this later.

So long for the basics of probability theory, quickly explained. For further theory, the
best is to go to a dedicated probability book, such as the one of Feller [47], or Durrett
[44]. Alternatively, you can learn more probability from the preliminary chapters of
more specialized probability books, and with the comment here that, among probabilists,
the random matrix people know well their job, and are very close to what we will be
doing in this book. Well-known introductions to random matrices include the classical
and delightful book by Mehta [67], the more modern book by Anderson, Guionnet and
Zeitouni [1], the books by Bose [29], Mingo and Speicher [70], and many more.

Needless to say, you can also learn good probability from physicists, or other scientists.
In fact, probability theory was fully accepted only recently, in the late 20th century, as
a respectable branch of mathematics, and if there are some scientists who have taken
probability seriously, and this since ever, these are the physicists.
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le. Exercises

Things have been quite classical in this opening chapter, and there are just a few
further things that need to be learned. First, in connection with the CLT, we have:

EXERCISE 1.30. Look up the CLT, which was done here in moments, learn how the
convergence can be improved, and write a brief account of that.

This is a bit vague, but at this stage, learning more theory would be a good thing.
EXERCISE 1.31. Prove that the area of the unit sphere in RY is given by
B <7T>[N/2} 2N
2 (N —1)!!
with our usual convention NIl = (N — 1)(N — 3)(N —5)... for double factorials.

Here you can either recycle our proof for V', by making changes where needed, or
deduce the result from our result for V. In any case, think first at N = 2.

EXERCISE 1.32. Establish the following integration formula over S]fg_l c RN, with
respect to the normalized measure, valid for any exponents p; € N,

2\ 2PN (N D)yl !
/N_1 |zt R doe = (—) ( Jip: .
S]R

7r (N + Xp; — D!
where X3 = [odds/2] if N is odd and X = [(odds+1)/2] if N is even, where “odds” denotes
the number of odd numbers in the sequence pq,...,pN.

Observe that this generalizes the integration formula for monomials that we established
in the above, because odd powers lead to 0 integrals. The proof can only be similar.

EXERCISE 1.33. Compute the density of the hyperspherical law at N = 4, that is, the
law of one of the coordinates over the unit sphere S3 C R*.

If you find something very interesting, as an answer here, do not be surprised. After
all, S is the sphere of space-time, having its own magic. We will be back to this.



CHAPTER 2

The Poisson law

2a. Poisson limits

We have seen so far that the centered normal laws g, and their complex analogues
Gy, which appear from the Central Limit Theorem (CLT), have interesting combinatorial
properties, and appear in several group-theoretical and geometric contexts.

We discuss here the discrete counterpart of these results. The mathematics will in-
volve the Poisson laws p;, which appear via the Poisson Limit Theorem (PLT), and their
generalized versions p,,, called compound Poisson laws, which appear via the Compound
Poisson Limit Theorem (CPLT). Let us start with the following definition:

DEFINITION 2.1. The Poisson law of parameter 1 is the following measure,
1 Op
e k!

keN

p1=

and the Poisson law of parameter t > 0 is the following measure,
tk‘
_ —tz

with the letter “p” standing for Poisson.

We are using here, as before, some simplified notations for these laws, which are in
tune with the notations g¢;, G; that we used for the centered Gaussian laws. Observe that
our laws have indeed mass 1, as they should, due to the following key formula:

t tk
o3
keN

We will see in the moment why these measures appear a bit everywhere, in discrete
contexts, the reasons for this coming from the Poisson Limit Theorem (PLT). Let us first
develop some general theory. We first have the following result:

THEOREM 2.2. We have the following formula, for any s,t > 0,
Ps * Pt = Ds+t
so the Poisson laws form a convolution semigroup.
33
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PROOF. By using d; * ; = dx4; and the binomial formula, we obtain:

pskp; = e’ —5k*e_tzl'5l
k

k;tl

= thS 0

n k+l=n

= e tznu Z k'l‘

k+l=n

_ —s—t (8+t)
R Pt

= Ps+t
Thus, we are led to the conclusion in the statement.

Next in line, we have the following result, which is fundamental as well:
THEOREM 2.3. The Poisson laws appear as formal exponentials

tk(51 o 50)*k
Py = Z T

k
with respect to the convolution of measures *.

PROOF. By using the binomial formula, the measure on the right is:

¢k . k!

= Pt
Thus, we are led to the conclusion in the statement.
Regarding now the Fourier transform computation, this is as follows:
THEOREM 2.4. The Fourier transform of p; is given by

F,.(y) = exp ((eiy — 1)t)

for any t > 0.
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PRrROOF. We have indeed the following computation:

F

Pt (y) = e’ Z F5k

= exp(—t) exp(e™t)
= exp ((e” —1)t)

Thus, we obtain the formula in the statement. Il

Observe that the above formula gives an alternative proof for Theorem 2.2, by using
the fact that the logarithm of the Fourier transform linearizes convolution. As another
application, we can now establish the Poisson Limit Theorem, as follows:

THEOREM 2.5 (PLT). We have the following convergence, in moments,
((1——) 50+ 51) — Dt
n

PROOF. Let us denote by v, the measure under the convolution sign, namely:

w=(1-1)a+La
n

We have the following computation, for the Fourier transform of the limit:

for any t > 0.

F(y)=€e™ = F,(y) = (1 - _) +— e

— F(y) = (1 + w>n

—  F(y) =exp ((e¥ — 1)t)

Thus, we obtain indeed the Fourier transform of p;, as desired. U



36 2. THE POISSON LAW

2b. Bell numbers

At the level of moments now, things are quite subtle for the Poisson laws, combi-
natorially speaking, and more complicated than for the normal laws. We first have the
following result, dealing with the simplest case, where the parameter is t = 1:

THEOREM 2.6. The moments of p1 are the Bell numbers,
My (p1) = |P(F)]
where P(k) is the set of partitions of {1,... k}.

PRrROOF. The moments of p; are given by the following formula:
k

1
M= T30

T

We therefore have the following recurrence formula for these moments:

(r+ 1)kt
Merr = _Z (r+1)!

(P
- R ()
-2 ()2

S

- 3 ()

S

With this done, let us try now to find a recurrence for the Bell numbers:
By, = |P(k)|

A partition of {1,...,k + 1} appears by choosing s neighbors for 1, among the k
numbers available, and then partitioning the £ — s elements left. Thus, we have:

By = Z (i) By

s

Thus, our moments M, satisfy the same recurrence as the numbers By. Regarding
now the initial values, in what concerns the first moment of p;, we have:

Mlzézgzl

T
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Also, by using the above recurrence for the numbers My, we obtain from this:

1
M2:Z<S>Mk_8:1+1:2

S

On the other hand, the initial values for the Bell numbers are B; = 1 and By, = 2.
Thus we obtain by recurrence My = By, as claimed. O

More generally now, we have the following result, dealing with the case t > 0:

THEOREM 2.7. The moments of p; with t > 0 are given by

My(p) = Y t"

TeP(k)
where |.| is the number of blocks.
PRrROOF. The moments of the Poisson law p; with ¢t > 0 are given by:

B tTTk
My=e™') l

r

We have the following recurrence formula for these moments:

e—t Z tr+1 (7" + 1)k+1
(r+1)!

r k
- e—tzt ;Tk (1 - %)
B tr+1 k k .,
= e tz T!T Z (S>T
k B tr—i—l k—s
S (S> oy
(-

Regarding now the initial values, the first moment of p; is given by:

_ t" _ t"
M1:€ tZT—!r:@ th:t

r

My 1

Now by using the above recurrence we obtain from this:

1
M, ztz (S>Mk_3:t(1+t) =t+t
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On the other hand, consider the numbers in the statement, namely:
= >
weP (k)

Since a partition of {1,...,k + 1} appears by choosing s neighbors for 1, among the
k numbers available, and then partitioning the k — s elements left, we have:

k
Sha1 = tz (S) Sk—s

As for the initial values of these numbers, these are S; = ¢, Sy = t + t2. Thus the
initial values coincide, and so these numbers are the moments of p;, as stated. Il

As a conclusion to all this, the Poisson laws p; are now entitled to join the collection of
“interesting” probability measures that we have, formed by the real and complex Gaussian
laws ¢; and G;. Indeed, not only all these measures appear via key limiting theorems,
and form convolution semigroups, but at the level of moments, we have:

THEOREM 2.8. The moments of p; = py, g¢, Gt are given by the formula
Mi(pu) = Z ¢
weD(k)
where D = P, Py, Py respectively, and |.| is the number of blocks.
Proor. This follows indeed from Theorem 2.7, and from the results in chapter 1. [J

The above result raises a whole string of interesting questions. Are there more mea-
sures of this type? Is a classification of such measures possible? Are the convolution
semigroup results consequences of the moment formula? What about the limiting theo-
rems? And so on. All these questions will be answered, in due time.

2c. Derangements

In relation now with groups, and with pure mathematics in general, let us start with
the following well-known, beautiful and fundamental result:

THEOREM 2.9. The probability for a random o € Sy to have no fixed points is
1
P~ -
e

in the N — oo limit, where e = 2.718 ... is the usual constant from analysis.

Proor. This is best viewed by using the inclusion-exclusion principle. Let us set:

Sk = {O’ € SN‘O'(/{) = k}
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The set of permutations having no fixed points, called derangements, is then:

v (Us)

Now the inclusion-exclusion principle tells us that we have:

[ Xn| = (Usﬁv)c
= |SNT—;|S§|+;|5]%5*§V|—...+(—1)Nk<2;k ISE1 UL U Sk
= N!—N(N—l)!+(];[)(N—2)!—...+(—1)N<%)(N—N)!
_ ﬁ;(_w(]:)uv—r)v

Thus, the probability that we are interested in, for a random permutation ¢ € Sy to
have no fixed points, is given by the following formula:

po Pl _sScr

| |
N! ~
Since on the right we have the expansion of 1/e, this gives the result. U

In order to refine now the above result, as to reach to Poisson laws, we will need some
basic notions from group theory. Let us start with the following standard definition:

DEFINITION 2.10. Given a closed subgroup G C Uy, the function
N

x:G—>C | X(g)ZZgii
i=1

is called main character of G.

We will see later a number for motivations for the study of characters, the idea being
that a compact group G can have several representations m : G C Uy, which can be
studied via their characters y, : G — C. For the moment, we will not need any kind of
abstract motivations, and this because for Sy, we have the following beautiful result:

THEOREM 2.11. Consider the symmetric group Sy, regarded as the permutation group,
Sx C Oy, of the N coordinate axes of RY.

(1) The main character x € C(Sy) counts the number of fixed points.
(2) The law of x € C(Sy) becomes Poisson (1), in the N — oo limit.
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PRrROOF. We have two things to be proved here, the idea being as follows:

(1) The permutation matrices o € Oy, which give the embedding Sy C Oy in the
statement, being given by 0;; = 0;5(;), we have the following computation:

X(0) =D bat = # {z eql,... ,N}’a(i) - z}

(2) In order to establish now the asymptotic result in the statement, we must prove

the following formula, for any r € N, in the N — oo limit:
1

rle

We already know, from Theorem 2.9, that this formula holds at » = 0. In the general
case now, we have to count the permutations ¢ € Sy having exactly r points. Now
since having such a permutation amounts in choosing r points among 1,..., N, and then
permuting the N — r points left, without fixed points allowed, we have:

#{O'ESN‘X(U):T} = (];[)#{UESN_T X(O’):O}

Px=r)~

= r'(NLlr)'# {U € Sy_r|x(0) = 0}
#H0€Sy_r|x(d)=0
= N!x%x { (N—:f)! }

By dividing everything by N!, we obtain from this the following formula:
#{O’GSN‘X(O') :r} 1 #{UESN_,, X(O‘):O}

= — X
N! 7! (N —7r)!
Now by using the computation at r = 0, that we already have, from Theorem 2.9, it
follows that with N — oo we have the following estimate:

1 1 1
Plx=r)— -Plx=0)~— .-
(x=r)=—5 -P=0=—---
Thus, we obtain as limiting measure the Poisson law of parameter 1, as stated. O

As a next step, let us try now to generalize what we have, namely Theorem 2.11, as
to reach to the Poisson laws of arbitrary parameter ¢ > 0. We will need:

DEFINITION 2.12. Given a closed subgroup G C Uy, the function

[tN]
xe:G—=C | Xt(g)zzgn‘
i=1

is called main truncated character of G, of parameter t € (0, 1].



2C. DERANGEMENTS 41

As before with plain characters, there is some theory behind this definition, and we will
discuss this later on, in chapters 3-4 below. In relation with the present considerations,
we actually already met such truncated characters, but in a disguised form, in chapter 1,
when talking about Oy, Uy. Indeed, the results there show that we have:

PROPOSITION 2.13. For the orthogonal and unitary groups Oy, Uy, the rescalings
PN = VN - X1/N
become respectively real and complexr Gaussian, in the N — oo limit.

PROOF. According to our conventions, given a closed subgroup G C Uy, the main
character truncated at ¢ = 1/N is simply the first coordinate:

X1/N(9) =01

With this remark made, the conclusions from the statement follow from the compu-
tations from chapter 1, for the laws of coordinates on Oy, Uy. O

Getting back now to the symmetric groups, we have the following result, generalizing
Theorem 2.11, and which will be our final saying on the subject:

THEOREM 2.14. Consider the symmetric group Sy, regarded as the permutation group,
Sy C Oy, of the N coordinate azes of RY.

(1) The variable x¢ counts the number of fized points among 1, ... [tN].
(2) The law of this variable x; becomes Poisson (t), in the N — oo limit.

Proor. We already know from Theorem 2.11 that the results hold at ¢ = 1. In
general, the proof is similar, the idea being as follows:

(1) We have indeed the following computation, coming from definitions:

[tN]

xi(o) = Zéa(i)i =# {z e{l,..., [tN]}‘U(i) = z}
i=1
(2) Consider indeed the following sets, as in the proof of Theorem 2.9:

Sk = {0 € SN‘JU{?) = k:}

The set of permutations having no fixed points among 1,. .., [tN] is then:

C

Xy=| | s

k<[tN]
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As before in the proof of Theorem 2.9, we obtain by inclusion-exclusion that:
1 [tN]
P(x;=0) = mZ(—nr > sy n...nSyl
r=0 k1<...<kr<[tN]
tN
_ % i(—l)’“ (Hf]) (N —r)!
. r=0

(—1)" [tN](N —1)!
= 2 " NI([tN] - )

r=0
Now with N — oo, we obtain from this the following estimate:

[tN]

P(x:=0) ~ Zﬂ-f

r!
r=0
[tNV]

r=0
—t

>~ e

More generally, by counting the permutations ¢ € Sy having exactly r fixed points

among 1,...,[tN], as in the proof of Theorem 2.11, we obtain:
Py =r)~ e
(xe=71) ~ et
Thus, we obtain in the limit a Poisson law of parameter ¢, as stated. O

The above result is quite fundamental, and worth proving a second time, by using an
alternative method. We can indeed use the following formula:

THEOREM 2.15. Consider the symmetric group Sy, with its standard coordinates:
uij =X (O' € SN’O'(]) = Z>

We have then the following integration formula,

/ TP T PR— w if ker: = kerj
SN . " 0 otherwise

where keri denotes the partition of {1,...,17} whose blocks collect the equal indices of i,
and where |.| denotes the number of blocks.
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PROOF. Observe first that the above formula computes all the integrals over Sy, and
this because the coordinates wu;; separate the points of Sy. In what regards the proof,
according to the definition of u,;, the integrals in the statement are given by:

1 . . . .
uiljl - 'Uirjr = —# {0’ € SN)O'(jl) =11,... 70(]r) = Zr}
S N!
Now observe that the existence of o € Sy as above requires:
Ik =1U <= Jk=1Ji
Thus, the integral in the statement vanishes if keri # kerj. As for the case left,
namely keri = ker j, if we denote by b € {1,...,r} the number of blocks of this partition

keri = ker j, then we have N — b points to be sent bijectively to N — b points, and so
(N — b)! solutions, and our integral follows to be (N — b)!/N! as claimed. d

As an illustration for the above formula, we can now formulate, as promised:

THEOREM 2.16. For the symmetric group Sy C Op, regarded as group of matrices,
SN C Oy, via the standard permutation matrices, the truncated character

[tN]
Xt = Z U
i=1
counts the number of fixed points among {1,...,[tN]}, and its law with respect to the

counting measure becomes, with N — oo, a Poisson law of parameter t.

PRrROOF. The first assertion is someting trivial, that we already know. Regarding now
the second assertion, we can use here Theorem 2.15. With S, being the Stirling numbers,
counting the partitions of {1,...,r} having b blocks, we have:

[tN]

[tN]
/SNXQ = Z".Z/SNuilil"'uiTiT

11=1 =1

tN]! N — |x|!
3 [tN] (N —[x|!)

([tN] = |m|h) N!

TEP(r)
[tN]

(tN]l (N —b)!
- ;([U\J]—b)!' N O

In particular with N — oo we obtain the following formula:

T
lim Xy = E S,pt?
N—oo S
N b=1

But this is a Poisson () moment, according to our formula for the moments of py,
which in terms of Stirling numbers is the above one, and so we are done. U
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As a conclusion to all this, the Poisson laws p; appear to be quite similar to the real
and complex Gaussian laws ¢g; and G, in the sense that:

(1) All these laws appear via basic limiting theorems.

(

2)
(3) Their moments can be computed by counting certain partitions.
4)

(

All this remains of course to be further discussed. We will be back to this right next,
then in chapters 3-4 below, following [13], [37], [95], and later on as well.

They form semigroups with respect to convolution.

There is a relation with pure mathematics as well, involving Sy, Oy, Uy .

2d. Bessel laws

We have so far many interesting results regarding py, ¢;, G¢, on one hand regarding
moments, with the sets of partitions P, P,,P, being involved, and on the other hand
regarding characters, with the groups Sy, Oy, Uy involved. All this is quite nice, but
looks a bit incomplete, and we are led to the following question:

QUESTION 2.17. What is the complex analogue of the Poisson law?

To be more precise, for obvious reasons, we would like to have a complex analogue P,
of the Poisson law p;, as to be able to draw a nice square diagram, as follows:

P ——G,

Pt —— 0t
All this is quite philosophical, of course. In view of what we have, the first thought
goes to moments, and we are led here to the following question, philosophical as well:

QUESTION 2.18. Is it possible to talk about the set P of matching partitions?

To be more precise, we would like our moment formula My (u;) = ZﬂeD(k) tI™l to hold
as well for the mysterious law P, that we are looking for, with D = P. So, we would like
to have a set P of “matching partitions”, as to be able to draw the following diagram:

P— P,

P——Pp

However, things are quite unclear with P, because when 7 € P has all blocks having
even size, 1 € P,,.,, we can probably declare that we have m € P when the equality
#o0 = #e holds in each block. But when 7 ¢ P,,.,, it is not clear at all what to do.
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Let us record our conclusions in the form of a vague thought, as follows:

THOUGHT 2.19. There are probably no complex Poisson law P;, and no set of matching
partitions P. However, we should have diagrams of type

Bt - Gt Peven - PQ

bt—gt Peven—P2
with the laws by, By, coming from P.yen, Peven via the formula
Mi(pu) = Z ¢
weD(k)
to be computed, and being the “true” discrete analogues of g, Gy.

So, this is what we have. Of course, all this looks a bit like science fiction, and shall
we follow this luminous new way or not, and I would agree with you that rather not.

This being said, there is still a chance for some reasonable theory coming from groups,
and we have here, as a complement to Question 2.17 and Question 2.18:

QUESTION 2.20. What is the complex analogue of the symmetric group Sy ?

As before with Question 2.17 and Question 2.18, this is something quite philosophical.
But the subject is now quite fruitful, because there are plenty of interesting reflection
groups Gy C Uy, and with a bit of luck, by studying such groups, we can reach to an
answer to our questions. Let us record this in the form of a second thought, as follows:

THOUGHT 2.21. The answers to our questions should come from a diagram of type

Ky —Ux

Hy — Oy
with Hy C Ky C Uy being certain reflection groups, and with Hy = Sy, ideally.

Here we have used an unknown Hp instead of Hy = Sy that we are interested in,
and this because of Thought 2.19, which is still there, suggesting potential troubles.

Anyway, what to do? Get to work, of course, and in the lack of any clear idea, let us
do some character computations for reflection groups Gy C Uy. An obvious choice here
is the hyperoctahedral group, whose definition and basic properties are as follows:
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THEOREM 2.22. Consider the hyperoctahedral group Hy C Oy, consisting of the var-
ious symmetries of the hypercube in RN .

(1) Hy is the symmetry group of the N coordinate axes of RY.
(2) Hy consists of the permutation-like matrices over {—1,0,1}.
(3) We have the cardinality formula |Hy| = 2V N

(4) We have a crossed product decomposition Hy = Sy x Z5 .
(5) We have a wreath product decomposition Hy = Zo ! Sy .

PRroOF. Consider indeed the standard cube in RY, which is by definition centered at
0, and having as vertices the points having coordinates +1.

(1) With the above picture of the cube in hand, it is clear that the symmetries of the
cube coincide with the symmetries of the N coordinate axes of RY.

(2) Each of the permutations o € Sy of the N coordinate axes of RY can be further
“decorated” by a sign vector € € {1}, consisting of the possible 41 flips which can be
applied to each coordinate axis, at the arrival. In matrix terms, this gives the result.

(3) By using the above interpretation of Hy, we have the following formula:
|Hy| = |Sn| - 1Zy] = N1 - 2%

(4) We know from (3) that at the level of cardinalities we have |Hy| = |Sy x ZY|, and
with a bit more work, we obtain that we have Hy = Sy x ZY', as claimed.

(5) This is simply a reformulation of (4), in terms of wreath products. O
Getting back now to our character computations, following [10], we have:

THEOREM 2.23. For the hyperoctahedral group Hy C Op, the law of the variable
X =911+ ...+ gss with s =[tN] is, in the N — oo limit, the following measure,

called Bessel law of parameter t > 0.

PROOF. We regard Hy as being the symmetry group of the graph Iy = {I',... IV}
formed by n segments. The diagonal coefficients are then given by:
0 if g moves I°
ui(g) =] 1 if g fixes I
—1 if g returns I°

Let us denote by Fy, R, the number of segments among {I, ..., I*} which are fixed,
respectively returned by an element g € Hy. With this notation, we have:

U11+...+USS:Fg—Rg
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We denote by Py probabilities computed over Hy. The density of the law of the
variable u;; + ...+ uss at a point » > 0 is then given by the following formula:

D(r)=Py(Fy— Ry=r)=Y Px(F,=r+p, R, =p)
p=0

Assume first that we are in the case t = 1. We have the following computation:

. . . . r+2p 7“+2p _
g pir) = i 53072 (1) Pt =
— + 2p 1
= St . S
Z(/) (r+p)e(r+2p)!

1 o (1/2)r+2p
€

The general case 0 < t < 1 follows by performing some modifications in the above
computation. Indeed, the asymptotic density can be computed as follows:

. . - , T+ 2p
B0 = 30725 ()t Ry

= i(l/g)rﬂp r+2p ﬂ

= r+p ) et(r+2p)
<, (t/2)r+2
o> ((r/+> )ip!
— (r+p)lp!

Together with D(—r) = D(r), this gives the formula in the statement. O

The above result is quite interesting, because the densities that we found there are
the following functions, called Bessel functions of the first kind:

L g+
0= 2 G

Due to this fact, the limiting measures are called Bessel laws, as mentioned in Theorem
2.23. Let us study now these Bessel laws. We first have the following result, from [10]:

THEOREM 2.24. The Bessel laws b; have the property
bs * bt = bs+t

so they form a truncated one-parameter semigroup with respect to convolution.
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Proor. With f,(t) being the Bessel functions of the first kind, we have:

bo=e" Y 6 f(1/2)

r=—00

The Fourier transform of this measure b; is given by:

o0

Fyy)=e Y €™ f(t/2)

r=—00

We compute now the derivative with respect to the variable ¢:

—t o0

Fu(y) = ~Fuy) + 5 D €7 fl(t/2)

r=—00

On the other hand, the derivative of f, with » > 1 is given by:

fit) =

Fbt (y)/

i (7“ + 2p)tr+2p71

i (7“ +p)tr+2p71

(r+p)!p!

(r+p)ip!

& p tr+2p71

« (r+p)'p!

tr+2p71

2 =T

t(r+1)+2(p—l)

DB e D DY e R ]
frfl(t) + frJrl (t)

This computation works in fact for any r, and we obtain in this way:

—t

p=1

o0

= R+ 5 Y e (t/2) + fra(t/2)
R+ TS g (2) 4 0 (2
)
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By integrating, we obtain from this the following formula:

e (257 1))

Thus the log of the Fourier transform is linear in ¢, and we get the assertion. U

In order to further discuss all this, and extend the above results, we will need a
number of standard probabilistic preliminaries. We have the following notion, extending
the Poisson limit theory developed in the beginning of the present chapter:

DEFINITION 2.25. Associated to any compactly supported positive measure v on C,
not necessarily of mass 1, is the probability measure

t 1 *7
p, = lim ((1 — —) 0o + —1/>
n—oo n n

where t = mass(v), called compound Poisson law.

In what follows we will be mainly interested in the case where the measure v is discrete,
as is for instance the case for v = td; with t > 0, which produces the Poisson laws. The
following standard result allows one to detect compound Poisson laws:

PROPOSITION 2.26. For v =>"  t;0, witht; >0 and z; € C, we have

Fyuy) = exp (Z ti(e — 1>>

where F' denotes the Fourier transform.

PROOF. Let 7, be the measure in Definition 2.25, under the convolution sign:

t 1
nn:(l——)éo—l——y
n n

We have then the following computation:

t 1 ¢ 1~ "
=1 i=1
= I, (y) =exp (Z ti(eV® — 1)>
i=1

Thus, we have obtained the formula in the statement. Il

We have as well the following result, providing an alternative to Definition 2.25, and
which will be our formulation here of the Compound Poisson Limit Theorem:
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THEOREM 2.27 (CPLT). Forv =73 t;0,, witht; >0 and z; € C, we have

p, = law (i ziai>

i=1
where the variables o; are Poisson (t;), independent.

PROOF. Let a be the sum of Poisson variables in the statement, namely:

S

o = E Z2; 0

=1

By using some standard Fourier transform formulae, we have:

Fo,(y) = exp(ti(e” = 1)) == Fua,(y) = exp(ti(e”™ — 1))

= Fu(y) = exp <Z ti(e™ — 1))

Thus we have indeed the same formula as in Proposition 2.26, as desired. U

Summarizing, we have now a full generalization of the PLT. Getting back now to the
Poisson and Bessel laws, with the above formalism in hand, we have:

THEOREM 2.28. The Poisson and Bessel laws are compound Poisson laws,
Pt =D, > b= Dpre
where 61 is the Dirac mass at 1, and € is the centered Bernoulli law, € = (6; +0_1)/2.
PrRoOOF. We have two assertions here, the idea being as follows:

(1) The first assertion, regarding the Poisson law p;, is clear from Definition 2.25,
which for v = td; takes the following form:

" + *n
n—00 n n

Indeed, according to the PLT, the limit on the right produces the Poisson law p;, as
desired. Alternatively, the result follows as well from Proposition 2.26, which gives:

By, (y) = exp (t(e” — 1))
But the simplest way of proving the result is by invoking Theorem 2.28, which tells
us that for v = td; we have p, = law(«), with a being Poisson (t).

(2) Regarding the second assertion, concerning b, the most convenient here is to use
the formula of the Fourier transform found in the proof of Theorem 2.24, namely:

e (1 (257 1)
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On the other hand, the formula in Proposition 2.26 gives, for v = te:

t . t
Foln) = (e = 1)+ 5 = 1)
Thus, with v = te we have p, = b, as claimed. Il

As a conclusion to all this, we can add the Bessel laws b; to the family of “interesting”
probability measures that we have, consisting so far of the real and complex Gaussian
laws g; and Gy, and the Poisson laws p;. Indeed, the measures p;, b;, g¢, G; all appear via
basic limiting theorems, they form convolution semigroups, and they are related to group
theory as well, and more specifically to the groups Sy, Hy, On, Uy.

Still missing, however, for b; is a combinatorial formula for the moments, in the spirit
of the formulae that we have for p;, g;, G;. This is something quite tricky, and the formula
is as follows, with P.,., standing for the partitions all whose blocks have even size:

My (b)) = Z £
WEPeven(k)

It is possible to prove this out of what we have, for instance by taking the generating
function of the above numbers, then converting this series into a Fourier one, with the
conclusion that we obtain indeed the Fourier transform £}, computed above. However,
the computations are quite complex, and this even in the simplest case, t = 1, and instead
of embarking into this, we will leave it for later, when we will have better tools.

Moving ahead, Theorem 2.28 suggests formulating the following definition:
DEFINITION 2.29. The Bessel law of level s € NU {oco} and parameter t > 0 is
bf = De,
with €, being the uniform measure on the s-th roots of unity. The measures
by=b , B, =b"
are called real Bessel law, and complex Bessel law.

Here we use the same convention as in the continuous case, namely that capital letters
stand for complexifications. We will see in a moment that B; is indeed a complexification
of b, in a suitable sense, so that the couple b;/ B, stands as the correct “discrete analogue”
of the couple ¢;/G;. Which is something quite interesting, philosophically speaking.

In practice now, we first have to study the measures b] in our standard way, meaning
density, moments, Fourier, semigroup property, limiting theorems, and relation with group
theory. In what regards limiting theorems, the measures b; appear by definition via the
CPLT, so done with that. As a consequence of this, however, let us record:
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PROPOSITION 2.30. The Bessel laws are given by

b; = law (Z wkak>
k=1

where ay, ..., as are Poisson (t) independent, and w = e*™/*,

PrROOF. At s = 1,2 this is something that we already know, coming from Theorem

2.28 and its proof. In general, this follows from Theorem 2.27. U

Following [8], where the laws b5 were introduced and studied, let us discuss now Fourier
transforms and the semigroup property. Consider the level s exponential function:

e Zsk
D e
k=0

We have then the following formula, in terms of w = 7/*:

1 S
exp, z = — E exp(wz)
s
k=1

Observe that exp, = exp and exp, = cosh. We have the following result:
THEOREM 2.31. The Fourier transform of b is given by
log F(z) =t (exp,z — 1)
where exp, z 15 as above. In particular we have the formula
by * by = by 1y
so the measures b form a one-parameter convolution semigroup.

PRrROOF. Consider, as in Proposition 2.30, the variable a = > ;_, w¥ay. We have then
the following Fourier transform computation:

s

log F,(2) = Zlog F,, (w*z) = Zé (exp(w®z) — 1)

But this gives the following formula:

log F(z) =t ((% Zexp(wkz)) - 1) =t(expyz—1)

k=1

Now since b; is the law of a, this gives the formula in the statement. As for the last
assertion, this comes from the fact that the log of the Fourier transform is linear in ¢. [J

Still following [8], we can compute the density of b7, as follows:
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THEOREM 2.32. We have the formula

oo oo 1 t c1+...+c¢s S

c1=0 cs=0 k=1

2mi/s

where w = e , and the & symbol is a Dirac mass.

PrROOF. The Fourier transform of the measure on the right is given by:

Flz) = et f: . i ﬁ (£)++ Fs (Z wkck> (2)

=0  cs=0 k=1
» oo oo 1 t c1+...+cs s L
C e A () e (St
cl...cgd \ s
Cl:0 cs=0 k=1
[o¢] r S k
_ e—tz t Z exp (305 wherz)
cl. .. eyl
r=0 Ye;=r

We multiply now by €', and we compute the derivative with respect to t:

(e F(2)) = 22 (2)“1 3o (Shey wher2)

o, !l
It =t > exp (Y py wherz)
s ; (;> E;T (lz; CZ) !
It exp Zk L whe?)
s r=1 (g) Eczrlzl cloaoil (e = Dlega! el

By using the variable u = r — 1, we obtain in this way:

erer = 12 (1) 2 R

Ydi=u l=1
IR l )" exp (D op, whdyz
- (E;exp(wz))(_o (E) 2; p(dl!...ds! )>
= (exp,z)(e'F(2))

On the other hand, ®(t) = exp(t exp, z) satisfies the same equation, namely:

O'(t) = (exp, 2)0(1)

53
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Thus, we have the e'F(z) = ®(t), which gives the following formula:

log ' = log(e " exp(texp, 2))

= log(exp(t(exp,z —1)))
= t(exp,z—1)

Thus, we obtain the formulae in the statement. Il

Regarding now the questions which are left, namely moments and relation with groups,
these are quite technical, and related. Let us start by discussing the relation with groups.
Obviously we need here a generalization of the groups Sy, Hy, involving a parameter
s € NU {00}, and the answer to this question is straightforward, as follows:

DEFINITION 2.33. The complex reflection group HR, C Uy s the group of permutations
of N copies of the s-simplex. Fquivalently, we have

Hy = Mn(Zs U{0}) N Uy

telling us that HY, consists of the permutation-type matrices with s-th roots of unity as
entries. Also equivalently, we have the formula HR, = Zs 1 Sy.

Here the equivalence between the various viewpoints on H3; comes as in Theorem 2.22,
which corresponds to the case s = 2. In fact, the basic examples are as follows:

(1) s = 1. Here H}, = Sy, trivially, no matter which viewpoint we take.

(2) s = 2. Here H% = H,, with this coming from Theorem 2.22.

(3) s = co. Here Hy = K is an interesting group, and more on it later.

In general, HY, are well-known in group theory, the idea being that, up to a number
of exceptional examples, the complex reflection groups are exactly these groups H3;, and
their versions H3§? obtained by adding the supplementary condition (det U)? = 1.

In relation with the Bessel laws, we have the following result, from [8]:

THEOREM 2.34. For the complex reflection group H3, we have, with N — oo:

Xt ~ by
Moreover, the asymptotic moments of this variable are the numbers
My, (b7) = Z ¢
wePs (k)

where P*(k) are the partitions of {1,...,k} satisfying #o = # e (s), in each block.
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Proor. This is something quite long, that we will discuss in detail in chapters 3-4
below, when systematically doing representation theory, the idea being as follows:

(1) At s = 1 the reflection group is Hy = Sy, the Bessel law is the Poisson law,
b} = p;, and the formula y; ~ p; with N — oo is something that we know. As for the
moment formula, where P! = P, this is something that we know too.

(2) At s = 2 the reflection group is H% = Hy, the Bessel law is b? = b;, and the
formula y; ~ b; with N — oo is something that we know. As for the moment formula,
where P? = P,,.,, this is something more technical, which remains to be discussed.

(3) At s = oo the reflection group is Hy = Ky, the Bessel law is b° = B;, and the
formula x; ~ B; with N — oo is something that can be proved as for Sy, Hy. As for the
moment formula, where P> = P,,.,, this remains to be discussed.

(4) In the general case, where s € NU {oo}, the formula x; ~ b7 with N — oo can be
established a bit like for Sy, Hy, and the moment formula is something quite technical.
We will discuss both questions in chapters 3-4 below, using more advanced tools. U

All the above is very nice, theoretically speaking, and we can now answer the various
philosophical questions raised in the beginning of this section, as follows:

CONCLUSION 2.35. There is no complex Poisson law Py, no set of matching partitions
P, and no complex analogue of Sn. However, we have diagrams

By —G, Peven ——— P2 Ky —Ux

bt—gt Peven—P2 HN—ON

with the laws by, By being related to Poyen, Peven and to the groups Hy, Ky in the standard
way, and these laws by, By are the true discrete analogues of g;, G.

Summarizing, what we did so far in this book, namely the Gaussian and Poisson
laws, and their various versions, have interesting combinatorics. All the above was an
introduction to this combinatorics, following the classical theory, and [8], [10], [37] and
related papers. We will be back to these laws and results on numerous occasions.

Let us also mention that all the above is in fact just half of the story, because all 4
measures in Conclusion 2.35 are of “classical” nature, and there will be 4 more measures,
appearing as “free versions” of these. So, expect our final result on the subject to be a
cube formed by 8 measures, coming with accompanying cubes of partitions and groups.
But more on this later, after some substantial work, towards the end of this book.
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2e. Exercises

There has been a lot of non-trivial material in this chapter, sometimes only briefly
explained, and this is because we will come back to this later, with more powerful tools.
However, before that, let us start with a standard and beautiful exercise:

EXERCISE 2.36. Prove that the Bell numbers By, = |P(k)|, which are the moments of
the Poisson law py, have the following properties:

bk 1 o= 7k
Bn=2_\,)B + Be=C2

r=0 r=0 "~
=B . ! e
Tk ket , B, = i / ¢ dz
|z

k! 2mie [,y 2Ft1
k=0 |

Also, prove as well that we have log By /k ~logk — loglogk — 1.

Here some of the formulae are things that we already know, from the above, some
other formulae are fairly easy, and some other are more difficult.

EXERCISE 2.37. Prove that for the cyclic group Zy C On we have
1 1
l =(1—— )0+ —-—0
aw(x) ( N) o+ NoV
and look as well at truncated characters.

This looks quite elementary, and indeed it is, matter of having things started, in
relation with character computations, beyond what has been said in the above.

EXERCISE 2.38. Prove that for the dihedral group Dy C Sy we have
(3 —5%) 00+ 1+ 5508 (N even)
law(x) =
(3 —5%) 0o+ 361+ 50n (N odd)
and look as well at truncated characters.

Again, this is something which can only be quite elementary. As a conclusion to this,
the character laws for Zy, Dy have no interesting asymptotics.

EXERCISE 2.39. Prove that, if g;; are the standard coordinates of Sy C On,

sl = (N =p)l (6, — )"
law(g11—|— ---+gss> = ﬁz ((S_p))' . ( 1 p' 0)
e ! !

and deduce from this that such variables become Poisson, with N — oo.

As a bonus exercise, you can try to work out all the missing details for the various
computations involving the complex reflection groups Hy;, and the Bessel laws b;.



CHAPTER 3
Compact groups

3a. Representation theory

We have seen so far the foundations and basic results of classical probability. Before
stepping into more complicated things, such as random matrices and free probability, we
would like to clarify one important question which appeared several times, namely the
computation of integrals over the compact groups of unitary matrices G C Uy, and its
probabilistic consequences. The precise question that we have in mind is:

QUESTION 3.1. Given a compact group G C Uy, how to compute the integrals

. e
L = /Ggffjl < Gigj 49
depending on multi-indices 1, 7, and of a colored integer exponent e = oeeo...? Then,
how to use this formula in order to compute the laws of variables of type

Jp= P({Qij}i,j:l,...,N)
depending on a polynomial P? What about the N — oo asymptotics of such laws?

All this is quite subtle, and as a basic illustration for all this, we have a fundamental
result from chapter 2, stating that for G = Sy the law of the variable x = ), gi; can be
explicitely computed, and becomes Poisson (1) with N — oco. This is something truly
remarkable, and it is this kind of result that we would like to systematically have.

We will discuss all this in this chapter and in the next one. This might seem of course
quite long, but believe me, it is worth the effort, because it is quite hard to do any type of
advanced probability theory without knowing the answer to Question 3.1. But probably
enough advertisement, let us get to work. Following Weyl [96], we first have:

DEFINITION 3.2. A unitary representation of a compact group G is a continuous group
morphism into a unitary group

v:G—=Un , g—1,
which can be faithful or not. The character of such a representation is the function
x:G—=C |, g—Tr(v,)
where Tr is the usual, unnormalized trace of the N x N matrices.

57
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At the level of examples, most of the compact groups that we met so far, finite or
continuous, naturally appear as closed subgroups G C Uy. In this case, the embedding
G C Uy is of course a representation, called fundamental representation. In general now,
let us first discuss the various operations on the representations. We have here:

PROPOSITION 3.3. The representations of a compact group G are subject to:

(1) Making sums. Given representations v, w, of dimensions N, M, their sum is the
N + M-dimensional representation v + w = diag(v,w).

(2) Making products. Given representations v, w, of dimensions N, M, their product
is the N M -dimensional representation (v & w);q jb = VijWap-

(3) Taking conjugates. Given a N -dimensional representation v, its conjugate is the
N-dimensional representation (0);; = Usj.

(4) Spinning by unitaries. Given a N-dimensional representation v, and a unitary
U € Uy, we can spin v by this unitary, v — UvU*.

PRrROOF. The fact that the operations in the statement are indeed well-defined, among
morphisms from G to unitary groups, is indeed clear from definitions. O

In relation now with characters, we have the following result:
PROPOSITION 3.4. We have the following formulae, regarding characters

Xvtw = Xo T Xw 5 Xoow = XoXw > Xo=Xv 5 XUoU* = Xo
in relation with the basic operations for the representations.

PrRoOOF. All these assertions are elementary, by using the following well-known trace
formulae, valid for any square matrices V, W, and any unitary U:

Tr(diag(V,W))=Tr(V)+Tr(W) , Tr(VeW)=Tr(V)Tr(W)

Tr(V)=Tr(V) , Tr(UVU")=Tr(V)
Thus, we are led to the formulae in the statement. Il

Assume now that we are given a closed subgroup G C Uy. By using the above
operations, we can construct a whole family of representations of GG, as follows:

DEFINITION 3.5. Given a closed subgroup G C Uy, its Peter-Weyl representations are
the various tensor products between the fundamental representation and its conjugate:

v:G C Uy , U: G c Uy
We denote these tensor products v, with k = o eeo ... being a colored integer, with the

colored tensor powers being defined according to the rules

®o __ e

v =v , v =UvU Ok = ®F @ !

and with the convention that v®° is the trivial representation 1 : G — Uj.
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Here are a few examples of such representations, namely those coming from the colored
integers of length 2, which will often appear in what follows:
¥ =0v@uv , v¥*=0Q7D
W =t@v , 1®**" =07
In relation now with characters, we have the following result:

PROPOSITION 3.6. The characters of the Peter-Weyl representations are given by

Xo®k = (Xv)k
with the colored powers being given by x° = x, x* = X and multiplicativity.

Proor. This follows indeed from the additivity, multiplicativity and conjugation for-
mulae from Proposition 3.4, via the conventions in Definition 3.5. U

Getting back now to our motivations, we can see the interest in the above construc-
tions. Indeed, the joint moments of the main character y = x, and its adjoint Y = x; are
the expectations of the characters of various Peter-Weyl representations:

/X’“=/Xv®k
G G

In order to advance, we must develop some general theory. Let us start with:

DEFINITION 3.7. Given a compact group G, and two of its representations,
v:G—=>Uy , w:G—=Uy

we define the space of intertwiners between these representations as being
Hom(v,w) = {T € Mpyxn(C)|Tv, = w,T,Vg € G}

and we use the following conventions:
(1) We use the notations Fixz(v) = Hom(1,v), and End(v) = Hom(v,v).
(2) We write v ~ w when Hom(v,w) contains an invertible element.
(3) We say that v is irreducible, and write v € Irr(G), when End(v) = C1.

The terminology here is standard, with Fix, Hom, End standing for fixed points, homo-
morphisms and endomorphisms. We will see later that irreducible means indecomposable,
in a suitable sense. Here are now a few basic results, regarding these spaces:

PROPOSITION 3.8. The spaces of intertwiners have the following properties:
(1) T € Hom(v,w),S € Hom(w,z) = ST € Hom(v, z).
(2) S € Hom(v,w),T € Hom(z,t) = S®T € Hom(v® z,w ® ).
(3) T € Hom(v,w) = T* € Hom(w,v).
In abstract terms, we say that the Hom spaces form a tensor *-category.
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ProoF. All the formulae in the statement are clear from definitions, via elementary
computations. As for the last assertion, this is something coming from (1,2,3). We will
be back to tensor categories later on, with more details on this latter fact. O

As a main consequence of the above result, we have:

PROPOSITION 3.9. Given a representation v : G — Uy, the linear space
End(v) C My(C)
s a *-algebra, with respect to the usual involution of the matrices.
PROOF. By definition, End(v) is a linear subspace of My (C). We know from Propo-
sition 3.8 (1) that this subspace End(v) is a subalgebra of My (C), and then we know as

well from Proposition 3.8 (3) that this subalgebra is stable under the involution *. Thus,
what we have here is a x-subalgebra of My (C), as claimed. O

In order to exploit the above fact, we will need a basic result from linear algebra,
stating that any x-algebra A C My (C) decomposes as a direct sum, as follows:

Indeed, let us write the unit 1 € A as 1 = p; + ... + pg, with p; € A being central
minimal projections. Then each of the spaces A; = p;Ap; is a subalgebra of A, and we
have a decomposition A = A; & ... & A,. But since each central projection p; € A was
chosen minimal, we have A; ~ My, (C), with N; = rank(p;), as desired.

We can now formulate our first Peter-Weyl type theorem, as follows:

THEOREM 3.10 (Peter-Weyl 1). Let v : G — Uy be a representation, consider the
algebra A = End(v), and write its unit 1 = p; + ... + pr as above. We have then
V=v1+ ...+ v

with each v; being an irreducible representation, obtained by restricting v to Im(p;).

Proor. This basically follows from Proposition 3.9, as follows:

(1) We first associate to our representation v : G — Uy the corresponding action map
on CV. If a linear subspace W C C¥ is invariant, the restriction of the action map to W
is an action map too, which must come from a subrepresentation w C v.

(2) Consider now a projection p € End(v). From pv = vp we obtain that the linear
space W = I'm(p) is invariant under v, and so this space must come from a subrepresen-
tation w C v. It is routine to check that the operation p — w maps subprojections to
subrepresentations, and minimal projections to irreducible representations.

(3) With these preliminaries in hand, let us decompose the algebra End(v) as above,
by using the decomposition 1 = p; + ... + p, into central minimal projections. If we
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denote by v; C v the subrepresentation coming from the vector space V; = I'm(p;), then
we obtain in this way a decomposition v = vy + ... 4+ v, as in the statement. Il

Here is now our second Peter-Weyl theorem, complementing Theorem 3.10:

THEOREM 3.11 (Peter-Weyl 2). Given a closed subgroup G C, Uy, any of its irre-
ducible smooth representations
w:G — UM

appears inside a tensor product of the fundamental representation v and its adjoint v.

PrROOF. Given a representation w : G — U);, we define the space of coefficients
Cw C C(G) of this representation as being the following linear space:
Cy = span [g — w(g)ij}
With this notion in hand, the result can be deduced as follows:

(1) The construction w — C,, is functorial, in the sense that it maps subrepresentations
into linear subspaces. This is indeed something which is routine to check.

(2) A closed subgroup G C, Uy is a Lie group, and a representation w : G — Uy, is
smooth when we have an inclusion C,, C< C,, >. This is indeed well-known.

(3) By definition of the Peter-Weyl representations, as arbitrary tensor products be-
tween the fundamental representation v and its conjugate v, we have:

< C,>= Z C,ek
k

(4) Now by putting together the above observations (2,3) we conclude that we must
have an inclusion as follows, for certain exponents ki, ..., kp:

Cy C Cv®k1@m@v®kp
(5) By using now (1), we deduce that we have an inclusion w C v®*1 @ ... @ v®*7 and
by applying Theorem 3.10, this leads to the conclusion in the statement. U
3b. Haar integration

In order to further advance, we need to talk about integration over G. This is some-
thing quite technical, the idea being that the uniform measure p over GG can be constructed
by starting with an arbitrary probability measure n, and setting:

ne D

Thus, our next task will be that of proving this result. It is convenient, for this
purpose, to work with the integration functionals with respect to the various measures on
G, instead of the measures themselves. Let us begin with the following key result:
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PROPOSITION 3.12. Given a unital positive linear form i : C(G) — C, the limit

Af—kgniﬁm

exists, and for a coefficient of a representation f = (1 ® id)w we have

/wf:r(P

where P is the orthogonal projection onto the 1-eigenspace of (id @ 1)w

PRrOOF. By linearity it is enough to prove the second assertion. More precisely, we
can have the whole result proved if we can establish the following formula:

1 *k
n&n2¢ (P)
In order to prove this latter formula, observe that we have:

VE(f) = (T @™ w = 7((id @ v*™*)w)

Consider the matrix M = (id ® ¢)w. In terms of this matrix, we have:

((ld ® @Zj*k Z(ﬂk-}—l Z Mloll c Zklk+1 - (Mk)ioik-H

01...0)

Thus we have the following formula, valid for any integer k € N:
(id @ v*F)w = M*

It follows that our Cesaro limit is given by the following formula:

n

1 1 —
Z *k : Z ky _ : _Z k
nh—{gon ¥ _nh—{gon T(M)_T<T}I—I>Iolonk1M>

Now since w is unitary we have ||w|| = 1, and we obtain from this that we have:
[IM]| <1

Thus, in the above expression, the Cesaro limit on the right converges, and equals the
orthogonal projection onto the 1-eigenspace of M:

1 M* =
nﬂmZ
Thus our initial Cesaro limit converges as well, to 7(P), as desired. U

When the linear 1 is chosen faithful, we have the following finer result:
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PROPOSITION 3.13. Given a faithful unital linear form ¢ € C(G)*, the limit

Af—g;rgon;¢ (f)

exists, and is independent of 1, given on coefficients of representations by

s )

where P is the orthogonal projection onto Fiz(w) = {£ € (C”}w{ = ¢}

PROOF. In view of Proposition 3.12, it remains to prove that when v is faithful, the
1-eigenspace of M = (id ® ¥)w equals the space Fiz(w).
“>” This inclusion is clear, and for any 1, because w¢ = § = ME = €.

“C” Here we must prove that, if ¢ is faithful, we have M¢ = ¢ = wé& = £. For this
purpose, assume that we have M¢ = £, and consider the following function:

)

We must prove that we have f = 0. Since w is unitary, we have:

2 <Z (“’w'fa’ - %Q) (Z (w;‘kfk - %5))

i j
.. = 1 - 1, = 1 -
= Zk Wik — W66 — Wik + 76
= D IGP =D wyg& =) wikide + Gl
j ij ik i
= |lEIP— < w&, & > —<w& >+ |[¢]f
= 2(|lgl* = Re(< wg, § >))
By using now our assumption M¢ = £, we obtain from this that we have:

U(f) = 20([¢]]° — Re(< wg, & >))
= 2(/[¢]I* — Re(< M¢,€ >))

f

2(Il1* — [1€11%)
0
Now since ) is faithful, this gives f = 0, and so w§ = &, as claimed. U

We can now formulate a main result, as follows:
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THEOREM 3.14. Any compact group G has a unique Haar integration, which can be
constructed by starting with any faithful positive unital form ¢ € C(G)*, and setting:

1 n
= lim — ) ¢

Moreover, for any representation w we have the formula

s o7

where P is the orthogonal projection onto Fix(w) = {f € (C”}wf = 5}.

PROOF. Let us first go back to the general context of Proposition 3.12. Since convolv-
ing one more time with v will not change the Cesaro limit appearing there, the functional
/. » €C (G)* constructed there has the following invariance property:

fro-ee] -

In the case where ¢ is assumed to be faithful, as in Proposition 3.13, our claim is that
we have the following formula, valid this time for any ¢ € C(G)*:

/w*sozs&*/wzw(l)/d)

Indeed, it is enough to prove this formula on a coefficient of a corepresentation:
f=(r®idw

In order to do so, consider the following two matrices:

P = (z’d@/w)w , Q= (ld®pw

We have then the following formulae, which all follow from definitions:

(A*w)fzdPQ), (wﬁé)fdeP), @Qxéf:@ﬂﬁgv

Thus, in order to prove our claim, it is enough to establish the following formula:

PQ=QP=9y(1)P
But this latter formula follows from the fact, coming from Proposition 3.13, that
P=(id® | »)W equals the orthogonal projection onto Fiz(w). Thus, we have proved our
claim, namely that we have the following formula, valid for any ¢ € C(G)*:

/¢w:¢*/¢:¢(1)/¢;
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Now observe that, with Af(g ® h) = f(gh), this formula can be written as follows:

w(/ﬂj@id)A:@(idéé/l)A:go/w(.)l

This formula being true for any ¢ € C(G)*, we can simply delete ¢, and we conclude
that [, = | ,» has the required left and right invariance property, namely:

</G®id)A:(z’d®/G>A:/G('>1

Finally, the uniqueness is clear as well, because if we have two invariant integrals
Joo I é, then their convolution equals on one hand [, and on the other hand, |, c/: O

Summarizing, we can now integrate over G. As a first application, we have:

THEOREM 3.15. Given a compact group G, we have the following formula, valid for
any unitary representation w : G — Upy:

/ Yoo = dim(Fiz(w))
@
In particular, in the case G C, Uy, the moments of the main character x = x, are
/ W = dim(Fiz(v®))
G
s0 knowing law(x) is the same as knowing the numbers dim(Fixz(v®*)).

PrROOF. We have several assertions here, the idea being as follows:

(1) Given a unitary representation w : G — Uy, as in the statement, its character x,,
is a coefficient, so we can use the integration formula for coefficients in Theorem 3.14. If
we denote by P the projection onto Fliz(w), this formula gives, as desired:

[ = (P
= dim(Im(P))

= dim(Fiz(w))
(2) This follows from (1), applied to the Peter-Weyl representations, as follows:

/Xk = /xff
G a
= /Xl)@k
G

= dim(Fiz(v®*))

(3) The last assertion is clear, law(x) being uniquely determined by its moments. [
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Beyond characters, we have the following result, called Weingarten formula:

THEOREM 3.16. The Haar integration over a closed subgroup G C Uy s given by
/ gl'e1lj1 o 'gf:jk dg = Z 5n(l>5y(])Wk(ﬂ', V)
¢ m,veD(k)

for any colored integer k = ey . .. ey, and any multi-indices i, j, where D(k) is a linear basis
of Fiz(v®*), the associated generalized Kronecker symbols are given by

0p(1) =< T, e ®...® €, >
and Wy, = G is the inverse of the Gram matriz, Gy(m,v) =< 7,v >.

Proor. This is something old and classical, known to generations of mathematicians
in various forms, since Weyl himself. In the above precise formulation, following the
modern papers [37], [95], the proof of the Weingarten formula is as follows:

(1) We know from Peter-Weyl theory that the integrals in the statement form alto-
gether the orthogonal projection P* onto the following space:

Fiz(v®) = span(D(k))
(2) Consider now the following linear map, with D(k) = {&} being as above:
E(x)= Y <26 >
meD(k)

(3) By a standard linear algebra computation, it follows that we have P = W E, where
W is the inverse of the restriction of E to the following space:

K = span (T7T T E D(k))

(4) But this restriction is the linear map given by the Gram matrix Gy, and so W is
the linear map given by the Weingarten matrix Wy, = G;', and this gives the result. O

Getting back now to algebra, in order to further develop the Peter-Weyl theory, which
is obviously something very useful, we will need the following result:

ProproSITION 3.17. We have a Frobenius type isomorphism
Hom(v,w) ~ Fiz(v® w)
valid for any two representations v, w.
PROOF. According to definitions, we have the following equivalences:
T € Hom(v,w) <= Tv=wT
= Z Toivij = Z Wap 1, Va, j
i b
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On the other hand, we have as well the following equivalences:
TeFizlvew) <— @Wew)T=¢
— Z VjiWap Ty = Ty;Va, j
bi
With these formulae in hand, both inclusions follow from the unitarity of v, w. O

We can now formulate our third Peter-Weyl theorem, as follows:

THEOREM 3.18 (Peter-Weyl 3). The dense subalgebra C(G) C C(G) generated by the

coefficients of the fundamental representation decomposes as a direct sum
C(@)= @B Mamw(C)
welrr(Q)

with the summands being pairwise orthogonal with respect to the scalar product
<tfg>= [ fs
a

where fG s the Haar integration over G.

PROOF. By combining the previous two Peter-Weyl results, we deduce that we have
a linear space decomposition as follows:

C(G) = Z Cy = Z Mgim(uw) (C)
welrr(Q) welrr(G)

Thus, in order to conclude, it is enough to prove that for any two irreducible repre-
sentations v, w € Irr(G), the corresponding spaces of coefficients are orthogonal:

vobw = C, LC,
But this follows from Theorem 3.14, via Proposition 3.17. Let us set indeed:

Pm,ij/Uzleab
e

Then P is the orthogonal projection onto the following vector space:

Fiz(v®w) ~ Hom(v,w) = {0}
Thus we have P = 0, and this gives the result. U
Finally, we have the following result, completing the Peter-Weyl theory:

THEOREM 3.19 (Peter-Weyl 4). The characters of irreducible representations belong
to the algebra

C(G)ecnira = { f € C(G)|Flgh) = F(hg). V9. h € G}

called algebra of central functions on G, and form an orthonormal basis of it.
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PROOF. Observe first that C(G)eentrar is indeed an algebra, which contains all the
characters. Conversely, consider a function f € C(G), written as follows:

[ = Z Juw
welrr(G)

The condition f € C(G)centrar States then that for any w € Irr(G), we must have:
fw € C<G)central

But this means that f,, must be a scalar multiple of x,,, so the characters form a basis
of C(GQ)central, as stated. Also, the fact that we have an orthogonal basis follows from
Theorem 3.18. As for the fact that the characters have norm 1, this follows from:

1
/Gwaéw:iZj/Gwiiwjjzgﬁzl

Here we have used the fact, coming from Theorem 3.14 and Proposition 3.17, that the
integrals f o WijWy form the orthogonal projection onto the following vector space:
Fiz(w ® w) ~ End(w) = C1
Thus, the proof of our theorem is now complete. Il

All the above was quite brief, but further details on all this, Haar measure and Peter-
Weyl theory, can be found in any group theory book, such as Weyl [96]. Also, importantly,
many of the results discussed above have substantial refinements in the case where the
group G under investigation is finite, and again we refer here to the literature.

3c. Diagrams, easiness

We discuss now more advanced aspects of representation theory, going towards proba-
bility theory, based on Brauer’s paper [31], and on the seemingly endless flurry of papers
based on it, ancient or more modern, including [21], [37], [95], to name a few.

In view of the above results, no matter on what we want to do with our group, we
must compute the spaces Fiz(v®*). It is technically convenient to slightly enlarge the
class of spaces to be computed, by talking about Tannakian categories, as follows:

DEFINITION 3.20. The Tannakian category associated to a closed subgroup G C, Uy
is the collection Cq = (Ca(k, 1)) of vector spaces
Ca(k, 1) = Hom(v®* v®)
where the representations vE* with k = o e @ o ... colored integer, defined by
v =1 | ¥ =v |, ¥ =7

and multiplicativity, v®* = v®* @ v®! are the Peter-Weyl representations.
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Let us make a summary of what we have so far, regarding these spaces Cg(k,1). In
order to formulate our result, let us start with the following definition:

DEFINITION 3.21. Let H be a finite dimensional Hilbert space. A tensor category over
H is a collection C = (C(k,1)) of linear spaces

C(k,1) C L(H®* H?)

satisfying the following conditions:

(1) S, T € C implies ST € C.

(2) If S,T € C are composable, then ST € C.

(3) T € C implies T* € C.

(4) C(k,k) contains the identity operator.

(5) C(0,k) with k = oe, 8o contain the operator R:1— > . e; @ e;.

(6) C(kl, k) with k,l = o,e contain the flip operator ¥ :a®b— b® a.

Here the tensor power Hilbert spaces H®*, with k = oeeo... being a colored integer,
are defined by the following formulae, and multiplicativity:

H®=C |, H®*®=H , H*=H~H

With these conventions, we have the following result, summarizing our knowledge on
the subject, coming from the results established in the above:

THEOREM 3.22. For a closed subgroup G C, Uy, the associated Tannakian category
Ca(k, 1) = Hom(v®* v®)
is a tensor category over the Hilbert space H = CV.

ProoF. We know that the fundamental representation v acts on the Hilbert space
H = CV, and that its conjugate © acts on the Hilbert space H = CV. Now by multi-
plicativity we conclude that any Peter-Weyl representation v** acts on the Hilbert space
H®*_ and so that we have embeddings as in Definition 3.21, as follows:

Calk,1) C L(H®* H®

Regarding now the fact that the axioms (1-6) in Definition 3.21 are indeed satisfied,
this is something that we basically already know. To be more precise, (1-4) are clear, and
(5) follows from the fact that each element g € G is a unitary, which gives:

R e Hom(l,9® g)
Re Hom(1,5® g)

As for (6), this is something trivial, coming from the fact that the matrix coefficients
g — gi; and their complex conjugates g — g;; commute with each other. U
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Our purpose now will be that of showing that any closed subgroup G C Uy is uniquely
determined by its Tannakian category Cg = (Cg(k,1)). This result, known as Tannakian
duality, is something quite deep, and extremely useful. Indeed, the idea is that what
we would have here is a “linearization” of G, allowing us to do combinatorics, and to
ultimately reach to concrete and powerful results, regarding G itself. We first have:

THEOREM 3.23. Given a tensor category C = (C(k,l)) over a finite dimensional
Hilbert space H ~ CV, the following construction,

GCZ{QEUﬂTfMZQ@T,VhLVTGC%J”
produces a closed subgroup Go C Uy.

ProoF. This is something elementary, with the fact that the closed subset Go C Uy
constructed in the statement is indeed stable under the multiplication, unit and inversion
operation for the unitary matrices g € Uy being clear from definitions. U

We can now formulate the Tannakian duality result, as follows:

THEOREM 3.24. The above Tannakian constructions
G — CG R C — GC

are bijective, and inverse to each other.

ProOOF. This is something quite technical, obtained by doing some abstract algebra,
and for full details here, we refer to the Tannakian duality literature. The whole subject
is actually, in modern times, for the most part of quantum algebra, and you can consult
here [65], [99], both quantum group papers, for details on the above. O

In order to reach now to more concrete things, following Brauer’s philosophy in [31],
and more specifically the more modern paper [21], based on it, we have:

DEFINITION 3.25. Let P(k,l) be the set of partitions between an upper colored integer
k, and a lower colored integer l. A collection of subsets

D =| | D(k,1)

iyl
with D(k,1) C P(k,1) is called a category of partitions when it has the following properties:

(
) Stability under the horizontal concatenation, (w,0) — [ro].

) Stability under vertical concatenation (7, 0) — [2], with matching middle symbols.
) Stability under the upside-down turning *, with switching of colors, o <> e.
) Each set P(k,k) contains the identity partition ||...||.
) The sets P((),o0e) and P((), ®0) both contain the semicircle N.
) The sets P(k,k) with |k| = 2 contain the crossing partition .

(1
(2
(3
(4
(5
(6

Let us formulate as well the following definition, also from [21]:
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DEFINITION 3.26. Given a partition m € P(k,l) and an integer N € N, we can
construct a linear map between tensor powers of CV,

TW . (CN>®k N (CN)®Z

by the following formula, with e, ..., ex being the standard basis of CV,
Tw(ei1®...®eik): Z(SW (]1 ]l) €j1®"‘®ejl
Ji--di

and with the coefficients on the right being Kronecker type symbols,

(i ) e

Jr -

whose values depend on whether the indices fit or not.

To be more precise, we put the indices of 7, 7 on the legs of 7, in the obvious way. In
case all the blocks of 7 contain equal indices of 7, j, we set 57r(§) = 1. Otherwise, we set
O (3) = 0. The relation with the Tannakian categories comes from:

PrROPOSITION 3.27. The assignement m — Ty is categorical, in the sense that

T, T, = ﬂwu] ) T, = NC(my)T‘[;] ) T: = T
where c(m,v) are certain integers, coming from the erased components in the middle.
Proor. This is something elementary, the computations being as follows:
(1) The concatenation axiom can be checked as follows:

(TreT)( e ®...06e, ey, ®...Qey,)

B i ke ...k,
= szﬂ-(]l jZ)éy(ll ls)6j1®...®€jq®€ll®...®€ls

G1edig L1l

B i iy ko KB |

- Y (ko Fasswsas. o
Ji--Jgli..ds

—= ﬂﬂ'l/](eil®...®€ip®ekl®...®€kr)
(2) The composition axiom can be checked as follows:

TwTu(eil X...Q ez-p)

3 i o Ja
el DE el e

Ji--Jq ky..ky
= > NUg SRR P S
F\k, ...k Chy & - & Chy
K1k "

— NC(”’”)T[z](eil ®...Qe,)
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(3) Finally, the involution axiom can be checked as follows:
T:(@h ®... qu)
= Z<T:(ej1®"'®ejq>7ei1®"'®eip>€i1®“'®€ip

i1t

= E 571- /L.l Z.p €i1®...®€i
— Juo--- Jg P
ip

= Tr(e, ®...®ej,)
Summarizing, our correspondence is indeed categorical. U

In relation now with the groups, we have the following result, from [21]:

THEOREM 3.28. Fach category of partitions D = (D(k,l)) produces a family of com-
pact groups G = (Gy), with Gy C, Uy, via the formula

Hom/(v®* v®") = span <T7r m e D(k, l)>

and the Tannakian duality correspondence.

PRrROOF. Given an integer N € N, consider the correspondence m — T}, constructed in
Definition 3.26, and then the collection of linear spaces in the statement, namely:

C(k,1) = span (T7r © e D(k, l))

According to Proposition 3.27, and to our axioms for the categories of partitions,
from Definition 3.25, this collection of spaces C' = (C(k, 1)) satisfies the axioms for the
Tannakian categories, from Definition 3.21. Thus the Tannakian duality result, Theorem
3.24 above, applies, and provides us with a closed subgroup G C, Uy such that:

C(k,1) = Hom(v®* v®)
Thus, we are led to the conclusion in the statement. Il
We can now formulate a key definition, as follows:

DEFINITION 3.29. A closed subgroup G C, Uy is called easy when we have

Hom/(v®* v®") = span <T7r m e D(k, l)>

for any colored integers k.1, for a certain category of partitions D C P.

The notion of easiness goes back to the results of Brauer in [31] regarding the orthog-
onal group Oy, and the unitary group Uy, which reformulate as follows:
THEOREM 3.30. We have the following results:

(1) The unitary group Uy is easy, coming from the category Ps.
(2) The orthogonal group Oy is easy too, coming from the category Ps.
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Proor. This is something very standard, the idea being as follows:

(1) The group Uy being defined via the relations v* = v~ v* = o7, the associated

Tannakian category is C' = span(T,|r € D), with:
D =< [ >— Ps

oce 7’ @O

(2) The group Oy C Uy being defined by imposing the relations v;; = v;;, the associ-
ated Tannakian category is C' = span (T, |r € D), with:

D =<Py{,! >=P,
Thus, we are led to the conclusion in the statement. U

Beyond this, a first natural question is that of computing the easy group associated
to the category P itself, and we have here the following Brauer type theorem:

THEOREM 3.31. The symmetric group Sy, regarded as group of unitary matrices,
SN - ON Cc Uy
via the permutation matrices, is easy, coming from the category of all partitions P.

PRroOOF. Consider the easy group G C Oy coming from the category of all partitions
P. Since P is generated by the one-block partition u € P(2,1), we have:

C(G) = C(Ox) [ (T, € Hom(v™,v))
The linear map associated to pu is given by the following formula:
Tu(ei @ e5) = dijes
Thus, the relation defining the above group G C Oy reformulates as follows:
T, € Hom(v®* v) <> vvy = 63045, V4, 5, k

In other words, the elements v;; must be projections, and these projections must be
pairwise orthogonal on the rows of v = (v;;). We conclude that G C Oy is the subgroup of
matrices g € Oy having the property g;; € {0,1}. Thus we have G = Sy, as claimed. [

In fact, we have the following general easiness result, from [8], regarding the series of
complex reflection groups Hy, C Uy, that we introduced in chapter 2:

THEOREM 3.32. The group HRY, = Zs 1 Sy 1is easy, the corresponding category P°
consisting of the partitions satisfying #o = # e (s) in each block. In particular:

(1) Sy s easy, coming from the category P.
(2) Hy is easy, coming from the cateqory Pryen.
(3) Ky is easy, coming from the category Peyen.-
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PRrROOF. This is something that we already know at s = 1, from Theorem 3.31. In gen-
eral, the proof is similar, based on Tannakian duality. To be more precise, in what regards
the main assertion, the idea here is that the one-block partition = € P(s), which gener-
ates the category P? in the statement, implements the relations producing the subgroup
HY, C Uy. As for the last assertions, these follow from the following observations:

(1) At s = 1 we know that we have Hy = Sy. Regarding now the corresponding
category, here the condition #o = # e (1) is automatic, and so P! = P.

(2) At s = 2 we know that we have H3 = Hy. Regarding now the corresponding
category, here the condition #o0 = # e (2) reformulates as follows:

# o+ #e=0(2)
Thus each block must have even size, and we obtain, as claimed, P? = P,,,.

(3) At s = 0o we know that we have HY = Ky. Regarding now the corresponding
category, here the condition #o0 = # e (c0) reads:

Ho = fhe
But this is the condition defining P.yern, and so P> = P,yep, as claimed. O

Summarizing, we have many examples. In fact, our list of easy groups is already quite
big, and here is a selection of the main results that we have so far:

THEOREM 3.33. We have a diagram as follows,

Ky Un

Hy Oy

and all these groups are easy.

Proor. This follows from the above results. To be more precise, we know that the
above groups are all easy, the corresponding categories of partitions being as follows:

Peven P2

PE’UCTL

P

Thus, we are led to the conclusion in the statement. U
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We refer to [13], [21], [77], [82] for more on the easy groups, in the above formulation.
In fact, any Lie group or Lie algebra text will do too, because up to formalism, notations,
and so on, all the modern theory comes from Brauer’s paper [31] anyway.

3d. Asymptotic characters

We go back now to probability questions, with the aim of applying the above, to
questions regarding characters. As a first objective, for the remainder of this chapter,
we would like to compute the asymptotic laws of main characters y = x, for the main
examples of easy groups. And the situation here is as follows:

(1) Given a closed subgroup G' C, Uy, we know from Theorem 3.15 that the moments
of the main character count the fixed points of the representations v®*.

(2) On the other hand, assuming that our group G C, Uy is easy, coming from a
category of partitions D = (D(k,1)), the space formed by these fixed points is spanned
by the following vectors, indexed by partitions 7 belonging to the set D(k) = D(0, k):

&T: Z(Sw(ll Zk>611®®ezk

(3) Thus, we are left with investigating linear independence questions for the vectors
&, and once these questions solved, to compute the moments of .

In order to investigate linear independence questions for the vectors &, we will use
the Gram matrix of these vectors. Let us begin with some standard definitions:

DEFINITION 3.34. Let P(k) be the set of partitions of {1,...,k}, and let m,v € P(k).

(1) We write m < v if each block of m is contained in a block of v.
(2) We let m Vv € P(k) be the partition obtained by superposing 7, v.

As an illustration here, at k = 2 we have P(2) = {||,M}, and the order is:
<n
At k = 3 we have P(3) = {|||,M],m, |, T}, and the order relation is as follows:
IF<Almn<rm

Observe also that we have 7, v < 7w V v. In fact, 7 V v is the smallest partition with
this property, called supremum of 7, . Now back to the easy groups, we have:

PROPOSITION 3.35. The Gram matriz Gy (m,v) =< &, &, > is given by
Gk]\[(ﬂ', l/) = levy‘

where |.| is the number of blocks.
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PROOF. According to our formula of the vectors &,, we have:

<& &> = ) Oulin,. . ik)0, (i, i)

i1

= Z 5va(i1, cee ’Zk)

i1k
— N|7rVu|
Thus, we have obtained the formula in the statement. Il

In order to study the Gram matrix, and more specifically to compute its determinant,
we will need several standard facts about the partitions. We first have:

DEFINITION 3.36. The Mobius function of any lattice, and so of P, is given by

1 itr=v
pmv) =9 =2 i p(m,7) if T <v
0 if mLv

with the construction being performed by recurrence.

As an illustration here, let us go back to the set of 2-point partitions, P(2) = {|[,M}.
Here we have by definition:

plll 1) = p(m,m) =1
Also, we know that we have || < M, with no intermediate partition in between, and so
the above recurrence procedure gives the following formular:

pdl], ) = =pd] 1) = -1

Finally, we have M £ ||, which gives p(M,]|) = 0. Thus, as a conclusion, the Mobius
matrix M, = u(m,v) of the lattice P(2) = {||,M} is as follows:

1 -1
=5 7)
The interest in the Mobius function comes from the Mobius inversion formula:

fw) =Y g(r) = gv)=>_ u(rv)f(r)

T<v m<<v

In linear algebra terms, the statement and proof of this formula are as follows:

PROPOSITION 3.37. The inverse of the adjacency matrix of P, given by

A = 1 %fﬂ'SV
0 ifrLv

is the Mébius matrixz of P, given by My, = u(m, v).
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PRrooF. This is well-known, coming for instance from the fact that A is upper trian-
gular. Thus, when inverting, we are led into the recurrence from Definition 3.36. U

As an illustration here, for P(2) the formula M = A~! appears as follows:
1 -1\ _ (1 1\
0 1) \0 1
Now back to our Gram matrix considerations, we have the following result:
PROPOSITION 3.38. The Gram matriz is given by Gy = AL, where
N(N —-1)...(N — 1) ifrv<
Lm) = [V =DV ] 4 1) ity <
0 otherwise
and where A = M~ is the adjacency matriz of P(k).

ProoF. We have the following computation:

N = g fi e {1 N keri 2wy v

= > #{i kel NYkeri =7}

T>7TNVVY

= > NWN-1)...(N—|r|+1)

T>TVY

According to Proposition 3.35 and to the definition of A, L, this formula reads:

(Gk’N)m/ - ZLTV

T>T

= Z Aﬂ'T LTI/

= (AL)n,
Thus, we obtain the formula in the statement. Il

As a concrete illustration for the above result, at k = 2 we have P(2) = {||,M}, and
the above formula Gy = AL appears as follows:

(v 3)=6) (5" 8

In general, the formula G} = AL, appears a bit in the same way, with A; being
binary and upper triangular, and with L, depending on N, and being lower triangular.

With the above result in hand, we can now investigate the linear independence prop-
erties of the vectors &;. To be more precise, we have the following result:
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THEOREM 3.39. The determinant of the Gram matrix Gy is given by

N!
det(GkN): H m

weP(k)
and in particular, for N > k, the vectors {&:|m € P(k)} are linearly independent.
PROOF. According to the formula in Proposition 3.38, we have:
det(Gry) = det(A) det(L)

Now if we order P(k) as above, with respect to the number of blocks, and then
lexicographically, we see that A is upper triangular, and that L is lower triangular. Thus
det(A) can be computed simply by making the product on the diagonal, and we obtain
1. As for det(L), this can computed as well by making the product on the diagonal, and
we obtain the number in the statement, with the technical remark that in the case N < k
the convention is that we obtain a vanishing determinant. U

We refer to [16], [42], [49] for more on all this, and we will be back to this interesting
topic later on in this book. Now back to the laws of characters, we can formulate:

THEOREM 3.40. For an easy group G = (Gy), coming from a category of partitions
D = (D(k,1)), the asymptotic moments of the main character are given by

lim X" = #D(k)

N—o0 GN

where D(k) = D(0, k), with the limiting sequence on the left consisting of certain integers,
and being stationary at least starting from the k-th term.

Proor. This follows indeed from the Peter-Weyl theory, by using the linear indepen-
dence result for the vectors &, coming from Theorem 3.39. U

With these preliminaries in hand, we can now state and prove:

THEOREM 3.41. In the N — oo limit, the laws of the main character for the main
easy groups, real and complex, and discrete and continuous, are as follows,

KN UN Bl Gl

On by

HN g1

with these laws, namely the real and compler Gaussian and Bessel laws, being the main
limiting laws in real and complex, and discrete and continuous probability.
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PRroOOF. This follows from the above results. To be more precise, we know that the
above groups are all easy, the corresponding categories of partitions being as follows:

Peven 7)2

Peven

P,

Thus, we can use Theorem 3.40, are we are led into counting partitions, and then
recovering the measures via their moments, which can be done as follows:

(1) For Oy the associated category of partitions is Ps, so the asymptotic moments of
the main character are as follows, with the convention k!! = 0 when k is odd:

My, = #Py(k) = k!
Thus, we obtain the real Gaussian law, as desired.

(2) For Uy, this follows from some combinatorics. To be more precise, the asymptotic
moments of the main character, with respect to the colored integers, are as follows:

My, = #Ps(k)
Thus, we obtain this time the complex Gaussian law, as desired.

(3) For the discrete counterparts Hy, Ky of the rotation groups Oy, Uy the situation
is similar, and we obtain the real and complex Bessel laws. O

For more on the above, we refer to [13], [21] and related papers.

3e. Exercises

We had a lot of general theory in this chapter, regarding the compact groups and their
representations, and most of our exercises will be about this. First, we have:

EXERCISE 3.42. Compute all the representations of the symmetric group Ss.

Here you can use of course Peter-Weyl theory, in order to stop the computations, once
you found enough irreducible representations. As a bonus exercise, which is however quite
difficult, you can try afterwards Sy itself, with N € N arbitrary.

EXERCISE 3.43. Clarify all the details for the decomposition result
A=Myn,(C)®...H My, (C)
for the x-subalgebras of My (C), used in the proof of the Peter-Weyl theorems.

This is something that we have discussed in the above, and normally the details are
all quite routine. Alternatively, you can try proving Peter-Weyl without using this.
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EXERCISE 3.44. Prove that the bistochastic groups By C Oy and Cy C Uy, consist-
ing of matrices having sum 1 on each row and column, are both easy, the corresponding
categories being Pio and Pro, with 12 standing for “singletons and pairings”.

This looks quite routine, by suitably adapting the proofs for On and Uy.

EXERCISE 3.45. Prove that the group H3 = Zs 1 Sy is indeed easy, the corresponding
category being P*®, consisting of the partitions satisfying #o = # e (s), in each block.

As explained in the above, this is something that we know at s = 1, where the group
in question is Sy, and the proof at s = 2, oo is not that complicated either. The problem
is that of working out the general case, s € NU {oo}, and with full details.



CHAPTER 4

Weingarten calculus

4a. Weingarten formula

We have seen in the previous chapter that some conceptual probability theory, based
on the notion of easiness, and generalizing several ad-hoc computations from chapters 1-2,
can be developed for the main examples of rotation and reflection groups, namely:

Ky Un

Hy On

Our purpose here will be that of further building on this. Based on the notion of
easiness, we will develop an advanced integration theory for the easy groups. This theory,
known as “Weingarten calculus”, following [95], will allow us in particular to extend our
t = 1 character results to the general case, involving a parameter ¢ € (0,1]. Let us start
with a general formula that we know from chapter 3, namely:

THEOREM 4.1. The Haar integration over a closed subgroup G C, Uy s given on the
dense subalgebra of smooth functions by the Weingarten type formula

/ g g dg = S 608 ()Wal, )
G mwveD(k)

valid for any colored integer k = e . .. ey and any multi-indices i, j, where D(k) is a linear
basis of Fix(v®), the associated generalized Kronecker symbols are given by

0p(i) =< T ey ®...Qe, >
and Wy, = G " is the inverse of the Gram matriz, Gy(7,v) =< 7,1 >.

PRrooOF. This is something that we know from chapter 3, the idea being that the inte-
grals in the statement, with the multi-indices ¢, j varying, form altogether the orthogonal
projection onto the space Fix(v®*) = span(D(k)). But this projection can be computed
by doing some linear algebra, and this gives the formula in the statement. U

In the easy case, we have the following more concrete result:

81
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THEOREM 4.2. For an easy group G C Uy, coming from a category of partitions
D = (D(k,1)), we have the Weingarten formula

/ 9ity, - ity dg = Z 07 ()6, (J)Win (m, v)
G mveD(k)

for any k = ey...ex and any i,j, where D(k) = D(0,k), 0 are usual Kronecker type
symbols, checking whether the indices match, and Wiy = G’,;]{[, with

Gy (m,v) = NI™|
where |.| is the number of blocks.

ProOF. We use the abstract Weingarten formula, from Theorem 4.1. Indeed, the
Kronecker type symbols there are then the usual ones, as shown by:

55#(7’) = <€7‘r7€i1®---®eik >

= <Z5 Jiy- s Jk eh®...®e]~k,ei1®...®e,~k>

= (Sﬂ-(Zl, Ce ,Zk)
The Gram matrix being as well the correct one, we obtain the result. ]

As a toy example for the Weingarten formula, let us first work out the case of the
symmetric group Sy. Here there is no really need for the Weingarten formula, because
we have the following elementary result, which completely solves the problem:

PROPOSITION 4.3. The integrals over Sy C Oy are given by

/ o w if keri = ker j
o Girgr - - - Jingr @9 = 0 otherwise

where |.| denotes as usual the number of blocks.

ProoF. This is something that we know from chapter 2, but let us recall the proof.
Since the embedding Sy C Oy is given by g;; = d,(;)i, we have:

1
/ Givg1 -+ - Girji dg N' {g € SN’Q ]1 =11,... 79(]k) - Zk}
SN

In the case keri # ker j there is no g € Sy as above, and the integral vanishes. As
for the case left, namely keri = ker j, here if we denote by b € {1,...,k} the number of
blocks of this partition ker ¢ = ker j, we have N — b points to be sent bijectively to N — b

points, and so (N — b)! solutions, and the integral is NN,b) , as claimed. O

Getting back now to Weingarten matrices, the point is that Proposition 4.3 allows
their precise computation, and evaluation, the result being as follows:



4B. BASIC ESTIMATES 83

THEOREM 4.4. For Sy the Weingarten function is given by

Win(r,) = Y2 ptr.w)utr) ST

T<TAV

and satisfies the folowing estimate,
Win(m,v) = N (u(m A v, m)p(m Av,v) + O(NY)
with p being the Mdébius function of P(k).
PROOF. The first assertion follows from the Weingarten formula, namely:
/ Givit - Ginj 4 Z 0x(2)0, (J)Win (7, v)
SN mveP(k)

Indeed, in this formula the integrals on the left are known, from the explicit integration
formula over Sy that we established in Proposition 4.3, namely:

/ . w if keri = kerj
o Girjr - - - Jingr @9 = 0 otherwise

But this allows the computation of the right term, via the Mobius inversion formula,
from chapter 3. As for the second assertion, this follows from the first one. See [16]. O

The above result is of course something very special, coming from the fact that the
integration over Sy is something very simple. For other groups, such as the orthogonal
group Oy or the unitary group Uy, we will see that things are far more complicated.

4b. Basic estimates

Let us discuss now the computation of the polynomial integrals over the orthogonal
group Op. These are best introduced in a rectangular way, as follows:

DEFINITION 4.5. Associated to any matriz a € Mpxq(N) is the integral

/ a”dv
ON = 1] 1

with respect to the Haar measure of Oy, where N > p, q.

We can of course complete our matrix with 0 values, as to always deal with square
matrices, a € My (N). However, the parameters p, ¢ are very useful, because they measure
the complexity of the problem, as shown by our various results below. Let us set as usual
m!l = (m — 1)(m — 3)(m — 5) ..., with the product ending at 1 or 2, depending on the
parity of m. With this convention, we have the following result:
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PROPOSITION 4.6. At p =1 we have the formula
(N — )llay! .. a,!!

where € = 1 if all a; are even, and € = 0 otherwise.

](a1 aq)ze-

Proor. This follows from the fact, already used in chapter 1, that the first slice of
Oy is isomorphic to the real sphere S]]Ry ~! Indeed, this gives the following formula:

I(ar ... ay) :/Sﬂglx‘fl...xqu:c
But this latter integral can be computed by using polar coordinates, as explained in
chapter 1, and we obtain the formula in the statement. U

Another simple computation, as well of trigonometric nature, is the one at N = 2.
We have here the following result, which completely solves the problem in this case:

PROPOSITION 4.7. At N = 2 we have the formula
[(a b) o (a+ )b+ )l
c d (a+b+c+d+1)!
where e =1 if a,b,c,d are even, ¢ = —1 is a, b, c,d are odd, and € = 0 if not.

PrROOF. When computing the integral over O,, we can restrict the integration to
S0y = T, then further restrict the attention to the first quadrant. We obtain:

(e %) =-. 2 7T/2((308 £)* T (sin )¢ dt
c d T Jo
But this gives the formula in the statement, via the formulae in chapter 1. O
The above computations tend to suggest that I(a) decomposes as a product of facto-
rials. This is far from being true, but in the 2 x 2 case it is known that I(a) decomposes

as a quite reasonable sum of products of factorials. We will be back to this. In general
now, we can compute the integrals I(a) by using the Weingarten formula:

THEOREM 4.8. We have the Weingarten formula

/O Vi Vi o = S 62008, ()) Wi, v)

T,wEDy
where the objects on the right are as follows:
(1) Dy, is the set of pairings of {1,...,2k}.
(2) The delta symbols are 1 or 0, depending on whether indices fit or not.
(3) The Weingarten matriz is Wi,y = Gr, where Gy (m,v) = NI™VI.

Proor. This is indeed the usual Weingarten formula, for G = Oy. U
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As an example, the integrals of quantities of type v;, j, i, j,Visjs i, 5, appear as sums of
coefficients of the Weingarten matrix Wsy, which is given by:

-1

N2 N N ' N+1 -1 -1
Wox = | N N2 N| = 1 N+1 -1
N N N? NIN=DIN+2)\ 1 1 Ni1

More precisely, the various consequences at k = 2 can be summarized as follows:

PROPOSITION 4.9. We have the following results:

(1) I(g o) = 3/(N(N +2)).
(2) 1(55) =1/(N(N +2)).
(3) I1(§2) = (N+1)/(N(N = 1)(N +2)).

PROOF. These results all follow from the Weingarten formula, by using the above
numeric values for the entries of Wy, the computations being as follows:

4 0 3(N+1)—6 3
—7(0 0) = /011011011U11=ZW2N(7T,0)= N(N—l)(N—I—Q) = N(N—|—2)

ixes

2 2\ B O (N+D)-2 1
0 6) = [ = 00 = s = e

2 0 N+1
I (O 2) = /011111121222722 = Wan(NN,NN) = NN -D(N+2)

Observe that the first two formulae follow in fact as well from Proposition 4.6. U

In terms of the integrals I(a), the Weingarten formula reformulates as follows:

THEOREM 4.10. We have the Weingarten formula

I(a) =) 6x(a)d,(a,) Win(m,v)

where k = Xa;;/2, and where the multi-indices a;/a, are defined as follows:
(1) Start with a € M,y,(N), and replace each ij-entry by a;; copies of i/j.
(2) Read this matriz in the usual way, as to get the multi-indices a;/a,.

Proor. This is simply a reformulation of the usual Weingarten formula. Indeed,
according to our definitions, the integral in the statement is given by:

[(a):/ V11...011 V12...0V12 «« . ... qu...qudu
On — N S———

ail ai2
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Thus what we have here is an integral as in Theorem 4.8, the multi-indices being:

aq = (1...01...1...... p...D)
a1l a2 pg
a, = (1...12...2...... q...q)
a1l a2 apq
With this observation, the result follows now from the Weingarten formula. O

We can now extend the various vanishing results appearing before, as follows:

PROPOSITION 4.11. We have I(a) = 0, unless the matriz a is “admissible”, in the
sense that all p + q sums on its rows and columns are even numbers.

PRrOOF. Observe first that the left multi-index associated to a consists of ki = Yay;
copies of 1, ky = Yag; copies of 2, and so on, up to k, = Xa,; copies of p. In the case
where one of these numbers is odd we have d,(a) = 0 for any 7, and so I(a) = 0. A
similar argument with the right multi-index associated to a shows that the sums on the
columns of @ must be even as well, and we are done. Il

A natural question now is whether the converse of Proposition 4.11 holds, and if so, the
question of computing the sign of I(a) appears as well. These are both subtle questions,
and we begin our investigations with a N — oo study. We have here:

THEOREM 4.12. The Weingarten matriz is asymptotically diagonal, in the sense that:
Win(m,v) = N7 (6, + O(N71))
Moreover, the O(N™') remainder is asymptotically smaller that (2k/e)* N1

PROOF. It is convenient, for the purposes of this proof, to drop the indices k&, N. We
know that the Gram matrix is given by G(m,v) = NI™¥I so we have:

Nk form=v
G =
(m,v) {N,NQ,...,N’“_1 form # v
Thus the Gram matrix is of the following form, with ||H||.. < N™%
G = N*I+H)

Now recall that for any complex K x K matrix A, we have the following lineup of
standard inequalities, which all follow from definitions:

1Allse < [IAIl < [[A]l2 < KAl
In the case of our matrix H, the size is this matrix is K = (2k)!!, so we have:

|1H|| < KN
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We can perform the inversion operation, by using the following formula:
(I+H)'=I-H+H*-H+...
We obtain in this way the following estimate:

|| H]]

1T = (T +H) | <
1—||H]|

Thus, we have the following estimate:

1= NWlloe = [T =+ H) e
< - @+H)
_ 1]
— 1 [[H]]
KNt
<
— 1—-KN-!
B K
 N-K
Together with the Stirling estimate K ~ (2k/e)*, this gives the result. O

Regarding now the integrals themselves, we have here the following result:
THEOREM 4.13. We have the estimate
P q
(ffor o)
i=1 j=1
when all a;; are even, and I(a) = O(N~F1) otherwise.

PROOF. By using the above results, we have the following estimate:

I(a) = Zé a;)0, (a ) Wiy (m, 1)

= k2(5 (Il CLr,« 67TIJ+O( ))
— N- (#{ﬂ&r(al) =0:(a,) = 1} + O(N 7))

In order to count now the partitions appearing in the last set, let us go back to the
multi-indices a;, a,, as described in Theorem 4.10. It is convenient to view both these
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multi-indices in a rectangular way, in the following way:

1...1 ...
1...1 ... 1...1 . , q...q
ain aiq a11 aiq
al: s CLT‘:
p.---D p---D . , p---D
ap1 Apgq ap1 Qpq

In other words, the multi-indices a;/a, are simply obtained from the matrix a by
“dropping” from each entry a;; a sequence of a;; numbers, all equal to i/j. With this
picture, the pairings m which contribute are simply those connecting sequences of indices
“dropped” from the same a;;, and this gives the following results, as desired:

(1) If one of the entries a;; is odd, there is no pairing that can contribute to the leading
term under consideration, so we have I(a) = O(N~*71) and we are done.

(2) If all the entries a;; are even, the pairings that contribute to the leading term are
those connecting points inside the pg “dropped” sets, i.e. are made out of a pairing of
aj; points, a pairing of a;2 points, and so on, up to a pairing of a,, points. Now since an
x-point set has x!! pairings, this gives the formula in the statement. O

In order to further advance, let d(7,v) = k — |r Vv|. It is well-known, and elementary
to check, that this is a distance function on Dy. With this convention, we have:

THEOREM 4.14. The Weingarten function Wyn has a series expansion of the form

Wi (7, v) = N~F-dm) Z Ky(m,v)N™7
g=0
where the objects on the right are defined as follows:

(1) A path from w to v is a sequence p = [t =190 # 1T # ... # T, = V.

(2) The signature of such a path is + when r is even, and — when r is odd.
(3) The geodesicity defect of such a path is g(p) = Xi_,d(1i_1,7;) — d(m, V).
(4) K, counts the signed paths from m to v, with geodesicity defect g.

PROOF. Let us go back to the proof of our main estimate so far. We can write:
Grn = NI + H)

In terms of the Brauer space distance, the formula of the matrix H is simply:

0 form=o0
Almv) = {Nd(’“”) for 7 v
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Consider now the set P.(m,v) of r-paths between 7 and v. According to the usual
rule of matrix multiplication, the powers of H are given by:

H'(rv) = >  H(ro,m)...H(r1,7)

pE P (m,v)

— Z N —dmv)—g(p)

pEP. (V)

We can use now (1+ H)™'=1— H + H?> — H?+ ..., and we obtain:

Win(m,v) = kz )Y H" (7, v)

_ kafd(w,u) Z Z

r=0 pePy(m,v)

Now by rearranging the various terms of the double sum according to the value of
their geodesicity defect g = g(p), this gives the formula in the statement. O

In order to discuss now the I(a) reformulation of the above result, it is convenient to
use the total length of a path, defined as follows:

= Zd(ﬂebﬂ‘)
i=1

Observe that we have d(p) = d(m,0) + g(p). With these conventions, we have:

THEOREM 4.15. The integral I(a) has a series expansion in N=' of the form

=N"*> Hy(a)N™*
d=0

where the coefficient on the right can be interpreted as follows:

(1) Starting from a € M,yy(N), construct the multi-indices a;, a, as usual.
(2) Call a path “a-admissible” if its endpoints satisfy d,(a;) =1 and d,(a,) = 1.
(3) Then Hgy(a) counts all a-admissible signed paths in Dy, of total length d.

PrROOF. By combining the above results, we obtain, with our various notations:

I(a) = Z(S a;)d, (a, ) Wiy (7, v)

= N> o(w)d(ay) ) | Ky(m,v) N4
v =0
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Now let Hy(m,v) be the number of signed paths between 7 and v, of total length d.
In terms of the new variable d = d(7, v) + g, the above expression becomes:

I(a) = N7 6:(a)dy(ar) ) Hy(m,v)N*

d=0

= N°* f: (Z 0 (a1)6, (a,) Hy(m, ,,)> N~

We recognize in the middle the quantity Hy(a), and this gives the result. U

Let us derive now some concrete consequences from the abstract results established
above. First, we have the following result, due to Collins and Sniady [37]:

THEOREM 4.16. We have the estimate
Win(m,v) = NT1 (u(r,v) + O(NT)
where p is the Mobius function.
PRrROOF. We know from the above that we have the following estimate:
Win(m,v) = N4 (Ko (m,v) + O(N™Y)

Now since one of the possible definitions of the Mobius function p is that this counts
the signed geodesic paths, we have Ky, = i, and we are done. U

Let us go back now to our integrals I(a). We have here the following result:

THEOREM 4.17. We have the estimate
I(a) = N""“®(u(a) + O(N))

where the objects on the right are as follows:

(1) e(a) = min{d(m,v)|r,v € Dy, 6-(a;) = 6,(a,) = 1}.
(2) pu(a) counts all a-admissible signed paths in Dy, of total length e(a).

PRrROOF. We know that we have an estimate of the following type:
I(a) = N™""“(Hc(a) + O(N7"))

Here, according to the various notations above, e € N is the smallest total length of
an a-admissible path, and H.(a) counts all signed a-admissible paths of total length e.
Now since the smallest total length of such a path is attained when the path is just a
segment, we have e = e(a) and H.(a) = p(a), and we are done. O

At a more advanced level, we have the following formula, due to Collins-Matsumoto
[33] and Zinn-Justin [100], which uses the theory of zonal spherical functions:
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THEOREM 4.18. We have the formula

ZN—kz,l(/\)gk X (L) wM(r 1)

(k)1 ] yen(N + 2 — i — 1)

where the various objects on the right are as follows:

(1) The sum is over all partitions of {1,...,2k} of length I(\) < k.
(2) w* is the corresponding zonal spherical function of (Sax, Hy).
(3) x* is the character of Soy associated to 2\ = (2\1,2)s, .. .).
(4) The product is over all squares of the Young diagram of X.

PRroOOF. This is something advanced, that we will not attempt to explain here, but
that we included however for completeness. For details on all this, we refer to the above-
mentioned papers of Collins-Matsumoto [33] and Zinn-Justin [100]. O

WkN(’/T, I/) =

In relation with the integrals I(a), let us just record the following consequence:
PROPOSITION 4.19. The possible poles of I(a) can be at the numbers
—(k—1),—(k—2),...,2k— 1,2k
where k € N associated to the admissible matriz a € M, ,(N) is given by k = Xa;;/2.

PRrROOF. We know from Theorem 4.10 that the possible poles of I(a) can only come
from those of the Weingarten function. On the other hand, Theorem 4.18 tells us that
these latter poles are located at the numbers of the form —2j + 4 + 1, with (4, j) ranging
over all possible squares of all possible Young diagrams, and this gives the result. U

We will be back to integration over Oy, with a number of more specialized results,

which are complementary to the above ones, at the end of the present chapter.

4c. Truncated characters

Let us go back now to the general easy groups G C Uy, with the idea in mind of
computing the laws of truncated characters. First, we have the following formula:

PROPOSITION 4.20. The moments of truncated characters are given by the formula
/(911 + ...+ gss)kd.g = TT(WkNGks>
G

where Gy and Win = G,;]b are the associated Gram and Weingarten matrices.
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PrROOF. We have indeed the following computation'

/(911 + ...+ gss)kdg = Z Z / Giriy - - - Gigiy, g
G

i1=1 =1
S IR 3O 3L
m,veD(k 11=1 ip=1
= Z WkN (7, ) Gps(v, )
m,veD(k)
= TT(WkNGkS)
Thus, we have reached to the formula in the statement. U

In order to process now the above formula, and reach to concrete results, we must
impose on our group a uniformity condition. Let us start with:

PROPOSITION 4.21. For an easy group G = (Gx), coming from a category of partitions
D C P, the following conditions are equivalent:
(1) Gno1 = Gy NUn_1, via the embedding Uy_1 C Uy given by u — diag(u, 1).
(2) Gy_1 = Gy NUpn_1, via the N possible diagonal embeddings Uy_1 C Uy.
(3) D is stable under the operation which consists in removing blocks.

If these conditions are satisfied, we say that G = (Gy) is uniform.
PrROOF. We use the general easiness theory from chapter 3, as follows:

(1) <= (2) This is standard, coming from the inclusion Sy C Gy, which makes
everything Sy-invariant. The result follows as well from the proof of (1) <= (3) below,
which can be converted into a proof of (2) <= (3), in the obvious way.

(1) <= (3) Given a subgroup K C Upy_;, with fundamental representation v,
consider the matrix v = diag(v,1). Our claim is that for any = € P(k) we have:

& € Fiz(u®F) «—= &y € Fiz(u®), Vo' € P(K),n' C =
In order to prove this claim, we must study the condition on the left. We have:
fﬂ € Fix<v®k) — <U®k€ﬂ)i1--~ik = (gﬂ)ilu-ik’vli
— Z u®k )i Ak J1 - jk(fﬂ')jlmjk - <§7T)i1.-.imVi

< 25 jl,...,jk Uy gy -+ - Uig gy =6ﬂ(i1,...,i]€)7v2'

Now let us recall that our representatlon has the special form v = diag(v,1). We
conclude from this that for any index a € {1,..., k}, we have:
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With this observation in hand, if we denote by ', j' the multi-indices obtained from
i,j obtained by erasing all the above i, = j, = N values, and by k¥’ < k the common
length of these new multi-indices, our condition becomes:

Zd jla"'?]k ( l)i’j/ :57T<i17-"7ik)7Vi

Here the index j is by definition obtained from the index j’ by filling with N values.
In order to finish now, we have two cases, depending on i, as follows:

Case 1. Assume that the index set {a|i, = N} corresponds to a certain subpartition
7' C 7. In this case, the N values will not matter, and our formula becomes:

25 Foy oo i)W Y = 81, i)

Case 2. Assume now the opposite, namely that the set {a|i, = N} does not correspond
to a subpartition 7/ C 7. In this case the indices mix, and our formula reads 0 = 0.

Thus we have & € Fiz(u®), for any subpartition 7’ C , as desired. O
Now back to the laws of truncated characters, we have the following result:
THEOREM 4.22. For a uniform easy group G = (Gn), we have the formula

fm [ =3

meD(k

with D C P being the associated category of partztzons.
PROOF. We use Proposition 4.20. With s = [tN], the formula there becomes:

/ Xf = TT‘(WkNGk[tN])
GnN

The point now is that in the uniform case the Gram matrix, and so the Weingarten
matrix too, is asymptotically diagonal. Thus, we obtain the following estimate:

/ o ST Wil )G (7, 7)
GnN

meD(k)

— Z NI NI

meD(k)

Z NI (NI

meD(k

- ¥ t|7r|

meD(k)

12

Thus, we are led to the formula in the statement. U
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We can now enlarge our collection of truncated character results, and we have:

THEOREM 4.23. With N — oo, the laws of truncated characters are as follows:

(1) For Oy we obtain the Gaussian law g;.
(2) For Uy we obtain the complex Gaussian law Gy.
(3) For Sy we obtain the Poisson law p;.
(4) For Hy we obtain the Bessel law b;.
(5) For Hj; we obtain the generalized Bessel law b;.
(6) For Ky we obtain the complex Bessel law B.
PROOF. We use the general formula for the asymptotic moments of the truncated
characters found in Theorem 4.22, namely:

lim XF = Z Il
N=eoJay reD(k)

By doing now some standard moment combinatorics, which was actually already done
in the above, in all cases under consideration, at ¢ = 1, and was done too in the general
situation ¢ > 0, in most of the cases under consideration, this gives the results. U

As a main consequence of the above result, we have:

THEOREM 4.24. In the N — oo limit, the laws of truncated characters for the main
easy groups, real and complex, and discrete and continuous, are as follows,

Ky Un B, Gy

Hy N by gt

with these laws, namely the real and complexr Gaussian and Bessel laws, being the main
limiting laws in real and complex, and discrete and continuous probability.

ProoF. This is something that we already know from chapter 3 for usual characters,
t = 1, and which follows from Theorem 4.23 in the general case, ¢ € (0, 1]. O

There are many other things that can be said about the Weingarten matrices, as well
as many other applications of the Weingarten formula. We will be back to this.

4d. Rotation groups

Following [13], we go back here to the group O, with a number of more advanced
results. The interpretation of the Weingarten matrix that we will need is in terms of the
0-1-2 matrices having sum 2 on each column, that we call “elementary”, as follows:
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PROPOSITION 4.25. The Weingarten matrixz entries are given by
Win(m,v) = I(a)
where a € My (N) is the elementary matriz obtained as follows:

(1) Label my, ..., m the strings of .
(2) Label vy, ..., vy the strings of v.
(3) Set a;; =#{r e {1,...,2k}r € m,r € v;}.

ProoF. Consider the multi-indices 4,5 € {1,...,k}? given by 4, € 7, and j, € v,
for any r € {1,...,k}. We have 6,/(i) = 0 and 9,/(j) = d,,, for any pairings 7', v/, so if

we apply the Weingarten formula to the quantity v, ;, ... iy, j,., We obtain:
/O Vi -+ Vigjoe A0 = > 80 (1)6,0 () Wi (', /)
N Ry
= Z Ot O Wien (1)
= I;/VkN(W, V)

The integral on the left can be written in the form I(a), for a certain matrix a. Our
choice of 7, 7 shows that a is the elementary matrix in the statement, and we are done. [J

As an illustration for the above result, consider the partitions 7 = NNN and v = MN.
We have i = (112233) and j = (122133), and we obtain:

W3N<777V) = / V11V12V22V21 U33V33 dU
On
_ 2 d
= V11V12022V21V33 AV
On
1 1
1 1
0 0

0
= I 0
2

In general now, we would like to have a better understanding of the integrals (a). It

is convenient to make the following normalization:

DEFINITION 4.26. For a,b vectors with even entries we make the normalization

I (Z) = Iy (a) Iny (b) J <Z)

where Iy_1 is the integration, in the sense of Definition 4.5, over the group On_;.

The new quantity J is just a normalization of the usual integral I. More precisely, by
using the formula in Proposition 4.6 we have the following alternative definition:
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PROPOSITION 4.27. We have the following formula:

J (a) _ (Za;+ N = 2)N(Zb; + N — 2)!! s (a>

b) (N —=2)U(N —2)U]Ta" b
Proor. This follows indeed from the one-row formula in Proposition 4.6. U

As a first, basic example, for any one-row vector a we have J(3) = In(a)/In-1(a), and
according to Proposition 4.6, this gives the following formula:

g(e) (N =D (Xa; + N —2)!!
0)  (N-=2)!!' (Za;+N -1l
The advantage of using J instead of I comes from a number of invariance properties

at the general level, to be established later. For the moment, let us find some rules for
computing J. For k,x € N we let k* = k... k (x times). Following [13], we have:

THEOREM 4.28. We have the “elementary expansion” formula

qr CLZ'b' 12R 2AR OB R
< ) ZH 2Tz _Tz (b—T’) ‘](12R OAR QB R)

r1..7q 1=1

where the sum is over r; = 0,1, ..., min(a;, b;), and A = Ya;, B = Xb;, R = Xr;.

PROOF. Let us apply the Weingarten formula to the integral in the statement:

2a 2a 2aq 2b 2b
— 1 q 1 q
I (21) = UH P YRR Ve (6

- Za (12422B)5, (124 .. g?a1?  ® )\ Wyn (7, v)

— Z 6 12&1 . 2aq12b1 o Qqu) Zdﬂ(12A22B)WkN<7T7 V)

Now let us look at v. In order for d, not to vanish, ¥ must connect between themselves
the 2a; + 2b; copies of 1, the 2ay + 2by copies of 2, and so on, up to the 2a, + 2b, copies of
q. So, for any i € {1,...,q}, let us denote by 2r; € {0,2,...,min(2a;,2b;)} the number
of “type a” copies of i coupled with “type b” copies of . Our claim is that when these
parameters rq, ..., 7, are fixed, the sum on the right does not depend on o, and provides
us with a decomposition of the following type:

Indeed, let us label vq,...,v, the strings of v, and consider the multi-index j €
{1,...,k}?* given by j, € v,, for any r € {1,...,k}. We have 6,/(j) = d,, for any
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pairing v/, so by applying once again the Weingarten formula we obtain:
/ U1j1 .. ‘UljzAU2j2A+1 .. .1}2]'2A+23 d’U = Z(Sﬂ-<12A223)(5,,/(j)WkN(7T7 V/)
ON !

= ) 6:(1%42*%)8,, Wi (. /)

e

= ) 6:(1242*) Wiy (7, v)

Now let us look at the integral on the left. This can be written in the form I(m), for
a certain matrix m, the procedure being simply to group together, by using exponents,
the identical terms in the product of u;;. Now by getting back to the definition of the
multi-index 7, we conclude that this procedure leads to the following formula:

12R 2A—R OB—R
/ V1j1 + -+ V1jaa V245441 - - - V2jaat0p dv =1 12R OA—R 9B—R
On

Thus I,(a,b) is the integral in the statement. That is, we have proved the following
formula, where N,(a,b) is the number of pairings v as those considered above:

2a 12R 2A—R OB—R
I (2b> = Z N, (a,b)1 (123 0A-R 2B—R>
T1...Tq

Let us compute now N, (a,b). The pairings v as above are obtained as follows: (1) pick
2r; elements among 2a; elements, (2) pick 2r; elements among 2b; elements, (3) couple
the “type a” 2r; elements to the “type b” 2r; elements, (4) couple the remaining 2a; — 2r;
elements, (5) couple the remaining 2b; — 2r; elements. Thus we have:

2(11' 2bl

(2a;)1(20:)1(2r;)1(2a; — 2r;)11(2b; — 21;)!!
(2ri)!(2a; — 2r;)1(2r;)!(2b; — 2r;)!
(2a;)!(20;)!
(2r;)!(2a; — 2r; + D)N(2b; — 2r; + 1)

=

N,(a,b) =

i=1

@
Il
—

I
K:Q

I
EQ

i=1

-
Il

Summing up, we have proved the following formula:

2 g (2a;)!(2b;)! 128 24-R (B-R
T = 1
<2b> ZH(2ri)!(2ai—2n+1)!!(2bi—2n+1)!! 128 AR 2B-R

r1..7q 1=1
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By applying now Proposition 4.27 twice, we obtain:
J<2“) _ (2A+N-2U@EB+ N -2l (2a)
2b (N —2)W(N — 2N TT(2a) "' TT(20:)" = \ 2b
7 (123 2A-R oB—R> _(2A+N-2)11(2B+ N = 2)!! (12R 24—k oB—R>
12R gA-R 9B-R| = (N — 2)II(N — )1 12k pA-R 9B-R
Thus when passing to J quantities, the only thing that happens is that the numeric
coefficient gets divided by [](2a;)!! H(Qb-)” So, this coefficient becomes:

Ny (a,b) = H(2a>l| 2b;) HH (2r)!(2a; — 27y + 1)(20; — 27 + 1)!!

i=1

(2a; + 1)11(2; + 1!
(2ri)!(2a; — 2r; + DN(2b; — 2r; + 1!

Il
za

=1

< |l

B H 4" a;1b;!
(2r)(a; — )1 (b; — r;)!
Thus we have obtamed the formula in the statement, and we are done. U
As a first consequence, we have the following result, also from [13]:
THEOREM 4.29. We have the “compression formula”
/59 %)
valid for any vectors with even entries a,b € NP and ¢ € N9,

PROOF. It is convenient to replace a, b, ¢ with their doubles 2a, 2b, 2c. Consider now
the elementary expansion formula for the matrix in the statement:

2a 2c 4" q,;\b;! 12R 9A+C-R (B-R
J<2b O) ZH (2r:)!( (b—r)‘](lm 0A+C—R 9B-R

r1..1q 1=1

Since the numeric coefficient does not depend on ¢, and the function on the right
depends only on C' = Y¢;, this gives the formula in the statement. O

We explore now a problematics which is somehow opposite to the “compression prin-
ciple”: what happens when “extending” the original matrix ({) with a (§) component?
Let us begin with a basic result, also from [13], as follows:

PrRoOPOSITION 4.30. We have the “basic extension” formula

; <Z g> B N;_q ((Zai—FN_ 1)J (Z) - g(as—F 1)J (a(bS)>>

for any a,b € (2N)9, where a'® = (a1, ..., a5 1,05 + 2, 0511, - -, aq)-
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PROOF. By using the trivial identity v, = 1, we obtain the following formula:

I (Z) - gl (“?) + (N —q)I <Z (2))

On the other hand, according to Proposition 4.27, we have:

o\ (Sai+ N —2N(Eh+ N -2 (a
/ (b) = (N— )N — ) [ T[b0 (b)

a®) (Za; + N)N(Zb; + N — 2)!! a®)
‘]( b ) T (N —2)I(N —2)I [[a' T b:'(as + 1) ]( b )

J(a 2) (Xa; + N)(Zb; + N —2)!! I(a 2)

b 0)  (N—2U(N-2)UJ[a"[[b! \b O

Thus our above formula translates as follows:

e () S () w50 3)

s=1

But this gives the formula in the statement. U
We have as well a recursive version of the above result, as follows:
PROPOSITION 4.31. We have the “recursive extension” formula

J(Z 032):ﬁ<(2ai+c+z\f—1ﬂ(z 8>—zq:(as+1)J<a;;> 8))

s=1

valid for any two vectors a,b € (2N)4, and any ¢ € 2N.
PrROOF. We use the compression formula. This gives:
a c+2\ a c 2
J(b 0 >_J<b 0 o>

Now if we denote the quantity on the left by K, and we apply to the quantity on the
right the basic extension formula, we obtain:

K= n_;q_l ((Zai Lt N-1)J (Z g) - Eq:(as 1) (aés) 8) e+ 1)K>

s=1

But this gives the formula of K in the statement. O

As a first consequence of our results, we can establish now a number of concrete
formulae. The first such formula computes all the joint moments of v, v12, Vo1:
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THEOREM 4.32. We have the “triangular formula”
g(e ¢\ _ (N-D! (a+c+N=2U0b+c+N-2)!l
b 0) (N=2! (c+N-2a+b+c+N-—1)
valid for any a,b,c € 2N.

PROOF. We prove this by recurrence over ¢ € 2N. At ¢ = 0 this follows from the
1-row formula, so assume that this is true at c. By using Proposition 4.31, we get:

(5 7)== (@rern=na (5 0)=@rns (37 7))

Let us call L — R the above expression. According to the recurrence, we have:
(N-DIl' (a+c+N)Ub+c+N-2)!l

(N=2)Il (c+N)l(a+b+c+N—1DI

(N-=D!' (a+c+NMb+c+ N -2)!l

(N=2) (c+N)l(a+b+c+ N+ 1)

Thus we obtain the following formula:

(a c+2)

I —

R=(a+1)

Dt (a+c+ N b+c+ N —-2)!l
- EN 2;'|'Ec+N)H(a)+(b+c+N+ ;"((HHHN)_(C”H»
_ (N-DW (a+c+N)Ub+c+N— 2)”(b+c+N_1)
(N=2)l' (¢c+N)(a+b+c+ N+ 1!
(N=-D!!'  (a+c+ NI (b+c+ N)!
T ON=2) (c+NM(a+b+ct+N+1)l
Thus the formula to be proved is true at ¢ + 2, and we are done. 4

As a first observation, by combining the above formula with the compression formula
we obtain the following result, also from [13], fully generalizing Proposition 4.6:

PROPOSITION 4.33. We have the formula

g(e a G (N =DU (a+ e+ N =2)(b+ Xe; + N —2)!!
b 0 ... 0) (N-2Il (S¢;+N—-2)!"a+b+Xe;+N—1)!
valid for any even numbers a,b and cy, ..., c,.

Proor. This follows indeed from Theorem 4.32 and from the compression principle.
Observe that with b = 0 we recover indeed the formula in Proposition 4.6. U

As a second observation, at a = 0 the triangular formula computes all the joint
moments of v, v91, and we obtain an interesting formula here, as follows:
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PROPOSITION 4.34. The joint moments of 2 orthogonal group coordinates x,y € {u;;},
chosen in generic position, not on the same row or column, are given by

o dy — (N —2)lallpll(a+ B+ N —2)!!
/ONx ST e N UE+ N - 2la+ f+ N -1l

for a, B even, and vanish if one of o, 3 is odd.

PrROOF. By symmetry we may assume that our coordinates are x = vy5 and y = vy,
and the result follows from Theorem 4.32, with a =0, c = a, b = . O

Moving ahead, we would like to understand what happens to J(§) when flipping a
column of (). Let us begin with the case of the elementary matrices:

PROPOSITION 4.35. We have the formula

(% 0"\  (N—-D1! (2a+2b+ N —2)!l
0" 2) 7 (N=2Il (2a+2b+N —1)ll

valid for any a,b € N.

PRrROOF. Indeed, by using the compression principle, we obtain:

2¢ (b 2a 0 0 2a
(o 2)=7(5 ) =7(» %)
On the other hand, by applying the triangular formula, we obtain:

J(o 2a) (N -1 (2a+N —2)!'/(2a +2b+ N —2)!!

20 0)  (N—2)l 2a+N —2)ll(2a+2b+ N — 1)l

By simplifying the fraction, we obtain the formula in the statement. U
We have the following generalization of the above result, still following [13]:
PROPOSITION 4.36. We have the “elementary flipping” formula
123 9a Ob 123 9c Od
J (125 0o 2b) =J (125 0c¢ 2d
valid for any s € N and any a,b,c,d € N satisfying a +b = c+d.

PrRoOOF. We prove this result by recurrence over s. At s = 0 this follows from Propo-
sition 4.35, because the right term there depends only on a+b. So, assume that the result
is true at s € N. We use the following equality, coming from the triangular formula:

2a 2c 2a 0
J(Qb 0):‘](219 20)
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Assume a > b and consider the elementary expansion of the above two quantities,
where K,.(a,b) denotes the coefficient appearing in the elementary expansion formula:

b
2a 2c 12 0b-r
J (2b 0) = ZO Kr(a’ b)J (12r 2br>
b
2a 0 12r ga—r Ob+cfr
J (2b 26) - ZO KT(CL, b)‘] (127" 0% 2b+c—r>
We know that the sums on the right are equal, for any a,b,c with a > b. With the
choice b = s, this equality becomes:
i 12r 05— s 12r Qste-r
ZO Kr(aa 8)‘] (127" 25—7’) - ZO Kr(aa 8)‘] (12r 25+c—7‘)

Now by the induction assumption, the first r terms of the above two sums coincide.
So, the above equality tells us that the last terms (r = s) of the two sums are equal:

125 2a+c—s 125 fa=s ()¢
J (125 0a+c—s> =J (125 0e—s 20)
Since this equality holds for any a > s and any c¢, this shows that the elementary
flipping formula holds at s, and we are done. O

2a+c—7‘
0a+cfr

2a+c—7‘ ga—r

Oa—l—c—r Oa—r

We can now formulate a main result, from [13], as follows:
THEOREM 4.37. We have the “flipping formula”
a c a d
(6 2= 0)
valid for any vectors a,b € NP and ¢,d € NY.

Proor. Consider the elementary expansion of the two quantities in the statement,
where K,.(a,b) are the coefficients appearing in the elementary expansion formula:

2a 2c 12R+2S  9A+C-R-S (B+D-R-S

J <26 2d> - Z H Ky (ai, bi)KSj<Cja d;)J <12R+25 QA+C-R-S 9B+D-R-S
riSj 1j

2a 2d 12R+25 9A+D-R-S ()B+C-R-S

J <Qb 2c> - Z H Kﬂ'(ai’ bi)Ksj<dja Cj)J <12R+28 0A+D-R-S 9B+C-R-S
riS; 1J

Our claim is that two formulae are in fact identical. Indeed, the first remark is that

the various indices vary in the same sets. Also, since the function K,(a,b) is symmetric
in a, b, the numeric coefficients are the same. As for the J terms on the left, these are
equal as well, due to elementary flipping formula, so we are done. U



4D. ROTATION GROUPS 103

As an application of the above, we will work out now a concrete formula for the
arbitrary two-row integrals. We already know that these integrals are subject to an
“elementary expansion” formula, so what is left to do is to compute the values of the
elementary integrals. These values are given by the following technical result:

ProPOSITION 4.38. For any a,b,r we have:
7 12 20 0%\ ( 1>T(N—1)!! (2r)(2a + 2b+ 2r + N — 2)!l
12ro0r 20) (N=2)!'  (2a+2b+4r+ N — 1)!!

PROOF. As a first observation, at r = 0 the result follows from Proposition 4.36. In
general now, consider the elementary expansion formula, with a,b € N, a > b:

b
2a 47alb! 120 ga-r gp-r
! (25) =2 @@ — G-’ (127" 0% 2br)

r=0

By using the “flipping principle”, this formula becomes:

b
2a 4" a!b! 12r  9atb—2r
! (25) 2 2r)l(a—r)i(b—r)! / (1” 0a+b—27")

r=0

The point is that the quantity on the left is known, and this allows the computation
of the integrals on the right. More precisely, let us introduce the following function:

12r 2a
wT(a’) =J <12r Oa)
Then the above equality translates into the following equation:
b

2a 4"alb!
! (2b) =2 Gty et -2

r=0

According to Proposition 4.6 and Proposition 4.37, the values on the left are given by:
7 <2a) (N —1D)!"(2a + N — 2)!'(2b + N — 2)!!

2b (N =2)I(N —=2)!1(2a +2b+ N — 1)!!
Now by taking b = 0,1, 2,..., the above equations will succesively produce the values
of Y,.(a) for r =0,1,2,..., so we have here an algorithm for computing these values. On

the other hand, a direct computation based on standard summation formulae shows that
our system is solved by the values of ¥,.(a) given in the statement, namely:

(N =D (2r)(2a +2r + N —2)!

r = (-1 :
Gl = U o Garar s N1

Now by using one more time the flipping principle, the knowledge of the quantities
¥, (a) fully recovers the general formula in the statement, and we are done. O

We are now in position of stating and proving a main result, from [13], as follows:
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THEOREM 4.39. The 2-row integrals over Oy are given by the formula

2¢\ (N -1 RT 47 ;b C(2R)1(2S — 2R+ N —2)!!
J( )— Zq( D E(%i)!(a

T1yeeesT,
where the sum is over r; = 0,1,... ,min(a;, b;), and S = Xa; + Xb;, R = Xr;.

PRroOF. This follows from the elementary expansion formula, by plugging in the ex-
plicit values for the elementary integrals, that we found in Proposition 4.38. U

For more complicated integrals, involving 3 rows or coordinates or more, the situation
is quite complex, and we refer here to [13], [13], [33], [37], [100] and related papers.

4e. Exercises

There has been a lot of non-trivial theory in this chapter, sometimes erring on the
research side, and our exercises here will be not simple either. First, however, we have:

EXERCISE 4.40. Compute the Gram and Weingarten matrices for the various easy
quantum groups that you know, at small values of k € N.

This is something very instructive, and there are countless computations that you can
do here, either by hand or by using a computer, and the more you do, the better it is.
Ideally, spend a few days and nights on all this, until you reach the black belt.

EXERCISE 4.41. Look up the full theory for the symplectic group Spy C Uy, namely
Brauer theorem, super-easiness, Weingarten formula, and perhaps some numerics for the
Weingarten matrices too, and write down a brief account of what you found.

Here the main reference for theory is the paper by Collins—éniady [37], but you will
still have to adapt the material there, which is quite advanced, as to fit with what you
learned from here, as for everything to be complete. As for the numerics, do some by
yourself, as before, and for more on all this, you can look up the random matrix literature
as well, where the Weingarten formula, in particular for Spy, is heavily used.



Part 11

Random matrices



Life is a mystery
Everyone must stand alone
I hear you call my name
And it feels like home



CHAPTER 5

Spectral measures

5a. Linear algebra

We have seen so far some interesting probability theory, dealing with usual random
variables, which are by definition functions as follows, real or complex:

f e LX)

We discuss in what follows more advanced aspects of probability theory, which are of
rather “noncommutative” nature, in relation with the random matrices:

DEFINITION 5.1. A random matriz is a square matriz of type
Z € My(L™(X))
with X being a probability space, and N € N being an integer.

As basic examples, we have the usual matrices Z € My(C), obtained by taking
X = {.}. Also, we have the usual random variables Z € L*>(X), obtained by taking
N = 1. In general, what we have is a joint generalization of these two situations.

As a first task, we must understand what the distribution of a random matrix is.
This is something non-trivial, which will take some time. Let us begin with a discussion
concerning the usual matrices A € My (C). We have here the following definition:

DEFINITION 5.2. The moments of a complex matriv A € My(C) are the following
numbers, with tr = N=1 - Tr being the normalized matriz trace:

Mk = t?“(Ak)
The distribution, or law, of our matriz A is the following abstract functional:
pa:CIX]—-C |, P—tr(P(A)

In the case where we have a probability measure s € P(C) such that

tr(P(4)) = / P(x) dyua(x)

we identify this complex measure with the distribution of A.

107
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As a basic example for all this, consider the case of a diagonal matrix:

A
A=
AN
The powers of A, with respect to integer exponents k € N, are as follows:
Al
AF =
AN

Thus the moments of A are given by the following formula:
My =Y X

More generally now, we have the following formula, valid for any P € C[X]:
P(A)
P(A) =
P(An)
By applying the normalized trace, we obtain from this formula:

1(P(A) = —(P(\)+...+ POw))

N
- /C P@)d(Sy, + ...+ 0r) ()

- /CP(x)d (%(5& +...+5AN)) (z)

Thus, according to Definition 5.2, the law of A is the following measure:

1
Ha = N<5)\1 —|—...—|—(5)\N)

Quite remarkably, the distribution always exists as a probability measure on C, and
is given by the above formula, as the average of the eigenvalues:

THEOREM 5.3. For any matrizx A € My(C) we have the formula

r(P(A)) = (PO + ..+ POw))

where Ay, ..., An € C are the eigenvalues of A. Thus the complex measure

1
Ha = N(d)\l + ... +5,\N)
is the distribution of A, in the abstract sense of Definition 5.2.
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PRrROOF. According to the above discussion, the result holds for the diagonal matrices.
More generally now, let us discuss the case where our matrix A is diagonalizable. Here
we must have a formula as follows, with D being diagonal:

A= PDpP!
Now observe that the moments of A are given by the following formula:

tr(A* = tr(PDP~'.-PDP™'...PDP™)

= tr(PD"P™)
= tr(D")
We conclude, by linearity, that the matrices A, D have the same distribution:
HaA = KD
On the other hand, A = PDP~! shows that A, D have the same eigenvalues. Thus, if
we denote by \q,..., Ay € C these eigenvalues, we obtain:

1
Ha = N(dh +"'+5/\N)

Finally, in the general case, the result follows from what we know from the above, by
using the well-known fact that the diagonalizable matrices are dense. U

Summarizing, we have a nice theory for the matrices A € My(C), paralleling that of
the random variables f € L>(X). It is tempting at this point to try to go further, and
to unify the matrices and the random variables, by talking about random matrices:

Z € My(L>*(X))

However, we will not do this right away, because our matrix theory has a flaw. Indeed,
all what has being said above does not take into account the adjoint matrix:

A" = (4;)
To be more precise, the idea is that the matrices A € My(C) do not come alone,
but rather in pairs (A, A*), and this because no matter what we want to do with A, of

advanced type, we will run at some point into its adjoint A*. Thus, we must talk about
the moments and distribution of the pair (A, A*). This can be done as follows:

DEFINITION 5.4. The generalized moments of a complex matriz A € My(C) are the
following numbers, indexed by the colored integers k =oceeo . ..

with A* being defined by the following formulae and multiplicativity, AF = A* AL,
A"=1 | A=A , A=A

and with tr = N~1 - Tr being as usual the normalized matriz trace.
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All this might seem a bit complicated, but there is no other way of dealing with such
things. Indeed, since the variables A, A* do not commute, unless the matrix is normal,
AA* = A*A, which is something special, which does not happen in general, we are led to
colored exponents k = ceeo... and to the above definition for the moments. Regarding
now the distribution, we can use here a similar idea, as follows:

DEFINITION 5.5. The generalized distribution, or law, of a matric A € My(C) is the
abstract functional pa : C < X, X* >— C given by:

P —tr(P(A))

In the case where we have a probability measure 14 € P(C) such that

tr(P(4)) = /@ P(a) dyua(z)

we identify this complex measure with the distribution of A.

Observe thar knowing the distribution is the same as knowing the moments, because
if we write our noncommutative polynomial as P = ), ¢ X k¥ then we have:

tr(P(A)) = tr (Z ckAk> => M

As a first result now, coming from Theorem 5.3, we have:

THEOREM 5.6. Given a matriv A € My(C) which is self-adjoint, A = A*, we have
the following formula, valid for any polynomial P € C < X, X* >,

r(P(A)) = 5 (POW) + -+ POw))

where Ay, ..., An € C are the eigenvalues of A. Thus the complex measure
1
HA = N(&l + ... +(5)\N)
is the distribution of A, in the abstract sense of Definition 5.4.

Proor. This follows indeed from Theorem 5.3, because due to our self-adjointness
assumption A = A*, the adjoint matrix plays no role in all this. O

Quite remarkably, Theorem 5.6 extends to the normal case. This is something non-
trivial, that we will explain now, after some linear algebra. Let us start with:

PROPOSITION 5.7. Any matrix A € My(C) which is self-adjoint, A = A*, is diago-
nalizable, with the diagonalization being of the following type,

A=UDU"
with U € Uy, and with D € My(R) diagonal. The converse holds too.
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PROOF. Let us first prove that the eigenvalues are real. If Ax = Ax, we have:
A<z,z> = <Az, x>
= <ux Ar >
= A<z,2>

Thus we obtain A € R, as claimed. Our next claim now is that the eigenspaces
corresponding to different eigenvalues are pairwise orthogonal. Assume indeed that:

Ar =Xz , Ay=py
We have then the following computation, by using A, u € R:
A<zy> = <Az,y>
= <ux Ay >
= p<zy>
Thus A # p implies x L y, as claimed. In order now to finish, it remains to prove that
the eigenspaces span the whole CV. For this purpose, we will use a recurrence method.
Let us pick an eigenvector of our matrix, Az = A\z. Assuming = | y, we have:
<Ay,z> = <y, Ar >
= <y, x>
= A<y, x>
=0
Thus, if  is an eigenvector of A, then the vector space ' is invariant under A. On
the other hand, since a square matrix A is self-adjoint precisely when < Az, z >€ R, we

conclude that the restriction of our matrix A to the vector space x* is self-adjoint. Thus,
we can proceed by recurrence, and we obtain in this way the result. U

Let us discuss as well the case of the unitary matrices. We have here:

PROPOSITION 5.8. Any matriz U € My(C) which is unitary, U* = U™, is diagonal-
izable, with the eigenvalues being on T. More precisely we have

U=VDV*
with V € Uy, and with D € My(T) diagonal. The converse holds too.
PROOF. Assuming Ux = Az, we have the following formula:
<z,x> = <UUzx,z>
= <Ux,Ux >
= < Ar,\r >
= N <a2,2>
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Thus we obtain A € T, as desired. Our next claim now is that the eigenspaces
corresponding to different eigenvalues are pairwise orthogonal. Assume indeed that:
Ur=X , Uy=py
We have then the following computation, by using U* = U~! and \, u € T:
A<z,y> = <Uzx,y>

Thus A\ # p implies x L y, as claimed. In order now to finish, it remains to prove that
the eigenspaces span the whole CV. For this purpose, we will use a recurrence method.
Let us pick an eigenvector, Uz = Ax. Assuming x L y, we have:

<Uy,x> = <y U'z>
= <y, Ulz>
= <y \lz>
= A<y, x>
=0

€1

Thus, if x is an eigenvector of U, then the vector space x— is invariant under U. Now
i

since U is an isometry, so is its restriction to this space x—. Thus this restriction is a
unitary, and so we can proceed by recurrence, and we obtain the result. O

We have in fact the following general result, extending what we know so far:

THEOREM 5.9. Any matrizx A € My(C) which is normal, AA* = A*A, is diagonaliz-
able, with the diagonalization being of the following type,

A=UDU"
with U € Uy, and with D € My(C) diagonal. The converse holds too.

PRrROOF. This is something quite technical. Our first claim is that a matrix A is normal
precisely when the following is satisfied, for any vector x:

[ Ax]| = [|A*]
Indeed, this equality can be written in the following way, which gives AA* = A*A:
< AAz,x >=< A"Az,x >
Our claim now is that A, A* have the same eigenvectors, with conjugate eigenvalues:

Ar =\ = A'z =z
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Indeed, this follows from the following computation, and from the trivial fact that if
A is normal, then so is any matrix of type A — Ay, with A € C:

1(A" = Aly)zl| = [[(A—Aly)"z]]
(A = Aly)z|
0

Let us prove now, by using this fact, that the eigenspaces of A are pairwise orthogonal.
Assuming Ax = Az and Ay = py with A # u, we have:
A<zy> = < Azx,y>
= <z Ay >
<z, puy >
<,y >
Thus A # p implies x L y, as desired. In order to finish now the proof, it remains to
prove that the eigenspaces of A span the whole CV. This is something quite tricky, and
our plan here will be that of proving that the eigenspaces of AA* are eigenspaces of A.

In order to do so, let us pick two eigenvectors x,y of the matrix AA*, corresponding to
different eigenvalues, A # p. The eigenvalue equations are then as follows:

AA'r = x |, AA"y =y
We have the following computation, by using the normality condition AA* = A*A,
and the fact that the eigenvalues of AA*, and in particular u, are real:
A< Az,y > = < Adlx,y >
= < AAA*zy >
= < AAAz,y >
= < Az, AA*y >
= <Az, py >
= pu<Ax,y>
We conclude that we have < Az, y >= 0. But this reformulates as follows:
N£u = A(By) L E,

Now since the eigenspaces of AA* are pairwise orthogonal, and span the whole CV,
we deduce that these eigenspaces are invariant under A:

A(EA) C E)\

But with this result in hand, we can now finish. Indeed, we can decompose the
problem, and the matrix A itself, following these eigenspaces of AA*, which in practice
amounts in saying that we can assume that we only have 1 eigenspace. By rescaling, this
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is the same as assuming that we have AA* = 1, and so we are now into the unitary case,
that we know how to solve, as explained in Proposition 5.8. O

Getting back now to the laws of matrices, Theorem 5.6 extends to the normal case,
AA* = A*A. This is something non-trivial, the result being as follows:

THEOREM 5.10. Given a matriz A € My(C) which is normal, AA* = A*A, we have
the following formula, valid for any polynomial P € C < X, X* >,

1
tr(P(A)) = NUD()\I) +...+P(\y))
where A1, ..., Ay € C are the eigenvalues of A. Thus the complex measure

1
pa =70+ +0ay)
is the distribution of A, in the abstract sense of Definition 5.5.

PROOF. There are several proofs for this fact, one of them being as follows:

(1) Let us first consider the case where the matrix is diagonal:

A1
A =
AN

The moments of A are then given by the following formula:

1
Mk:N()\]f—i-...—i-)\];V)

Regarding now the distribution, this by definition given by:
pa:C< X, X*>=-C |, P—tr(P(A))

Since the matrix is normal, AA* = A*A, knowing this distribution is the same as
knowing its restriction to the usual polynomials in two variables:

pa :CX, X*|=-C , P—=tr(P(A)
By using now the fact that A is diagonal, we conclude that the distribution is:
1
pa: C[X, X*|—-C , P— N(P(/\l) +...+ P(\y))

But this functional corresponds to integrating P with respect to the following complex
measure, that we agree to still denote by g4, and call distribution of A:

1
HaA = N((;,\l ++5>\N)
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(2) In the general case now, where A € My (C) is normal and arbitrary, we can use
Theorem 5.9, which tells us that A is diagonalizable, and in fact that A, A* are jointly
diagonalizable. To be more precise, let us write, as in Theorem 5.9:

A=UDU"

Here U € Uy, and D € My(C) is diagonal. The adjoint matrix is then given by:
A*=UD"U

As before in the diagonal matrix case, since our matrix is normal, AA* = A*A,

knowing its distribution in the abstract sense of Definition 5.5 is the same as knowing the
restriction of this abstract distribution to the usual polynomials in two variables:

pa:CIX, X*|—-C , P —tr(P(A))

In order now to compute this functional, we can change the basis via the above unitary
matrix U € Uy, which in practice means that we can assume U = 1. Thus, by using now
(1), if we denote by A, ..., Ax the diagonal entries of D, which are the eigenvalues of A,
the distribution that we are looking for is the following functional:

ua:ClX, X5 C P—>%(P(/\1)+...+P(/\N))

As before, this functional corresponds to integrating P with respect to the following
complex measure, that we agree to still denote by p4, and call distribution of A:

1
Ha = N<5/\1 + ...+ (5,\]\,)
Thus, we are led to the conclusion in the statement. U

We can now go ahead and discuss, eventually, the case of the random matrices, where
things become truly interesting. We can extend Definition 5.5, as follows:

DEFINITION 5.11. The colored moments of a random matrix
Z € My(L™(X))

are the following numbers, indexed by the colored integers k =oceeo ...
M, = / tr(2%)
X

with the powers Z% being defined by Z° = Z, Z* = Z* and multiplicativity.

Observe that this notion extends indeed the notion from Definition 5.5 for the usual
matrices Z € My(C), which can be recovered with X = {.}. Also, in the case N = 1,
where our matrix is just a random variable Z € L*(X), we recover in this way the usual
moments, or rather the joint moments of the random variables Z, Z. Regarding now the
distribution, we can use here a similar extension, as follows:
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DEFINITION 5.12. The distribution of a random matriz Z € My(L>®(X)) is the ab-
stract functional py : C < X, X* >— C given by:

P—)/Xtr(P(Z))

In the case where we have a probability measure p1z; € P(C) such that

(P(2)) = [ Pla)duzla)
C
we identify this measure with the distribution, or law of Z.

As basic examples, for the usual matrices Z € My (C), obtained by taking X = {.},
we obtain the previous notion of distribution of a matrix, from Definition 5.5. Also, for
the usual random variables Z € L*(X), obtained by taking N = 1, we obtain in this way
the previous notion of distribution of a random variable, from chapters 1-2.

5b. Bounded operators

In order to further clarify all the above, and to discuss as well what happens in the
non-normal case, we will need an extension of the theory that we have, going beyond the
random matrix setting, by using some basic functional analysis and spectral theory. In
order to get started, let us formulate the following definition:

DEFINITION 5.13. A Hilbert space is a complex vector space H given with a scalar
product < x,y >, satisfying the following conditions:

(1) <,y > is linear in x, and antilinear in y.

(2) <z,y>=<y,x >, for any z,y.

(3) <z,x >>0, for any z # 0.

(4) H is complete with respect to the norm ||z|| = /< x, 2 >.

Here the fact that ||.|| is indeed a norm comes from the Cauchy-Schwarz inequality,
which states that if the conditions (1,2,3) above are satisfied, then we have:

| <y > [ <[] [lyll

Indeed, this inequality comes from the fact that the following degree 2 polynomial,
with t € R and w € T, being positive, its discriminant must be negative:

f(#) = llz + twyl?

At the level of the examples, we first have the Hilbert space H = CV, with its usual
scalar product, taken by definition linear at left, namely:

<3y >=Y il

More generally, making the link with probability, we have the following result:
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PROPOSITION 5.14. Given a measured space X, the functions f : X — C, taken up
to equality almost everywhere, which are square-summable,

[ 15@pPds <

form a Hilbert space L*(X), with the following scalar product:

< fg>= /Xf(:c)mdx

In the case where X = I is a set endowed with its counting measure, we obtain the space
(1) of square-summable sequences {;}ie;r C C, with < x,y >= ", x;Y;.

PROOF. There are several things to be proved, as follows:

(1) Our first claim is that L?(X) is a vector space, and here we must prove that
f,9 € L*(X) implies f +g¢g € L?(X). But this leads us into proving ||+ g|| < ||f]l +|9]l,
where || f|| = /< f, f >. Now since this inequality holds on each subspace C¥ C L*(X)

coming from step functions, this inequality holds everywhere, as desired.

(2) Our second claim is that <,> is well-defined on L?*(X). But this follows from
the Cauchy-Schwarz inequality, | < f,g > | < ||f|| - ||g]|, which can be established by
truncating, a bit like we established the Minkowski inequality in (1) above.

(3) Tt is also clear that <, > is a scalar product on L?(X), with the remark here that
if we want to have < f, f >> 0 for f # 0, we must declare that f = 0 when f = 0 almost
everywhere, and so that f = g when f = g almost everywhere, as stated.

(4) Tt remains to prove that L?(X) is complete with respect to ||f|| = V< f, f >.
But this is clear, because if we pick a Cauchy sequence {f,}nen € L*(X), then we can
construct a pointwise, and hence L? limit, f,, — f, almost everywhere.

(5) Finally, the last assertion is clear, because the integration with respect to the
counting measure is by definition a sum, and so we have L?(I) = [*(I). d

Quite remarkably, any Hilbert space must be of the form L?*(X), and even of the
special form [%(I). This follows indeed from the following key result:

THEOREM 5.15. Let H be a Hilbert space.

(1) Any algebraic basis of this space {f;}icr can be turned into an orthonormal basis
{ei}icr, by using the Gram-Schmidt procedure.

(2) Thus, H has an orthonormal basis, and so we have H ~ I*(I), with I being the
indexing set for this orthonormal basis.

Proor. All this is standard by Gram-Schmidt, the idea being as follows:



118 5. SPECTRAL MEASURES

(1) First of all, in finite dimensions an orthonormal basis {e;};c; is by definition a
usual algebraic basis, satisfying < e;,e; >= d;;. But the existence of such a basis follows
by applying the Gram-Schmidt procedure to any algebraic basis { f;}ics, as claimed.

(2) In infinite dimensions, we can say that {f;};cs is a basis of H when the functions
fi are linearly independent, and when the finite linear combinations of these functions f;
form a dense subspace of H. For orthogonal bases {e;};c; these definitions are equivalent,
and in any case, our statement makes now sense.

(3) Regarding now the proof, in infinite dimensions, this follows again from Gram-
Schmidt, exactly as in the finite dimensional case, but by using this time a tool from
logic, called Zorn lemma, in order to correctly do the recurrence. U

The above result is something quite subtle, and suggests formulating:
DEFINITION 5.16. A Hilbert space H is called separable when the following equivalent

conditions are satisfied:

(1) H has a countable algebraic basis { f;}ien-
(2) H has a countable orthonormal basis {e;}ien.
(3) We have H ~ [*(N), isomorphism of Hilbert spaces.

As a first observation, according to the above, there is up to isomorphism only one
separable Hilbert space, namely:
H = [*(N)
This is, however, quite tricky, and can be a bit misleading. Consider for instance the
space H = L?[0, 1] of square-summable functions f : [0,1] — C, with:

< f.g >=/0 f(@)g(x)da

This space is of course separable, because we can use the basis f,, = 2™ with n € N,
orthogonalized by Gram-Schmidt. However, the orthogonalization procedure is something
non-trivial, so the isomorphism H ~ [?(N) that we obtain is non-trivial as well.

Let us get now into the study of linear operators. We have here:

THEOREM 5.17. Given a Hilbert space H, the linear operators T : H — H which are
bounded, in the sense that the quantity

Tl = sup ||Tz|

llz]]<1

is finite, form a complex algebra B(H), having the following properties:

(1) B(H) is complete with respect to ||.||, and so we have a Banach algebra.
(2) B(H) has an involution T'— T*, given by < Tx,y >=< x,T*y >.
In addition, the norm and the involution are related by the formula ||TT*|| = ||T|[?.
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PROOF. The fact that we have indeed an algebra follows from:
IS+ T <[ISI+ 1T, [T = (AT [ISTH < S]] - [IT]
(1) Assuming that {7} } C B(H) is a Cauchy sequence, the sequence {Tjz} is Cauchy
for any x € H, so we can define the limit 7" = limj_,, T} by setting:

Tx = lim Tyz
k—o0

It is routine then to check that this formula defines indeed an operator T' € B(H),
and that we have T, — T in norm, and this gives the result.

(2) The existence of T* comes from the fact that ¢(z) =< Tx,y > being a linear map
H — C, we must have a formula as follows, for a certain vector T*y € H:

P(z) =<z, Ty >
Moreover, since this vector T*y is unique, 7™ is unique too, and we have as well:
(S+T) =S*+T* , (AI)"=\T*
(ST) =T1*s* , (I'")"=T
Observe also that we have indeed T* € B(H), due to the following equality:

|T|| = sup sup <Tzx,y>
[lz]|=1 [lyl|=1

= sup sup <z, T7y >
llyll=1||z]|=1

= [T
(3) Regarding now the last assertion, observe first that we have:
17T < 17| - 11T = |IT1]*
On the other hand, we have as well the following estimate:

T = sup | < Tz, Tz > |
[e][=1

= sup | <z, TTx > |
[]|=1

< |I7"7]
Now by replacing in this formula 7' — T* we obtain ||T||* < ||TT*||. Thus, we have

proved both the needed inequalities, and we are done. U

In the case where H comes with a basis {e; };cr, we can talk about the infinite matrices
M € M;(C), with the remark that the multiplication of such matrices is not always
defined, in the case |I| = oo. In this context, we have the following result:
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PROPOSITION 5.18. Let H be a Hilbert space, with orthonormal basis {e;};c;. The
bounded operators T € B(H) can be then identified with matrices M € M;(C) via
Te=Mzx , M;=<Teje; >
and we obtain in this way an embedding as follows, which is multiplicative:
B(H) C M;(C)

In the case H = CY we obtain in this way the usual isomorphism B(H) ~ My(C). In
the separable case we obtain in this way a proper embedding B(H) C M. (C).

PrROOF. We have several assertions to be proved, the idea being as follows:

(1) Regarding the first assertion, given a bounded operator T': H — H, let us associate
to it a matrix M € M;(C) as in the statement, by the following formula:
Mij =< Tej, €e; >
It is clear that this correspondence T' — M is linear, and also that its kernel is {0}.
Thus, we have an embedding of linear spaces B(H) C M;(C).

(2) Our claim now is that this embedding is multiplicative. But this is clear too,
because if we denote by 7" — My our correspondence, we have:

(MST)ij = Z < Sep, e >< Tej,ek >
k

= Z(Ms)ik(MT)kj

k
= (MsMr);;

(3) Finally, we must prove that the original operator T': H — H can be recovered
from its matrix M € M;(C) via the formula in the statement, namely Tz = Mz. But
this latter formula holds for the vectors of the basis, x = ¢;, because we have:

(Tej)i =< Tej, e, >= Mij = (M6j>i

Now by linearity we obtain from this that the formula Tx = Mz holds everywhere,

on any vector x € H, and this finishes the proof of the first assertion.

(4) In finite dimensions we obtain an isomorphism, because any matrix M € My(C)
determines an operator T : CV — C¥, according to the formula < Tej, e; >= M,;. In
infinite dimensions, however, we do not have an isomorphism. For instance on H = [*(N)
the following matrix does not define an operator:

11

M=111

Indeed, T'(e;) should be the all-one vector, which is not square-summable. U



5C. OPERATOR ALGEBRAS 121

5c. Operator algebras

We will be interested here in the algebras of operators, rather than in the operators
themselves. The axioms here, coming from Theorem 5.17, are as follows:
DEFINITION 5.19. A C*-algebra is a complex algebra with unit A, having:
(1) A norm a — ||al|, making it a Banach algebra (the Cauchy sequences converge).
(2) An involution a — a*, which satisfies ||aa*|| = ||al|?, for any a € A.

As basic examples here, we have the usual matrix algebras My (C), with the norm
and the involution being the usual matrix norm and involution, given by:

1Al = sup [[Az]| . (A7) = Ay

l|ll=1

Some other basic examples are the algebras L>(X) of essentially bounded functions
f X — C on a measured space X, with the usual norm and involution, namely:

[l =sup|f(z)] , [f(z)=[f(z)
zeX
We can put these two basic classes of examples together, as follows:

PROPOSITION 5.20. The random matriz algebras A = My(L>®(X)) are C*-algebras,
with their usual norm and involution, given by:

1Z|| = suwp||Z:|| . (Z7)i;=2Zy
reX

These algebras generalize both the algebras My (C), and the algebras L>(X).

PrOOF. The fact that the C*-algebra axioms are satisfied is clear from definitions.
As for the last assertion, this follows by taking X = {.} and N = 1, respectively. O

In order to study the C*-algebras, the key observation is that, due to Theorem 5.17,
the algebra B(H) of bounded linear operators 7' : H — H on a Hilbert space H is a
C*-algebra. More generally, any closed x-subalgebra A C B(H) is a C*-algebra. It is
possible to prove that any C*-algebra appears in this way, A C B(H), and we will be
back to this later. For the moment, let us just record the following elementary result,
dealing with the random matrix case, that we are mainly interested in here:

THEOREM 5.21. Any algebra of type L™= (X) is an operator algebra, as follows:
L(X) € BULAX)) , f— (g fg)
More generally, any random matrixz algebra is an operator algebra, as follows,
My(L®(X)) C B(CV ® L*(X))

with the embedding being the above one, tensored with the identity.
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PrROOF. We have two assertions to be proved, the idea being as follows:
(1) Given f € L*>(X), consider the following operator, acting on H = L*(X):

Ty(9) = fg
Observe that T is indeed well-defined, and bounded as well, because:

1 Fgll2 = \//X |f(@)[Plg () Pdu(x) < [[f]lsollgll2
The application f — T} being linear, involutive, continuous, and injective as well, we
obtain in this way a C*-algebra embedding L>(X) C B(H), as desired.
(2) Regarding the second assertion, this is best viewed in the following way:
My(L=(X)) = My(C)® L*(X)

C My(C)® B(L*(X))
= B(CY®L*X))

Here we have used (1), and some standard tensor product identifications. g

Our purpose in what follows is to develop the spectral theory of the C*-algebras, and
in particular that of the random matrix algebras A = My (L (X)) that we are interested
in, one of our objectives being that of talking about spectral measures, in the normal
case, in analogy with what we know about the usual matrices. Let us start with:

DEFINITION 5.22. The spectrum of an element a € A is the set
d@:{xe@p—AgA*}
where A=Y C A is the set of invertible elements.

Given an element a € A, and a rational function f = P/Q having poles outside o(a),
we can construct the element f(a) = P(a)Q(a)™!. For simplicity, we write:

P(a)
Q(a)

With this convention, we have the following result:

fla) =

PROPOSITION 5.23. We have the “rational functional calculus” formula

o(f(a)) = f(o(a))

valid for any rational function f € C(X) having poles outside o(a).
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PROOF. We can prove this result in two steps, as follows:

(1) Assume first that we are in the usual polynomial case, f € C[X]. We pick a
number A € C, and we decompose the polynomial f — A:

JX)=A=c(X =p1).. . (X —pn)
We have then, as desired, the following computation:
Ago(fla) <= fla)—reA™
<~ cla—p)...(a—p,) € A"
= a—p,...,a—p, € AL
<= p1,...,pn ¢ 0(a)
— A¢ flo(a))
(2) In the general case now, f € C(X), we pick A € C, we write f = P/Q, and we set
R =P — \Q. By using (1) above, we obtain:
reo(f(a)) R(a) ¢ A7
0 €o(R(a))
0 € R(o(a))
Ju € o(a), R(u) =0
A€ flo(a))

Thus, we have obtained the formula in the statement. U

111ty

Given an element a € A, its spectral radius p(a) is the radius of the smallest disk
centered at 0 containing o(a). With this convention, we have the following key result:

THEOREM 5.24. Let A be a C*-algebra.

(1) The spectrum of a norm one element is in the unit disk.

(2) The spectrum of a unitary element (a* = a=') is on the unit circle.

(3) The spectrum of a self-adjoint element (a = a*) consists of real numbers.
(4) The spectral radius of a normal element (aa* = a*a) is equal to its norm.

PrROOF. We use the various results established above, as follows:

(1) This comes from the following basic formula, valid when ||a|| < 1:

1 2
—=14+a+a" +...
l1—a

(2) Assuming a* = a~!, we have the following computations:

lall = Vllaa*] = V1 =1

[la™ ] =la"[| = [lal] = 1
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If we denote by D the unit disk, we obtain from this, by using (1):
olaycD , oa')cD
On the other hand, by using the function f(z) = z~!, we have:
olayc D = o(a) c D!
Thus we have o(a) C DN D' =T, as desired.

(3) This follows by using the result (2), just established above, and Proposition 5.23,
with the following rational function, depending on a parameter ¢ € R:

z+at
fz) = ——
Indeed, for ¢ >> 0 the element f(a) is well-defined, and we have:
a+it\" a—it  [(a+it\""
a—it) a+it \a—it

Thus the element f(a) is a unitary, and by using (2) above its spectrum is contained
in T. We conclude that we have an inclusion as follows:

flo(a)) = o(f(a)) C T

Thus, we obtain an inclusion o(a) C f~!(T) = R, and we are done.

(4) We already know from (1) that we have the following inequality:
pla) < lal|

For the converse, we fix an arbitrary number p > p(a). We have then:

" >
/ dz = E (/ z”kldz) ab =a" !
lzl=p = — @ k=0 \Ylzl=p

By applying the norm and taking n-th roots we obtain from this:

p> lim [la"|[V"
n—oo
In the case a = a* we have ||a"|| = ||a||* for any exponent of the form n = 2¥, and by
taking n-th roots we get p > ||al|. But this gives the missing inequality, namely:
pla) = [[al]

In the general case aa* = a*a we have a™(a")* = (aa*)". Thus p(a)? = p(aa*), and
since the element aa* is self-adjoint, we obtain p(aa*) = ||a||?, and we are done. d

We are now in position of proving a key result, due to Gelfand, as follows:
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THEOREM 5.25. Any commutative C*-algebra is the form
A=C(X)
with its “spectrum” X = Spec(A) appearing as the space of characters x : A — C.

PRrROOF. Given a commutative C*-algebra A, we can define X to be the set of char-
acters y : A — C, with topology making continuous all evaluation maps ev, : x — x(a).
Then X is a compact space, and a — ev, is a morphism of algebras, as follows:

ev:A— C(X)

(1) We first prove that ev is involutive. For this purpose we use the following formula,
which is similar to the z = Re(z) + i/m(z) formula for usual complex numbers:
a+a*  a—a*

R

Thus it is enough to prove the equality ev,« = ev? for self-adjoint elements a. But this
is the same as proving that a = a* implies that ev, is a real function, which is in turn
true, because ev,(x) = x(a) is an element of the spectrum o(a), contained in R.

(2) Since A is commutative, each element is normal, so ev is isometric, due to:

leva|| = p(a) = llal|

(3) It remains to prove that ev is surjective. But this follows from the Stone-Weierstrass
theorem, because ev(A) is a closed subalgebra of C'(X), which separates the points. [

As a main consequence of the Gelfand theorem, we have:
THEOREM 5.26. For any normal element a € A we have an identification as follows:
<a>=C(o(a))
In addition, given a function f € C(o(a)), we can apply it to a, and we have
o(f(a)) = f(o(a))
which generalizes the previous rational calculus formula, in the normal case.

PROOF. Since a is normal, the C*-algebra < a > that is generates is commutative, so
if we denote by X the space of the characters y :< a >— C, we have:

<a>=C(X)
Now since the map X — o(a) given by evaluation at a is bijective, we obtain:
< a>=C(o(a))

Thus, we are dealing here with usual functions, and this gives all the assertions. [
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5d. Spectral measures

In order to get now towards noncommutative probability, we first have to develop the
theory of positive elements, and linear forms. First, we have the following result:

PROPOSITION 5.27. For an element a € A, the following are equivalent:
(1) a is positive, in the sense that o(a) C [0, 00).
(2) a =102, for some b € A satisfying b = b*.
(3) a = cc*, for some c € A.

Proor. This is something very standard, as follows:

(1) = (2) Observe first that o(a) C R implies a = a*. Thus the algebra < a > is
commutative, and by using Theorem 5.26, we can set b = \/a.

(2) = (3) This is trivial, because we can simply set ¢ = b.
(2) = (1) This is clear too, because we have:
o(a) = o(b?) = o(b)* C R* = [0, 00)

(3) = (1) We proceed by contradiction. By multiplying ¢ by a suitable element of
< cc® >, we are led to the existence of an element d # 0 satisfying:

—dd* >0
By writing now d = x + 1y with x = z*,y = y* we have:
dd* + d*d = 2(z* + y*) > 0
Thus d*d > 0, which is easily seen to contradict the condition —dd* > 0. ]
We can talk as well about positive linear forms, as follows:

DEFINITION 5.28. Consider a linear map ¢ : A — C.

(1) ¢ is called positive when a >0 = ¢(a) > 0.
(2) ¢ is called faithful and positive when a > 0,a #0 = ¢(a) > 0.

In the commutative case, A = C(X), the positive linear forms appear as follows, with
1 being positive, and strictly positive if we want ¢ to be faithful and positive:

o(f) = /X f (@) dp(z)

In general, the positive linear forms can be thought of as being integration functionals
with respect to some underlying “positive measures”. We have:

DEFINITION 5.29. Let A be a C*-algebra, given with a positive trace tr : A — C.

(1) The elements a € A are called random variables.
(2) The moments of such a variable are the numbers My(a) = tr(a®).
(3) The law of such a variable is the functional p, : P — tr(P(a)).
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Here the exponent k = c e e o ... is by definition a colored integer, and the powers a”

are defined by the following formulae, and multiplicativity:
=1, a°=a , a"=a
As for the polynomial P, this is a noncommuting *-polynomial in one variable:
PeC< X, X*>

Observe that the law is uniquely determined by the moments, because we have:
P(X) =) MX" = p(P) = N\eMy(a)
k k

At the level of the general theory, we have the following key result, extending the
various results that we have, regarding the self-adjoint and normal matrices:

THEOREM 5.30. Let A be a C*-algebra, with a trace tr, and consider an element a € A
which is normal, in the sense that aa® = a*a.

(1) g is a complex probability measure, satisfying supp(uq) C o(a).
(2) In the self-adjoint case, a = a*, this measure i, is real.
(3) Assuming that tr is faithful, we have supp(p,) = o(a).

ProoF. This is something very standard, that we already know for the usual complex
matrices, and whose proof in general is quite similar, as follows:

(1) In the normal case, aa* = a*a, the Gelfand theorem, or rather the subsequent
continuous functional calculus theorem, tells us that we have:

<a>=C(o(a))

Thus the functional f(a) — tr(f(a)) can be regarded as an integration functional on
the algebra C'(o(a)), and by the Riesz theorem this latter functional must come from a
probability measure p on the spectrum o(a), in the sense that we must have:

/fdu

We are therefore led to the conclusions in the statement, with the uniqueness assertion
coming from the fact that the elements a”, taken as usual with respect to colored integer
exponents, k = oeeo ..., generate the whole C*-algebra C'(o(a)).

(2) This is something which is clear from definitions.

(3) Once again, this is something which is clear from definitions. 0

As a first concrete application now, by getting back to the random matrices, and to
the various questions raised in the beginning of this chapter, we have:
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THEOREM 5.31. Given a random matriz Z € My(L>®(X)) which is normal,
70 =77

its law, which is by definition the following abstract functional,

1
w:C< X, X*>—-C | P—>—/tr(PZ

N Jx

when restricted to the usual polynomials in two variables,

p:CX, X ]l-C , P—— /tr
must come from a probability measure on the spectrum o(Z) C C, as follows:

ur) = | , P@

We agree to use the symbol p for all these notions.
PRroOOF. This follows indeed from what we know from Theorem 5.30, applied to the
normal element a = Z, belonging to the C*-algebra A = My (L®(X)). O

5e. Exercises

In analogy with linear algebra, operator theory is a wide area of mathematics, and
there are many interesting operators, and exercises about them. We first have:

EXERCISE 5.32. Find an explicit orthonormal basis for the Hilbert space
H = L*0,1]
by starting with the algebraic basic f, = x™ with n € N, and applying Gram-Schmidt.

This is actually quite non-trivial, and in case you're stuck with complicated compu-
tations, better look it up, and then write an account of what you found.

EXERCISE 5.33. Prove that for the usual matrices A, B € My(C) we have
ot (AB) = ot (BA)
where o denotes the set of eigenvalues, taken with multiplicities.

As a remark, we have seen in the above that o(AB) = o(BA) holds outside {0}, and
the equality on {0} holds as well, because AB is invertible if and only if BA is invertible.
However, in what regards the eigenvalues taken with multiplicities, things are more tricky
here, and the answer should be somewhere inside your linear algebra knowledge.

EXERCISE 5.34. Clarify, with examples and counterexamples, the relation between the
eigenvalues of an operator T'€ B(H), and its spectrum o(T) C C.

Here, as usual, the counterexamples could only come from the shift operator S, on the
space H = [*(N). As a bonus exercise here, try computing the spectrum of S.



CHAPTER 6

Wigner matrices

6a. Gaussian matrices

We have now all the needed ingredients for launching some explicit random matrix
computations. Our goal will be that of computing the asymptotic moments, and then the
asymptotic laws, with N — oo, for the main classes of large random matrices.

Let us begin by specifying the precise classes of matrices that we are interested in.
First we have the complex Gaussian matrices, which are constructed as follows:

DEFINITION 6.1. A complexr Gaussian matriz is a random matrix of type
Z € My(L™(X))
which has i.i.d. centered complexr normal entries.

Here we use the notion of complex normal variable, introduced and studied in chapter
1. To be more precise, the complex Gaussian law of parameter ¢ > 0 is by definition the
following law, with a, b being independent, each following the law g;:

G, = law <%(a 4 ib))

With this notion in hand, the assumption in the above definition is that all the matrix
entries Z;; are independent, and follow this law G, for a fixed value of ¢ > 0. We will see
that the above matrices have an interesting, and “central” combinatorics, among all kinds
of random matrices, with the study of the other random matrices being usually obtained
as a modification of the study of the Gaussian matrices.

As a somewhat surprising remark, using real normal variables in Definition 6.1, instead
of the complex ones appearing there, leads nowhere. The correct real versions of the
Gaussian matrices are the Wigner random matrices, constructed as follows:

DEFINITION 6.2. A Wigner matrix is a random matrix of type
Z € My(L™(X))

which has i.i.d. centered complex normal entries, up to the constraint Z = Z*.

129



130 6. WIGNER MATRICES

This definition is something a bit compacted, and to be more precise, a Wigner matrix
is by definition a random matrix as follows, with the diagonal entries being real normal
variables, a; ~ ¢4, for some t > 0, the upper diagonal entries being complex normal
variables, b;; ~ Gy, the lower diagonal entries being the conjugates of the upper diagonal
entries, as indicated, and with all the variables a;, b;; being independent:

ay b12 ce cee blN
512 a2
7 = :

_ aN-1 bn-1,N
blN bN—l,N an

As a comment here, for many concrete applications the Wigner matrices are in fact the
central objects in random matrix theory, and in particular, they are often more important
than the Gaussian matrices. In fact, these are the random matrices which were first
considered and investigated, a long time ago, by Wigner himself [97].

However, as we will soon discover, the Gaussian matrices are somehow more funda-
mental than the Wigner matrices, at least from an abstract point of view, and this will
be the point of view that we will follow here, with the Gaussian matrices coming first.

Finally, we will be interested as well in the complex Wishart matrices, which are the
positive versions of the above random matrices, constructed as follows:

DEFINITION 6.3. A complex Wishart matrix is a random matriz of type
Z =YY" e My(L*(X))
with Y being a complex Gaussian matrix.

As before with the Gaussian and Wigner matrices, there are many possible comments
that can be made here, of technical or historical nature. First, using real Gaussian
variables instead of complex ones leads to a less interesting combinatorics. Also, these
matrices were introduced and studied by Marchenko and Pastur not long after Wigner,
in [66], and so historically came second. Finally, in what regards their combinatorics
and applications, these matrices quite often come first, before both the Gaussian and the
Wigner ones, with all this being of course a matter of knowledge and taste.

Summarizing, we have three main types of random matrices, which can be thought of
as being “complex”, “real” and “positive”, and that we will study in what follows, in this
precise order, with this order being the one that fits us best here. Let us also mention that
there are many other interesting classes of random matrices, which are more specialized,
usually appearing as modifications of the above. More on these later.
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In order to compute the asymptotic laws of the Gaussian, Wigner and Wishart ma-
trices, we use the moment method. Given a colored integer k = ce e o ... we say that
a pairing m € P(k) is matching when it pairs o — e symbols. With this convention, we
have the following result, which will be our main tool for computing moments:

THEOREM 6.4 (Wick formula). Given independent variables X;, each following the
complex normal law Gy, with t > 0 being a fized parameter, we have the formula

E (Xfl1 . Xf) = t5/24 {7? € Pz(k:)‘w < kerz’}
where k =ky ... ks and i =1y ...14, for the joint moments of these variables.

Proor. This is something that we know from chapter 1, the idea being as follows:

(1) In the case where we have a single complex normal variable X, which amounts
in taking X; = X for any ¢ in the formula in the statement, what we have to compute
are the moments of X, with respect to colored integer exponents k = oeeo ..., and the
formula in the statement tells us that these moments must be:

E(X*) = M2 Py(k)|

(2) But this is something that we know from chapter 1, the idea being that at ¢ = 1 this
follows by doing some combinatorics and calculus, in analogy with the combinatorics and
calculus from the real case, where the moment formula is identical, save for the matching
pairings Ps being replaced by the usual pairings P, and then that the general case ¢t > 0
follows from this, by rescaling. Thus, we are done with this case.

(3) In general now, with several variables as in the statement, when expanding the
product Xikl1 . .Xi]‘;s and rearranging the terms, we are left with doing a number of com-
putations as in (1), and then making the product of the expectations that we found.

(4) But this amounts in counting the partitions in the statement, with the condition
7 < keri there standing for the fact that we are doing the various type (1) computations
independently, and then making the product. Thus, we obtain the result. U

The above statement is one of the possible formulations of the Wick formula, and
there are in fact many more formulations, which are all useful. Here is an alternative such
formulation, which is quite popular, and that we will often use in what follows:

THEOREM 6.5 (Wick formula 2). Given independent variables f;, each following the
complex normal law Gy, with t > 0 being a fized parameter, we have the formula

E(fi.. fufl .. fL) =t# {n € Stliny = jr,Vr}

for the non-vanishing joint moments of these variables.
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Proor. This follows from the usual Wick formula, from Theorem 6.4. With some
changes in the indices and notations, the formula there reads:

E(ff . ff) = 0P {0 € PoKO)|o <ker T}

Now observe that we have Py(K) = (), unless the colored integer K = Kj... K,
is uniform, in the sense that it contains the same number of o and e symbols. Up to
permutations, the non-trivial case, where the moment is non-vanishing, is the case where
the colored integer K = K; ... Ky is of the following special form:

K=00...000...0
—— ——
k k

So, let us focus on this case, which is the non-trivial one. Here we have s = 2k, and
we can write the multi-index I = I ... I in the following way:

I=vdy.. ik j1- Jk
With these changes made, the above usual Wick formula reads:
E(fi- il o f3) = 4 {0 € Pa(B)|o < Ker(if) }

The point now is that the matching pairings o € Py(K), with K =o...ce...e of
length 2k, as above, correspond to the permutations 7= € Sy, in the obvious way. With
this identification made, the above modified usual Wick formula becomes:

E(fin Sy J3) = O3 {7 € Siliny = G v}

Thus, we have reached to the formula in the statement, and we are done. Il

Finally, here is one more formulation of the Wick formula, which is useful as well:

THEOREM 6.6 (Wick formula 3). Given independent variables f;, each following the
complex normal law Gy, with t > 0 being a fived parameter, we have the formula

E (fif}, - fudy) = 4 {7 € Siliny = o1}

for the non-vanishing joint moments of these variables.

ProoOF. This follows from our second Wick formula, from Theorem 6.5, simply by
permuting the terms, as to have an alternating sequence of plain and conjugate variables.
Alternatively, we can start with Theorem 6.4, and then perform the same manipulations
as in the proof of Theorem 6.5, but with the exponent being this time as follows:

K=o0eo0e. .. ... ce
2%
Thus, we are led to the conclusion in the statement. Il

Now by getting back to the Gaussian matrices, we have the following result:
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THEOREM 6.7. Given a sequence of Gaussian random matrices
Zn € My(L>(X))

having independent Gy variables as entries, for some fized t > 0, we have
Z
M, ( %) ~ tH2INCy (k)

for any colored integer k = oeeo ..., in the N — oo limit.

PRrROOF. This is something standard, which can be done as follows:

(1) We fix N € N, and we let Z = Zy. Let us first compute the trace of Z*. With
k = ki ...ks, and with the convention (i5)° = ij, (ij)® = ji, we have:

Tr(Z%) = Tr(Z*% ... 7Z"%)

- Z T Z(Zkl)i1i2<zk2>2'2i3 s (st)isil

i1=1 is=1
_ E § ko ks
- zle)kl 2213)k2) te (Z(’isil)ks)
11=1 1s=1

(2) Next, we rescale our variable Z by a v/ N factor, as in the statement, and we also
replace the usual trace by its normalized version, ¢tr = T'r/N. Our formula becomes:

Z \" .
" ((\/N) ) N5/2+1 Z Z Z(llw)kl Z(lzls)kQ) "‘(Z(isil)ks) ’

i1=1 is=1

Thus, the moment that we are interested in is given by:

Z k?1 k ks
My (\/N) N3/2+1 Z Z/ (i192) ’“1 (12%3)’“2) T (Z(isil)ks)

i1=1 is=1

(3) Let us apply now the Wick formula, from Theorem 6.4. We conclude that the
moment that we are interested in is given by:

ts/? N N
= g o #{m e Pk Seer (i)™ (i) (i)™ |
i1=1 ig=1

1
= ¢ Z W# {@ e {1,...,N}*|m < ker ((iriz)"™, (izis)*, .. ., (2521)k)}

TEP2 (k)
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(4) Our claim now is that in the N — oo limit the combinatorics of the above sum
simplifies, with only the noncrossing partitions contributing to the sum, and with each of
them contributing precisely with a 1 factor, so that we will have, as desired:

A

= tS/Z Z 57r6NC’2(k)
wEP2(k)

= t2NC, (k)]

(5) In order to prove this, the first observation is that when k is not uniform, in the
sense that it contains a different number of o, ® symbols, we have Py(k) = (), and so:

M, (\/—ZN) — 2INCy ()| = 0

(6) Thus, we are left with the case where k is uniform. Let us examine first the case
where k consists of an alternating sequence of o and e symbols, as follows:

k=oceoce. . ... ce
2%
In this case it is convenient to relabel our multi-index i = (iy,...,14s), with s = 2p, in
the form (jy, 11, ja,lo, - - ., Jp, lp). With this done, our moment formula becomes:
Z » 1 _ » . . . .
M, \/_N =t Z NPH# {],l e{l,..., N}|m < ker (jil1, joli, jolo, - - 7]1lp>}

TEP2(k)

Now observe that, with k& being as above, we have an identification Pa(k) =~ S,
obtained in the obvious way. With this done too, our moment formula becomes:

Z | , ,
M, <\/_N> =y Np+1#{3,ze 1,...,N}

TES)

Jr= j7r(r)+17 l, = lw(r)avr}
(7) We are now ready to do our asymptotic study, and prove the claim in (4). Let
indeed v € S, be the full cycle, which is by definition the following permutation:
vy=(12...p)
In terms of ~, the conditions j, = jr(4+1 and I, = I found above read:

yr <kerj , w<kerl
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Counting the number of free parameters in our moment formula, we obtain:

Z tP
_ E ||yl
Mk (m) - Np+1 N Y

TESp

— P Z NI7l+ml=p—1

TES)

(8) The point now is that the last exponent is well-known to be < 0, with equality
precisely when the permutation 7 € S, is geodesic, which in practice means that m must
come from a noncrossing partition. Thus we obtain, in the N — oo limit, as desired:

A
This finishes the proof in the case of the exponents k& which are alternating, and the
case where k is an arbitrary uniform exponent is similar, by permuting everything.  [J

As a conclusion, we have obtained as asymptotic law for the Gaussian matrices a
certain mysterious distribution, having as moments some numbers which are similar to
the moments of the usual normal laws, but with the “underlying matching pairings being
now replaced by underlying matching noncrossing pairings”.

Obviously, some interesting things are going on here. We will see in a moment, after
doing some more combinatorics, this time in connection with the Wigner matrices, that
there are some good reasons for calling the above mysterious law “circular”.

Thus, for ending with our present study with a nice conclusion, we can say that the
Gaussian matrices become “asymptotically circular”, with this meaning by definition that
the N — oo moments are those computed above. This is of course something quite vague,
and we will be back to it in chapters 9-12 below, when doing free probability.

6b. Wigner matrices

Moving ahead now, let us investigate the second class of random matrices that we are
interested in, namely the Wigner matrices, which are by definition self-adjoint. Here our
results will be far more complete than those for the Gaussian matrices. As a starting
point, we have the following simple fact, making the connection with the above:

PROPOSITION 6.8. Given a Gaussian matriz Z, with independent entries following
the centered complex normal law Gy, with t > 0, if we write

1
V2

with X, Y being self-adjoint, then both X,Y are Wigner matrices, of parameter t.

Z=—(X+1iY)
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Proor. This is something elementary, which can be done in two steps, as follows:

(1) As a first observation, the result holds at N = 1. Indeed, here our Gaussian matrix
Z is just a random variable, subject to the condition Z ~ (G}. But recall that the law G,
is by definition as follows, with X, Y being independent, each following the law g;:

1
Gy =law | —=(X +1Y )
Thus in this case, N = 1, the variables X,Y that we obtain in the statement, as
rescaled real and imaginary parts of Z, are subject to the condition X,Y ~ ¢;, and so are
Wigner matrices of size N = 1 and parameter ¢ > 0, as in Definition 6.2.

(2) In the general case now, N € N, the proof is similar, by using the basic behavior
of the real and complex normal variables with respect to sums. Il

The above result is quite interesting for us, because it shows that, in order to in-
vestigate the Wigner matrices, we are basically not in need of some new computations,
starting from the Wick formula, and doing combinatorics afterwards, but just of some
manipulations on the results that we already have, regarding the Gaussian matrices.

To be more precise, by using this method, we obtain the following result, coming by
combining the observation in Proposition 6.8 with the formula in Theorem 6.7:

THEOREM 6.9. Given a sequence of Wigner random matrices
Zn € My(L>(X))
having independent G variables as entries, with t > 0, up to Zn = Z5,, we have

M, (\%) ~ 2N Cy (k)|

for any integer k € N, in the N — oo limit.

ProoF. This can be deduced from a direct computation based on the Wick formula,
similar to that from the proof of Theorem 6.7, but the best is to deduce this result
from Theorem 6.7 itself. Indeed, we know from there that for Gaussian matrices Yy €
My (L*>*(X)) we have the following formula, valid for any colored integer K =oceeo...,
in the N — oo limit, with N'Cs standing for noncrossing matching pairings:

My (\%) ~ (KA Co ()]
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By doing some combinatorics, we deduce from this that we have the following formula
for the moments of the matrices Re(Yy), with respect to usual exponents, k € N:

i (22) = o (e k)
- 2 3o ()

27K N " NG (K)
|K|=k

= 27k R2 ORI NC, (K|

= 27RZ RNy (K))

Now since the matrices Zy = v2Re(Yy) are of Wigner type, this gives the result. [

12

Summarizing, all this brings us into counting noncrossing pairings. So, let us start
with some preliminaries here. We first have the following well-known result:

THEOREM 6.10. The Catalan numbers, which are by definition given by
Cr = |[NCy(2k)|

satisfy the following recurrence formula,

their generating series f(z) =Y Cy2" satisfies the equation
2fP—f+1=0
and 1s given by the following explicit formula,
floy = LV E
2z
and we have the following explicit formula for these numbers:

1 (2k
Ck_kz+1<k>

PROOF. We must count the noncrossing pairings of {1,...,2k}. But such a pairing
appears by pairing 1 to an odd number, 2a 4 1, and then inserting a noncrossing pairing
of {2,...,2a}, and a noncrossing pairing of {2a + 2,...,2l}. We conclude that we have
the following recurrence formula for the Catalan numbers:

Cr= > CuC

a+b=k—1
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Consider now generating series of the Catalan numbers, f(z) = >, Ci2". In terms
of this generating series, the above recurrence gives:

Zf2 _ Z CaCbZaerJrl

a,b>0

= > ) GGt

k>1 a+b=k—1

k>1
= f-1
Thus f satisfies zf2 — f + 1 = 0, and by solving this equation, and choosing the
solution which is bounded at z = 0, we obtain the following formula:

1(2) 1—+1—4z
)= ——
2z
In order to compute this function, we use the generalized binomial formula:

(1417 = i (i)x’“

k=0
For the exponent p = 1/2, the generalized binomial coefficients are:

(1/2) O 12(=1/2)(=3/2)... (3/2 — k)

k k!
L 1-3-5...(2k—3
= (1f 2kk(! )
I (2k — 2)!

2k=1(k — 1)12Fk!
B (=)t 1 /2k—2
N AN
! " 12k -2
B 4 k\ k-1
Thus the generalized binomial formula at exponent p = 1/2 reads:
012k =2\ [ —t\"
Vi+t=1-2 - —
o ; i ( k-1 ) ( 1 )
With ¢ = —4z we obtain from this the following formula:

= 1/2k—2
\/1—42:1—22%(:_1)zk
k=1
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Now back to our series f, we obtain the following formula for it:

1—-+v1—-4z

2z
”1213—2 =
k
- Saa(d)
~fk+1

Now recall that f(z) = 3, Ckz", by definition. Thus the Catalan numbers are given
by the formula the statement, and this finishes the proof. O

flz) =

™

Getting back now to the Wigner matrices, we have the following result:
THEOREM 6.11. Given a sequence of Wigner random matrices
Zn € My(L>(X))

having independent G variables as entries, with t > 0, up to Zn = Zy,, we have

in the N — oo limit. As for the asymptotic odd moments, these all vanish.

Proor. This follows from Theorem 6.9 and Theorem 6.10. Indeed, according to the
results there, the asymptotic even moments are given by:

Z

As for the asymptotic odd moments, once again from Theorem 6.9, we know that
these all vanish. Thus, we are led to the conclusion in the statement. Il

Summarizing, we are done with the moment computations, and with the asymptotic
study, for both the Gaussian and the Wigner matrices. It remains now to interpret the
results that we have, with the computation of the corresponding laws. As explained before,
for the Gaussian matrices this is something quite complicated, with the technology that
we presently have, and this will have to wait a bit, until we do some free probability.

Regarding the Wigner matrices, however, the problems left here are very explicit, and
quite elementary, and we will solve them next, in the remainder of this chapter.
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6¢c. Semicircle laws

In order to recapture the asymptotic measure of the Wigner matrices out of the mo-
ments, which are the Catalan numbers, there are several methods available, namely:

(1) Stieltjes inversion.
(2) Knowledge of SUs.
(3) Cheating.

The first method, which is something straightforward, not requiring any kind of trick,
is based on the Stieltjes inversion formula, which is as follows:

THEOREM 6.12. The density of a real probability measure p can be recaptured from
the sequence of moments { My }r>o via the Stieltjes inversion formula

du(z) = 11\1‘% —% Im (G(x +it)) - dz

where the function on the right, given in terms of moments by
G(6) =&+ MiE 24+ M3 + ...
is the Cauchy transform of the measure p.

PrROOF. The Cauchy transform of our measure y is given by:

G(E) = &Y Mgt
k=0

5—1
r1—E&1y

= /R ﬁdﬂ(y)

Now with & = x + it, we obtain the following formula:

Im(G(x +it) = /R Im( m > auly)
- /]IQ%(I_;-Fit_x—;—@'t)d'u(y)

t
= —/Rmdu(y)

du(y)
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By integrating over [a, b] we obtain, with the change of variables = = y + tz:
b b ‘
/a [m(G(x—l—zt))dx = —// x_—wdl’dﬂ(y)
(b—y
= tdzd
//)Wtz 2 P4z dny)

(b—y)/t
= dzd
//‘WtH%QZM@
= —/R (arctan ; Y arctan 2 ; y) du(y)

Now observe that with ¢ \, 0 we have:

(5 —-5=0 (v <a)

b—y a—vy 3-0=3 (y=a)
li\r‘%(arctan ; — arctan ; ): T—(=%3)=7m (a<y<b)

0-(-5=3 (=0

(=5 —(=3)=0 (y>10)

We therefore obtain the following formula:
b
b
lim | Im(G(o +it))de = —= (u(a, b) + M)
Thus, we are led to the conclusion in the statement. U
Before getting further, let us mention that the above result does not fully solve the

moment problem, because we still have the question of understanding when a sequence
of numbers My, My, M3, ... can be the moments of a measure u. We have here:

THEOREM 6.13. A sequence of numbers My, My, My, M3, ... € R, with My =1, is the
series of moments of a real probability measure p precisely when:

My M, M,
‘Mol >0 %0 %1 >0 , |My My Mz >0
b My Ms M,

That is, the associated Hankel determinants must be all positive.

PROOF. As a first observation, the positivity conditions in the statement tell us that
the following associated linear forms must be positive:
n
Z CiéjMi+j Z 0

ij=1
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But this is something very classical, in one sense the result being elementary, coming
from the following computation, which shows that we have positivity indeed:

J

As for the other sense, here the result comes once again from the above formula, this
time via some standard functional analysis. U

n

E cx'

=1

n

2 n
du(x) = / Z cicirdu(r) = Z cici My
R :

i,j=1 i,5=1

Now back to our questions, as a basic application of the Stieltjes formula, we can solve
the moment problem for the Catalan numbers, as follows:

PROPOSITION 6.14. The real measure having as even moments the Catalan numbers,
Cy = k%l(%f), and having all odd moments 0 is the measure

1
Y1 = 2—\/4—$2d$
™

called Wigner semicircle law on [—2,2].

PRrROOF. In order to apply the Stieltjes inversion formula, we need a simple formula
for the Cauchy transform. For this purpose, our starting point will be the formula from
Theorem 6.10 for the generating series of the Catalan numbers, namely:

> 1—+1—4
>t = i
k=0

2z

By using this formula with 2 = 72, we obtain the following formula:
GE) = &'y o™
k=0
— 5—1 . 1— vV -+ 45_2

1
262

(- v
Ve —4

With this formula in hand, let us apply now the Stieltjes inversion formula, from
Theorem 6.12. The study here goes as follows:

D[ DO [
N| —

(1) According to the general philosophy of the Stieltjes formula, the first term, namely
€/2, which is “trivial”, will not contribute to the density.
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(2) As for the second term, which is something non-trivial, this will contribute to the
density, the rule here being that the square root /&2 — 4 will be replaced by the “dual”
square root v/4 — x2 dx, and that we have to multiply everything by —1 /7.

(3) As a conclusion, by Stieltjes inversion we obtain the following density:

1 1 1
du(x) = ——- —5\/4 —x?2dx = 2—\/4 — x2dx
s s
Thus, we have obtained the mesure in the statement, and we are done. U

More generally now, we have the following result:

PROPOSITION 6.15. Given t > 0, the real measure having as even moments the num-
bers Moy, = t*Cy, and having all odd moments 0 is the measure

1
v = — V4t — x?dx

2t
called Wigner semicircle law on [—2v/t,2V/1].

Proor. This follows by redoing the Stieltjes inversion computation. We have:
G = 'Y o™
k=0
_ et 1— /1 —4t£2

22
§ -
= S (1 vi-me)
1
=g Ve

Thus, by Stieltjes inversion we obtain the following density:
1
du(x) = 2—tv4t —22dx
T

But simplest is in fact, perhaps a bit by cheating, simply using the result at ¢t = 1,
from Proposition 6.14, along with a change of variables. |

Talking cheating, another way of recovering Proposition 6.14, this time without using
the Stieltjes inversion formula, but by knowing instead the answer to the question, namely
the semicircle law, in advance, which is of course cheating, is as follows:

PROPOSITION 6.16. The Catalan numbers are the even moments of
1
v = 2—\/4 — x2dx
s

called Wigner semicircle law. As for the odd moments of vy, these all vanish.
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PROOF. The even moments of the Wigner law can be computed with the change of
variable x = 2 cost, and we are led to the following formula:

1 [2
My, = —/ V4 — 2222 dx
T Jo
1 w/2
= —/ V4 — 4cos?t (2cost)*2sint dt
™ Jo

4k+1 w/2
= — cos® tsin® t dt
™ Jo
gt (2k)12N
T 2 (2k+3)
(2k)! /2k k!

O+, + 1)!

— 92.4k.
= C,

As for the odd moments, these all vanish, because the density of v; is an even function.
Thus, we are led to the conclusion in the statement. Il

More generally, we have the following result, involving a parameter ¢ > 0:

PROPOSITION 6.17. The numbers t*C), are the even moments of
1
v = — VA4t — 22dx
27t
called semicircle law on [—2v/t,2v/1]. As for the odd moments of y,, these all vanish.

PROOF. This follows indeed from Proposition 6.16, with « = v/ty. To be more precise,
the even moments of the measure in the statement are given by:

1 2
My = — Vit — 22 2% dx
27Tt 72\/2
1 1
— 2_7rt/ VAt — ty? (Viy)* Vi dy
-1
tk 1
= o / 42y dy
2 4
= thCy,

As for the odd moments, these all vanish, because the density of v, is an even function.
Thus, we are led to the conclusion in the statement. U

Now by putting everything together, we obtain the Wigner theorem, as follows:
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THEOREM 6.18. Given a sequence of Wigner random matrices
Zn € My(L™(X))

having independent G, variables as entries, with t > 0, up to Zny = Z};, we have

AN 1
— ~ — V4t — 22d
v/ N 21t s

in the N — oo limit, with the limiting measure being the Wigner semicircle law ;.

Proor. This follows indeed by combining Theorem 6.11 either with Proposition 6.15,
and doing here an honest job, or with Proposition 6.17. U

There are many other things that can be said about the Wigner matrices, which appear
as variations of the above, and we refer here to the standard random matrix books [1],
[67], [70], [90]. We will be back to this later on in this book, in chapter 10 below.

6d. Unitary groups

We discuss here an alternative interpretation of the limiting laws ~; that we found
above, by using Lie groups, the idea being that the standard semicircle law +;, and more
generally all the laws 7;, naturally appear in connection with the group SUs.

This is something quite natural, and good to know, and will be useful for us later on.
In relation with the above, the knowledge of this fact can be used as an alternative to
both Stieltjes inversion, and cheating, in order to establish the Wigner theorem.

Let us start with the following fundamental group theory result:

THEOREM 6.19. We have the following formula,

SUzz{(_aB g) ‘|04|2+|5|2=1}

which makes SUy isomorphic to the unit sphere S¢ C C%.

PRrROOF. Consider an arbitrary 2 x 2 matrix, written as follows:

- (5 3)

Assuming det U = 1, the inverse is then given by:

U—l — < Y _6>
-y«

On the other hand, assuming U € U,, the inverse must be the adjoint:

1 [ Y
v —(5 5)
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Thus our matrix must be of the following special form:

0= (%)

Since the determinant is 1, we must have |a]? + |3]* = 1, so we are done with one
direction. As for the converse, this is clear, the matrices in the statement being unitaries,
and of determinant 1, and so being elements of SU,. Finally, we have:

st={(a.8) € C?| o + |8 =1}
Thus, the final assertion in the statement holds as well. U
We have the following useful reformulation of Theorem 6.19:

THEOREM 6.20. We have the formula
_ ptig r+1is ‘ 2, 2, 2, 2
SUQ_{(—’/’—FiS p—ZQ) p+q +r°4+s —1}
which makes SUy isomorphic to the unit real sphere Sz C R3.

Proor. We recall from Theorem 6.19 that we have:

sta={ (%5 J) |ta+16¢ = 1]

Now let us write our parameters «, 5 € C, which belong to the complex unit sphere
S¢& C C?) in terms of their real and imaginary parts, as follows:

a=p+iq , P=r-+is

In terms of these new parameters p,q,7,s € R, our formula for a generic matrix
U € SU,, that we established before, reads:

( p+ig 1T+ is>
U= , .
—r4+1s p—1iq
As for the condition to be satisfied by the parameters p,q,7, s € R, this comes the
condition |a|* + |3]? = 1 to be satisfied by «, 8 € C, which reads:

P+t =1
Thus, we are led to the conclusion in the statement. Regarding now the last assertion,
recall that the unit sphere S3 C R* is given by:

Sg = {(p,q,m) ‘ PPttt s = 1}
Thus, we have an isomorphism of compact spaces SU, ~ S3, as claimed. O

Here is another reformulation of our main result so far, regarding SU,, obtained by
further building on the parametrization from Theorem 6.20:
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THEOREM 6.21. We have the following formula,
SUy = {pﬁl+qﬂz+rﬁs+864 ‘ PPttt = 1}

where By, Ba, B3, By are the following matrices,

&z(é (1)) , @2:(6 _OZ.) , 63:(_01 (1)) , 54:(? g)

called Pauli spin matrices.

ProoOF. We recall from Theorem 6.20 that the group SU, can be parametrized by the
real sphere S C R%, in the following way:

o P + Zq T+ 18 ‘ 2 2 2 2
SUQ—{(_T_H.S p_z.q) pr+g+rits _1}

But this gives the formula in the statement, with the Pauli matrices 51, B2, 83, 84 being
the coefficients of p, ¢, r, s, in this parametrization. O

The above result is often the most convenient one, when dealing with SU,. This is
because the Pauli matrices have a number of remarkable properties, as follows:

PROPOSITION 6.22. The Pauli matrices multiply according to the following formulae,
By =p5=pf=-1
Bafis = —P302 = P
B3Ps = —PaPs = B2
Bafr = —P2fs = B3
they conjugate according to the following rules,
Bi =D, By =—Pa, By =—P3 By =P
and they form an orthonormal basis of Ms(C), with respect to the scalar product
<z, y >=tr(zy")
with tr : My(C) — C being the normalized trace of 2 x 2 matrices, tr = Tr /2.
PRrOOF. The first two assertions, regarding the multiplication and conjugation rules
for the Pauli matrices, follow from some elementary computations. As for the last as-

sertion, this follows by using these rules. Indeed, the fact that the Pauli matrices are
pairwise orthogonal follows from computations of the following type, for ¢ # j:

< Bi, By >=tr(B:B]) = tr(£BiB;) = tr(£f) =0

As for the fact that the Pauli matrices have norm 1, this follows from:

< By, B >=tr(Bif7) = tr(£87) = tr(B1) = 1

Thus, we are led to the conclusion in the statement. U
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Now back to probability, we can recover our measures, as follows:

THEOREM 6.23. The main character of SUy follows the following law,
1
Y= 2—\/4 — x2dx
™
which is the Wigner law of parameter 1.

PROOF. This follows from Theorem 6.20, by identifying SU, with the sphere S5, the
variable x = 2Re(p) being semicircular. Indeed, let us write, as in Theorem 6.20:

_ ptig r+is ‘ 2, 2, .2, 2
SUQ_{(—]?—{—Z(] r—is) p +q +1r°+s —1}

In this picture, the main character is given by the following formula:

p+iqg r+is\
X (—r+is p—z’q) =2
We are therefore left with computing the law of the following variable:
p € C(SR)

For this purpose, we use the moment method. We recall from chapter 1 that the

polynomial integrals over the real spheres are given by the following formula:
N — DUk k!
/ :U,fl.‘.xﬁchdZU:< )t N

sy-1 (N + Xk, — 1)!!

In our case, where N = 4, we obtain the following moment formula:

/ o 311(2%)1!
p = 5L o
o (2k + 3)!!

R
3.5-7...(2k—1)
2.4-6...(2k+2)
(2k)!
CREIMT (K 4 1))

11 (2%
4 k+ 1\ k
o
4k
Thus the variable 2p € C'(Sg) follows the Wigner semicircle law v;, as claimed. O

= 2

Summarizing, we have managed to recover the Wigner law ~; out of purely geometric
considerations, involving S3 and the group SU,. Moreover, with a change of variable, our
results extend to v, with ¢ > 0. And this is quite interesting, philosophically.
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Finally, as the physicists say, there is no SU, without SOs, so let us discuss as well
the computation for SOs, that we will certainly need later. Let us start with:

PROPOSITION 6.24. The adjoint action SUy ~ My(C), given by Ty(A) = UAU*,
leaves invariant the following real vector subspace of My(C),

R = span(B, Bz, B3, Ba)

and we obtain in this way a group morphism SUs — GL4(R). Moreover, we obtain in
fact in this way a group morphism SUs — Oy.

PrOOF. Everything here is clear from the multiplication formulae for the Pauli ma-
trices, from Proposition 6.22. In fact, all this will come as well as a consequence of the
next result, where the morphism SUs; — Oy is computed explicitely. Il

The point now is that when computing the morphism constructed in Proposition 6.24,
we are led to something quite interesting, namely the group SOj;, as follows:

PROPOSITION 6.25. With respect to the standard basis (1, B2, B3, Ba of the vector space
R*Y = span(Bi, Bz, Bs, B4), the morphism T : SUy — GL4(R) is given by:

1 0 0 0
7o |0 PPt =t 2 —ps) 2(pr + gs)
UTl0 2ps+qr) pPPari—gt—s 2(rs—pg)
0 2(gs—pr) 20pg+7rs) PS¢ —r?

Thus, when looking at'T" as a group morphism SUs — Oy, what we have in fact is a group
morphism SUs — Os, and even SUs — SO3.

Proor. With notations from Proposition 6.24 and its proof, let us first look at the
action L : SUy ~ R* by left multiplication, Li(A) = UA. Let us write:

U=pbi+qB+ 1B+ 50
A =aB + b0+ cfs + dfs
By using the multiplication formulae in Proposition 6.22, we obtain:
UA = (pbi+qB2+r1Bs+ sbs)(afs + B + B3+ dfs)
= (pa—gb—rc—sd)B + (pb+ qa +rd — sc)Ps
+ (pc—qd+ra+ sb)Bs + (pd+ gc — b+ sa) By
We conclude that the matrix of the left action considered above is:
p —q -1 —s

149
Ly = r s p —q
S
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Similarly, let us look now at the action R : SUy ~ R* by right multiplication, Ry(A) =
AU*. In order to compute the matrix of this action, let us write:

U=pBi+qB+ 1B+ 50
A=afy + 0B+ cfs+dbs
By using the multiplication formulae in Proposition 6.22, we obtain:
AU* = (aBy +bBa + B3+ dBs)(pB1 — qB2 — 173 — sf4)
= (ap+bq+ cr+ds)p1+ (—aq+bp — cs + dr) 5y
+ (—ar+bs+cp—dq)Bs + (—as — br + cq + dp) B4

We conclude that the matrix of the right action considered above is:

-r s p —q
—S —T q P

Now by composing, the matrix of the adjoint matrix in the statement is:

Ty = Ruly

p q r s p —q —-r —s

B —-q p —-s r qg p —s r

o -r s p —q r s p —q
—s —r q p s —r q p
1 0 0 0

|0 PPt 2(qr — ps) 2(pr + qs)

o 2pst+qr) P -5 2(rs—pq)
0 2(gs—pr) 20pg +rs) PP+ —q¢ -1

Thus, we have the formula in the statement, and this gives the result. Il

We can now formulate a famous result, due to Euler-Rodrigues, as follows:

THEOREM 6.26. We have the Euler-Rodrigues formula

pPtq?—r?—s?  2(qr—ps) 2(pr + gs)
U= 2(ps + qr) p?+r? —q¢? — 52 2(rs — pq)
2(gs — pr) 20pg+rs)  pP+sP—q 1

with p* + ¢ + 1% + 5% = 1, for the generic elements of SOs.

Proor. This follows from the formula in Proposition 6.25, with the fact that the
morphism SU, — SOs3 constructed there is indeed surjective coming for instance from
the fact that any rotation U € SO3 has an axis, and with the fact that we have indeed a
double cover map being something elementary, obtained by computing the kernel. U
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Now back to probability, let us formulate the following definition:
DEFINITION 6.27. The standard Marchenko-Pastur law 7 s given by:
fron = fProm
That is, m is the law of the square of a variable following the semicircle law ;.

Here the fact that m; is indeed well-defined comes from the fact that a measure is
uniquely determined by its moments. More explicitely now, we have:

PROPOSITION 6.28. The density of the Marchenko-Pastur law is

1
™ = 2—\/4x—1 —1ldx
T

and the moments of this measure are the Catalan numbers.

PROOF. There are several proofs here, the simplest being by cheating. Indeed, the
moments of 7 can be computed with the change of variable 2 = 4 cos?t, as follows:

1 4
M, = — Viz—! — 12%dx

2w Jo

1 [™%sint
= o mt~(4cos2t)k‘2costsintdt
T Jo  COS
4k+1 w/2
= — cos tsin® t dt
™ Jo

AR o (2K) 211
T 2 (2k+3)!
(2k)! /28!

HL () + 1)1

— 9.4F.
= (C

Thus, we are led to the conclusion in the statement. Il
We can do now the character computation for SOs, as follows:

THEOREM 6.29. The main character of SOs, modified by adding 1 to it, given in
standard FEuler-Rodrigues coordinates by
X = 4p*
follows a squared semicircle law, or Marchenko-Pastur law .

Proor. This follows by using the quotient map SU; — SOs, and the result for SUs.
Indeed, by using the Euler-Rodrigues formula, in the context of Theorem 6.23 and its
proof, the main character of SO3, modified by adding 1 to it, is given by:

X=0Gp"—¢ —r’—s") +1=4p’
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Now recall from the proof of Theorem 6.23 that we have:
2p~m

On the other hand, a quick comparison between the moment formulae for the Wigner
and Marchenko-Pastur laws, which are very similar, shows that we have:

fron = fPom
Thus, with f = 2p, we obtain the result in the statement. Il
6e. Exercises

There has been a lot of theory in this chapter, and lots of computations as well, both
calculus and combinatorics. As a first instructive exercise on all this, we have:

EXERCISE 6.30. Find a direct proof of the Wigner theorem, without passing via the
Gaussian matrices.

This is actually how this theorem was first found, via direct computations.
EXERCISE 6.31. Look up the various properties of the Catalan numbers,
1 2k
Cp=-——
kE+1\ k
and write down an account of what you learned, ideally 2 pages or so.

Here by 2 pages we mean 2 pages of statements only, without proofs, the Catalan
numbers being as famous as that.

EXERCISE 6.32. Try to ariomatize the “circular law”, having as moments the numbers
My = [N Co(F)|
which should appear as asymptotic law for the Gaussian matrices.

Obviously, this looks like something quite complicated and abstract, and some good
imagination is needed. In case you don’t find, don’t worry, we will be back to this.

EXERCISE 6.33. Try to find what the t > 0 analogue of the Marchenko-Pastur law
1
m = 2—\/4x—1 —ldx
i
should be.

Again, this looks like something quite complicated and abstract, and some good imag-
ination, and love for exploration, science in general, and mathematics in particular, is
needed. And again, in case you don’t find, don’t worry, we will be back to this.



CHAPTER 7

Wishart matrices

7a. Positive matrices

We discuss in this chapter the complex Wishart matrices, which are the positive
analogues of the Gaussian and Wigner matrices. These matrices were introduced and
studied by Marchenko-Pastur in [66], not long after Wigner’s paper [97], and are of
interest in connection with many questions. They are constructed as follows:

DEFINITION 7.1. A complex Wishart matrix is a random matriz of type
W =YY" e My(L>*(X))
with' Y being a complex Gaussian matriz, with entries following the law Gy.

Due to the formula W = YY* the Wishart matrices are positive, in the abstract
positivity sense of chapter 5. Before getting into their study, let us first develop some
more theory for the positive matrices and operators. We first have the following result:

THEOREM 7.2. For an operator T' € B(H), the following are equivalent:

(1) <Txz,xz>>0, for any x € H.

(2) T is normal, and o(T) C [0, 00).

(3) T = S?%, for some S € B(H) satisfying S = S*.
(4) T = R*R, for some R € B(H).

If these conditions are satisfied, we call T' positive, and write T > 0.

PrROOF. We have already seen some implications in chapter 5, but the best is to forget
the few partial results that we know, and prove everything, as follows:

(1) = (2) Assuming < Tz, x >> 0, with S =T — T™ we have:

<Sr,x> = <Tr,x>—<T'z,z >
= <Tr,x>—-<uzTxr >
= <Tx,x>—-<Tx, x>
=0
153
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The next step is to use a polarization trick, as follows:
<Sryy> = <Sk+y),z+y>—<Sr,x>-—<Sy,y>—< Sy, x>
= —<Sy,x>
= <y,Sr >
= < Sz,y>
Thus we must have < Sz,y >€ R, and with y — iy we obtain < Sx,y >€ iR too,
and so < Sz,y >= 0. Thus S = 0, which gives T" = T*. Now since T is self-adjoint, it is
normal as claimed. Moreover, by self-adjointness, we have:
o(T)CR
In order to prove now that we have indeed o(7") C [0, 00), as claimed, we must invert
T + X, for any A > 0. For this purpose, observe that we have:

<(TH+Nz,z> = <Tz,x>+ < Ar,z>
> < Ax,x >
= Allz|l?
But this shows that T'+ A is injective. In order to prove now the surjectivity, and the
boundedness of the inverse, observe first that we have:
Im(T+ N+ = ker(T + \)*
= ker(T + \)
= {0}
Thus Im(T + A) is dense. On the other hand, observe that we have:
(T +MNz||*> = <Tx+ Mz, Tz + x>
= ||Tz||> + 2\ < Tz, z > +2?||z|?
> N|]]?
Thus for any vector in the image y € Im(T + ) we have:
Iyl = A|[(T +X) |

As a conclusion to what we have so far, 7'+ A is bijective and invertible as a bounded
operator from H onto its image, with the following norm bound:

T+ M) <A™
But this shows that Im(7T + \) is complete, hence closed, and since we already knew
that Im(7T + \) is dense, our operator T'+ A is surjective, and we are done.

(2) = (3) Since T is normal, and with spectrum contained in [0, 00), we can use
the continuous functional calculus formula for the normal operators from chapter 5, with
the function f(z) = /x, as to construct a square root S = VT.
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(3) = (4) This is trivial, because we can set R = S.
(4) = (1) This is clear, because we have the following computation:
< R*Rx,x >=< Rx, Rx >= ||Rx||?
Thus, we have the equivalences in the statement. O

In analogy with what happens in finite dimensions, where among the positive matrices
A > 0 we have the strictly positive ones, A > 0, given by the fact that the eigenvalues
are strictly positive, we have as well a “strict” version of the above result, as follows:

THEOREM 7.3. For an operator T € B(H), the following are equivalent:

(1) T is positive and invertible.

(2) T is normal, and o(T) C (0,00).

(3) T = S?, for some S € B(H) invertible, satisfying S = S*.
(4) T = R*R, for some R € B(H) invertible.

If these conditions are satisfied, we call T strictly positive, and write T > 0.

PROOF. Our claim is that the above conditions (1-4) are precisely the conditions (1-4)
in Theorem 7.2, with the assumption “T" is invertible” added. Indeed:

(1) This is clear by definition.

(2) In the context of Theorem 7.2 (2), namely when 7" is normal, and o(7") C [0, o),
the invertibility of 7', which means 0 ¢ o(T), gives o(T) C (0,00), as desired.

(3) In the context of Theorem 7.2 (3), namely when 7" = S? with S = S*, by using
the basic properties of the functional calculus for normal operators, the invertibility of T’
is equivalent to the invertibility of its square root S = /T, as desired.

(4) In the context of Theorem 7.2 (4), namely when 7' = RR*, the invertibility of T’
is equivalent to the invertibility of R. This can be either checked directly, or deduced via
the equivalence (3) <= (4) from Theorem 7.2, by using the above argument (3). O

As a subtlety now, we have the following complement to the above result:
PROPOSITION 7.4. For a strictly positive operator, T > 0, we have
<Tx,x>>0 , Vr#0
but the converse of this fact is not true, unless we are in finite dimensions.

ProOF. We have several things to be proved, the idea being as follows:
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(1) Regarding the main assertion, the inequality can be deduced as follows, by using
the fact that the operator S = /T is invertible, and in particular injective:
<Tz, x> = <8%z,z>
= < Sx,5r >
= < Sz, Sz >
S|
> 0

(2) In finite dimensions, assuming < Tz, x >> 0 for any = # 0, we know from Theorem
7.2 that we have T' > 0. Thus we have o(T) C [0,00), and assuming by contradiction
0 € o(T), we obtain that 7" has A = 0 as eigenvalue, and the corresponding eigenvector
x # 0 has the property < Tz,z >= 0, contradiction. Thus 7" > 0, as claimed.

(3) Finally, regarding the counterexample for the converse, in infinite dimensions,
consider the following operator on [?(N):

1

N =

T —

W=

Then T is well-defined and bounded, and we have < Tz, z >> 0, for any vector x # 0.
However, T is not invertible, and so the converse does not hold, as stated. U

With the above results in hand, let us discuss now some decomposition results for the
bounded operators T" € B(H), in analogy with what we know about the usual complex
numbers z € C. We know that any z € C can be written as follows, with a,b € R:

z=a-+1b

Also, we know that both the real and imaginary parts a,b € R, and more generally
any real number ¢ € R, can be written as follows, with r,s > 0:

c=1r—3:
Here is the operator theoretic generalization of these results:

PROPOSITION 7.5. Given an operator T € B(H), the following happen:
(1) We can write T as follows, with A, B € B(H) being self-adjoint:

T=A+iB
(2) When T'=T*, we can write T" as follows, with R, S € B(H) being positive:
T'=R-S

(3) Thus, we can write any T' as a linear combination of 4 positive elements.
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Proor. All this follows from basic spectral theory, as follows:

(1) We can use here the same formula as for complex numbers, namely:

T T+T w T-T*
= Z .

2 21
(2) This follows from the measurable functional calculus. Indeed, assuming 7" = T*

we have o(T") C R, so we can use the following decomposition formula on R:

1= X[0,00) + X (=00,0)
To be more precise, let us multiply by z, and rewrite this formula as follows:
2= X[0,00)% — X(—o00,0)(—2)

Now by applying these measurable functions to T, we obtain as formula as follows,
with both the operators Ty, T_ € B(H) being positive, as desired:

T=T, T
(3) This follows by combining the results in (1) and (2) above. O

Going ahead with our decomposition results, another basic thing that we know about
complex numbers is that any z € C appears as a real multiple of a unitary:

Z =Te

Finding the correct operator theoretic analogue of this is quite tricky, and this even
for the usual matrices A € My (C). As a basic result here, we have:

PROPOSITION 7.6. Given an operator T € B(H), the following happen:

(1) WhenT' =T and ||T|| <1, we can write T as an average of 2 unitaries:

T U+V
2
(2) In the general T =T* case, we can write T' as a rescaled sum of unitaries:
T=XNXU+YV)

(3) In general, we can write T' as a rescaled sum of 4 unitaries:
T=NU+V+W+X)
ProoOF. This follows from the results that we have, as follows:

(1) Assuming 7 = T* and ||T|| <1 we have 1 — T2 > 0, and the decomposition that
we are looking for is as follows, with both the components being unitaries:

_T+uﬂ—T2+T—mﬂ—T2
N 2 2

T
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To be more precise, the square root can be extracted as in Theorem 7.2 (3), and the
check of the unitarity of the components goes as follows:

(T+ivV1-T) (T —iV1-T2) =T +(1-T% =1
(2) This simply follows by applying (1) to the operator T'/||T|.

(3) Assuming first ||T|| < 1, we know from Proposition 7.5 (1) that we can write
T = A+iB, with A, B being self-adjoint, and satisfying ||A||, ||B|| < 1. Now by applying
(1) to both A and B, we obtain a decomposition of T" as follows:
U+V+W+X
2

In general, we can apply this to the operator T'/||T||, and we obtain the result. O

T =

All this gets us into the multiplicative theory of the complex numbers, that we will
attempt to generalize now. As a first construction, that we would like to generalize to the
bounded operator setting, we have the construction of the modulus, as follows:

|z| = VzZ
The point now is that we can indeed generalize this construction, as follows:

PROPOSITION 7.7. Given an operator T € B(H), we can construct a positive operator
|T| € B(H) as follows, by using the fact that T*T is positive:

IT| = VT*T

The square of this operator is then |T|? = T*T. In the case H = C, we obtain in this way
the usual absolute value of the complex numbers:

|z| = VzZ

More generally, in the case where H = CV is finite dimensional, we obtain in this way
the usual moduli of the complex matrices A € My (C).

PRrROOF. We have several things to be proved, the idea being as follows:

(1) The first assertion follows from Theorem 7.2. Indeed, according to (4) there the
operator T*T is indeed positive, and then according to (2) there we can extract the square
root of this latter positive operator, by applying to it the function /2.

(2) By functional calculus we have then |T|? = T*T, as desired.
(3) In the case H = C, we obtain indeed the absolute value of complex numbers.

(4) In the case where the space H is finite dimensional, H = CV, we obtain indeed
the usual moduli of the complex matrices A € My (C). O
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As a comment here, it is possible to talk as well about the operator v1'T*, which is
in general different from /T*T. The reasons for using v7T*T instead of +TT* are quite
standard, coming from the polar decomposition formula, to be discussed in a second, that
we would like to formulate as T' = U|T|, rather than T = |T|U. Note by the way that
when T is normal, TT™* = T*T, there is no issue here, because we have:

vVIT* =vT*T

Regarding now the polar decomposition formula, let us start with a weak version of
this statement, regarding the invertible operators, as follows:

THEOREM 7.8. We have the polar decomposition formula
T =UVT*T
with U being a unitary, for any T € B(H) invertible.
PROOF. According to our definition of |T| = v/T*T, we have:

<|T|z,|Tly > = <ua,|Ty >
<x,T"Ty >
= <Tz,Ty >
Thus we can define a unitary operator U € B(H) as follows:
U(|T|x) =Tx
But this formula shows that we have 7" = U|T|, as desired. O

Observe that we have uniqueness in the above result, in what regards the choice of
the unitary U € B(H), due to the fact that we can write this unitary as follows:

U=TNTT)!
More generally now, we have the following result:
THEOREM 7.9. We have the polar decomposition formula
T =UVTT
with U being a partial isometry, for any T € B(H).

PROOF. As before, in the proof of Theorem 7.8, we have the following equality, valid
for any two vectors x,y € H:

<|T|z,|T|y >=<Tz,Ty >
We conclude that the following linear application is well-defined, and isometric:

U:Im|T| - Im(T) , |Tlx— Tz
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By continuity we can extend this map U into an isometry, as follows:
U:Im|T|—Im(T) , |T|lx—Tx

Moreover, we can further extend U into a partial isometry U : H — H, by setting

—

Uz =0, for any € Im|T| , and with this convention, the result follows. O

Summarizing, as a first application of our spectral theory methods, we have now a full
generalization of the polar decomposition result for the usual matrices.

7b. Marchenko-Pastur

We discuss now the complex Wishart matrices, which are the positive analogues of
the Gaussian and Wigner matrices. These matrices were introduced and studied by
Marchenko-Pastur in [66], not long after Wigner’s paper [97], and are of interest in
connection with many questions. They are constructed as follows:

DEFINITION 7.10. A complex Wishart matriz is a random matrix of type
W =YY" e My(L*(X))
with Y being a complexr Gaussian matriz, with entries following the law Gy.

There are in fact several possible definitions for the complex Wishart matrices, with
some being more clever and useful that some other. To start with, we will use the above
definition, which comes naturally out of what we know about the Gaussian and Wigner
matrices. Once such matrices studied, we will talk about their versions, too.

Observe that, due to the formula W = YY™, the complex Wishart matrices are obvi-
ously positive, in the sense of the positivity notion discussed above:
W >0
Due to this key positivity property, and to the otherwise “randomness” of W, such

matrices are useful in many down-to-earth contexts. More on this later.

As usual with the random matrices, we will be interested in computing the asymptotic
laws of our Wishart matrices W, suitably rescaled, in the N — oo limit. Quite surpris-
ingly, the computation here leads to the Catalan numbers, but not exactly in the same
way as for the Wigner matrices, the precise result being as follows:

THEOREM 7.11. Given a sequence of complex Wishart matrices
Wy =YnNYxN € My(L™(X))

with Yy being N x N complexr Gaussian of parameter t > 0, we have
%%

for any exponent k € N, in the N — oo limit.



7B. MARCHENKO-PASTUR 161
PROOF. There are several possible proofs for this result, as follows:

(1) A first method is by using the result that we have from chapter 6, for the Gaussian
matrices Yy. Indeed, we know from there that we have the following formula, valid for
any colored integer K = oceeo...,in the N — oo limit:

My (3;%) ~ I N Cy (K

With K =oceoe... alternating word of length 2k, with k£ € N, this gives:

M (Yﬁﬁ) ~ N Co(K)|

Thus, in terms of the Wishart matrix Wy = Yy Yy we have, for any £ € N:

The point now is that, by doing some combinatorics, we have:
INCo(K)| = [NCa(2k)| = Cy
Thus, we are led to the formula in the statement.

(2) A second method, that we will explain now as well, is by proving the result directly,
starting from definitions. The matrix entries of our matrix W = Wy are given by:

N
Wiy =Y YaY;
r=1

Thus, the normalized traces of powers of W are given by the following formula:

N N

E o E Wi isWigig - Wi
i1=1  ip=1

N N N N

§ A E § § Z Tl 7/27"1 5/127'2}/’[/37‘2 .. ‘}/;k'rk}/;lrk
i1=1 ir=1r1=1 =1

By rescaling now W by a 1/N factor, as in the statement, we obtain:

k
" ((%> > Nk+1 Z Z Z Z Klrl}/;sz;mY;g?"z e YZMkY;ﬂk

i1=1 ip=17r1=1 re=1

tr(Wk) =

2|

==
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By using now the Wick rule, we obtain the following formula for the moments, with

K =oeoe... alternating word of length 2k, and with I = (171,271, ..., g7k, 017%):
W N N N N
W (F) = gm XL L #{rePlifr <kart)
i1=1 ir=17r1=1 re=1

tk
= R Z #{i,re{l,...,N}k‘wgkerl}
7EP(K)

In order to compute this quantity, we use the standard bijection Py(K) ~ S. By
identifying the pairings m € Py(K) with their counterparts m € Sy, we obtain:

W t

TES)

1y = 7/-7r(s)+17 Ts = TW(S),VS}

Now let v € Sy be the full cycle, which is by definition the following permutation:
vy=(12... k)

The general factor in the product computed above is then 1 precisely when following
two conditions are simultaneously satisfied:

yr <keri , w<kerr
Counting the number of free parameters in our moment formula, we obtain:

w k ||+ |ym|—k—1
My <F) =t* )y " NI

TESK

The point now is that the last exponent is well-known to be < 0, with equality precisely
when the permutation 7w € S}, is geodesic, which in practice means that 7 must come from
a noncrossing partition. Thus we obtain, in the N — oo limit:

w

Thus, we are led to the conclusion in the statement. Il

As a consequence of the above result, we have a new look on the Catalan numbers,
which is more adapted to our present Wishart matrix considerations, as follows:

PROPOSITION 7.12. The Catalan numbers Cy, = |NC5(2k)| appear as well as
Cr = [NC(F)|
where NC(k) is the set of all noncrossing partitions of {1,...,k}.
Proor. This follows indeed from the proof of Theorem 7.11. U
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The direct explanation for the above formula, relating noncrossing partitions and
pairings, comes form the following result, which is very useful, and good to know:

PROPOSITION 7.13. We have a bijection between noncrossing partitions and pairings
NC(k) ~ NCy(2k)

which 1s constructed as follows:

(1) The application NC(k) — NC5(2k) is the “fattening” one, obtained by doubling
all the legs, and doubling all the strings as well.

(2) Its inverse NCy(2k) — NC(k) is the “shrinking” application, obtained by col-
lapsing pairs of consecutive neighbors.

PROOF. The fact that the two operations in the statement are indeed inverse to each
other is clear, by computing the corresponding two compositions, with the remark that
the construction of the fattening operation requires the partitions to be noncrossing. [J

As a comment here, the above result is something quite remarkable, in view of the
total lack of relation between P(k) and P5(2k). Thus, taking for granted that “classical
probability is about partitions, and free probability is about noncrossing partitions”, a
general principle that emerges from our study so far, and that we will fully justify later
on, we have in Proposition 7.13 an endless source of things to be done, in the free case,
having no classical counterpart. We will keep this discovery in our pocket, and have it
pulled out of there, for some magic, on several occasions, in what follows.

Getting back now to Wishart matrices, at ¢t = 1 we are led to the question of finding
the law having the Catalan numbers as moments. We already know the answer to this
question from chapter 6, and more specifically from our considerations there at the end,
regarding SOs3, but here is as well an independent, pedestian solution to this question:

PROPOSITION 7.14. The real measure having the Catalan numbers as moments is

1
™ = 2—\/45571—16155
s

called Marchenko-Pastur law of parameter 1.

PROOF. As already mentioned, this is something that we already know, because we
came upon this when talking about SO3. Here are two alternative proofs:

(1) By using the Stieltjes inversion formula. In order to apply this formula, we need
a simple formula for the Cauchy transform. For this purpose, our starting point will be
the formula from chapter 6 for the generating series of the Catalan numbers, namely:

> 1—+1—4
> Gt =g
k=0

2z
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By using this formula with z = £, we obtain the following formula:
GE) = ¢y Gt
k=0

B A
261

v

1 1

_ / —1
With this formula in hand, let us apply now the Stieltjes inversion formula, from
chapter 6. The first term, namely 1/2, which is trivial, will not contribute to the density.
As for the second term, which is something non-trivial, this will contribute to the density,
the rule here being that the square root /1 — 4£~1 will be replaced by the “dual” square

root v/4x~! — 1 dx, and that we have to multiply everything by —1 /7. Thus, by Stieltjes
inversion we obtain the density in the statement, namely:

1 1
du(r) = ——- —5\/4x—1 —ldx

m
1

= 2—v4x—1—1dx
m

(2) Alternatively, if the above was too complicated, we can simply cheat, as we actually
did in chapter 6, when talking about SOj. Indeed, the moments of the law 7 in the
statement can be computed with the change of variable = 4 cos? t, as follows:

1 4
M, = — Var—1 —12%dx

2 Jo

1 [ sint
— 7 t-(40052t)k~2(zostsintdt
mJy cos
Ak+1 /2
= — cos® tsin® t dt
™ 0

AR o (2k)N21)
T 2 (2k+3)
(2k)1/28 !

HL (| + 1)

— 92.4k.
= C,

Thus, we are led to the conclusion in the statement. Il

Now back to the Wishart matrices, we are led to the following result:
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THEOREM 7.15. Given a sequence of complex Wishart matrices
Wxn =YnYy € My(L™(X))
with Yy being N x N complex Gaussian of parameter 1, we have

%% 1
N —V4x=l —1dx
N 27

with N — oo, with the limiting measure being the Marchenko-Pastur law 7.

Proor. This follows indeed from Theorem 7.11 and Proposition 7.14. U

We have as well a parametric version of the above result, as follows:
THEOREM 7.16. Given a sequence of complex Wishart matrices
Wxn =YnYy € My(L>(X))

with Yy being N x N complex Gaussian of parameter t > 0, we have

Wi 1
— ~ —V4x 1 -1
tN 27 v du

with N — oo, with the limiting measure being the Marchenko-Pastur law 7.

Proor. This follows again from Theorem 7.11 and Proposition 7.14. To be more
precise, recall the main formula from Theorem 7.11, for the matrices as above, namely:

|44

By dividing by #*, this formula can be written as follows:

Wi
M (t_N) ~ O

Now by using Proposition 7.14, we are led to the conclusion in the statement. U

Summarizing, we have deduced the Marchenko-Pastur theorem from the result for
Gaussian matrices, via some moment combinatorics. It is possible as well to be a bit more
direct here, by passing through the Wigner theorem, and then recovering the Marchenko-
Pastur law directly from the Wigner semicircle law, by performing a kind of square oper-
ation. But this is more or less the same thing as we did above.
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7c. Parametric version

We discuss now a generalization of the above results, motivated by a whole array
of concrete questions, and bringing into the picture a “true” parameter ¢ > 0, which is
different from the parameter ¢ > 0 used above, which is something quite trivial.

For this purpose, let us go back to the definition of the Wishart matrices. There were
as follows, with Y being a N x N matrix with i.i.d. entries, each following the law G;:
W=YY"

The point now is that, more generally, we can use in this W = YY™* construction
a N x M matrix Y with i.i.d. entries, each following the law G}, with M &€ N being
arbitrary. Thus, we have a new parameter, and by ditching the old parameter t > 0,
which was something not very interesting, we are led to the following definition, which is
the “true” definition of the Wishart matrices, from [66] and the subsequent literature:

DEFINITION 7.17. A complex Wishart matriz is a N x N matriz of the form
W=YY~"
where Y is a N x M matriz with i.1.d. entries, each following the law G.

As before with our previous Wishart matrices, that the new ones generalize, up to
setting t = 1, we have W > 0, by definition. Due to this property, and to the otherwise
“randomness” of W these matrices are useful in many contexts. More on this later.

In order to see what is going on, combinatorially, let us compute moments. The result
here is substantially more interesting than that for the previous Wishart matrices, with
the new revelant numeric parameter being now the number ¢t = M /N, as follows:

THEOREM 7.18. Given a sequence of complex Wishart matrices
Wy =YnNYy € My(L>(X))
with Yy being N x M complex Gaussian of parameter 1, we have
W) o a
n(5)= %,
for any exponent k € N, in the M = tN — oo limat.
ProOF. This is something which is very standard, as follows:

(1) Before starting, let us clarify the relation with our previous Wishart matrix results.
In the case M = N we have t = 1, and the formula in the statement reads:

M () = Ive)
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Thus, what we have here is the previous Wishart matrix formula, in full generality, at
the value t = 1 of our old parameter ¢ > 0.

(2) Observe also that by rescaling, we can obtain if we want from this the previous
Wishart matrix formula, in full generality, at any value ¢ > 0 of our old parameter. Thus,
things fine, we are indeed generalizing what we did before.

(3) In order to prove now the formula in the statement, we proceed as usual, by using
the Wick formula. The matrix entries of our Wishart matrix W = Wy are given by:

M
Wij = Z sz‘rifjr
r=1

Thus, the normalized traces of powers of W are given by the following formula:

N N
1
tT(W’f) — NZZVV“ZZWZQZ?’VVZ}“”

1N N M M ) i i
- N Z T Z Z e Z YiITIY;QTIS/;QT’Z}/;BETZ . 'Y;'krknlrk,

By rescaling now W by a 1/N factor, as in the statement, we obtain:

W k 1 N N M M - B -
tr <(N) > = W Z ce Z Z ce. Z Y;1T1}/;2T1}/:i27‘2}/;37'2 ce. Y;krkmlrk

i1=1 ip=17r1=1 rp=1

(4) By using now the Wick rule, we obtain the following formula for the moments,

with K = oeoe ... alternating word of lenght 2k, and I = (171,271, . . ., g7k, 117%):
W | X N M M
M, (ﬂ = Y Y Y #{re P <)
i1=1 tp=17r1=1 re=1
1 :
R =13 #{z e{l,... N} re {1,...,M}k)7r < kerf}
TeP2(K)

(5) In order to compute this quantity, we use the standard bijection Py(K) =~ Sj. By
identifying the pairings m € Py(K) with their counterparts m € Sy, we obtain:

w
Mk<ﬁ) = %Z#{z’e{1,...,N}’“,r€{1,...,M}’“

TESK

s = Z.7r(s)-l—17 Ts = TT((S)}

Now let v € Sy be the full cycle, which is by definition the following permutation:
vy=(12... k)
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The general factor in the product computed above is then 1 precisely when following
two conditions are simultaneously satisfied:

yr <keri , mw<kerr
Counting the number of free parameters in our expectation formula, we obtain:

W 1
_ 7| | __ w|—k—1 T
M, (N) = <P > - NP =y Nk

TESK TESK

(6) Now by using the same arguments as in the case M = N, from the proof of
Theorem 7.11, we conclude that in the M = tN — oo limit the permutations m € S
which matter are those coming from noncrossing partitions, and so that we have:

( > Y N = 3T g
TeNC (k) TeNC(k)

We are therefore led to the conclusion in the statement. O

In order to recapture now the density out of the moments, we can of course use the
Stieltjes inversion formula, but the computations here are a bit opaque. So, inspired from
what happens at ¢ = 1, let us cheat a bit, and formulate a nice definition, as follows:

DEFINITION 7.19. The Marchenko-Pastur law m; of parameter t > 0 is given by:
an~ vy = CL2 ~ Tt
That is, 7 the law of the square of a variable following the law ;.

This is certainly very nice, and we know from chapter 6 that at ¢ = 1 we obtain indeed
the Marchenko-Pastur law 7, as constructed above. In general, we have:

PROPOSITION 7.20. The Marchenko-Pastur law of parameter t > 0 is

VAt —(z —1—1)?

2mx

=max(1 —¢,0)d + dx

the support being [0, 4t%], and the moments of this measure are
- ¥
TeNC(k

exactly as for the asymptotic moments of the comple:z: Wishart matrices.

Proor. This follows as usual, by doing some computations, either combinatorics, or
calculus. To be more precise, we have three formulae for m; to be connected, namely the
one in Definition 7.19, and the two ones from the present statement, and the connections
between them can be established exactly as we did before, at t = 1. U



7D. SHIFTED SEMICIRCLES 169

Summarizing, we have now a definition for the Marchenko-Pastur law m;, which is
quite elegant, via Definition 7.19, but which still requires some computations, performed
in the proof of Proposition 7.20. We will see later on, in chapters 9-12, an even more
elegant definition for m;, out of its particular case m; which was well understood, simply
obtained by considering the corresponding 1-parameter free convolution semigroup. We
will also see that m; appears as the “free version” of the Poisson law p;, and that this can
be even taken as a definition for ;, if we really want to. More on this later.

Now back to the complex Wishart matrices that we are interested in, in this chapter,
we can now formulate a final result regarding them, as follows:

THEOREM 7.21. Given a sequence of complex Wishart matrices
Wy =YnYy € My(L™(X))
with Yy being N x M complex Gaussian of parameter 1, we have

i —(z—1-1)7
% ~ max (1 —¢,0)dp + v (@ ) dx

2rx
with M = tN — oo, with the limiting measure being the Marchenko-Pastur law .

Proor. This follows indeed from Theorem 7.18 and Proposition 7.20. U

As it was the case with the Gaussian and Wigner matrices, there are many other things
that can be said about the complex Wishart matrices, as variations of the above. We refer
here to the standard random matrix literature [1], [67], [70], [90]. We will be back to this
right below, in the remainder of this chapter, with some wizarding computations from [4],
and then more systematically in chapter 11 below, when doing free probability.

7d. Shifted semicircles

Our goal now, in the remainder of this chapter, will be that of explaining a surprising
result, due to Aubrun [4], stating that when suitably block-transposing the entries of
a complex Wishart matrix, we obtain as asymptotic distribution a shifted version of
Wigner’s semicircle law. Following [4], [19], let us start with the following definition:

DEFINITION 7.22. The partial transpose of a complex Wishart matrix W of parameters
(dn,dm) is the matrix

W= (idot)W
where id is the identity of My(C), and t is the transposition of M, (C).

In more familiar terms of bases and indices, the standard decomposition C" = C?@C"
induces an algebra decomposition Mg,(C) = My(C) ® M, (C), and with this convention
made, the partial transpose matrix W constructed above has entries as follows:

VVia,jb = Wib,ja
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Our goal in what follows will be that of computing the law of W, first when d,n,m
are fixed, and then in the d — oo regime. For this purpose, we will need a number of
standard facts regarding the noncrossing partitions. Let us start with:

PROPOSITION 7.23. For a permutation o € S,, we have the formula
o] +#0=p

where |o| is the number of cycles of o, and #o is the minimal k € N such that o is a
product of k transpositions. Also, the following formula defines a distance on Sy,

(0,7) = #(0 ')
and the set of permutations o € S, which saturate the triangular inequality
#o+#(0 ) =H#r=p-1
where v € S, is a full cycle, is in bijection with the set NC(p).

Proor. All this is standard, as explained in chapter 4. U

We also recall a well-known bijection between NC(p) and the set NCy(2p) of non-
crossing pairings of 2p elements. To a noncrossing partition 7 € NC(p) we associate an
element 7 € NC5y(2p) as follows. For each block {iy,is,...,it} of m, we add the pair-
ings {2i; — 1,2ix}, {2i1,2iy — 1}, {209,2i3 — 1}, ..., {2ir_1,2ix — 1} to 7. The inverse
operation is given by collapsing the elements 2i — 1,2i € {1,...,2p} to a single element
i€ {l,...,p}. We have the following formula, where V is the join operation on NC5(2p),
and p1o = (12)(34) ... (2p — 1,2p) is the fattened identity permutation:

[T =7V piz]

Similarly, we have the formula |7y| = |7 V p14|, where p14 is the pairing corresponding
to the fattening of the inverse full cycle y7!(i) = ¢ — 1, which pairs an element 2i with
2(i — 1) — 1 =2 — 3, or, equivalently, an element i € {1,...,2p} with i + (—1)""'3.

We will need the following well-known result:

PROPOSITION 7.24. The number ||r|| of blocks having even size is given by

1+ [l = [mv]
for every noncrossing partition m € NC(p).

ProOOF. We use a recurrence over the number of blocks of 7. If 7 has just one block,
its associated geodesic permutation is v and we have:

2y _ )1 (podd)
= {2 (p even)

For partitions m with more than one block, we can assume without loss of generality
that m = 1 U n’, where 1, is a contiguous block of size k. Recall that the number of
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blocks of the permutation 7y is given by the following formula, where p14 € P»(2p) is the
pair partition which pairs an element ¢ with ¢ + (—1)"13:

[Ty =17V pud
If £ is an even number, £ = 2r, consider the following partition, which contains
the block (1458 ...4r — 34r), along with the blocks coming from elements of the form
4i+2,4i+ 3 from {1,...,4r} and from 7"

—_——

0':127«|_]7T/\/,014

We can count the blocks of the join of two partitions by drawing them one beneath the
other and counting the number of connected components of the curve, without taking into
account, the possible crossings. We conclude that we have the following formula, where
P4 is p14 restricted to the set {2k + 1,2k +2...,2p}:

7V pral =1+ |7V phy
If k£ is odd, k = 2r + 1, there is no extra block appearing, so we have:
7V pual = |7V ol
Thus, we are led to the conclusion in the statement. O
We can now investigate the block-transposed Wishart matrices, and we have:

THEOREM 7.25. For any p > 1 we have the formula

i el
Jim (Eotr)( Z m
TeNC(p)
where |.| and ||.|| are the number of blocks, and the number of blocks of even size.

PrROOF. The matrix elements of the partial transpose matrix are given by:

Wia,jb = VVib,ja = E E sz kc ja,ke

k=1 c=1
This gives the following formula:

tr(Wp) = (dn)” Z Z H is@s,is 410541

01, 77/p—1 at,...,ap=

= (dn)” Z Z HWzsasH,stas

11,e0ip=1ai,...,ap=1 s=1

= (dn)” Z Z H Z Z stae+msbs is41as,Jsbs

i1,.00p=1a1,...,ap=1 s=1 j1,...,.jp=1 by,...,.bp=1
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After interchanging the product with the last two sums, the average of the general
term can be computed by the Wick rule, namely:

p p
¢ (H Gisasﬂ»jsbsGisH“S’jsbs) - Z H5isﬂw<s>+15as+lvaw<s>5J'sﬁ'w<s)5b87bw<s>
s=1 TESp s=1

Let v € S, be the full cycle y = (12 ... p)~'. The general factor in the above product
is 1 if and only if the following four conditions are simultaneously satisfied:

v it <keri , my<kera , w<kerj , w<kerb

Counting the number of free parameters in the above equation, we obtain:

1

(Eo tr)(Wp) = (dn)"Y(dm)™? Z B i A PPN i P el
mESp
— Z AT T A= =1, Iml=p 7] =1

TES)
The exponent of d in the last expression on the right is:
N(m) = |a|+ 7| -p-1
= p—1—(#r+#0 ')
= p—1—(#r+#(r 1)

As explained in the beginning of this section, this quantity is known to be < 0, with
equality iff 7 is geodesic, hence associated to a noncrossing partition. Thus:

(Eotr)(WP) =(1+0(d ™ ))m™nt Y mlnl™
)

TeNC(p

Together with || = ||«|| 4+ 1, this gives the result. O

We would like now to find an equation for the moment generating function of the
asymptotic law of mW . This moment generating function is defined by:

F(z) = dlggo(E otr) (ﬁ)
We have the following result, regarding this moment generating function:
THEOREM 7.26. The moment generating function of mW satisfies the equation
(F—1)(1—2°F?) = mzF(1 + nzF)

m the d — oo limit.
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PROOF. We use the formula in Theorem 7.25. If we denote by N(p,b,e) the number
of partitions in NC'(p) having b blocks and e even blocks, we have:

Fo— HZ Z Pl

p=1 reNC(p

Let us try to find a recurrence formula for the numbers N(p, b, e). If we look at the
block containing 1, this block must have r» > 0 other legs, and we get:

p,be Z Z Z Z Pbbl,@l N<pr+labr+17€r+l)

re2N p=3Yp;+r+1 b=Xb;+1 e=Xe;

+ Z Z Z Z N(p1,b1,e1) ... N(Dry1,bri1, €r41)

re2N+1 p=Sp;+r+1b=Xb;+1 e=Se;+1

Here p1, ..., p-y1 are the number of points between the legs of the block containing 1,
so that we have p = (p1+...+p,y41)+7r+1, and the whole sum is split over two cases, 7 even
or odd, because the parity of r affects the number of even blocks of our partition. Now
by multiplying everything by a 2Pm®n¢ factor, and by carefully distributing the various
powers of z,m,b on the right, we obtain the following formula:

r+1
Pmbne = r+1 Di gy Di o Ei
2Pm’n®N(p,b,e) = m 2z 2Pim”in N (p;, b, €;)
re2N p=Xp;+r+1b=Xb;+1 e=Xe; i=1
r+1

+ mn Z 2Tt Z Z Z Hzpimb"ne"N(pi,buei)

re2N+1 p=%p;+r+1b=3b;+1 e=Xe;+1 i=1

Let us sum now all these equalities, over all p > 1 and over all b,e > 0. According to
the definition of F, at left we obtain F' — 1. As for the two sums appearing on the right,
that is, at right of the two "' factors, when summing them over all p > 1 and over all
b,e > 0, we obtain in both cases F™™!. So, we have the following formula:

F-1 = mZ(zF)T’“—{—mn Z (zF)

re2N rE2N+1
2F N 22F?
= m—+mn—
1— 22F2 1 — 22F?2
1+ nzF
= mzF 1272

But this gives the formula in the statement, and we are done. U
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Our goal now will be that of further processing the formula in Theorem 7.26, as to
reach to a formula for the density of the corresponding law. This is something quite tricky,
and as a first result here, we can reformulate Theorem 7.26 as follows:

THEOREM 7.27. The Cauchy transform of mW satisfies the equation
(G — 1)(1 - G?) = mG(1 + nG)

in the d — oo limit. Moreover, this equation simply reads

m(n+1 n-—1
R=— —
2(1—2 1+z)

with the substitutions G — z and & — R+ z71.

Proor. We have two assertions to be proved, the first one being standard, and the
second one being something quite magic, the idea being as follows:

(1) Consider the equation of F', found in Theorem 7.26, namely:
(F—1)(1—2°F?) = mzF(1 + nzF)
With z = ¢t and F — £€G, so that zF — G, we obtain, as desired:
(G —1)(1 - G?) = mG(1 +nG)

(2) Thus, we have our equation for the Cauchy transform, and with this in hand, we
can try to go ahead, and use somehow the Stieltjes inversion formula, in order to reach
to a formula for the density. This is certainly possible, but our claim is that we can do
better, by performing first some clever manipulations on the Cauchy transform.

(3) To be more precise, let us look at the equation of the Cauchy transform that we
have. With the substitutions £ — K and G — z, this equation becomes:

(zK —1)(1 — 2%) = mz(1 4+ nz)
The point now is that with K — R + 27! this latter equation becomes:
2R(1 — 2*) = mz(1 + nz)
But the solution of this latter equation is trivial to compute, given by:

1+ nz m/{n+1 n-—1
R=m = — —
1—=2 1+ 2

1—22 2
Thus, we are led to the conclusion in the statement. Il

All the above might look a bit mysterious, but hey, we are into difficult mathematics
now, that will take us some time, to be understood. In any case, the manipulations made
in Theorem 7.27 are quite interesting, and suggest the following definition:
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DEFINITION 7.28. Given a real probability measure u, define its R-transform by:

du(t) 1
Gu(f) :/— = G, Ru(&)"”_ =¢
rE—1 §
That is, the R-transform is the inverse of the Cauchy transform, up to a £~' factor.
This definition is actually something very deep, due to Voiculescu [86], and we will
have the whole remainder of this book for exploring its subtleties. For the moment, let
us just take it as such, as something natural emerging from Theorem 7.27.

Getting back now to our questions, we would like to find the probability measure
having as R-transform the function in Theorem 7.27. But here, we can only expect to
find some kind of modification of the Marchenko-Pastur law, so as a first piece of work,
let us just compute the R-transform of the Marchenko-Pastur law. We have here:

PROPOSITION 7.29. The R-transform of the Marchenko-Pastur law m; is

RO = o5

for any t > 0.
ProoOF. This can be done in two steps, as follows:

(1) At t = 1, we know that the moments of 7; are the Catalan numbers, M, = C},
and we obtain that the Cauchy transform is given by the following formula:

GE) =5 - 5v/T- 26

2 2
Now with R(§) = ﬁ being the function in the statement, at ¢ = 1, we have:

o(m2) - o(sert)

1 1
= — — —/1 —4&+4&?
) §+48
1 1
= ———(1-2
= ¢
Thus, the function R(§) = 1i§ is indeed the R-transform of 71, in the above sense.

(2) In the general case, t > 0, the proof is similar, by using the moment formula for
7, that we know from the above. We will be back to this with full details when really
needed, and more specifically in chapters 9-12 below, when doing free probability. U
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All this is very nice, and we can now further build on Theorem 7.27, as follows:

THEOREM 7.30. The R-transform of mW is given by
R=R. — R,
in the d — oo limit, where s =m(n+1)/2 and t = m(n —1)/2.

PROOF. We know from Theorem 7.27 that the R-transform of mW is given by:
m(n+1 n-1
R=— -
2 (1 -z 1+ z)

By using now the formula in Proposition 7.29, this gives the result. U

We can now recover the original result of Aubrun [4], as follows:

THEOREM 7.31. For a block-transposed Wishart matriz W = (id ® t)W we have, in
the n = fm — oo limit, with § > 0 fized, the formula

1
q s
with ’yé being the shifted version of the semicircle law vy, with support centered at 1.

Proor. This follows from Theorem 7.30. Indeed, in the n = fm — oo limit, with
B > 0 fixed, we are led to the following formula for the Stieltjes transform:

V46— (1 — =)
But this is the density of the shifted semicircle law having support as follows:

S=[1-2VB,1425]

Thus, we are led to the conclusion in the statement. See [4], [19]. O

Here we have used some standard free probability results at the end, which can be
proved by direct computations, and we will be back to this in chapters 9-12 below.

7Te. Exercises

There has been a lot of combinatorics in this chapter, in relation with the Wishart
matrices and the Marchenko-Pastur laws, and as an exercise here, we have:

EXERCISE 7.32. Work out with full details the proof of the Aubrun result regarding the
block-transposed Wishart matrices, directly, out of the Wick formula.

To be more precise, we have seen a proof of this result, but based on rather heavy,
general methods from [19]. A lighter proof is the one in [4], dealing with the block-
transposed Wishart matrices, in the n = fm — oo regime. So, find your favorite proof,
fully read and understand it, and write down a brief account of that.



CHAPTER 8

Block modifications

8a. Block modifications

We discuss in this chapter some extensions and unifications of our results from chapter
7. As before with the usual or block-transposed Wishart matrices, there will be some non-
trivial combinatorics here, that we will fully understand only later, in chapters 9-12, when
doing free probability. Thus, the material below will be an introduction to this.

Let us begin with some general block modification considerations, following [4] and
the more recent papers [19], [20]. We have the following construction:

DEFINITION 8.1. Given a Wishart dn x dn matriz, appearing as
W =YY" € My, (L=(X))
with' Y being a complex Gaussian dn X dm matriz, and a linear map
v : M,(C) - M,(C)
we consider the following matriz, obtained by applying ¢ to the n X n blocks of W,
W = (id ® o)W € My, (L>(X))
and call it block-modified Wishart matriz.

Here we are using some standard tensor product identifications, the details being as
follows. Let Y be a complex Gaussian dn x dm matrix, as above:

Y € Mynsam(L®(X))
We can then form the corresponding complex Wishart matrix, as follows:
W =YY" € My, (L>(X))

The size of this matrix being a composite number, N = dn, we can regard this matrix
as being a n X n matrix, with random d x d matrices as entries. Equivalently, by using
standard tensor product notations, this amounts in regarding W as follows:

W e My(L*(X)) ® M,(C)
With this done, we can come up with our linear map, namely:
¢ : M,(C) — M,(C)
177
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We can apply ¢ to the tensors on the right, and we obtain a matrix as follows:

W = (id® )W € My(L>(X)) ® M,(C)

Finally, we can forget now about tensors, and as a conclusion to all this, we have
constructed a matrix as follows, that we can call block-modified Wishart matrix:

W e My, (L>®(X))

In practice now, what we mostly need for fully understanding Definition 8.1 are ex-
amples. Following Aubrun [4], and the series of papers by Collins and Nechita [34], [35],
[36], we have the following basic examples, for our general construction:

DEFINITION 8.2. We have the following examples of block-modified Wishart matrices
W = (id ® )W, coming from various linear maps ¢ : M, (C) — M, (C):
(1) Wishart matrices: W = W, obtained via ¢ = id.
(2) Aubrun matrices: W = (id ® t)W, with t being the transposition.
(3) Collins-Nechita one: W = (id @ @)W, with ¢ = tr(.)1.
(4) Collins-Nechita two: W = (id @ @)W, with ¢ erasing the off-diagonal part.

These examples, whose construction is something very elementary, appear in a wide
context of interesting situations, for the most in connection with various questions in
quantum physics [4], [34], [35], [36], [66]. They will actually serve as a main motivation
for what we will be doing, in what follows. More on this later.

Getting back now to the general case, that of Definition 8.1 as stated, the linear map
¢ M,(C) — M,(C) there is certainly useful for understanding the construction of the
block-modified Wishart matrix W = (id ® @)W, as illustrated by the above examples.
In practice, however, we would like to have as block-modification “data” something more
concrete, such as a usual matrix. To be more precise, we would like to use:

ProOPOSITION 8.3. We have a correspondence between linear maps
¢ : M,(C) — M,(C)
and square matrices A € M, (C) @ M,(C), given by the formula

Aab,cd =@ (eac)bd

where eq, € M, (C) are the standard generators of the matriz algebra M, (C), given by the
formula eqp = ey — €4, with {e1,...,e,} being the standard basis of C".

PRroOOF. This is standard linear algebra. Given a linear map ¢ : M, (C) — M, (C), we
can associated to it numbers Ay, ¢ € C by the formula in the statement, namely:

Aab,cd =@ (eac)bd
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4 numbers, we can construct a n? x n? matrix, as follows:

A= Z Aab,cdeac X epq € Mn(c) ® Mn(c)
abed

Now by using these n

Thus, we have constructed a correspondence ¢ — A, and since this correspondence is
injective, and the dimensions match, this correspondence is bijective, as claimed. Il

Now by getting back to the block-modified Wishart matrices, we have:
PROPOSITION 8.4. Given a Wishart dn x dn matric W =YY™, and a linear map
¢ : M,(C) — M,(C)
the entries of the corresponding block-modified matriz W = (1d @ )W are given by
Wiagb = Z Nca,aWic,ja
cd

where A € M,,(C) ® M, (C) is the square matriz associated to o, as above.

PRrROOF. Again, this is trivial linear algebra, coming from the following computation:
VNVia,jb = Z Wic,jdgp(ecd)ab = Z Aca,de/Vic,jd
cd cd

Thus, we are led to the conclusion in the statement. Il

At the level of the main examples, from Definition 8.2, the very basic linear maps
¢ : M,(C) — M,(C) used there can only correspond to some basic examples of matrices
A € M, (C) ® M,(C), via the correspondence in Proposition 8.3. This is indeed the case,
and in order to clarify this, and at a rather conceptual level, let us formulate, inspired by
the representation theory material from chapter 3, the following definition:

DEFINITION 8.5. Let P(k,l) be the set of partitions between an upper row of k points,
and a lower row of | points. Associated to any m € P(k,1) is the linear map

1 ... I
1---J1

between tensor powers of C, called “easy”, with the Kronecker type symbol on the right
being given by 0, = 1 when the indices fit, and 6, = 0 otherwise.

Observe the obvious connection with notion of easy group, from chapter 3, the point
being that a closed subgroup G C Uy is easy precisely when its Tannakian category

Cq = (Cg(k,1)) with Cg(k,1) € L((CN)* (CN)!) is spanned by easy maps.

For our purposes here, we will need a slight modification of Definition 8.5, as follows:
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DEFINITION 8.6. Associated to any partition m € P(2s,2s) is the linear map

... Qs € ... Cs
e . E E Or €b,..b,
Or(€ay.ascrocs) ( by dy ... ds) bi..bs,d1...ds

bi..bs di...

obtained from T, by contracting all the tensors, via the operation
€iy @ oo @ Cipy = Ciy g it iz

with {ey,...,ex} standing as usual for the standard basis of CV.

In relation with our Wishart matrix considerations, the point is that the above linear
map , can be viewed as a “block-modification” map, as follows:

Or - MN9<(C) — MNs((C)

As an illustration, let us discuss the case s = 1. There are 15 partitions 7 € P(2,2),
and among them, the most “basic” are the 4 partitions 7 € P.,e,(2,2). We have:

THEOREM 8.7. The partitions m € Puyen(2,2) are as follows,

o e o e o o o o
o B A e e
with the associated linear maps @, : M, (C) — M, (C) being as follows,
pr(A)=A oA =A" . py(A) =Tr(A)1 , pu(A) = A°
and the associated square matrices A, € M,(C) ® M, (C) being as follows,
A(llb,cd = 0abOcd Aib,cd = adlbe Aab cd = OacObd Aib,cd = Oabed
producing the main examples of block-modified Wishart matrices, from Definition 8.2.

PRroOF. This is something elementary, coming from the formula in Definition 8.6.
Indeed, in the case s = 1, that we are interested in here, this formula becomes:

(Cac) Z(s( )ebd

Now in the case of the 4 partitions in the statement, such maps are given by:

©®1 (eac) = €ac @2(6(10) = €ca 903(6110) = 5ac € @4(6(10) - 5aceaa
b
Thus, we obtain the formulae in the statement. Regarding now the associated square
matrices, appearing via Agpcq = @(€ac)pa, these are given by:
Aab cd — = dapOcd ) Aib@d = 0adOpe ) Aib,cd = OacObd ) Aib,cd = Oabed

Thus, we are led to the conclusions in the statement. U
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As a conclusion so far to what we did in this chapter, we have a nice definition for
the block-modified Wishart matrices, and then a fine-tuning of this definition, using easy
maps, which in the simplest case, that of the 4 partitions 7 € P.,e,(2,2), produces the
main 4 examples of block-modified Wishart matrices. The idea in what follows will be
that of doing the combinatorics, a bit as in chapter 7, as to extend the results there.

8b. Asymptotic moments

Moving ahead now, we would first like to study the distribution of the arbitrary block-

modified Wishart matrices W = (id ® ¢)W. We will use as before the moment method.
However, things will be more tricky in the present setting, and we will need:

DEFINITION 8.8. The generalized colored moments of a random matriz
W e My(L>(X))

with respect to a colored integer e = e ...e,, and a permutation o € S, are the numbers

1
(e _ el €p
M (W) = 577 B Z Wik Wi

21yeenylp

where |o| is the number of cycles of o.

This is something quite technical, in the spirit of the free probability and free cumu-
lant work in [72], that we will need in what follows. In order to understand how these
generalized moments work, consider the standard cycle in .S, namely:

7=1—=2—...=5p—1)

If we use this cycle v € S, as our permutation ¢ € S, in the above definition, the
corresponding generalized moment of a random matrix W is then the usual moment:

1 e
M W) = LE W, W

i1 yensip

= (Eotr)(We ... W)

In general, we can decompose the computation of MZ(W) over the cycles of o, and
we obtain in this way a certain product of moments of W. See [72].

As a second illustration now, in relation with the usual square matrices, and more
specifically with the square matrices A € M, (C) ® M, (C) as in Proposition 8.3, we have
the following formula, that we will use many times in what follows:
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PROPOSITION 8.9. Given a usual square matriz, of composed size,
A e M,(C)® M,(C)

we have the following generalized moment formula,

1
o T N er er
(Me ® Me >(A) o nlol+ir| Z Z Allﬂla%ou)h(n """ Alpjp,za(pﬂf(p)

U5ee5p J15050p
valid for any two permutations o, 7 € S,, and any colored integer e =e; .. .e,.
Proor. This is something obvious, applying the construction in Definition 8.8 with

N =n? X = {.}, W = A, and then making a tensor product of the corresponding
moments M7, M7, regarded as linear functionals on M, (C) ® M, (C). 0

Consider now the embedding NC(p) C S, obtained by “cycling inside each block”.
That is, each block b = {by,..., by} with by < ... < b; of a given noncrossing partition
o € NC(p) produces by definition the cycle (b ...by) of the corresponding permutation
o € S,. Observe that the one-block partition v € NC(p) corresponds in this way to
the standard cycle v € S,. Also, the number of blocks |o| of a partition 0 € NC(p)
corresponds to the number of cycles |o| of the corresponding permutation o € S,,.

With these conventions, we have the following result, from [19], [20], generalizing our
various Wishart matrix moment computations, that we did so far in this book:

THEOREM 8.10. The asymptotic moments of a block-modified Wishart matrix

W = (id® o)W

with parameters d,m,n € N as before, are given by the formula

. W o o Y
lim M, <?> = > (mn)ll(MZ @ M)(A)

d—o0
ceNC(p)

where A € M, (C) ® M, (C) is the square matriz associated to ¢ : M,(C) — M, (C).

PROOF. We use the formula for the matrix entries of W, directly in terms of the
matrix A associated to the map ¢, from Proposition 8.4, namely:

Wia,jb: E Aca,deic,jd
cd

By conjugating this formula, we obtain the following formula for the entries of the
adjoint matrix W*, that we will need as well, in what follows:

7% n T *
ia,b = Z ANavcaWidic = Z AveasWic,ja
cd cd
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Thus, we have the following global formula, valid for any exponent e € {1, x}:

ia jb Z Aca delCJd
cd
In order to compute the moments of W, observe first that we have:

t’f’(Wel e Wep) — dn Z H zsas,zs+1a5+1

irQar S

= dn z : | | csas,dsa5+1 1scsﬂs+lds

irQrCrdy S

1 _
= % : : | | csas, sAs+1 zscs JsbsYZs+1d37]sbs

1rQrCr T]rbr S

The average of the general term can be computed by the Wick rule, which gives:

E (H }/isCs:jsbS}/;S+lds’ijS> - # {U < Sp

Let us look now at the above sum. The ¢, 7, b indices range over sets having respectively
d,d, m elements, and they have to be constant under the action of oy~1, o, c. Thus when
summing over these 7, 7, b indices we simply obtain a factor as follows:

£ =do gyl

ia(s) - is—l—lu Co(s) — ds>ja(s) = j57 ba(s) = bs}

Thus, we obtain the following moment formula:
17e 1re oyt o
(EOtT)(Wl...Wp = Zd|7 |dm‘ |ZH csas,a(s)ahLl
UESP arcr S

On the other hand, we know from Proposition 8.9 that the generalized moments of
the matrix A € M, (C) ® M, ((C) are given by the following formula:

g T ep
(Mg @ MT)(A) n|o|+|r\ Z Z llﬂl’ou)]m) """ Aipjp’icr(pﬂ'f(p)

i1...%p J1---Jp
By combining the above two formulae, we obtain the following moment formula:
(Eotr)(We ... Wer) = drH 12 (mn) 7l (M7 @ M])(A)
oESy

We use now the standard fact, that we know well, that for o € S, we have an inequality
as follows, with equality precisely when o € NC(p):

o] + oy <p+1
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Thus with d — oo the sum restricts over the partitions o € NC(p), and we get:

lim M. (W) =d” > (mn)/(MZ @ M])(A)

d—o0
ceNC(p)

Thus, we are led to the conclusion in the statement. ]

With the above result in hand, we are left with the question of recovering the asymp-
totic law of W = (id ® p)W, out of the asymptotic moments found there. The question
here only involves the matrix A € M,,(C) ® M, (C), and to be more precise, given such
a matrix, we would like to find the real or complex probability measure, or abstract
distribution, having as colored moments the following numbers:

M= 3 (mn) (M @ M)(A)

0c€eENC),

Although this is basically a linear algebra problem, the underlying linear algebra is
of quite difficult type, and this question cannot really be solved, in general. We will see
however that this question can be solved for our basic examples, coming from Theorem
8.7, and more generally, for a certain joint generalization of all these examples.

8c. Basic computations

Once again by following [19], [20], let us introduce, as a solution to the questions
mentioned above, the following technical notion:

DEFINITION 8.11. We call a square matriz A € M, (C) ® M, (C) multiplicative when
(M7 @ M7)(A) = (M7 @ MZ)(A)
holds for any p € N, any exponents ey, ... e, € {1,%}, and any o € NC(p).

This notion is something quite technical, but we will see many examples in what fol-
lows. For instance, the square matrices A coming from the basic linear maps ¢ appearing
in Definition 8.2 are all multiplicative. More on this later.

Regarding now the output measure, that we want to compute, this can only appear
as some kind of modification of the Marchenko-Pastur law ;. In order to discuss such
modifications, recall from chapter 7 the following key formula:

t

Ry (&) = T—¢

To be more precise, this is something that we used in chapter 7, when dealing with
the block-transposed Wishart matrices. But this suggests formulating:
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DEFINITION 8.12. A measure j having as R-transform a function of type

R(€) =31 _5

with ¢; > 0 and z; € R, will be called modified Marchenko-Pastur law.

All this might seem a bit mysterious, but we are into difficult mathematics here, so
we will use the above notion as stated, and we will understand later what is behind our
computations. By anticipating a bit, however, the situation is as follows:

(1) As a first comment on the above notion, there is an obvious similarity here with
the theory of the compound Poisson laws from chapter 2.

(2) The truth is that m is the free Poisson law of parameter ¢, and the modified
Marchenko-Pastur laws introduced above are the general compound free Poisson laws.

(3) Also, the mysterious R-transform used above is the Voiculescu R-transform [86],
which is the analogue of the log of the Fourier transform in free probability.

More on all this later, in chapters 9-12 below, when systematically doing free proba-
bility. Based on this analogy, however, we can label our modified Marchenko-Pastur laws,
in the same way as we labelled in chapter 2 the compound Poisson laws, as follows:

DEFINITION 8.13. We denote by 7, the modified Marchenko-Pastur law satisfying

with ¢; > 0 and z; € R, with p being the following measure,

p= i Ci(szi
i=1

which is a discrete positive measure in the complex plane, not necessarily of mass 1.

Getting back now to the block-modified Wishart matrices, and to the formula in
Theorem 8.10, the above abstract notions, from Definition 8.11 and from Definition 8.12,
are exactly what we need for further improving all this. Again by following [19], [20], we
have the following result, substantially building on Theorem 8.10:

THEOREM 8.14. Consider a block-modified Wishart matriz

W = (id® )W
and assume that the matriz A € M, (C) @ M, (C) associated to ¢ is multiplicative. Then
W
F ~ Tmnp

holds, in moments, in the d — oo limit, where p = law(A).
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Proor. This is something quite tricky, using all the above:

(1) Our starting point is the asymptotic moment formula found in Theorem 8.10, for
an arbitrary block-modified Wishart matrix, namely:

. W ol 2 ro o 117
lim M, <g> = Z (mn)1°\ (M @ MY)(A)

d—o0
ceNC)

(2) Since our modification matrix A € M,,(C) ® M,,(C) was assumed to be multiplica-
tive, in the sense of Definition 8.11, this formula reads:

. W ol 1o o A\ fo
lim M, (?> = 3 (mn)7(MZ @ MZ)(A)

d—o0
0ceENC)

(3) On the other hand, a bit of calculus and combinatorics show that, in the con-
text of Definition 8.12, given a square matrix A € M, (C) ® M, (C), having distribution
p = law(A), the moments of the modified Marchenko-Pastur law 7,,,, are given by the
following formula, for any choice of the extra parameter m € N:

Mo(Tp) = 37 ()7l (M2 ® MEY(A)
ceNC)

(4) The point now is that with this latter formula in hand, our previous asymptotic
moment formula for the block-modified Wishart matrix W simply reads:

lim Me (%) = Me(ﬂ-mnp)

d—00

Thus we have indeed W/ d ~ Tnp, in the d — oo limit, as stated. U

All the above was of course a bit technical, but we will come back later to this, with
some further details, once we will have a better understanding of the R-transform, of the
free Poisson limit theorem, and of the other things which are hidden in all the above.
In any case, welcome to free probability. Or perhaps to theoretical physics. The above
theorem was our first free probability one, in this book, and many other to follow.

Let us we work out now some explicit consequences of Theorem 8.14, by using the
modified easy linear maps from Definition 8.6. We recall from there that any modified
easy linear map ¢, can be viewed as a “block-modification” map, as follows:

Or - MN&(C) — MNa(C)

In order to verify that the corresponding matrices A, are multiplicative, we will need
to check that all the functions ¢(o, 7) = (MS ® ME)(A,) have the following property:

p(0,7) = plo,0)
For this purpose, we can use the following result, coming from [20]:
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PROPOSITION 8.15. The following functions ¢ : NC(p) x NC(p) — R are multiplica-
tive, in the sense that they satisfy the condition p(o,v) = p(0,0):

(1) ¢(o,7) = o7 = |7|.
(2) ¢(o,7) = |o7| = |7].
(3) ¢lo,7) =lo ATl =|7].

_1’_

Proor. All this is elementary, and can be proved as follows:

(1) This follows indeed from the following computation:
pi(0,7) = oy | =1 =p— o] = ¢i(o,0)

(2) This follows indeed from the following computation:

2 _

902(0-7 ’7) - |O-’7| - 1= |0 |U| = @2(07 0)

(3) This follows indeed from the following computation:

ps(0,7) =7l =l =0 =lo] — o] = ¢3(0,0)
Thus, we are led to the conclusions in the statement. Il
We can get back now to the easy modification maps, and we have:

PROPOSITION 8.16. The partitions m € P.yen(2,2) are as follows,

. o e . o e o o O . o O
=15 o 2T e 6 » BT le e T s o
with the associated linear maps o : M,(C) — My(C) being as follows:
¥1 (A) =A ) 302(14) = At ’ <)03("4> = TT<A)1 ’ @4(‘4) = A6

The corresponding matrices A, are all multiplicative, in the sense of Definition 8.11.

PRrROOF. The first part of the statement is something that we already know, from
Theorem 8.7. In order to prove the last assertion, recall from Theorem 8.7 that the
associated square matrices, appearing via Agpca = ¢(€ac)bd, are given by:

1 2 3 4
Aab,cd = 5ab(scd s Aab,cd = 5ad5bc y Aab,cd - 6ac5bd 5 Aab,cd = 5abcd

Since these matrices are all self-adjoint, we can assume that all the exponents are 1
in Definition 8.11, and the multiplicativity condition there becomes:

(Mo ® Mw)<A) = (Mo ® Ma)(A)
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In order to check this condition, observe that for the above 4 matrices, we have:

o T — E( = plomH=lel=IT
(M7 @ MT) (A1) = n|a\+|7| 5a<1>%<1> o<p>%<p)*"

i1...0p

o T = — ploTl=lol=I7l
(M7 @ M7)(Aa) = nlo\+|r| Z Oitigriay - - Oipigrpy =

i1...0p

g T 1
(M7 ® MT)(As) = nlol+rl Z Z 52‘1@',,(1)53'1;;(1) : "5%%@)61'?%@) =1

1. ipjl jp
o T — o ploAT=lo]=I7]
(M7 M7)(A) = n|a\+|r| Z‘Smaaﬂr(l) 5%%@)27@) =n
i1...0p

By using now the results in Proposition 8.15, this gives the result. U

Summarizing, the partitions m € P.yen(2,2) provide us with some concrete input for
Theorem 8.14. The point now is that, when using this input, we obtain the main known
computations for the block-modified Wishart matrices, from [4], [34], [35], [66]:

THEOREM 8.17. The asymptotic distribution results for the block-modified Wishart
matrices coming from the partitions my, 7o, T3, Ty € Peyen(2,2) are as follows:

(1) Marchenko-Pastur: SW ~ m,, where t = m/n

(2) Aubrun type: %(id @ )W ~ m,, with v = m{n— 1)5 1+ = ”+1)5
(3) Collins-Nechita one: n(id @ tr()1)W ~ m, where t =mn.

(4) Collins-Nechita two: 5(id @ () )W ~ .

ProoOF. All these results follow from Theorem 8.14, with the maps ¢, vs, 3, @4 in

Proposition 8.16 producing the 4 matrices in the statement, modulo some rescalings, and
with the computation of the corresponding distributions being as follows:

(1) Here A = ), €qc @ €qe, and so A = nP, where P is the rank one projection on
Y uta ® e, € C"®C". Thus we have the following formula, which gives the result:

—1 1
n’ b + — 0

p=
(2) Here A = ), €4 ® e is the flip operator, Ale. ® e,) = €4 ® e.. Thus p =
”2—;15,1 + ”Q—J;lél, and so we have the following formula, which gives the result:

m(n —1) m(n + 1)
B S It N A
2 T
(3) Here A = )", €aqa ® €y is the identity matrix, A = 1. Thus in this case we have

the following formula, which gives 7, = Ty, and so nW ~ Tmn, a8 claimed:

p =01

01

mnp =
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(4) Here A = )" €4a ® €44 is the orthogonal projection on span(e, ® e,) C C" @ C™.
Thus we have the following formula, which gives the result:

n—1

1
p= do + —01
n

Summarizing, we have proved all the assertions in the statement. O

8d. Further results

We develop now some general theory, for the partitions m € P, (2s,2s), with s € N,
Let us begin with a reformulation of Definition 8.6, in terms of square matrices:

PROPOSITION 8.18. Given m € P(2s,2s), the square matriz A, € M,(C) @ M,(C)
associated to the linear map ¢, : M,(C) — M, (C), with n = N*, is given by:

a ... g C1 ... Cg
A =9
( 7r)a1...as,b1...bs,c1...cs,d1...ds T bl o bs dl o ds

In addition, we have N = Ao, where m — w° is the blockwise middle symmetry.

PRrROOF. The formula for A, follows from the formula of ¢, from Definition 8.6, by

using our standard convention Ay cq = ¢(€qc)sd- Regarding now the second assertion,
observe that with 7 — 7° being as above, for any multi-indices a, b, ¢, d we have:

5 (cl co. Csoap ... as) s <a1 .o ag ... cs>
"\dy ... ds by ... b T \by ... by dy ... dg
Since A, is real, we conclude we have the following formula:
(AD)abea = (Ar)edab = (Aro)abed
This being true for any a, b, c,d, we obtain AZ = Ao, as claimed. U
In order to compute now the generalized *-moments of A, we first have:
PROPOSITION 8.19. With m € P(2s,2s) and A, being as above, we have

o 1 i iy i
Mp@M)(Ae) = —omm 0 D G (o i
1

i Jrqy - I3

1 ¥ ’ 1 .S
5 . Z DY Zp /Lo_(p) LIS /lo_(p)
TP -1 s 41 ]
Jp o I Jrw) o Jrp)

with the exponents ey, ..., e, € {1,%} at left corresponding to ey, ..., e, € {1,0} at right.
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PROOF. In multi-index notation, the general formula for the generalized *-moments
for a tensor product square matrix A € M, (C) ® M,,(C), with n = N*, is

(Ma ®M—r)(A) = n‘g‘+|.,.| Z A 1

21 15]1 ]p

G e
LT 1) o) dr (1) I7 (1)

AP L L .
iy 535 Tl (5) o 0) I (5) 7 1)

By using now the formulae in Proposition 8.3 for the matrix entries of A, and of its

adjoint matrix AZ = Ao, this gives the formula in the statement. U

As a conclusion, the quantities (MS® M¢)(A,) that we are interested in can be theo-
retically computed in terms of 7, but the combinatorics is quite non-trivial. As explained

n [20], some simplifications appear in the symmetric case, 7 = 7°. Indeed, for such
partitions we can use the following decomposition result:

PROPOSITION 8.20. Each symmetric partition m € P.yen(2s,25s) has a finest symmetric
decomposition T = [y, ..., Tg|, with the components m; being of two types, as follows:

(1) Symmetric blocks of m. Such a block must have r + r matching upper legs and
v + v matching lower legs, with r + v > 0.

(2) Unions U ° of asymmetric blocks of m. Here B must have r + u unmatching
upper legs and v + w unmatching lower legs, with r +u + v + w > 0.

PRroOOF. Consider indeed the block decomposition of our partition, 7 = [fy, ..., Br].
Then [5,...,07] = [B], ..., B3], so each block € 7 is either symmetric, § = §°, or is
asymmetric, and disjoint from °, which must be a block of 7 too. The result follows. [

The idea will be that of decomposing over the components of 7. First, we have:
PROPOSITION 8.21. For the pairing 1 € Peyen(2s,28) having horizontal strings,
_la b ¢ ... a b c ...
n_{a B v ... a B v ]
we have (M, ® M;)(A,) =1, for any p € N, and any o,7 € NC(p).

PROOF. As a first observation, the result holds at s = 1, due to the computations in
the proof of Proposition 8.16. In general by using Proposition 8.19, we obtain:

(Mo @ Mr)(Ay) = nlo\+|r| )IDIEE tidy  Otisey Okl - Otisay

’Ll a3 ]1 ]p

5 ili . 57251'3 <01 . Ojsis

p o'( y Plo(p) JNT(p) IpI7(p)
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By transposing the two p x s matrices of Kronecker symbols, we obtain:

1
(Mo' ® MT)<A77) — W 12 Z 6i%iclr(1) e 6@%,7/}7(17) ’ 5]11]71_(1) e 5.7117.7.,1-(1;)

i1 5151 51
11ty J1--Jp

Z Z Oigis.yy - Oigis gy Otz -+ 033ty

s s s s
1785 J1--J5

We can now perform all the sums, and we obtain in this way:

1
— lo| A7ITlys —
(M, ® M;)(A,) = e (NN =1
Thus, the formula in the statement holds indeed. Il

We can now perform the decomposition over the components, as follows:

THEOREM 8.22. Assuming that m € Pyen(2s,25) is symmetric, 1 = 7°, we have

R
(M, ® M,)(Ar) = [ [(M; @ M) (Ax,)
t=1
whenever ™ = [y, ...,7g] is a decomposition into symmetric subpartitions, which each m;

being completed with horizontal strings, coming from the standard pairing 7.

ProOOF. We use the general formula in Proposition 8.19. In the symmetric case the
various e, exponents dissapear, and we can write the formula there as follows:

1 il . it P
o .. T o(z) o(z)
(Mo' & MT)(AW) - n|o-‘_|_|7_| # {27]‘ ker (]; g ]71_(1,) o jf.(x)> < W,Va:}

The point now is that in this formula, the number of double arrays [ij] that we are
counting naturally decomposes over the subpartitions ;. Thus, we have a formula of the
following type, with K being a certain normalization constant:

R
(Mo & MT)(Aw) = KH(MU ® MT)(AWt)
t=1
Regarding now the precise value of K, our claim is that this is given by:

1

8 ®

8w

ol R 1

K= plol (el @E-1) — 1

Indeed, the fraction on the left comes from the standard ﬁ normalizations of all
the (M, ® M,)(A) quantities involved. As for the term on the right, this comes from the
contribution of the horizontal strings, which altogether contribute as the strings of the
standard pairing 7 € P.ye,(2s,2s), counted R — 1 times. But, according to Proposition
8.21, the strings of 1 contribute with a nl?l*!7l factor, and this gives the result. U
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Summarizing, in the easy case we are led to the study of the partitions m € P,,en (25, 25)
which are symmetric, and we have so far a decomposition formula for them.

Let us keep building on the material developed above. Our purpose will be that of
converting Theorem 8.22 into an explicit formula, that we can use later on. For this, we
have to compute the contributions of the components. First, we have:

PROPOSITION 8.23. For a symmetric partition m € Peyen(2$,2s), consisting of one
symmetric block, completed with horizontal strings, we have

(M, @ M,)(\,) = NA=rlol=vl7|
where X € P(p) is a partition constructed as follows,
oNT ifrv>1
A=<(o ifr>1,v=0
T ifr=0,v>1
and where 1 /v is half of the number of upper/lower legs of the symmetric block.

PROOF. Let us denote by aq,...,a, and by,...,b, the upper and lower legs of the
symmetric block, appearing at left, and by Ay,..., As_, and By,..., B,_, the remaining
legs, appearing at left as well. With this convention, Proposition 8.19 gives:

(M, @ M,)(A;) = nla|+lf\ Z Z H‘s AT AT

Yo (a) 2’ T<z> Jf(z)
iy gty T

Oitnityy e ey
OBy By «.uu.. 0 By By y
]T JT(T) Jx ]T<(L')
If we denote by ky,...,k, the common values of the indices affected by the long

Kronecker symbols, coming from the symmetric block, we have then:

(My ® M)(Ar) = n|g|;+|7— >

ki..kp

-a 5 A N 5,A _pAg
Z H SRER Yo(z) Z?I)k Zf”lzcr(lac) iz TZG(SJU)T
11 25 Zz
> TI0m wm oo g Gmym o bm m
1 O e OO L L e Jz = Jr(a)
Jy-dp ®

Let us compute now the contributions of the various 4, j indices involved. If we regard
both i, j as being p x s arrays of indices, the situation is as follows:

— On the ay, ..., a, columns of 7, the equations are i = ( )= k, for any e, z. Thus
when r # 0 we must have ker k& < o, in order to have solutions, and if this condition is
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satisfied, the solution is unique. As for the case r = 0, here there is no special condition
to be satisfied by k, and we have once again a unique solution.

— On the Ay,..., A,_, columns of i, the conditions on the indices are the “trivial”
ones, examined in the proof of Proposition 8.21. According to the computation there, the
total contribution coming from these indices is (N°)s=" = N(s=lol,

— Regarding now j, the situation is similar, with a unique solution coming from the
by, ...,b, columns, provided that the condition ker & < 7 is satisfied at v # 0, and with a
total NG=9I7l contribution coming from the By, ..., B,_, columns.

As a conclusion, in order to have solutions i, 7, we are led to the condition ker k < A,
where A € {o A 7,0,7} is the partition constructed in the statement. Now by putting
everything together, we deduce that we have the following formula:

1
(M, ® M,)(A,) = Y~ Nl

nlol+7|
ker k<A

_ Nslol=sirl pIN (s ol (s—o)l ]
N =rlol-vir]

Thus, we have obtained the formula in the statement, and we are done. Il

In the two-block case now, we have a similar result, as follows:

PROPOSITION 8.24. For a symmetric partition m € Pryen(2s,25), consisting of a sym-
metric union B U B° of two asymmetric blocks, completed with horizontal strings, we have

(M, ® M,)(A,) = NA=r+wlol—(v+wlr]

where v + u and v + w represent the number of upper and lower legs of 3, and where
X € P(p) is a partition constructed according to the following table,

ru\vw 11 10 01 00
11 a2 Not Aot b o2 ANort 0P AoT o2
10 or Aot ! or ! oT 1]
01 To ANT? TO o 0
00 72 0 —

with the 1/0 indexing symbols standing for the positivity/nullness of the corresponding
variables r,u,v,w, and where () denotes a formal partition, having 0 blocks.

PROOF. Let us denote by aq,...,a, and ¢y, ..., c, the upper legs of 3, by by, ..., b, and
dy,...,d, the lower legs of 5, and by Ay,...,As_,_, and By, ..., Bs_,_, the remaining
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legs of 7, not belonging to 5 L 60. The formula in Proposition 8.19 gives:

(Mo ® M) (Ax) = n|a|+m 2. Z | L

c .
o(x)"" a?z)‘jz . z T(l) ‘77'(1‘)
21 7,S ]1 jg T

57;01 .cq ;0]

.a dy dy b1 -b
i () (o) Ja o Je T () I a)
O.A A oo O Auy Agru
(3 ZU(Z) 1r O’(IIJ)
0.By By .+, O Bu v Bavw
Jx ']-r(x) Jx ]T(I>

We have now two long Kronecker symbols, coming from U 5°, and if we denote by
ki,...,ky and [y,... [, the values of the indices affected by them, we obtain:

(Mo ® M:)(Ar) = ﬁ >

A
E 6 ar ;€1 '(51 Cy ;01 5AA ...5,A,,,A,,
-1 H bo et o(x)™ U(m)kw bz gt o(z)" U?ﬂc) Zzlza(lz) i " ulcr(sz)r :
Zl...’L
E 5 b .d 6 .d b 5,3 .B PN 5 B B
H 1 bu T(lz) ngl;)kz Jx L ]gw]T%T) ]i?r)lac ]zle(lz) Jx s—v—wjf(i—)v—w
.71 JS z
Let us compute now the contributions of the various i, 7 indices. On the aq,...,a,
and ¢q,...,c, columns of 7, regarded as an p X s array, the equations are as follows:
yQe i cr __ _
ZI—(T@ k. zx—z()—lx

If we denote by 7, the common value of the 7% indices, when e varies, and by I, the

common value of the i3 indices, when f varies, these equations simply become:
Uy = o(x) — k:x ) I, = icr(x) = lac

Thus we have 0 or 1 solutions. To be more precise, depending now on the positiv-
ity /nullness of the parameters r,u, we are led to 4 cases, as follows:

Case 11. Here 7,u > 1, and we must have k, = ly(2), ko) = la-

Case 10. Here 7 > 1,u = 0, and we must have ky,) = [,.

Case 01. Here 7 = 0,u > 1, and we must have k, = l,(,).

Case 00. Here » = u = 0, and there is no condition on k, .

In what regards now the Ay, ..., A,_, columns of 7, the conditions on the indices are the
“trivial” ones, examined in the proof of Proposition 8.21. According to the computation
there, the total contribution coming from these indices is:

C; = (Nl = NGl
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The study for the j indices is similar, and we will only record here the final conclusions.
First, in what regards the by,...,b, and dy, ..., d, columns of j, the same discussion as
above applies, and we have once again 0 or 1 solutions, as follows:

Case 11". Here v,w > 1, and we must have k, = -y, krz) = lo.
Case 10". Here v > 1,w = 0, and we must have k, ) = [,.

Case 01'. Here v = 0, w > 1, and we must have k, = [-(,).

Case 00’. Here v = w = 0, and there is no condition on k, [.

As for the By, ..., Bs_,_, columns of j, the conditions on the indices here are “trivial”,
as in Proposition 8.21, and the total contribution coming from these indices is:

Cj _ (N|T\)s—v—w _ N(s—’u—w)h\

Let us put now everything together. First, we must merge the conditions on k, [ found
in the cases 00-11 above with those found in the cases 00’-11’. There are 4 x 4 = 16
computations to be performed here, and the “generic” computation, corresponding to the
merger of case 11 with the case 117, is as follows:

ky = la(a:)a ka(a}) = lz7 ky = lT(a:)> k’r(ac) = Iy
= [, = /{U(m), k, = lg(m), k, = lT(m), k, = ZT—I(I)
= = ka(x)a ke = kO'Z(JJ) = ka‘r(z) = km'*l(ac)

Thus in this case [ is uniquely determined by k, and k itself must satisfy:
kerk < o?*ANoT Aor!
We conclude that the total contribution of the k,[ indices in this case is:

11,11 2 -1
C«kl, _ N\a’ ANoTATT |

In the remaining 15 cases the computations are similar, with some of the above 4 con-
ditions, that we started with, dissapearing. The conclusion is that the total contribution
of the k,[ indices is as follows, with A being the partition in the statement:

Ch = NI
With this result in hand, we can now finish our computation, as follows:

1
n|‘7|+‘7|

(MO' X MT)(A’]T) = CleZCj

- NW=tw)lo|=(vtw)|r|
Thus, we have obtained the formula in the statement, and we are done. U

As a conclusion now to all this, we have the following result:
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THEOREM 8.25. For a symmetric partition T € Pryen(28,25), having only one compo-
nent, in the sense of Proposition 8.20, completed with horizontal strings, we have

(Ma' ® M7->(A7T) — N|)\|_7‘|0"—'U|’T‘

where A € P(p) is the partition constructed as in Proposition 8.23 and Proposition 8.24,
and where r /v is half of the total number of upper/lower legs of the component.

Proor. This follows indeed from Proposition 8.23 and Proposition 8.24. O

Generally speaking, the formula that we found in Theorem 8.25 does not lead to the
multiplicativity condition from Definition 8.11, and this due to the fact that the various
partitions A € P, constructed in Proposition 8.24 have in general a quite complicated
combinatorics. To be more precise, we first have the following result:

PROPOSITION 8.26. For a symmetric partition m € Pryen(2s,28) we have
(M, @ M,)(Ay) = NI+P

where f1, fo are respectively linear combinations of the following quantities:

(1) 17 |U|7 |T|’ |0 A T|7 |UT|7 |0-T_1‘7 |TU|7 |T_1U|.

(2) 62,173, |e? AoT|, |0 Ao, |[To AT, JoT AoTH, [o? AoT AoT Y.

PRrROOF. This follows indeed by combining Theorem 8.22 and Theorem 8.25, with
concrete input from Proposition 8.23 and Proposition 8.24. U

In the above result, the partitions in (1) lead to the multiplicativity condition in
Definition 8.11, and so to compound free Poisson laws, via Theorem 8.14. However, the
partitions in (2) have a more complicated combinatorics, which does not fit with Definition
8.11, nor with the finer multiplicativity notions introduced in [20].

Summarizing, in order to extend the 4 basic computations that we have, we must
fine-tune our formalism. A natural answer here comes from the following result:
PROPOSITION 8.27. For a partition m € P(2s,2s), the following are equivalent:

(1) @r is unital modulo scalars, i.e. ¢,(1) = cl, with c € C.
(2) [#] = p, where p € P(0,2s) is the pairing connecting {i} — {i + s}, and where
[“] € P(0,2s) is the partition obtained by putting u on top of m.

In addition, these conditions are satisfied for the 4 partitions in P.ye,(2,2).

PROOF. We use the formula of ¢, from Definition 8.6, namely:

a, ... Qg €1 ... Cg
lennee) = X o (3 e

b1...bs d1...ds
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By summing over indices a; = ¢;, we obtain the following formula:

5 ce. Qs ap ... g
=> > Z b, d, d, | Cor-badr..ds
i oo b ce dg
Let us first find out when ¢, (1 ) is diagonal. In order for this condition to hold, the
off-diagonal terms of ¢, (1) must all vanish, and so we must have:

a ... as a1 ... Qs\
b#d = o <61 b ody ds) =0,va
Our claim is that for any 7 € P(2s,2s) we have the following formula:
a ... as a1 ... Aag\
asl?gs 571- <b1 o bs d1 o d8> = 5%} (b1 .. bs d1 ce ds)

Indeed, each of the terms of the sup on the left are smaller than the quantity on the
right, so < holds. Also, assuming djxj(bd) = 1, we can take ai,...,as to be the indices
appearing on the strings of u, and we obtain the following formula:

a a
(2 9=
Thus, we have equality. Now with this equality in hand, we conclude that we have:

r(1) = ¢a(1)°

e Ow(by . by ody . d) <o, (b ... by dy ... dJ).Ybd
i
— [

Let us investigate now when (1) holds. We already know that 7 must satisfy [¥] < pu,
and the remaining conditions, concerning the diagonal terms, are as follows:

a ... as ap ... A4g\)
Z‘sﬂ(bl by by bs)_c’%

As a first observation, the quantity on the left is a decreasing function of A = kerb.
Now in order for this decreasing function to be constant, we must have:

a ... as a1 ... Aag\ a ... Qg ap ... Qg
So(f oy ) e (o)
ai...as ai...ag

We conclude that the condition [#] < p must be strengthened into [#] = p, as claimed.
Finally, the last assertion is clear, by using either (1) or (2). O

In the symmetric case, m = 7°, we have the following result:
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PROPOSITION 8.28. Given a partition m € P(2s,2s) which is symmetric, o, is unital
modulo scalars precisely when its symmetric components are as follows,

(1) Symmetric blocks with v < 1,
(2) Unions of asymmetric blocks with r +u = 0,v +w = 1,
(3) Unions of asymmetric blocks with r +u > 1,v +w < 1,

with the conventions from Proposition 8.20 for the values of r,u, v, w.
Proor. This follows from what we have, the idea being as follows:

— We know from Proposition 8.27 that the condition in the statement is equivalent
to [*] = p, and we can see from this that 7 satisfies the condition if and only if all the
symmetric components of 7 satisfy the condition. Thus, we must simply check the validity

of [#] = pu for the partitions in Proposition 8.20, and this gives the result.

— To be more precise, for the 1-block components the study is trivial, and we are led
to (1). Regarding the 2-block components, in the case r +u = 0 we must have v +w = 1,
as stated in (2). Finally, assuming r + v > 1, when constructing [¥] all the legs on the
bottom will become connected, and so we must have v +w < 1, as stated in (3). 4

Summarizing, the condition that ¢, is unital modulo scalars is a natural generalization
of what happens for the 4 basic partitions in P,e,(2,2), and in the symmetric case, we
have a good understanding of such partitions. However, the associated matrices A, still
fail to be multiplicative, and we must come up with a second condition, coming from:

THEOREM 8.29. [f m € P(2s,2s) is symmetric, the following are equivalent:

(1) The linear maps @, r+ are both unital modulo scalars.
(2) The symmetric components have < 2 upper legs, and < 2 lower legs.
(3) The symmetric components appear as copies of the 4 elements of Puyen(2,2).

ProOOF. By applying the results in Proposition 8.28 to the partitions 7, 7*, and by
merging these results, we conclude that the equivalence (1) <= (2) holds indeed. As
for the equivalence (2) <= (3), this is clear from definitions. O

Let us put now everything together. The idea will be that of using the partitions
found in Theorem 8.29 as an input for Proposition 8.26, and then for the general block-
modification machinery developed in the beginning of this chapter. We will need:

PROPOSITION 8.30. The following functions ¢ : NC(p) x NC(p) — R are multiplica-
tive, in the sense that they satisfy the condition p(o,7v) = ¢(0,0):
(1) (o 7) = [ro] — I
(2) plo,7) =|7""o| = |7|.

Proor. This follows from some standard combinatorics, the idea being as follows:
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(1) We can use here the well-known fact, explained in chapter 7, that the numbers
|yo| — 1 and |0?] — |o| are equal, both counting the number of blocks of ¢ having even
size. Thus we have the following computation, which gives the result:

901(0-7 7) = h/o'l -1= ‘02‘ - ’U‘ = (101(07 U)
(2) Here we can use the well-known formula |oy~!| — 1 = p — |o|, and the fact that

oy~ 1,77 lo have the same cycle structure as the left and right Kreweras complements of
o, and so have the same number of blocks. Thus we have the following computation:

p2(0,7) = Iy 0| = 1=p— o] = ¢2(0,0)
But this gives the second formula in the statement, and we are done. O

We can now formulate our main multiplicativity result, as follows:

PROPOSITION 8.31. Assuming that m € Plyen(2s,2s) is symmetric, 1 = ©°, and is
such that ¢, o« are unital modulo scalars, we have a formula of the following type:

(M ® M )(A ) — Na+b|a|+c\7‘|+d|a/\7|+e|o’7‘\+f\07_1\+g\7’0|+h|‘r—1a|
Moreover, the square matriz A, is multiplicative, in the sense of Definition 8.11.

PROOF. The first assertion follows from Proposition 8.26. Indeed, according to the
various results in Theorem 8.29, the list of partitions appearing in Proposition 8.26 (2)
dissapears in the case where both ¢, ¢, are unital modulo scalars, and this gives the
result. As for the second assertion, this follows from the formula in the statement, and
from the various results in Proposition 8.15 and Proposition 8.30. U

As a main consequence, Theorem 8.14 applies, and gives:

THEOREM 8.32. Given a partition ™ € Poyen(2s,2s) which is symmetric, 1 = ©°, and
which is such that @r, pr« are unital modulo scalars, for the corresponding block-modified
Wishart matric W = (id @ ¢, )W we have the asymptotic convergence formula

IV~ oy
in x-moments, in the d — oo limit, where p = law(A;).

Proor. This follows by putting together the results that we have. Indeed, due to
Proposition 8.31, Theorem 8.14 applies, and gives the convergence result. O

Summarizing, we have now an explicit block-modification machinery, valid for certain
suitable partitions m € Peyen(2s,2s), which improves the previous theory from [20].

As a conclusion to all this, the block modification of the complex Wishart matrices
leads, somehow out of nothing, to a whole new world, populated by beasts such as the
R-transform, the modified Marchenko-Pastur laws, and many more. Looks like we have
opened the Pandora box. We will see however later, in chapters 9-12 below, that this
whole new world, called free probability, is in fact not that much different from ours.
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8e. Exercises

There has been a lot of tough combinatorics in this chapter, which was rather research
grade, and as an exercise here, which is research grade too, we have:

EXERCISE 8.33. Do some more combinatorics for the block-modified Wishart matrices,
as to further generalize the results discussed in this chapter.

This is of course something quite non-trivial. In what follows we will be back to this,
but rather with conceptual interpretations and everything, and no new computations.
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Free probability



Winterlude, Winterlude, my little daisy
Winterlude by the telephone wire
Winterlude, it’s making me lazy

Come on, sit by the logs in the fire



CHAPTER 9

Free probability

9a. Freeness

In this chapter and in the next three ones we discuss the foundations and main results
of free probability, in analogy with the foundations and main results of classical prob-
ability. The common framework for classical and free probability is “noncommutative
probability”. This is something very general, that we already met in connection with the
random matrices, in chapters 5-8. We first recall this material. Let us start with:

DEFINITION 9.1. A C*-algebra is a complez algebra A, having a norm ||.|| making it
a Banach algebra, and an involution *, related to the norm by the formula

llaa|| = [|al*
which must hold for any a € A.

As a basic example, the algebra B(H) of the bounded linear operators T': H — H on
a Hilbert space H is a C*-algebra, with the usual norm and involution:

|T|| = sup ||Tz|| , <Txy>=<z,T"y>

[|z||=1

More generally, any closed x-subalgebra of B(H) is a C*-algebra. It is possible to
prove that any C*-algebra appears in this way, as explained in chapter 5:

AC B(H)

In finite dimensions we have H = CV, and so the operator algebra B(H) is the usual
matrix algebra My (C), with the usual norm and involution, namely:

IM|| = sup [[Mz]| , (M) =M

||l||=1

As explained in chapter 3, in the context of Peter-Weyl theory, some algebra shows
that the finite dimensional C*-algebras are the direct sums of matrix algebras:

A=M, (C)®...® M, (C)

Summarizing, the C*-algebra formalism is something in between the *-algebras, which
are purely algebraic objects, and whose theory basically leads nowhere, and fully advanced
operator algebras, such as the von Neumann algebras. More on this later.

203
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As yet another class of examples now, which are of particular importance for us, we
have various algebras of functions f : X — C. The theory here is as follows:

THEOREM 9.2. The commutative C*-algebras are the algebras of type C(X), with X
being a compact space, the correspondence being as follows:

(1) Given a compact space X, the algebra C(X) of continuous functions f : X — C
1s a commutative C*-algebra, with norm and involution as follows:

Il =suplf@)] . () =70

(2) Conwversely, any commutative C*-algebra can be written as A = C(X), with its
“spectrum” appearing as the space of Banach algebra characters of A:

Xz{x:A—)C}

In view of this, given an arbitrary C*-algebra A, not necessarily commutative, we agree
to write A = C(X), and call the abstract space X a compact quantum space.

ProoF. This is something that we know from chapter 5, the idea being as follows:

(1) First of all, the fact that C'(X) is a Banach algebra is clear, because a uniform
limit of continuous functions must be continuous. As for the formula ||ff*|| = || f]|?, this
is something trivial for functions, because on both sides we obtain sup,. y |f(x)[*.

(2) Given a commutative C*-algebra A, the character space X = {x : A — C} is
indeed compact, and we have an evaluation morphism ev : A — C(X). The tricky point,
which follows from basic spectral theory, is to prove that ev is indeed isometric. O

The above result is quite interesting for us, because it allows one to formally write
any C*-algebra as A = C'(X), with X being a noncommutative compact space. This is
certainly something very nice, and in order to do now some probability theory over such
spaces X, we would need probability measures p. But, the problem is that these measures
i are impossible to define, because our spaces X have no points in general.

However, we can trick, and do probability theory just by using expectations functionals
E : A — C, instead of the probability measures i themselves. These expectations are
called traces, are are denoted tr : A — C, and their axiomatization is as follows:

DEFINITION 9.3. A trace, or expectation, or integration functional, on a C*-algebra
A is a linear form tr : A — C having the following properties:

(1) tr is unital, and continuous.
(2) tr is positive, a > 0 = ¢(a) > 0.
(3) tr has the trace property tr(ab) = tr(ba).

We call tr faithful when a >0 = ¢(a) > 0.
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In the commutative case, A = C'(X), the Riesz theorem shows that the positive traces
tr : A — C appear as integration functionals with respect to positive measures u:

tr(f) = /X f() dyu(z)

Moreover, the unitality of ¢r corresponds to the fact that u has mass one, and the
faithfulness of tr corresponds to the faithfulness of u. Thus, in general, when A is no
longer commutative, in order to do probability theory on the underlying noncommutative
compact space X, what we need is a faithful trace tr : A — C as above.

So, this will be our philosophy in what follows, a noncommutative probability space
(X, 1) being something abstract, corresponding in practice to a pair (A, ¢r). This is of
course something a bit simplified, because associated to any space X, noncommutative
or even classical, there are in fact many possible C*-algebras of functions f : X — C,
such as C(X), L>*(X) and so on, and for a better theory, we would have to make a choice
between these various C*-algebras associated to X. But let us not worry with this for the
moment, what we have is good for starting some computations, so let us just do these
computations, see what we get, and we will come back later to more about formalism.

Going ahead with definitions, everything in what follows will be based on:

DEFINITION 9.4. Let A be a C*-algebra, given with a trace tr : A — C.

(1) The elements a € A are called random variables.
(2) The moments of such a variable are the numbers My(a) = tr(a®).
(3) The law of such a variable is the functional p: P — tr(P(a)).

Here k = ceeo. .. is by definition a colored integer, and the corresponding powers a”

are defined by the following formulae, and multiplicativity:
=1, a°=a , a"=a
As for the polynomial P, this is a noncommuting *-polynomial in one variable:
PeC< X, X*>

Observe that the law is uniquely determined by the moments, because we have:
P(X) =) MX" = u(P) = A\eMy(a)
k k

Generally speaking, the above definition is something quite abstract, but there is no
other way of doing things, at least at this level of generality. However, in certain special
cases, the formalism simplifies, and we recover more familiar objects, as follows:



206 9. FREE PROBABILITY

THEOREM 9.5. Assuming that a € A is normal, aa® = a*a, its law corresponds to a
probability measure on its spectrum o(a) C C, according to the following formula:

tr(P(a)) = / | Plintz)

When the trace is faithful we have supp(un) = o(a). Also, in the particular case where the
variable is self-adjoint, a = a*, this law is a real probability measure.

ProoF. This is something very standard, coming from the continuous functional cal-
culus in C*-algebras, explained in chapter 5. In fact, we can deduce from there that more
is true, in the sense that the following formula holds, for any f € C(o(a)):

tr(f(a)) = " f(@)du(z)

In addition, assuming that we are in the case A C B(H), the measurable functional
calculus tells us that the above formula holds in fact for any f € L>®(o(a)). O

We have the following independence notion, generalizing the one from chapter 1:

DEFINITION 9.6. Two subalgebras A, B C C' are called independent when the following
condition s satisfied, for any a € A and b € B:

tr(ab) = tr(a)tr(b)
Equivalently, the following condition must be satisfied, for any a € A and b € B:
tr(a) =tr(b) =0 = tr(ab) =0
Also, two variables a,b € C' are called independent when the algebras that they generate,
A=<a> , B=<b>
are independent inside C', in the above sense.

Observe that the above two independence conditions are indeed equivalent, with this
following from the following computation, with the convention a’ = a — tr(a):

tr(ab) = tr{(a’ +tr(a)) +tr(b))]
= tr(d't) +t(a)tr(d) + tr(a)tr(d") + tr(a)tr(b)
tr(a’t") + tr(a)tr(b)
tr(a)tr(b)

The other remark is that the above notion generalizes indeed the usual notion of
independence, from the classical case, the precise result here being as follows:

THEOREM 9.7. Given two compact measured spaces X,Y , the algebras
CX)cC(XxY) , CY)CcC(XxY)

are independent in the above sense, and a converse of this fact holds too.
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PRrROOF. We have two assertions here, the idea being as follows:

(1) First of all, given two abstract compact spaces X,Y, we have embeddings of
algebras as in the statement, defined by the following formulae:

f—=1zy) = f@)] , g—I[(z,y) = 9(y)]

In the measured space case now, the Fubini theorems tells us that we have:

[ @) = /X f(@) /Y o)

Thus, the algebras C'(X), C(Y") are independent in the sense of Definition 9.6.

(2) Conversely, assume that A, B C C are independent, with C' being commutative.
Let us write our algebras as follows, with X, Y, Z being certain compact spaces:

A=C(X) , B=CY) , C=0C(2)
In this picture, the inclusions A, B C C' must come from quotient maps, as follows:
p:Z—=X , q:Z—=Y

Regarding now the independence condition from Definition 9.6, in the above picture,
this tells us that the following equality must happen:

[ 160 = [ 166 [ ga)

Thus we are in a Fubini type situation, and we obtain from this:
XxYcZ
Thus, the independence of the algebras A, B C C appears as in (1) above. O

It is possible to develop some theory here, but this is ultimately not very interesting.
As a much more interesting notion now, we have Voiculescu’s freeness [85]:

DEFINITION 9.8. Two subalgebras A, B C C are called free when the following condi-
tion is satisfied, for any a; € A and b; € B:

tr(a;) =tr(b;)) =0 = tr(aibjagby...) =0
Also, two variables a,b € C' are called free when the algebras that they generate,
A=<a> , B=<b>
are free inside C, in the above sense.

In short, freeness appears by definition as a kind of “free analogue” of usual inde-
pendence, taking into account the fact that the variables do not necessarily commute.
As a first observation, of theoretical nature, there is actually a certain lack of symmetry
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between Definition 9.6 and Definition 9.8, because in contrast to the former, the latter
does not include an explicit formula for the quantities of the following type:

t?"(alblagbg .. )

However, this is not an issue, and is simply due to the fact that the formula in the
free case is something more complicated, the precise result being as follows:

PROPOSITION 9.9. Assuming that A, B C C' are free, the restriction of tr to < A, B >
can be computed in terms of the restrictions of tr to A, B. To be more precise,

tr(aibashs . ..) = P({tr(ailai2 o) b {tr (b, by, - )}]>

where P s certain polynomial in several variables, depending on the length of the word

ai1biasbsy . .., and having as variables the traces of products of type
Qi Qg - - - s bjlij e
with the indices being chosen increasing, i1 < is < ... and j; < Jo < ...

PRrooOF. This is something a bit theoretical, so let us begin with an example. Our
claim is that if a, b are free then, exactly as in the case where we have independence:

tr(ab) = tr(a)tr(b)

Indeed, let us go back to the computation performed after Definition 9.6, which was
as follows, with the convention o’ = a — tr(a):

tr(ab) = tr[(a’ +tr(a))(¥' + tr(b))]
= tr(a't’) +t(a')tr(b) + tr(a)tr(b’) + tr(a)tr(b)
= tr(a't') + tr(a)tr(b)
= tr(a)tr(b)

Our claim is that this computation perfectly works under the sole freeness assumption.
Indeed, the only non-trivial equality is the last one, which follows from:

tr(d)=tr(t) =0 = tr(a't)) =0

In general, the situation is of course more complicated than this, but the same trick
applies. To be more precise, we can start our computation as follows:

tT(Clela,ng c. ) = tr [((lll + tT(Ch))(b/l + t’f’(bl))(aé + tT’(CQ))(bé + tT(bQ)) ...... }
= tr(ajbiabby . ..) + other terms
= other terms

Observe that we have used here the freeness condition, in the following form:

tr(a;) =tr(b) =0 = tr(ajbiayby...) =0
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Now regarding the “other terms”, those which are left, each of them will consist of a
product of traces of type tr(a;) and tr(b;), and then a trace of a product still remaining
to be computed, which is of the following form, for some elements o; € A and ; € B:

tr(aifragfs .. .)

To be more precise, the variables o; € A appear as ordered products of those a; € A
not getting into individual traces tr(a;), and the variables 5; € B appear as ordered
products of those b; € B not getting into individual traces ¢r(b;). Now since the length
of each such alternating product a;Bicsfs ... is smaller than the length of the original
product a;biasbs . . ., we are led into of recurrence, and this gives the result. |

Let us discuss now some models for independence and freeness. We have the following
result, from [85], which clarifies the analogy between independence and freeness:

THEOREM 9.10. Given two algebras (A,tr) and (B, tr), the following hold:

(1) A, B are independent inside their tensor product AQ B, endowed with its canonical
tensor product trace, given on basic tensors by tr(a ® b) = tr(a)tr(b).

(2) A, B are free inside their free product A x B, endowed with its canonical free
product trace, given by the formulae in Proposition 9.9.

PROOF. Both the above assertions are clear from definitions, as follows:

(1) This is clear with either of the definitions of the independence, from Definition
9.6, because we have by construction of the product trace:

tr(ab) = trj(a®1)(1®0b)]
= tr(a®b)
= tr(a)tr(b)

Observe that there is a relation here with Theorem 9.7 as well, due to the following
formula for compact spaces, with ® being a topological tensor product:

C(X xY) =C(X)® OY)

To be more precise, the present statement generalizes the first assertion in Theorem
9.7, and the second assertion tells us that this generalization is more or less the same
thing as the original statement. All this comes of course from basic measure theory.

(2) This is clear too from definitions, the only point being that of showing that the
notion of freeness, or the recurrence formulae in Proposition 9.9, can be used in order to
construct a canonical free product trace, on the free product of the algebras involved:

tr: AxB — C

But this can be checked for instance by using a GNS construction. Indeed, consider
the GNS constructions for the algebras (A, tr) and (B, tr):

A— B(2(4)) , B— B(B))
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By taking the free product of these representations, we obtain a representation as
follows, with the % on the right being a free product of pointed Hilbert spaces:

Ax B — B(I*(A) = I*(B))

Now by composing with the linear form T —< T, & >, where £ = 14 = 1p is the
common distinguished vector of [?(A), I*(B), we obtain a linear form, as follows:

tr: Ax B — C

It is routine then to check that ¢r is indeed a trace, and this is the “canonical free
product trace” from the statement. Then, an elementary computation shows that A, B
are free inside A x B, with respect to this trace, and this finishes the proof. See [85]. [

9b. Free convolution

All the above was quite theoretical, and as a concrete application of the above results,
bringing us into probability, we have the following result, from [86]:

THEOREM 9.11. We have a free convolution operation H for the distributions
p:C< X, X*>—C
which is well-defined by the following formula, with a,b taken to be free:
pa B py = flats
This restricts to an operation, still denoted H, on the real probability measures.
PRrROOF. We have several verifications to be performed here, as follows:

(1) We first have to check that given two variables a,b which live respectively in
certain C*-algebras A, B, we can recover inside some C*-algebra C, with exactly the
same distributions g, 15, as to be able to sum them and talk about p,44. But this comes
from Theorem 9.10, because we can set C' = A x B, as explained there.

(2) The other verification which is needed is that of the fact that if two variables a, b
are free, then the distribution .., depends only on the distributions i, pp. But for this
purpose, we can use the general formula from Proposition 9.9, namely:

tT(a1b1a2b2 .. ) = P({tr(ailaiQ .. )}Z, {tr(bjlbjz .. )}J>

Now by plugging in arbitrary powers of a, b as variables a;, b;, we obtain a family of
formulae of the following type, with ) being certain polyomials:

tr(af bl akept ) = Q({tr(ak)}k, {tr(bl)}l)

Thus the moments of a + b depend only on the moments of a, b, with of course colored
exponents in all this, according to our moment conventions, and this gives the result.
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(3) Finally, in what regards the last assertion, regarding the real measures, this is clear
from the fact that if the variables a, b are self-adjoint, then so is their sum a + b. Il

Along the same lines, but with some technical subtleties this time, we can talk as well
about multiplicative free convolution, following [87], as follows:

THEOREM 9.12. We have a free convolution operation X for the distributions
p:C< X X*">—=C
which is well-defined by the following formula, with a,b taken to be free:
fha B piy, = piap

In the case of the self-adjoint variables, we can equally set

ta X o = i /abva

and so we have an operation, still denoted X, on the real probability measures.

ProOOF. We have two statements here, the idea being as follows:

(1) The verifications for the fact that X as above is indeed well-defined at the general
distribution level are identical to those done before for H, with the result basically coming
from the formula in Proposition 9.9, and with Theorem 9.10 invoked as well, in order to
say that we have a model, and so we can indeed use this formula.

(2) Regarding now the last assertion, regarding the real measures, this was something
trivial for H, but is something trickier now for X, because if we take a, b to be self-adjoint,
thier product ab will in general not be self-adjoint, and definitely it will be not if we want
a,b to be free, and so the formula u, X p, = pg will apparently makes us exit the world
of real probability measures. However, this is not exactly the case. Indeed, let us set:

c = +abyva

This new variable is then self-adjoint, and its moments are given by:

tr(c") = tr((vabva)"]
= tr[\aba...aby/d]
= trlva-+/aba...ab
= tr[(ad)"]

Thus, we are led to the conclusion in the statement. Il

We would like now to have linearization results for HH and X, in the spirit of the known
results for * and x. We will do this slowly, in several steps. As a first objective, we would
like to convert our one and only modelling result so far, namely Theorem 9.10, which is
a rather abstract result, into something more concrete. Let us start with:
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THEOREM 9.13. Let I" be a discrete group, and consider the complex group algebra
C[I'], with involution given by the fact that all group elements are unitaries:

g-=97' , VgerT
The mazimal C*-seminorm on C[I'] is then a C*-norm, and the closure of C[I'| with
respect to this norm is a C*-algebra, denoted C*(I'). Moreover,
t?”(g) = Og1

defines a positive unital trace tr : C*(I') — C, which is faithful on C[I.

ProOF. We have two assertions to be proved, the idea being as follows:

(1) In order to prove the first assertion, regarding the maximal seminorm which is a
norm, we must find a x-algebra embedding as follows, with H being a Hilbert space:

C[I'l c B(H)
For this purpose, consider the Hilbert space H = [*(T'), having the family {h},cr as
orthonormal basis. Our claim is that we have an embedding, as follows:
m:ClITc B(H) , =(g)(h) =gh

Indeed, since 7(g) maps the basis {h}per into itself, this operator is well-defined
and bounded, and is an isometry. It is also clear from the formula 7(g)(h) = gh that
g — m(g) is a morphism of algebras, and since this morphism maps the unitaries g € T’
into isometries, this is a morphism of x-algebras. Finally, the faithfulness of 7 is clear.

(2) Regarding the second assertion, we can use here once again the above construction.
Indeed, we can define a linear form on the image of C*(I"), as follows:

tT(T) =< T51751 >

This functional is then positive, and is easily seen to be a trace. Moreover, on the
group elements g € I, this functional is given by the following formula:

t?”(g) — Og1
Thus, it remains to show that ¢r is faithful on C[I']. But this follows from the fact
that tr is faithful on the image of C*(I"), which contains C[I']. O

As an illustration, we have the following more precise result, in the abelian case:
PROPOSITION 9.14. Given a discrete abelian group I', we have an isomorphism
C*(T) ~ C(G)
where G =T is its Pontrjagin dual, formed by the characters x : I' — T. Moreover,

tr(g) = 0g1

corresponds in this way to the Haar integration over G.
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PrROOF. We have two assertions to be proved, the idea being as follows:

(1) Since I' is abelian, A = C*(I") is commutative, so by the Gelfand theorem we have
A = C(X). The spectrum X = Spec(A), consisting of the characters x : C*(I') — C, can
be then identified with the Pontrjagin dual G = T'; and this gives the result.

(2) Regarding now the last assertion, we must prove here that we have:

tr(f) = /G f(2)da

But this is clear via the above identifications, for instance because the linear form
tr(g) = d41, when viewed as a functional on C(G), is left and right invariant. O

Getting back now to our questions, we can now formulate a general modelling result
for independence and freeness, providing us with large classes of examples, as follows:
THEOREM 9.15. We have the following results, valid for group algebras:
(1) C*(T"),C*(A) are independent inside C*(I' x A).
(2) C*(T"),C*(A) are free inside C*(I" x A).
PROOF. In order to prove these results, we have two possible methods:

(1) We can either use the general results in Theorem 9.10, along with the following
two isomorphisms, which are both standard:

CTx A) = C*(A) @ C*(T) , C*(T%A)=C*(A)*CH(T)

(2) Or, we can prove this directly, by using the fact that each algebra is spanned
by the corresponding group elements. Indeed, this shows that it is enough to check the
independence and freeness formulae on group elements, which is in turn trivial. U

9c. R-transform

We have seen so far the foundations of free probability, in analogy with those of
classical probability, taken with a functional analysis touch. The idea now is that with
a bit of luck, the basic theory from the classical case, namely the Fourier transform, and
then the CLT, should have free extensions. Let us being our discussion with the following
definition, from [86], coming from the theory developed in the above:

DEFINITION 9.16. The real probability measures are subject to operations x and H,
called classical and free convolution, given by the formulae

Pa * flb = Hatb >  fo B g = lats

with a,b being independent, and o, B being free, and all variables being self-adjoint.
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The problem now is that of linearizing these operations * and H. In what regards x,
we know from chapter 1 that this operation is linearized by the logarithm log F' of the
Fourier transform, which in the present setting, where E = ¢r, is given by:

F,(x) = tr(e™)

In order to find a similar result for H, we need some efficient models for the pairs of
free random variables (a,b). This is a priori not a problem, because once we have a € A
and b € B, we can form the free product A x B, which contains a, b as free variables.

However, the initial choice, that of the variables a € A, b € B modelling some given
laws pu,v € P(R), matters a lot. Indeed, any kind of abstract choice here would lead
us into an abstract algebra A % B, and so into the abstract combinatorics of the free
convolution, that cannot be solved with bare hands, and that we want to avoid.

In short, we must be tricky, at least in what concerns the beginning of our computation.
Following [86], the idea will be that of temporarily lifting the self-adjointness assumption
on our variables a, b, and looking instead for random variables a, 3, not necessarily self-
adjoint, modelling in integer moments our given laws p, v € P(R), as follows:

tr(a®) = M(n) , tr(B%) = My(v)

To be more precise, assuming that «, 5 are indeed not self-adjoint, the above formulae
are not the general formulae for «, 5, simply because these latter formulae involve colored
integers k = ceeo... as exponents. Thus, in the context of the above formulae, u, v are
not the distributions of «, 3, but just some “parts” of these distributions.

Now with this idea in mind, due to Voiculescu and quite tricky, the solution to the law
modelling problem comes in a quite straightforward way, involving the good old Hilbert
space H = [*(N) and the good old shift operator S € B(H), as follows:

THEOREM 9.17. Consider the shift operator on the space H = I*(N), given by S(e;) =
eiv1- The variables of the following type, with f € C[X]| being a polynomial,

S*+ f(5)
model then in moments, up to finite order, all the distributions p : C[X]| — C.

PrROOF. We have already met the shift S in chapter 6, as the simplest example of an
isometry which is not a unitary, S*S =1, 55" = 1, with this coming from:

i >0

S*(el) _ €i—1 (7’ )
0 (1=0)

Consider now a variable as in the statement, namely:

T=S5+ay+aS+aS*+...+a,S"
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The computation of the moments of 7" is then as follows:
— We first have tr(T) = ay.

— Then the computation of ¢r(7?) will involve a;.

— Then the computation of tr(7%) will involve as.

— And so on.

Thus, we are led to a certain recurrence, that we will not attempt to solve now, with
bare hands, but which definitely gives the conclusion in the statement. O

Before getting further, with free products of such models, let us work out a very basic
example, which is something fundamental, that we will need in what follows:

PROPOSITION 9.18. In the context of the above correspondence, the variable
T=54+5"
follows the Wigner semicircle law, v, = %\/4 — 22dx.

PROOF. In order to compute the law of variable T" in the statement, we can use the
moment method. The moments of this variable are as follows:

M, = tr(TF)
= tr((S+ 89
= #(1 e (S+5))
Now since the S shifts to the right on N, and S* shifts to the left, while remaining

positive, we are left with counting the length k& paths on N starting and ending at 0. Since
there are no such paths when k£ = 2r + 1 is odd, the odd moments vanish:

M2r+1 =0

In the case where k = 2r is even, such paths on N are best represented as paths in the
upper half-plane, starting at 0, and going at each step NE or SE, depending on whether
the original path on N goes at right or left, and finally ending at k¥ € N. With this picture
we are led to the following formula for the number of such paths:

M2r+2 = Z M23M2r75

But this is exactly the recurrence formula for the Catalan numbers, and so:

1 2
M27": (r)
r+1\r

Summarizing, the odd moments of T vanish, and the even moments are the Catalan
numbers. But these numbers being the moments of the Wigner semicircle law ~;, as
explained in chapter 4, we are led to the conclusion in the statement. U
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Getting back now to our linearization program for H, the next step is that of taking
a free product of the model found in Theorem 9.17 with itself. There are two approaches
here, one being a bit abstract, and the other one being more concrete. We will explain
in what follows both of them. The abstract approach, which is quite nice, making a link
with our main modelling result so far, involving group algebras, is as follows:

PROPOSITION 9.19. We can talk about semigroup algebras C*(T') C B(I*(T")), exactly
as we did for the group algebras, and at the level of examples:
(1) With T =N we recover the shift algebra A =< S > on H = [*(N).
(2) WithT = N=*N, we obtain the algebra A =< S;, Sy > on H = [>(N % N).

PROOF. We can talk indeed about semigroup algebras C*(T") C B(I*(T")), exactly as
we did for the group algebras, the only difference coming from the fact that the semigroup
elements g € I" will now correspond to isometries, which are not necessarily unitaries. Now
this construction in hand, both the assertions are clear, as follows:

(1) With I" = N we recover indeed the shift algebra A =< S > on the Hilbert space
H = [*(N), the shift S itself being the isometry associated to the element 1 € N.

(2) With I' = N* N we recover the double shift algebra A =< 51, S, > on the Hilbert
space H = [*(N % N), the two shifts S, S, themselves being the isometries associated to
two copies of the element 1 € N, one for each of the two copies of N which are present. [J

In what follows we will rather use an equivalent, second approach to our problem,
which is exactly the same thing, but formulated in a less abstract way, as follows:

ProrosITION 9.20. We can talk about the algebra of creation operators
S, v —=>r®U
on the free Fock space associated to a real Hilbert space H, given by
FH)=CQoHo H*® ...

and at the level of examples, we have:

(1) With H = C we recover the shift algebra A =< S > on H = [*(N).
(2) With H = C?, we obtain the algebra A =< Sy, Sy > on H = [*(N*N).

PROOF. We can talk indeed about the algebra A(H) of creation operators on the free
Fock space F'(H) associated to a real Hilbert space H, with the remark that, in terms of
the abstract semigroup notions from Proposition 9.19, we have:

As for the assertions (1,2) in the statement, these are both clear, either directly, or by
passing via (1,2) from Proposition 9.19, which were both clear as well. O

The advantage with this latter model comes from the following result, from [86], which
has a very simple formulation, without linear combinations or anything:
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PROPOSITION 9.21. Given a real Hilbert space H, and two orthogonal vectors x L v,
the corresponding creation operators Sy and S, are free with respect to
tr(T) =< TQ,Q >
called trace associated to the vacuum vector.

PRrOOF. In standard tensor product notation for the elements of the free Fock space
F(H), the formula of a creation operator associated to a vector z € H is as follows:

Se(1® .. QYn) =T Q... QYn

As for the formula of the adjoint of this creation operator, called annihilation operator
associated to the vector x € H, this is as follows:

S;(yl®---®?/n) =<z,Yy1 > QY & ... Q Yp
We obtain from this the following formula, which holds for any two vectors z,y € H:
SySy =<z, y>id

With these formulae in hand, the result follows by doing some elementary computa-
tions, in the spirit of those done for the group algebras, in the above. O

With this technology in hand, let us go back to our linearization program for H. We
know from Theorem 9.17 how to model the individual distributions p € P(R), and by
combining this with Proposition 9.10 and Proposition 9.21, we therefore know how to
freely model pairs of distributions p, v € P(R), as required by the convolution problem.
We are therefore left with doing the sum in the model, and then computing its distribution.
And the point here is that, still following [86], we have:

THEOREM 9.22. Given two polynomials f,g € C[X], consider the variables
ST+ f(S) . T +g(T)

where S, T are two creation operators, or shifts, associated to a pair of orthogonal norm
1 vectors. These variables are then free, and their sum has the same law as

R+ (f +9)(R)
with R being the usual shift on [*(N).
PRrOOF. We have two assertions here, the idea being as follows:

(1) The freeness assertion comes from the general freeness result from Proposition
9.21, via the various identifications coming from the previous results.

(2) Regarding the second assertion, the idea is that this comes from a 45° rotation
trick. Let us write indeed the two variables in the statement as follows:

X:S*+a0+a15+a252—|—...
Y =T"+by+bT+aT*+ ...
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Now let us perform the following 45° base change, on the real span of the vectors
s,t € H producing our two shifts S, T, as follows:
s+t s—1
vz A
The new shifts, associated to these vectors r,u € H, are then given by:
RoSET ST
V2o V2

By using now these two new shifts, which are free according to Proposition 9.21 above,
we obtain the following equality of distributions:

X+Y = S*+T*+ZakSk+ka’“
k
R+U\" R-U\*
() e (55)
zk: V2 V2

R\" R\"
~ V2R* +Y ay (—> + by, (—>
27 ¥
k

To be more precise, here at the end we have used the freeness property of R,U in
order to cut U from the computation, as it cannot bring anything, and then we did a
basic rescaling at the very end. Thus, we are led to the conclusion in the statement. [

As a conclusion, the operation p — f from Theorem 9.17 linearizes H. In order to
reach now to something concrete, we are left with a computation inside C*(N), which
is elementary, and whose conclusion is that R, = f can be recaptured from p via the
Cauchy transform G,,. The precise result here, due to Voiculescu [86], is as follows:

THEOREM 9.23. Given a real probability measure u, define its R-transform as follows:

G0 = [P — 6 (i + ;) ¢

rRE—T
The free convolution operation is then linearized by this R-transform.

ProoOF. This can be done by using the above results, in several steps, as follows:

(1) According to Theorem 9.22, the operation ;1 — f in Theorem 9.17 above linearizes
the free convolution operation BH. We are therefore left with a computation inside C*(N).
To be more precise, consider a variable as in Theorem 9.17:

X =5"+ f(9)
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In order to establish the result, we must prove that the R-transform of X, constructed
according to the procedure in the statement, is the function f itself.

(2) In order to do so, we fix |z| < 1 in the complex plane, and we set:
g = 0o + Z 210
k=1

The shift and its adjoint act then on this vector as follows:
Sq. =2"g. — &) , S¢. =2
It follows that the adjoint of our operator X acts on this vector as follows:
X*QZ = (S + f(S*))QZ
= 27'(q: — 0o) + f(2)g
= (27 + f(2))g: — 271
Now observe that the above formula can be written as follows:
7l = (27N 4 f(2) = X

The point now is that when |z| is small, the operator appearing on the right is invert-
ible. Thus, we can rewrite the above formula as follows:

(27 4 f(2) = X) 7Moo = 24
Now by applying the trace, we are led to the following formula:
[z f(2) =X = (7 + f(2) = X7) o, do)
= < 2q.,,00 >
= z

(3) Let us apply now the procedure in the statement to the real probability measure
f modelled by X. The Cauchy transform G|, is then given by:

Gu(§) = tr((€-X)7")
= tr((f—X*)*l)
= tr(( - X"

Now observe that, with the choice £ = 271 + f(2) for our complex variable, the trace
formula found in (2) above tells us that we have:

Gu(z_l + f(z)) =z

Thus, by definition of the R-transform, we have the following formula:

Ru(z) = f(z)
But this finishes the proof, as explained before in step (1) above. O
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Summarizing, the situation in free probability is quite similar to the one in classical
probability, the product spaces needed for the basic properties of the Fourier transform
being replaced by something “noncommutative”, namely the free Fock space models. This
is of course something quite surprising, and the credit for this remarkable discovery, which
has drastically changed operator algebras, goes to Voiculescu’s paper [86].

9d. CLT and PLT

With the above linearization technology in hand, we can do now lots of things. First,
we can establish the following free analogue of the CLT, due to Voiculescu [86]:

THEOREM 9.24 (Free CLT). Given self-adjoint variables x1, xs, x3, ... which are f.i.d.,
centered, with variance t > 0, we have, with n — 00, in moments,

1 n
= Z Ti ~ Mt
vn i=1
where v, is the Wigner semicircle law of parameter t, having density:
1
Y = ﬂ V 4t2 — x2dx
70

Proor. We follow the same idea as in the proof of the CLT, from chapter 1:

(1) At t = 1, the R-transform of the variable in the statement on the left can be
computed by using the linearization property from Theorem 9.23, and is given by:

R(€) = nR, (%) ~ ¢

(2) Regarding now the right term, also taken at ¢ = 1, our first claim here is that the
Cauchy transform of the Wigner law ~; satisfies the following equation:

1
()¢
3
Indeed, we know from chapter 7 that the moments of v, are the Catalan numbers:
1 /4
— V4 — 222%de = Cy,
2m Jo
Consider now the generating series of the Catalan numbers, namely:
f(z) = Z Cr2"
k>0
We know from chapter 7 that f satisfies the following degree 2 equation:
2fP—f+1=0

But this gives the above formula for G, via a few manipulations.
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(3) We conclude from the formula found in (2) that the R-transform of the Wigner
semicircle law v, is given by the following formula:

Ry, (§) =€

Observe that this follows in fact as well from the following formula, coming from
Proposition 9.18, and from the technical details of the R-transform:

S+ S ¥~ 71
Thus, the laws in the statement have the same R-transforms, so they are equal.

(4) Summarizing, we have proved the free CLT at ¢ = 1. The passage to the general
case, where t > 0 is arbitrary, is routine, by some standard dilation computations. Il

Regarding the limiting measures ~;, one problem that we were having was that of
understanding how 7, exactly appears, out of v;. We can now solve this question:

THEOREM 9.25. The Wigner semicircle laws have the property

Vs H Yt = Vs+t

so they form a 1-parameter semigroup with respect to free convolution.

ProoF. This follows either from Theorem 9.24, or from Theorem 9.23, by using the
fact that the R-transform of ;, which is given by R,,(§) = t&, is linear in ¢. O

As a conclusion to what we have so far, we have:

THEOREM 9.26. The Gaussian laws g, and the Wigner laws y;, given by

1 1
gt = \/?te‘rQ/th.f s Yt = %\/ 442 — 22dx
™

have the following properties:

(1) They appear via the CLT, and the free CLT.

(2) They form semigroups with respect to * and H.

(3) Their transforms are log F,, (x) = —tz?/2, R, (x) = tx.
(4) Their moments are My = - tI™lwith D = Py, NCs.

PROOF. These are all results that we already know, the idea being that (3,4) follow
by doing some combinatorics and calculus, and that (1,2) follow from (3,4). O

To summarize, our initial purpose for this chapter was to vaguely explore the basics
of free probability, but all of a sudden, due to the power of Voiculescu’s R-transform [86],
we are now into stating and proving results which are on par with what we have been
doing in the first part of this book, namely reasonably advanced probability theory.

So, let us keep going in this direction, by exploring what else we can do with the R-
transform, in analogy with what we did before, by using the Fourier transform. As a next
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natural objective, we have the question of formulating the free analogue of the Poisson
Limit Theorem (PLT). Although elementary from what we have, this was something not
done by Voiculescu himself, and not appearing in the foundational book [90], and only
explained later, in the book of Hiai and Petz [55]. The statement is as follows:

THEOREM 9.27 (Free PLT). The following limit converges, for anyt > 0,

Hn
Mn((r—i)%+fﬁo
n—oo n n

and we obtain the Marchenko-Pastur law of parameter t,

\/4t—(x—1—t)2d

2rx

m = max(1 —¢,0)dg +

x
also called free Poisson law of parameter t.
Proor. Consider the measure in the statement, under the convolution sign:
t t
n= (1——)50+—51
n n

The Cauchy transform of this measure is easy to compute, and is given by:

t\1 t 1
G = |1=-=)+ -, —
0= (1) e+ e
In order to prove the result, we want to compute the following R-transform:
R = R, (y) = nR,(y)

According to the formula of G, the equation for this function R is as follows:

t 1 t 1
(1_5) Uy+Rin n y+Rin—1 "
By multiplying both sides by n/y, this equation can be written as:
t+yR t
1+yR/n B 1+yR/n—y
With n — oo things simplify, and we obtain the following formula:

t
t+yR= ——
I—y

Thus we have the following formula, for the R-transform that we are interested in:
t

= E
But this gives the result, since R, is elementary to compute from what we have, by
“doubling” the results for the Wigner law ~;, and is given by the same formula. U
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As in the continuous case, most of the basic theory of 7, was done before, namely
in chapters 6-7, with all this partly coming from the theory of SOz, at t = 1. One
thing which was missing there, however, was that of understanding how the law m;, with
parameter ¢ > 0, exactly appears, out of m;. We can now solve this question:

THEOREM 9.28. The Marchenko-Pastur laws have the property
s B = Ty
so they form a 1-parameter semigroup with respect to free convolution.

ProoF. This follows either from Theorem 9.27, or from the fact that the R-transform
of m, computed in the proof of Theorem 9.27, is linear in t. U

In analogy with Theorem 9.26, dealing with the continuous case, we can now summa-
rize the various discrete results that we have, classical and free, as follows:

THEOREM 9.29. The Poisson laws p; and the Marchenko-Pastur laws 7y, given by

=e! ﬁ 0
Dbe X k
k

\/4t—(x—1—t)2d

= 1—1¢,0)9
m = max( ,0)00 + 9

Xz

have the following properties:

(1) They appear via the PLT, and the free PLT.

(2) They form semigroups with respect to * and H.

(3) Their transforms are log F, (z) = t(e”* — 1), Ry, (z) =t/(1 — z).
(4) Their moments are My = - tI*l with D = P, NC.

PROOF. These are all results that we already know, from here and from the previous
chapters. To be more precise:

(1) The PLT is from chapter 2, and the FPLT is from here.

(2) The semigroup properties are from chapter 2, and from here.

(3) The formula for F), is from chapter 2, and the one for R,,, from here.
(4)

4) The moment formulae follow from the formulae of functional transforms. O

There is an obvious similarity here with Theorem 9.26, and we have:
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THEOREM 9.30. The moments of the various central limiting measures, namely

T ————— Nt

bt ——————G¢
are always given by the same formula, involving partitions, namely
= ¥ i
weD(k)

where the sets of partitions D(k) in question are respectively

NC NCy
P Py
and where |.| is the number of blocks.
Proor. This follows by putting together the various results that we have. O

We will see later on a more conceptual explanation for the above result, in terms of
cumulants, and a number of extensions as well, eventually ending up with a cube.

9e. Exercises

There has been a lot of exciting theory in this chapter, for the most in relation with
various free product constructions, and as a first exercise on all this, we have:

EXERCISE 9.31. Prove that given two algebras (A,tr) and (B,tr), these algebras are
free inside their free product A x B, endowed with its canonical free product trace.

This is something that we already discussed in the above, but with some details
missing. Time now to have this done, with all the details.

EXERCISE 9.32. State and prove a complex analogue of the free CLT, as well as a
compound analogue of the free PLT, and study the limiting measures.

This is something very instructive, and normally all the needed tools, namely the CLT
and PLT, and the theory of the R-transform, are there. Of course, this is more than a
regular exercise, and we will be back to this, in what follows, on several occasions.



CHAPTER 10

Circular variables

10a. Free CCLT

We have seen so far that free probability theory leads to two key limiting theorems,
namely the free CLT and PLT. In these theorems, the limiting measures are the Wigner
laws ~; and the Marchenko-Pastur laws m;, that we previously met in connection with the
random matrices. Together with the Gaussian laws g; and the Poisson laws p,, appearing
from the classical CLT and PLT, these laws form a square diagram, as follows:

T ——— Nt

Pt ———— Gt

Our first purpose here will be that of extending this diagram to the right, with a free
analogue of the complex central limiting theorem (CCLT), adding to the classical CCLT,
and providing us with free analogues I'; of the complex Gaussian laws G;.

This will be something quite technical, and in order to get started, let us begin by
recalling the theory of the complex Gaussian laws G; and of the CCLT, developed at
various places in the previous chapters. To start with, we have the following definition:

DEFINITION 10.1. The complex Gaussian law of parameter t > 0 is

Gy = law <%(a + ib))

where a,b are independent, each following the law g;.

There are many things that can be said about these laws, simply by adapting the
known results from the real case, regarding the usual normal laws ¢;. As a first such
result, the above measures form convolution semigroups:

PROPOSITION 10.2. The complex Gaussian laws have the property
G x Gy = Gopy
for any s,t > 0, and so they form a convolution semigroup.

225
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Proor. This is something that we know from chapter 1, coming from g, * g; = g5+,
by taking the real and imaginary parts of all variables involved. O

We have as well the following complex analogue of the CLT:

THEOREM 10.3 (CCLT). Given complex variables fi, fo, f3,... € L®(X) which are
1.7.d., centered, and with variance t > 0, we have, with n — 0o, tn moments,

1 n
Ly g,
Vi
where Gy 1s the complex Gaussian law of parameter t.

PRroOF. This is something that we know too from chapter 1, which follows from the
real CLT, by taking real and imaginary parts. Indeed, let us write:

fi= s+ i)

The variables x; satisfy then the assumptions of the CLT, so their rescaled averages
converge to a normal law g;, and the same happens for the variables y;. The limiting laws
that we obtain being independent, their rescaled sum is complex Gaussian, as desired. [J

Regarding now the moments, we have here the following result:
PROPOSITION 10.4. The moments of the complexr normal law are the numbers
My (Gy) = 2Py (k)|
where Pa(k) is the set of matching pairings of {1, ..., k}.

Proor. This is again something that we know well too, from the above, the idea
being as follows, with ¢ = \%(a + ib) being the variable in Definition 10.1:

(1) In the case where k contains a different number of o and e symbols, a rotation
argument shows that the corresponding moment of ¢ vanishes. But in this case we also
have Py(k) = 0, so the formula in the statement holds indeed, as 0 = 0.

(2) In the case left, where k consists of p copies of o and p copies of e | the corresponding
moment is the p-th moment of |c|?, which by some calculus is #’p!. But in this case we
have as well |P2(k)| = p!, so the formula in the statement holds indeed, as t*p! = tPp!. O

As a final result regarding the complex normal laws, we have the Wick formula:

THEOREM 10.5. Given independent variables X;, each following the complex normal
law Gy, with t > 0 being a fized parameter, we have the Wick formula

E (X[ .. XE) =24 {w € Pz(k‘)‘ﬂ < ke”'}

where k =ky ... ks and i =1y ...14, for the joint moments of these variables.
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Proor. This is something that we know too, the idea being as follows:

(1) In the case where we have a single complex normal variable X, we have to compute
the moments of X, with respect to colored integer exponents k = oeeo. .. and the formula
in the statement coincides with the one in Theorem 10.4, namely:

E(X") =t Py (k)]

(2) In general now, when expanding Xfll . Xf and rearranging the terms, we are left
with doing a number of computations as in (1), then making the product of the numbers
that we found. But this amounts in counting the partitions in the statement. O

Let us discuss now the free analogues of the above results. As in the classical case,
there is actually not so much work to be done here, in order to get started, because we
can obtain the free convolution and central limiting results, simply by taking the real and
imaginary parts of our variables. Following Voiculescu [85], [86], we first have:

DEFINITION 10.6. The Voiculescu circular law of parameter t > 0 is given by

Iy =law <%(a + ib))

where a,b are free, each following the Wigner semicircle law ;.

In other words, the passage 7, — I'; is by definition entirely similar to the passage
g — G, from the classical case, by taking real and imaginary parts. As before in other
similar situations, the fact that I'; is indeed well-defined is clear from definitions.

Let us start with a number of straightforward results, obtained by complexifying the
free probability theory that we have. As a first result, we have, as announced above:

ProprosITION 10.7. The Voiculescu circular laws have the property
Fs Eﬂ Ft — Fs+t
so they form a 1-parameter semigroup with respect to free convolution.

Proor. This follows from our previous result stating that the Wigner laws 7, have
the free semigroup convolution property, by taking real and imaginary parts. U

Next in line, also as announced above, and also from [86], we have the following
natural free analogue of the complex central limiting theorem (CCLT):

THEOREM 10.8 (Free CCLT). Given random variables x1,xo,x3, ... which are f.i.d.,
centered, with variance t > 0, we have, with n — 00, in moments,

1 n
%ZIIZNFt

where Ty is the Voiculescu circular law of parameter t.
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Proor. This follows indeed from the free CLT, established in chapter 9 above, by
taking real and imaginary parts. Indeed, let us write:

=y + i)
Ty = —=\Yi T 12
V2"
The variables y; satisfy then the assumptions of the free CLT, and so their rescaled
averages converge to a semicircle law 74, and the same happens for the variables z;:

R 1 —
—Zyw\/% ) —Zzi”\'%
Vn i=1 v i=1
Now since the two limiting semicircle laws that we obtain in this way are free, their
rescaled sum is circular, in the sense of Definition 10.6, and this gives the result. |

Summarizing, we have so far complex analogues of both the classical and free CLT,
and the basic theory of the limiting measures, including their semigroup property. As a
conclusion to all this, let us formulate the following statement:

THEOREM 10.9. We have classical and free limiting theorems, as follows,

FPLT —— FCLT — FCCLT
PLT CLT CcCLT
the limiting laws being the following measures,
Ty Mt Iy
2 i Gy

which form classical and free convolution semigroups.

Proor. This follows indeed from the various results established above. To be more
precise, the result about the square on the left is from the previous chapter, and the
results about the vertical right edge are those discussed in the above. O

Going ahead with more study of the Voiculescu circular variables, less trivial now is
the computation of their moments. We will do this in what follows, among others in order
to expand Theorem 10.9 into something much sharper, involving as well moments.

For our computations, we will need explicit models for the circular variables. Following
[86], and the material in chapter 9, let us start with the following key result:
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ProprOSITION 10.10. Let H be the complex Hilbert space having as basis the colored
integers k = oeeo... and consider the shift operators on this space:

S:k—ok |, T:k— ek
We have then the following equalities of distributions,
S+S*~vy , S+T"~1T4
with respect to the state p(T) =< Te,e >, where e is the empty word.
Proor. This is standard free probability, the idea being as follows:

(1) The first formula, namely S 4+ S* ~ =1, is something that we already know, in a
slightly different formulation, from chapter 9, when proving the CLT.

(2) As for the second formula, S + T* ~ I'y, this follows from the first formula, by
using the freeness results and the rotation tricks established in chapter 9. O

At the combinatorial level now, we have the following result, which is in analogy with
the moment theory of the Wigner semicircle law, developed above:

THEOREM 10.11. A wvariable a € A follows the law 'y precisely when its moments are
tr(a®) = N Ca(k)|
for any colored integer k = oceeo . ..

PRrROOF. By using Proposition 10.10, it is enough to do the computation in the model
there. To be more precise, we can use the following explicit formulae for .S, 7™

S:k—ok , T:k— ek
With these formulae in hand, our claim is that we have the following formula:
< (S+T%) e e >=|NCsy(k)|

In order to prove this formula, we can proceed as for the semicircle laws, in chapter 9
above. Indeed, let us expand the quantity (S + 7%)¥, and then apply the state .

With respect to the previous computation, from chapter 9, what happens is that the
contributions will come this time via the following formulae, which must succesively apply,
as to collapse the whole product of S, S*, T, T* variables into a 1 quantity:

$*S =1, T"T=1

As before, in the proof for the semicircle laws, from chapter 9, these applications of
the rules 5*S = 1, T*T = 1 must appear in a noncrossing manner, but what happens
now, in contrast with the computation from the proof in chapter 9 where S+ S* was self-
adjoint, is that at each point where the exponent k has a o entry we must use 7%7T = 1,
and at each point where the exponent k has a e entry we must use S*S = 1. Thus the
contributions, which are each worth 1, are parametrized by the partitions 7 € NCa(k).
Thus, we obtain the above moment formula, as desired. U
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More generally now, by rescaling, we have the following result:

THEOREM 10.12. A wvariable a € A is circular, a ~ T'y, precisely when its moments
are given by the formula

tr(ak) = tM2INCy (k)|

for any colored integer k =oceeo ...

Proor. This follows indeed from Theorem 10.11, by rescaling. Alternatively, we can
get this as well directly, by suitably modifying Proposition 10.10 first. U

Even more generally now, we have the following free version of the Wick rule:

THEOREM 10.13. Given free variables a;, each following the Voiculescu circular law
[y, with t > 0 being a fixed parameter, we have the Wick type formula

tr(af ...al*) = /24 {71' € NCQ(]{I)‘W < keri}

where k = ky...ks and i = i1...15, for the joint moments of these variables, with the
inequality m < keri on the right being taken in a technical, appropriate sense.

Proor. This follows a bit as in the classical case, the idea being as follows:

(1) In the case where we have a single complex normal variable a, we have to compute
the moments of a, with respect to colored integer exponents £k = oce e o ... and the
formula in the statement coincides with the one in Theorem 10.12, namely:

tr(a®) = tM2INCy (k)|

(2) In general now, when expanding the product afll . af: and rearranging the terms,
we are left with doing a number of computations as in (1), and then making the product
of the expectations that we found. But this amounts precisely in counting the partitions
in the statement, with the condition m < keri there standing precisely for the fact that
we are doing the various type (1) computations independently. U

All the above was a bit brief, based on Voiculescu’s original paper [86], and on his
foundational free probability book with Dykema and Nica [90]. The combinatorics of the
free families of circular variables, called “circular systems”, is something quite subtle, and
there has been a lot of work developed in this direction. For a complement to the above
material, with a systematic study using advanced tools from combinatorics, we refer to
the more recent book by Nica and Speicher [72]. We will be actually back to this, in this
book too, namely in chapter 12 below, when talking about cumulants.

On the same topic, let us mention as well that various technical extensions and gener-
alizations of the above results can be found, hidden as technical lemmas, throughout the
random matrix and operator algebra literature, in connection with free probability, with
the notable users of the circular systems including, besides Voiculescu himself, Dykema
[45], Mingo, Nica, Speicher [68], [70], [72], [80], [81], and Shlyakhtenko [79].
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Getting back now to the case of the single variables, from Theorem 10.12, the formula
there has the following more conceptual interpretation:

THEOREM 10.14. The moments of the Voiculescu laws are the numbers
M (Ty) = Z ¢l
TFGNCQ(k:)

with “N'Cy” standing for the noncrossing matching pairings.

Proo¥r. This follows from the formula in Theorem 10.12. Indeed, we know from there
that a variable a € A is circular, of parameter ¢ > 0, precisely when we have the following
formula, for any colored integer k =ceeo...:

tr(ak) = tF2INCy (k)|

Now since the number of blocks of a pairing © € N Cs(k) is given by |r| = |k|/2, this
formula can be written in the following alternative way:

tr(a®) = Z ¢!
TeNCa (k)

Thus, we are led to the conclusion in the statement. U

All this is quite nice, when compared with the similar results from the classical case,
regarding the complex Gaussian laws, that we established above, and with other results
of the same type as well. As a conclusion to these considerations, we can now formulate
a global result regarding the classical and free complex Gaussian laws, as follows:

THEOREM 10.15. The complex Gaussian laws G and the circular Voiculescu laws Ty,
given by the formulae

1 1
Gy =law | —=(a +ib , Di=law | —=(a+i
—taw (et ) T—taw (S +in)
where a,b/a, B are independent/free, following g;/v:, have the following properties:

(1) They appear via the complex CLT, and the free complex CLT.
(2) They form semigroups with respect to the operations x and H.
(3) Their moments are My = ZﬂeD(k) ™l with D = Py, NCs.

PRroOF. This is a summary of results that we know, the idea being as follows:

(1) This is something quite straightforward, by using the linearization results provided
by the logarithm of the Fourier transform, and by the R-transform.

(2) This is quite straightforward, too, once again by using the linearization results
provided by the logarithm of the Fourier transform, and by the R-transform.

(3) This comes by doing some combinatorics and calculus in the classical case, and
some combinatorics and operator theory in the free case, as explained above. U
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More generally now, we can put everything together, with some previous results in-
cluded as well, and we have the following result at the level of the moments of the asymp-
totic laws that we found so far, in classical and free probability:

THEOREM 10.16. The moments of the various central limiting measures, namely

Ty Mt Iy

2 gt Gy
are always given by the same formula, involving partitions, namely
M= Yt
reD(k)
where the sets of partitions D(k) in question are respectively

NC NC, NC,

P Py Ps

and where |.| is the number of blocks.

Proor. This follows by putting together the various moment results that we have,
from the previous chapter, and from Theorem 10.15. Il

Summarizing, we are done with the combinatorial program outlined in the beginning
of the present chapter. We will be back to this in the next chapter, 11 below, by adding
some new laws to the picture, coming from the classical and free CPLT, and then in the
chapter afterwards, 12 below, with full conceptual explanations for all this.

10b. Multiplicative results

With the above basic combinatorial study done, let us discuss now a number of more
advanced results regarding the Voiculescu circular laws I'y, which are of multiplicative
nature, and quite often have no classical counterpart. Things here will be quite technical,
and all that follows will be rather an introduction to the subject.

In general now, in order to deal with multiplicative questions for the free random
variables, we are in need of results regarding the multiplicative free convolution operation
X. Let us recall from chapter 9 that we have the following result:



10B. MULTIPLICATIVE RESULTS 233

DEFINITION 10.17. We have a free convolution operation X, constructed as follows:
(1) For abstract distributions, via p, X py, = pep, with a,b free.
(2) For real measures, via jia X py = 1 /ap/, with a,b self-adjoint and free.

All this is quite tricky, explained in chapter 9, the idea being that, while (1) is straight-
forward, (2) is not, and comes by considering the variable ¢ = y/ab+/a, which unlike ab is
always self-adjoint, and whose moments are given by:

tr(c*) = tr{(vabva)"]
= tr[vaba...ab\/a)
= tr[\a-+aba...ab]
= tr[(ab)"]

As a remark here, observe that we have used in the above, and actually for the first
time since talking about freeness, the trace property of the trace, namely:

tr(ab) = tr(ba)

This is quite interesting, philosophically speaking, because in the operator algebra
world there are many interesting examples of subalgebras A C B(H) coming with natural
linear forms ¢ : A — C which are continuous and positive, but which are not traces. See
[28]. Tt is possible to do a bit of free probability on such algebras, but not much.

Quite remarkably, the free multiplicative convolution operation X can be linearized, in
analogy with what happens for the usual multiplicative convolution x, and the additive
operations *, B as well. We have here the following result, due to Voiculescu [87]:

THEOREM 10.18. The free multiplicative convolution operation X for the real proba-
bility measures p1 € P(R) can be linearized as follows:

(1) Start with the sequence of moments My, then compute the moment generating
function, or Stieltjes transform of the measure:

f(2) =14+ Myz+ Myz? + Ms2® + . ..
(2) Perform the following operations to the Stieltjes transform:
U(z) = f(z) -1
b(x(2)) = =

S(z) = (1 + 2) X(2)

(3) Then log S linearizes the free multiplicative convolution, Sz, = S,.5,.



234 10. CIRCULAR VARIABLES

PROOF. There are several proofs here, with the original proof of Voiculescu [87] being
quite similar to the proof of the R-transform theorem, using free Fock space models, then
with a proof by Haagerup [53], obtained by further improving on this, and finally with
the proof from the book of Nica and Speicher [72], using pure combinatorics. The proof
of Haagerup [53], which is the most in tune with the present book, is as follows:

(1) According to our conventions from Definition 10.17, we want to prove that, given
noncommutative variables a, b which are free, we have the following formula:

S/J'ab (Z) = S#a(Z)SMb ('Z)

(2) For this purpose, consider the orthogonal shifts S,7T on the free Fock space, as
in chapter 9. By using the algebraic arguments from chapter 9, from the proof of the
R-transform theorem, we can assume as there that our variables have a special form, that
fits our present objectives, and to be more specifically, the following form:

a=(1+8)f(57) . b=(1+T)g(T")

Our claim, which will prove the theorem, is that we have the following formulae, for
the S-transforms of the various variables involved:

1 1 1
Spa(2) = i) Su(2) = —= 1, Su,(2)= W

9(2)

(3) Let us first compute S,,. We know that we have a = (1 +.5) f(S*), with S being
the shift on [?(N). Given |z| < 1, consider the following vector:

p= szek

k>0

The shift and its adjoint act on this vector in the following way:

b—¢€o
Sp =3 Fep =

z
k>0
* k _
S'p=) 2ex_1=2p
k>1

Thus f(S*)p = f(2)p, and we deduce from this that we have:

ap = (1+9)f(2)p
= f(z)(p+ Sp)

= f(2) (p+p_zeo>
_ (1%) f(z)p—f(zz)eo
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By dividing everything by (1 + 1/2)f(2), this formula becomes:

z 1 €o
—ap = I
112 fo) 7P

We can write this latter formula in the following way:

z 1 €
1- ——a|p=
1+2z f(2) T+=2

Now by inverting, we obtain from this the following formula:

(1 R a)_160:(1+z)p

1tz f(2)
(4) But this gives us the formula of S,,,. Indeed, consider the following function:
z 1

With this notation, the formula that we found in (3) becomes:
(1= p(z)a)"leg = (1 +2)p
By using this, in terms of ¢(T") =< Teg, ¢y >, we obtain:
p((1=p(z)a)™") = <(1—p(2)a) ‘e, e0>
= <(1+2)p,e >
= 1+z

Thus the above function p is the inverse of the following function:

v(z)=¢ (1 _12(1) -1

But this latter function is the ¢ function from the statement, and so p is the function

x from the statement, and we can finish our computation, as follows:

Su(s) = T2 p02)

I+=2 z 1
z 14z f(2)
1

)

(5) A similar computation, or just a symmetry argument, gives S, (z) = 1/¢(z). In

order to compute now S, ,(2), we use a similar trick. Consider the following vector of
I>(N % N), with the primes and double primes referring to the two copies of N:

qg=eo+ Z(e/1 + e+ @e)*
k>1
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The adjoints of the shifts S, T act as follows on this vector:
S*q=z2(1+T)q , T'q=zq
By using these formulae, we have the following computation:
abg = (1+9)f(S")(1+T)g(T")q
= A+ 5)f(S)(1+T)g(2)q
= g+ S5)f(S7)(1+T)q
In order to compute the last term, observe that we have:
S*(14+T)g = (S*+S"T)q
= S*q
2(1+T)q
Thus f(S*)(1+T)q = f(2)(1 4+ T)q, and back to our computation, we have:
9(2)(1+5)f(2)(1+T)q
f(2)g(2)(1+5)(1+T)q
(

— fGata (- %)

Now observe that we can write this formula as follows:

z 1 €o
(1‘ 12 7290 ""’)qzl_ﬂ

By inverting, we obtain from this the following formula:

(e b) 0= (1+2)

(6) But this formula that we obtained is similar to the formula that we obtained at
the end of (3) above. Thus, we can use the same argument as in (4), and we obtain:

1
S (%) = 503003)

We are therefore done with the computations, and this finishes the proof. O

abq

Getting back now to the circular variables, let us look at the polar decomposition of
such variables. In order to discuss this, let us start with a well-known result:

THEOREM 10.19. We have the following results:
(1) Any matrix T € Myn(C) has a polar decomposition, T' = U|T.
(2) Assuming T € A C My(C), we have U, |T| € A.
(3) Any operator T' € B(H) has a polar decomposition, T = U|T|.
(4) Assuming T € A C B(H), we have U, |T| € A, weak closure.



10B. MULTIPLICATIVE RESULTS 237

Proor. All this is standard, the idea being as follows:

(1) In each case under consideration, the first observation is that the matrix or general
operator 1T being positive, it has a square root:

IT| = VT*T

(2) With this square root extracted, in the invertible case we can compare the action
of T'and |T|, and we conclude that we have 7" = U|T|, with U being a unitary. In the
general, non-invertible case, a similar analysis leads to the conclusion that we have as well
T = U|T|, but with U being this time a partial isometry.

(3) In what regards now algebraic and topological aspects, in finite dimensions the
extraction of the square root, and so the polar decomposition itself, takes place over the
matrix blocks of the ambient algebra A C My(C), and so takes place inside A itself.

(4) In infinite dimensions however, we must take the weak closure, an illustrating
example here being the functions f € A belonging to the algebra A = C(X), represented
on H = L*(X), whose polar decomposition leads into the bigger algebra A = L>(X). O

Summarizing, we have a basic linear algebra result, regarding the polar decomposition
of the usual matrices, and in infinite dimensions pretty much the same happens, with the
only subtlety coming from the fact that the ambient operator algebra A C B(H) must
be taken weakly closed. We will be back to this, with more details, in chapter 15 below,
when talking about such algebras A C B(H), which are called von Neumann algebras.

In connection with our probabilistic questions, we first have the following result:

PROPOSITION 10.20. The polar decomposition of semicircular variables is s = eq, with
the variables e, q being as follows:
(1) e has moments 1,0,1,0,1, ...
(2) q is quarter-circular.
(3) e, q are independent.

PROOF. It is enough to prove the result in a model of our choice, and the best choice
here is the most straightforward model for the semicircular variables, namely:

s=ux¢€ L°°<[—2, 2],’71)

To be more precise, we endow the interval [—2, 2] with the probability measure =,
and we consider here the variable s = z = (z — z), which is trivially semicircular. The
polar decomposition of this variable is then s = eq, with e, ¢ being as follows:

e=sgn(z) , q=|z|
Now since e has moments 1,0,1,0,1,..., and also ¢ is quarter-circular, and finally e, q
are independent, this gives the result in our model, and so in general. U
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Less trivial now is the following result, due to Voiculescu [88]:
THEOREM 10.21. The polar decomposition of circular variables is ¢ = uq, with the
variables u, q being as follows:

(1) w is a Haar unitary.
(2) q is quarter-circular.
(3) u,q are free.

Proo¥F. This is something which looks quite similar to Proposition 10.20, but which
is more difficult, and can be however proved, via various techniques:

(1) The original proof, by Voiculescu in [88], uses Gaussian random matrix models for
the circular variables. We will discuss this proof at the end of the present chapter, after
developing the needed Gaussian random matrix model technology.

(2) A second proof, obtained by pure combinatorics, in the spirit of Theorem 10.13,
regarding the free Wick formula, and of Theorem 10.18, regarding the S-transform, or
rather in the spirit of the underlying combinatorics of these results, is the one in [72].

(3) Finally, there is as well a third proof, from [5], more in the spirit of the free
Fock space proofs for the R and S transform results, from [86], [87], using a suitable
generalization of the free Fock spaces. We will discuss this proof right below. O

10c. Semigroup models

We discuss here, following [5], the direct approach to Theorem 10.21, with purely
algebraic techniques. We will use semigroup algebras, jointly generalizing the main models
that we have, namely group algebras, and free Fock spaces. Let us start with:

DEFINITION 10.22. We call “semigroup” a unital semigroup, embeddable into a group:
McG
For such a semigroup M, we use the notation
Mt = {mme m}
regarded as a subset of some group G containing M, as above.

As a first observation, the above embeddability assumption M C G tells us that the
usual group cancellation rules hold in M, namely:

ab=ac = b=c
ba =ca = b=c
Regarding the precise relation between M and the various groups G containing it, it

is possible to talk here about the Grothendieck group G associated to such a semigroup
M. However, we will not need this in what follows, and use Definition 10.22 as such.
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With the above definition in hand, we have the following construction, which unifies
the main models that we have, namely the group algebras, and the free Fock spaces:

PROPOSITION 10.23. Let M be a semigroup. By using the left simplifiability of M we
can define, as for the discrete groups, an embedding of semigroups, as follows:
(M) = (B(I*(M)), )
m — Ay (m) = [0, = Omn)
Via this embedding, the C*-algebra C*(M) C B(I*(M)) generated by \p(M), together
with the following canonical state, is a noncommutative random variable algebra:
T (T) =< T, 0e >

Also, the operators in A\y(M) are isometries, but not necessarily unitaries.

PRrOOF. Everything here is standard, as for the usual group algebras, with the only
subtlety appearing at the level of the isometry property of the operators A\y;(m). To be
more precise, for every m € M, the adjoint operator Ay;(m)* is given by:

zeM reM

Thus we have indeed the isometry property for these operators, namely:

As for the unitarity propety of the such operators, this definitely holds in the usual
discrete group case, M = G, but not in general. As a basic example here, for the semigroup
M = N, which satisfies of course the assumptions in Definition 10.22, the operator Ays(m)
associated to the element m = 1 € N is the usual shift:

An(1) = S € B(I*(N))
But this shift S, that we know well from the above, is an isometry which is not a
unitary. Thus, we are led to the conclusions in the statement. O

At the level of examples now, as announced above, we have:

PROPOSITION 10.24. The construction M — C*(M) is as follows:

(1) For the discrete groups, M = G, we obtain in this way the usual discrete group
algebras C*(G), as previously constructed in the above.

(2) For a free semigroup, M = N*I we obtain the algebra of creation operators over
the full Fock space over R!, with the state associated to the vacuum vector.

ProoOF. All this is clear from definitions, with (1) being obvious, and (2) coming via
our usual identifications for the free Fock spaces and related algebras. U

As a key observation now, enabling us to do some probability, we have:
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ProprosITION 10.25. If M C N are semigroups satisfying the condition
M(N—-M)=N-M
then for every family {a;}icr of elements in M, we have the formula
{An (@) bier ~ {Am(@i) bier
as an equality of joint distributions, with respect to the canonical states.
PROOF. Assuming M C N we have [*(M) C I>(N), and for m,m’ € M we have:
At (M) Oy = An (M)
Thus if we suppose M (N — M) = N — M, as in the statement, then we have:
Ar(m) S =Y St mas

zeM

= Z 6m’ ,m:p(sm

zeN
= An(m) o
In particular, if mq,...,my € M, and oy, ..., are exponents in {1, *}, then:
A (ma)® o Ay (me) 5. = An(mg)® .. An (my) 0,
Thus, we are led to the conclusion in the statement. Il

Following [5], let us introduce the following technical notion:

DEFINITION 10.26. Let N be a semigroup. Consider the following order on it:
a=3yb < beaN

We say that N is in the class E if it satlisfies one of the following equivalent conditions:
(1) For <y every bounded subset is totally ordered.
(2) a2c¢,b2c = a=Xborb=a.
(3) aNNON #() = aN C bN or bN C aN.
(4) NN"'AN-'N = NUN-L.
Also by following [5], let us introduce as well the following notion, which is something
standard in the combinatorial theory of semigroups:

DEFINITION 10.27. Let (a;)ier be a family of elements in a semigroup N.
(1) We say that (a;)ier is a code if the semigroup M C N generated by the a; is
isomorphic to N* | via a; — e;, and satisfies M(N — M) = N — M.
(2) We say that (a;)ier is a prefiv if a; € a;N == i = j, which means that the
elements a; are not comparable via the order relation <.

In our probabilistic setting, the notion of code is of interest, due to:
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PROPOSITION 10.28. Assuming that (a;,b;)icr is a code, the family

(50000 + 2w

is a circular family, in the sense of free probability theory.

i€l

PROOF. Let (a;,b;):er be a code, and consider the following family:
(M@ aw(b)) € BEAN))

By using Proposition 10.25, this family has the same distribution as a family of creation
operators associated to a family of 21 orthonormal vectors, on the free Fock space:

(Mrerlea) es(f)) € BUAN)
i€
Thus, we obtain the result, via the standard facts about the circular systems on free
Fock spaces, that we know from chapter 9. U

In view of this, the following result provides us with a criterion for finding circular
systems in the algebras of the semigroups in the class E, from Definition 10.26:

ProPOSITION 10.29. For a semigroup N € E, a family
(ai)ier C N
having at least two elements is a prefix if and only if it is a code.

PROOF. We have two implications to be proved, as follows:

(1) Let first (a;);e;r be a code which is not a prefix, for instance because we have
a; = ajn with i # j,n € N. Then n is in the semigroup M generated by the a; and
a; = ajn with ¢ # j, so M cannot be free, and this is a contradiction, as desired.

(2) Conversely, suppose now that (a;);cs is a prefix and let, with m € N:
B Bs
o a
We have then a;, = A, a;, < A, and so i; = j;. We can therefore simplify A to the
left by a;,. A reccurence on ) «; shows then that we have n < s and:

— 4% Qn —
A=ai' .. .ai"m=a

a;, =a;, , Vk<n
=B , Vk<n
an < By
m = a?:ia"a?::f o afj

Finally, we know that m is in the semigroup generated by the a;, so we have a code.
Moreover, for m = e we obtain that we have n = s, a;, = a;, and o = S for any k < n.
Thus the variables a; freely generate the semigroup M, and so the family (a;);c; is a code.
Thus, we are led to the conclusion in the statement. U
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Summarizing, we have some good freeness results, for our semigroups. Before getting
into applications, let us discuss now the examples. We have here the following result:

ProrosITION 10.30. The class E has the following properties:
(1) All the groups are in E.

(2) The positive parts of totally ordered abelian groups are in E.

(3) If G is a group and M € E, then M x G € E.

(4) If Ay, Ay are in E, then the free product Ay x A is in E.
PRroOF. This is something elementary, whose proof goes as follows:
(1) This is obvious, coming from definitions.

(2) This is obvious as well, because M is here totally ordered by =<,.
(3) Let G be a group and M € E. We have then, as desired:
(M x G)(M xG) PN (M xG)"HM x Q)
(MXG)( 'x)N(M™ x G)(M x G)
(MM xG)Nn (MM x G)
= (MM 'nM'M)xG
(MUM™) x G
(M xG)U (M~ xG)
= (MxG)U (MXG) !
(4) Let a,b,c € Ay % Ay such that ab = c. We write, as reduced words:
a=2x1...T, , b=UY1...Yyn , C=21...%
Now let s be such that the following equalities happen:
=1, . Tpsp¥Ys =1, TuYs1 #F1
Consider now the following element:
U= Ty T = (Y1...Ys) "
We have then the following computation:
c=ab=121...Tp_sYsi1---Ym
Now let i € {1,2} be such that z, s € A;. There are two cases:

~Ifx, ;€ Aiandys 1 € Agorife, € Ay and ysiq € Ay, then xy ... T sYsi1 -+ Ym
is a reduced word. In particular, we have x1 = 21, 9 = 29, and so on up to x,_s = 2z,_s.
Thus we have a = z1 ... z,_su, with u invertible.

~Ifx, s, ysi1 € A;thenzy = zy and soon, uptox, s 1 = 2,51 and T, _Ysi1 = Zn_s-
In this case we have a = 21 ... z,_s_1T,_su, with u invertible.
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Now observe that in both cases we obtained that a is of the form z; ... zfzu for some
f, with w invertible and such that if zy; € A;, then there exists y € A; such that:

LY = Zf+1
Indeed, we can take f =n—s—1and x = 2, 4,y = 1 in the first case, and z =
Tn_s,Y = Ysu1 in the second one. Suppose now that Ay, Ay € F and let a,b,a’,b € Ay Ay

such that ab = a'l/. Let 21 ...z, be the decomposition of ab = a'l’ as a reduced word.
Then we can decompose our words, as above, in the following way:

a=z...zpzu , a =z ...zpx'u
We have to show that a = a’m or that a’ = am for some m € A; * A;. But this is
clear in all three cases that can appear, namely f < f', f' < f, f= [ O

We can now formulate a main result about semigroup freeness, as follows:

THEOREM 10.31. The following happen:
(1) Given M C N, both in the class E, satisfying M(N — M) =N — M, any x in
the x-algebra generated by A(M) can be written as follows, with p;, q; € M :

T = Zai/\N(pi)/\N(Qi)*

2

(2) Asssume A, B € E, and let = be an element of the x-algebra generated by A a.p(A)
such that 7(x) = 0. If W4, Wgy are respectively the sets of reduced words beginning
by an element of A, B, then x acts as follows:

P(WpU{e}) — *(Wy)
(3) Let A,B € E. Then Aa.p(A) and Aa.p(B) are free.
ProoF. This follows from our results so far, the idea being is as follows:

(1) It is enough to prove this for elements of the form = = A\(m)*A(n) with m,n € M,
because the general case will follow easily from this. In order to do so, observe that
x = A(m)*A(n) is different from 0 precisely when there exist a,b € N such that:

< Am)*A(n)da, 0p ># 0
That is, the following condition must be satisfied:
na = mb

We know that there exists ¢ € N with n = mc or with m = nc. Moreover, as
M(N — M) = N — M, it follows that ¢ € M. Thus x = A(m)*A(n) # 0 implies that
z = Xc) or x = A(c)* with ¢ € M, and this finishes the proof.

(2) We apply (1) with M = A and N = A x B for writing, with p;, ¢; € A:
T = Zai)\<pi))\<qZ')*
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Consider now the following element:
TAPIAG)) =D Sepiadeqia

This element is nonzero precisely when p; = ¢; is invertible, and in this case:
Api) M) =1
Now since we assumed 7(x) = 0, it follows that we can write:
r = Z aA(pi)M(a)” . T(Api)A(g:)) =0

By linearity, it is enough to prove the result for z = A(p;)A(¢;)*. Let m € WyU{e} and
suppose that z6d,, # 0. Then A(g;)*d,, # 0 implies that m = g;c for some word ¢ € A * B.
As ¢; € A and m € Wy U {e}, it follows that g; is invertible. Now observe that:

pig =1 = 7(z)=1
It follows that we have, as desired:

.T(Sm =4 1, & l2(WA)

Pig; m
(3) This follows from (2) above. Indeed, let P = x,,...x; be a product of elements in
ker(7), such that xg is in the x-algebra generated by A\(B) and x4 is in the x-algebra
generated by A(A). Then x,6, € I(Wa). Thus zo210. € [?(Wg), and so on. By a
reccurence, P9, is in [2(W4) or in ((Wg). But this implies that 7(P) = 0, as desired. [

As a main application of the above semigroup technology, we have:
THEOREM 10.32. Consider a Haar unitary u, free from a semicircular s. Then
c=us
s a circular variable.

PROOF. Denote by z the image of 1 € Z and by n the image of 1 € N by the canonical
embeddings into the free product Z x N. Let A = Az,n. We know that Z « N € E. Also
(zn,nz"1) is obviously a prefix, so it is a code. Thus, the following variable is circular:

c= %(A(zn) + Anz )Y

The point now is that we have the following formula:

1()\(,zn) +Anz ) = us

2
But this gives the result, in our model and so in general as well, because u = \(z) is
a Haar-unitary, s = 1/2(A(n) + A(n)*) is semicircular, and u and s are free. O

We can now recover the Voiculescu polar decomposition result for the circular vari-
ables, obtained in [88], by using random matrix techniques, as follows:
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THEOREM 10.33. Consider the polar decomposition of a circular variable, in some von
Neumann algebraic probability space with faithful normal state:

x =vb
Then v is Haar unitary, b is quarter-circular, and (v,b) are free.

Proor. This follows by suitably manipulating Theorem 10.32, as to replace the semi-
circular element there by a quarter-circular. Consider indeed the following group:

G=7x(Zx7/27)
Let z,t,a be the images of the following elements, into this group G:
lez , (1,00eZx(z/22) , (0,1)€Zx (Z/27)

Let u = Ag(z), d = Ag(a) and choose a quarter-circular ¢ € C*(Ag(t)). Then (q,d)
are independent, so dq is semicircular, and so ¢ = udq is circular, and:

— The module of ¢ is ¢, which is a quarter-circular.
— The polar part of ¢ is ud, which is obviously a Haar unitary.

— Consider the automorphism of G which is the identity on Z x Z /27 and maps z — za.
This extends to a trace-preserving automorphism of C*(G) which maps:

u—ud , q—q

Since u, q are free, it follows that ud, ¢ are free too, finishing the proof. O

10d. Gaussian matrices

As an application of the semicircular and circular variable theory developed so far,
and of free probability in general, let us go back now to the random matrices. Following
Voiculescu’s paper [88], we will prove now a number of key freeness results for them,
complementing the basic random matrix theory developed in chapters 6-7. As a first
result, completing our asymptotic law study for the Gaussian matrices, we have:

THEOREM 10.34. Given a sequence of complex Gaussian matrices
Zn € My(L™(X))

having independent Gy variables as entries, with t > 0, we have

2T

VN

in the N — oo limit, with the limiting measure being Voiculescu’s circular law.
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PRrROOF. We know from chapter 6, with this having been actually our very first moment
computation for random matrices, in this book, that the asymptotic moments of the
complex Gaussian matrices are given by the following formula:

M (%) ~ tM2INCy (k)|
On the other hand, we also know from the above that an abstract noncommutative
variable a € A is circular, following the law I';, precisely when its moments are:
My(a) = t*2INCy (k)|
Thus, we are led to the conclusion in the statement. Il

The above result is of course something quite theoretical, and having it formulated
as such is certainly something nice. However, and here comes our point, it is actually
possible to use free probability theory in order to go well beyond this, with this time
some truly “new” results on the random matrices. We will explain this now, following
Voiculescu’s paper [88]. Let us begin with the Wigner matrices. We have here:

THEOREM 10.35. Given a family of sequences of Wigner matrices,
Zl € My(L™(X))

with pairwise independent entries, each following the complex normal law Gy, with t > 0,
up to the constraint Z% = (Z)*, the rescaled sequences of matrices

, del

52% € My(L®(X)) , i€l

become with N — oo semucircular, each following the Wigner law ~;, and free.

Proor. This is something quite subtle, the idea being as follows:

(1) First of all, we know from chapter 6 that for any i € I the corresponding sequence
of rescaled Wigner matrices becomes semicircular in the N — oo limit:

Zi
L~ Tt
VN
(2) Thus, what is new here, and that we have to prove, is the asymptotic freeness

assertion. For this purpose we can assume that we are dealing with the case of 2 sequences
of matrices, |I| = 2. So, assume that we have Wigner matrices as follows:

Zn, Zy € My(L™(X))

We have to prove that these matrices become asymptotically free, with N — oo.

(3) But this something that can be proved directly, via various routine computations
with partitions, which simplify as usual in the N — oo limit, and bring freeness.
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(4) However, we can prove this as well by using a trick, based on the result in Theorem
10.34. Consider indeed the following random matrix:

Yy = %(ZN + ZZ;V)
This is then a complex Gaussian matrix, and so by using Theorem 10.34, we obtain
that in the limit N — oo, we have:
Yy
VN
Now recall that the circular law I'; was by definition the law of the following variable,
with a, b being semicircular, each following the law ~;, and free:

1
c=—(a+1ib)

V2

We are therefore in the situation where the variable (Zy + iZ4)/v/N, which has
asymptotically semicircular real and imaginary parts, converges to the distribution of
a + 1b, equally having semicircular real and imaginary parts, but with these real and
imaginary parts being free. Thus Zy, Z)y become asymptotically free, as desired. U

Getting now to the complex case, we have a similar result here, as follows:

THEOREM 10.36. Given a family of sequences of complexr Gaussian matrices,
7y € My(L®(X)) , i€l

with pairwise independent entries, each following the complexr normal law Gy, with t > 0,
the rescaled sequences of matrices

Zy
VN

become with N — oo circular, each following the Voiculescu law Ty, and free.

e My(L¥(X)) , iel

Proor. This follows from Theorem 10.35, which applies to the real and imaginary
parts of our complex Gaussian matrices, and gives the result. O

The above results are interesting for both free probability and random matrices. As
an illustration here, we have the folowing application to free probability:

THEOREM 10.37. Consider the polar decomposition of a circular variable in some von
Neumann algebraic probability space with faithful normal state:

xr =wvb
Then v is Haar-unitary, b is quarter-circular and (v,b) are free.

Proor. This is indeed easy to see in the Gaussian matrix model provided by Theorem
10.36 above, and for details here, we refer to Voiculescu’s paper [88]. U
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There are many other applications along this lines, and conversely, free probability
can be used as well for the detailed study of the Wigner and Gaussian matrices. Finally,
we have as well a similar result for the Wishart matrices, as follows:

THEOREM 10.38. Given a family of sequences of complex Wishart matrices,
Zhv =Yu(Yip) € My(L®(X)) , i€l
with each Y3 being a N x M matriz, with entries following the normal law Gy, and with
all these entries being pairwise independent, the rescaled sequences of matrices
i}; € My(L™®(X)) , 1€l
become with M = tN — oo Marchenko-Pastur, each following the law m;, and free.

PROOF. Here the first assertion is the Marchenko-Pastur theorem, and the second
assertion follows from the freeness result from Theorem 10.35, or Theorem 10.36. O

To conclude now, we have seen so far the foundations of free probability, and its basic
applications to random matrix theory. We will keep building on all this, in the remainder
of this book, but somehow with a preference towards quantum algebra topics.

For further results on the topics discussed above, we recommend, besides Voiculescu’s
papers [85], [86], [87], [88], [89], and book [90] with Dykema and Nica, [22], [25], [48],
[72], [80], [81] for general free probability, [1], [43], [50], [52], [56], [68], [70], [84] for
random matrix theory, and [26], [45], [54], [62], [78], [79] for applications to operator
algebras. But do not worry, we will be back to some of these topics, in what follows.

10e. Exercises

There has been a lot of interesting combinatorics in this chapter, and as an instructive
exercise on all this, we have:

EXERCISE 10.39. Try finding the classical analogue of the polar decomposition result
of the circular variables, that we found in the above.

This is something a bit vague, but very instructive. In case you are stuck, try thinking
at the passage Oy — Uy, say at the level of the corresponding Lie algebras, and then at
the corresponding laws of coordinates, in the N — oo limit. And if you are still stuck,
even with this indication, wait for it: we will be back to this, later on in this book.



CHAPTER 11

Poisson limits

11a. Poisson limits

We have seen so far that free probability leads to three key limiting theorems, namely
the free analogues of the PLT, CLT and CCLT. The limiting measures are the Marchenko-
Pastur laws m;, the Wigner semicircle laws 7, and the Voiculescu circular laws I';. Together
with the Poisson laws p, and the Gaussian laws ¢, and G; appearing from the classical
PLT, CLT and CCLT, these laws form a rectangular diagram, as follows:

T Yt Iy

Dbt gt Gy

In this chapter we develop more limiting theorems, by generalizing the free PLT that
we know into a free compound Poisson limit theorem (free CPLT). At the level of the
above diagram, there are no complex analogues of p;, m;, but by using measures found
via the classical and free CPLT, namely the real and purely complex Bessel laws b;, B,
discussed in chapter 2, and their free analogues 3;,B; to be discussed here, we will be
able to modify and then fold the diagram, as to complete it into a cube, as follows:

B, —— I}

e

@f Tt

B, Gy

v

b ————a

This is of course quite nice, theoretically speaking, because it leads to a kind of 3D
orientation inside classical and free probability, which is very useful.

249
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In order to do this, as already mentioned, we are first in need of a free CPLT. We
will follow the CPLT material from chapter 2, by performing modifications where needed,
as to replace everywhere classical probability with free probability. Let us start with the
following straightforward definition, similar to the one from the classical case:

DEFINITION 11.1. Associated to any compactly supported positive measure p on C is

the probability measure
c 1 Hn
7, = lim ((1 — —) do + —p)
n—00 n n

where ¢ = mass(p), called compound free Poisson law.

In what follows we will be mostly interested in the case where p is discrete, as is for
instance the case for the measure p = té; with ¢ > 0, which produces the free Poisson
laws, via the usual Poisson Limit Theorem (PLT), that we learned in chapter 2. The
following result allows one to detect compound free Poisson laws:

PROPOSITION 11.2. For a discrete measure, written as

s

p= Z Ciézi

=1

with ¢; > 0 and z; € C, we have the following formula,

Re,(y) = > —~

it £

where R denotes as usual the Voiculescu R-transform.

PROOF. In order to prove this result, let 1, be the measure appearing in Definition
11.1, under the free convolution sign, namely:

1
nn:(1—£>5o+—p
n n

The Cauchy transform of 7, is then given by the following formula:
enl 1 C;
=(1-— _> S !

Consider now the R-transform of the measure n", which is given by:

Rr];'}” (y) =nR,, (y)
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By using the general theory of the R-transform, from chapter 9, the above formula of
G, shows that the equation for R = R, @ is as follows:

S

c 1 1 ci
1-2) 4 = i _
( n 1/y+R/n+n;1/y+R/n—zi Y
c 1 1< C;
— (1-5)—r+2 ’ =1
( n/ 14+ yR/n nizll—l—yR/n—yzi
Now multiplying by n, then rearranging the terms, and letting n — oo, we get:

S S

c+yR C; Ci
_— = — RT( =
1+yR/n ;1+yR/n—yz¢ ¢y, () ;1—yzi

— Ryy)=) ——

i 1Yz

Thus, we are led to the conclusion in the statement. U

We have as well the following result, providing an alternative to Definition 11.1, and
which, together with Definition 11.1, can be thought of as being the free CPLT:

THEOREM 11.3. For a discrete measure, written as
p=2_ ad
i=1
with ¢; > 0 and z; € C, we have the formula

T, = law (i zz-ozz-)

i=1
where the variables oy are free Poisson(c;), free.

PROOF. Let a be the sum of free Poisson variables in the statement:
S

o = Z Zi O
i=1
In order to prove the result, we will show that the R-transform of « is given by the
formula in Proposition 11.2. We have the following computation:

& CiZ4
Ra,(y) = 1—y = R.a(y) = 1—yz
Ciz;

Thus we have the same formula as in Proposition 11.2, and we are done. U
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All the above is quite general, and in practice, in order to obtain concrete results, the
simplest measures that we can use as “input” for the CPLT are the same measures as
those that we used in the classical case, namely the measures of type p = te,, with t > 0,
and with e, being the uniform measure on the s-th roots of unity. We discuss this in what
follows, by following the classical material from chapter 2, and the paper [8].

Let us also mention that we already met in fact the compound free Poisson laws in
chapters 7-8, when discussing the asymptotic distributions of the block-modified Wishart
matrices. We will clarify this as well, at the end of the present chapter.

11b. Bessel laws

As mentioned above, for various reasons, including the construction of the “standard
cube” discussed in the beginning of this chapter, we are interested in the applications of
the free CPLT with the “simplest” input measures, with these simplest measures being
those of type p = te,, with t > 0, and with £, being the uniform measure on the s-th
roots of unity. We are led in this way the following class of measures:

DEFINITION 11.4. The Bessel and free Bessel laws, depending on parameters s €
NU {oo} and t > 0, are the following compound Poisson and free Poisson laws,
bf - ptés ) /Bts - 7Tt5$
with €4 being the uniform measure on the s-th roots of unity. In particular:

(1) At s =1 we recover the Poisson laws py, .
(2) At s = 2 we have the real Bessel laws by, b;.
(3) At s = oo we have the complex Bessel laws By, B.

The terminology here comes from the fact, that we know from chapter 2, that the
density of the measure b;, appearing at s = 2, is a Bessel function of the first kind. This
was something first discovered in [10], and we refer to that paper, and to the subsequent
literature, including [8], for more comments on this phenomenon.

Our next task will be that upgrading our results about the free Poisson law 7; in this
setting, using a parameter s € NU {oco}. First, we have the following result:
THEOREM 11.5. The free Bessel laws have the property
B BBy = Biyw
so they form a 1-parameter semigroup with respect to free convolution.

ProoF. This follows indeed from the fact that the R-transform of f3; is linear in ¢,
which is something that we already know, from the above. U
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Let us discuss now, following [8], some more advanced aspects of the free Bessel laws.

Given a real probability measure y, one can ask whether the convolution powers 1 and

pEt exist, for various values of the parameters s,t > 0. For the free Poisson law, the

answer to these questions is as follows:

PROPOSITION 11.6. The free convolution powers of the free Poisson law

7_‘_IEs 7 7_‘_55115

exist for any positive values of the paremeters, s,t > 0.

Proor. We have two measures to be studied, the idea being as follows:

(1) The free Poisson law 7 is by definition the ¢ = 1 particular case of the free Poisson
law of parameter ¢, or Marchenko-Pastur law of parameter ¢t > 0, given by:

VAt — (x —1—1t)?
21k
The Cauchy transform of this measure is given by:

Gle) = (£+1—t)+\/2(§+1—t)2—4§

We can compute now the R transform, by proceeding as follows:
P H1=(E¢+1-1G = KZ2+1=(K+1-1)z
— RA+z+1=(R+1-t)z+1
— Rz=R-t
= R=t/(1-2)

The last expression being linear in ¢, the measures m; form a semigroup with respect
to free convolution. Thus we have m; = 7, which proves the second assertion.

7 = max(1 —¢,0)d + dx

(2) Regarding now the measure 7, there is no explicit formula for its density. How-
ever, we can prove that this measure exists, by using some abstract results. Indeed, we
have the following computation for the S transform of m;:

EGP+1=(E+1-t)G = z2f*+1=(1+z—-zt)f
= z(+1)*+1=(1+z—z2t)(v+1)
= x(+1)"+1=>0+x—xt)(z+1)
= x(kE+1){t+2) ==
— S=1/(t+2)

)2
)2

In particular at £ = 1 we have the following formula:
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Thus the ¥ transform of 7, which is by definition ¥(2) = S(z/(1 — 2)), is given by:
Y2)=1-=2

On the other hand, it is well-known from the general theory of the S-transform that the
> transforms of the probability measures which are X-infinitely divisible are the functions
of the form ¥(2) = "), where v : C — [0, 00) — C is analytic, satisfying:

v(z) =0(z) , w(ChH)cC

Now in the case of the free Poisson law, the function v(z) = log(1 — z) satisfies these
properties, and we are led to the conclusion in the statement. See [8]. U

Getting now towards the free Bessel laws, we have the following remarkable identity,
in relation with the above convolution powers of 7, also established in [8]:

THEOREM 11.7. We have the formula
T R = (1 — )6 + to)) K 7%
valid for any s > 1, and any t € (0,1].

ProoFr. We know from the previous proof that the S transform of the free Poisson
law 7 is given by the following formula:

Si(z) = 1 j_ .
We also know from there that the S transform of 7! is given by:
1
Si(2) = t+z
Thus the measure on the left in the statement has the following S transform:
1 1
(=) = (14201 t+2
The S transform of ay = (1 — t)dy + td; can be computed as follows:
f=14tz/(1—2) = Y=tz/(1-2)
= z=tx/(1-x)
= x=z/(t+2)
= S=(1+2)/(t+2)

Thus the measure on the right in the statement has the following .S transform:

1 142
S(z) = .
(=) (1+2) t+=z
Thus the S transforms of our two measures are the same, and we are done. U

The relation with the free Bessel laws, as previously defined, comes from:
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THEOREM 11.8. The free Bessel law is the real probability measure 3, with
(Svt) S (0700) X (Oa OO) - (Oa 1) X (17 OO)

defined concretely as follows:

(1) For s > 1 we set 3 = 7%~ 1 X x5t
(2) Fort <1 we set 3 = ((1 —t)d + t6y) X 7%,

PROOF. This follows indeed from the above results. To be more precise, these results
show that the measures constructed in the statement exist indeed, and coincide with the
free Bessel laws, as previously defined, as compound free Poisson laws. O

In view of the above, we can regard the free Bessel law 3/ as being a natural two-
parameter generalization of the free Poisson law 7, in connection with Voiculescu’s free
convolution operations X and H. Observe that we have the following formulae:

Bf — ,/TIXS
Bl _ 7TEEit
1 —

As a comment here, concerning the precise range of the parameters (s,t), the above
results can be probably improved. The point is that the measure [3; still exists for certain
points in the critical rectangle (0, 1) x (1, 00), but not for all of them. To be more precise,
the known numeric checks for this question, discussed in [8], show that the critical values
of (s,t) tend to form an algebraic curve contained in (0,1) X (1, 00), having s = 1 as an

asymptote. However, the case we are the most interested in is ¢ € (0, 1], and here there
is no problem, because (; exists for any s > 0. Thus, we will stop this discussion here.

As before following [8], we have the following result:
PROPOSITION 11.9. The Stieltjes transform of B; satisfies:
f=14+z2f(f+t—-1)

ProoOF. We have the following computation:
1 1 z 1

S = . — .
(1421 t+z X (1+2) t+z
(0 1
z = .
A+or i+
f-1 1
— = -
& t+f-1
Thus, we obtain the equation in the statement. O

At t = 1, we have in fact the following result, also from [8], which is more explicit:
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THEOREM 11.10. The Stieltjes transform of 57 with s € N is given by
fe)= > &
peENCS

where NCj is the set of noncrossing partitions all whose blocks have as size multiples of
s, and where k : NCs — N s the normalized length.

ProOF. With the notation C, = #NC(k), where NCi(k) C NCy consists of the
partitions of {1,..., sk} belonging to NCj, the sum on the right is:

f(z) = Z 2"

For a given partition p € NCi(k + 1) we can consider the last s legs of the first block,
and make cuts at right of them. This gives a decomposition of p into s + 1 partitions in
NC, and we obtain in this way the following recurrence formula for the numbers Cj:

Crs1= Y Ciy...Ch,

Ski=k

By multiplying now by z**!, and then summing over k, we obtain that the generating
series of these numbers C}, satisfies the following equation:

f_lzzfs—i-l

But this is the same as the equation of the Stieltjes transform of 37, found in Propo-
sition 11.9, applied at ¢ = 1, namely:

f=14zf"
Thus, we are led to the conclusion in the statement. Il
Next, still following [8], we have the following result, dealing with the case ¢t > 0:

THEOREM 11.11. The Stieltjes transform of 5] with s € N is given by:
f(z) = Z Sk(P) 4b(p)
peENCs

where k,b: NCy — N are the normalized length, and the number of blocks.

ProoF. With notations from the previous proof, let F}; be the number of partitions
in NC(k) having b blocks, and set Fy, = 0 for other integer values of k,b. All sums will
be over integer indices > 0. The sum on the right in the statement is then:

f(Z) = Z Fkbzktb
kb
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The recurrence formula for the numbers C} in the previous proof becomes:
E Fry1p = E E Fioby -+ - Fhob,
b Ski=k b,

In this formula, each term contributes to Fji1, with b = Xb;, except for those of the
form FooFi,p, - - - Fi.p,, which contribute to Fjiqp41. We get:

Fryip = Z ZFkobo"'Fkas

Yk;=k Xb;=b

+ Z Z Fklbl"'stbs

Yki=k Xb;=b—1

— > Y Fuy---Fi,

Ski=k $b;=b
This gives the following formula for the polynomials Py, = Y, Fypt:
Py = Z Py ... Py, +(t—1) Z Py, ... Py,
Ski=k Ski=k

Consider now the following generating function:

r-yns

k
In terms of this generating function, we get the following equation:
f=1=2f" 4 (t—1)zf°
But this is the same as the equation of the Stieltjes transform of 3, namely:
f=1+zf(f+t—1)

Thus, we are led to the conclusion in the statement. Il

Let us discuss now the computation of the moments of the free Bessel laws. The idea
will be that of expressing these moments in terms of generalized binomial coefficients. We
recall that the coefficient corresponding to a € R, k£ € N is:

C>:a@—1y”m—k+n

k k!

We denote by mq, mo, ms, ... the sequence of moments of a given probability measure.
With this convention, we first have the following result, from [8]:

THEOREM 11.12. The moments of ] with s > 0 are

B 1 sk +k
MR RI\ K

which are the Fuss-Catalan numbers.
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PROOF. In the case s € N, we know that we have my, = #NC,(k). The formula in
the statement follows then by counting such partitions. In the general case s > 0, observe
first that the Fuss-Catalan number in the statement is a polynomial in s:

1 sk+k\  (sk+2)(sk+3)...(sk+k)
sk +1 k B k!
Thus, in order to pass from the case s € N to the case s > 0, it is enough to check that

the k-th moment of 7, is analytic in s. But this is clear from the equation f = 1+ zf**!
of the Stieltjes transform of 7, and this gives the result. O

We have as well the following result, which deals with the general case t > 0:

THEOREM 11.13. The moments of 5; with s > 0 are

N LR sk,
L \p—1)\b-1
b=1
which are the Fuss-Narayana numbers.

PROOF. In the case s € N, we know from the above that we have the following formula,
where Fyy, is the number of partitions in NC,(k) having b blocks:

myp = Z Fkbtb
b

With this observation in hand, the formula in the statement follows by counting such
partitions, with this count being well-known. This result can be then extended to any
parameter s > 0, by using a standard complex variable argument, as before. See [8]. O

In the case s ¢ N, the moments of §; can be further expressed in terms of Gamma
functions. In the case s = 1/2, the result, also from [8], is as follows:

THEOREM 11.14. The moments of ﬁll/Q are given by the following formulae:

1 3p
T < p)
iy p!(6p)!
T G- 1)Ep 1) 2) 120G
PROOF. According to our various results above, the even moments of the free Bessel
law 37 with s =n —1/2, n € N, are given by:

— 1 ((n+1/2)2p>
T (n—1/2)(2p) + 1 2

- il )
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With n = 1 we get the formula in the statement. Now for the odd moments, we can
use here the following well-known identity:

(m— 1/2> AR @2m)! (m—k)!
k k! m!  (2m — 2k)!
With m =2np+p—n and k = 2p — 1 we get:
1 (n+1/2)2p—1)
(n—1/2)(2p—1)+1( 2p —1 )

2 (2np+p—n)—1/2
(2n—1)(2p—1)+2< 2p —1 )
273 (dnp+2p—2n)!  (2np—p—n+1)!
2p—1)! @np+p—n)l  (4np—2p —2n+ 3)!

In particular with n = 1 we obtain:

Mop—1

2743 (6p — 2)! p!
m2p_1 = . .
2p—1)! Bp-1)! (2p+1)!
_27"(2p)  (6p)!3p) p!
(2p)t  Bp)i(6p—1)6p (2p)!(2p+1)
But this gives the formula in the statement. O

There are many other interesting things, of both combinatorial and complex analytic
nature, that can be said about the free Bessel laws, their moments and their densities,
and we refer here to [8]. Also, there is as well a relation with the combinatorics of the
intermediate subfactors, and the Fuss-Catalan algebra of Bisch and Jones [27]. All this
is a bit technical, and we will be back to this later, whan taking about subfactors.

In what follows we will rather focus on the free Bessel laws that we are truly interested
in, namely those appearing at s = 1,2, co. We will be particularly interested in the cases
s = 2,00, which can be thought of as being “fully real” and “purely complex”.

Also, instead of insisting on combinatorics and complex analysis, we will rather discuss
the question of finding matrix models for the free Bessel laws, which is of key importance,
in view of the various random matrix considerations from chapters 5-8.

11c. The standard cube

Let us get back now to the fundamental question, mentioned in the beginning of this
chapter, of arranging the main probability measures that we know, classical and free, into
a cube, and this as for having a kind of 3D orientation, inside probability at large. For
this purpose, we will need the following result, coming from the above study:
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THEOREM 11.15. The moments of 3] are the numbers
M= >t
rENCS (k)
where NC* are the noncrossing partitions satisfying #o = # e (s) in each block.
PROOF. At t = 1 the formula to be proved is as follows:
My(B7) = [NC*(k)|

But this can be proved by using Theorem 11.10, via the bijection between the set NC|
there and the set NC* here. At t > 0 now, the formula to be proved is as follows:

My (8;) = Z i

TeNC3 (k)

But this can be proved again by doing some computations, or by using Theorem 11.11,
via the bijection between the set NC there and the set NC* here. U

At the combinatorial level, this is quite interesting, and we have:

THEOREM 11.16. The various classical and free central limiting measures,

Bi Vi I,

b; gt Gy

have moments always given by the same formula, involving partitions, namely
= 3
weD(k)

where the sets of partitions D(k) in question are respectively

NC* NCy NC,

pPs Py Ps

and where |.| is the number of blocks.

Proor. This follows by putting together the various moment results that we have,
namely those from chapter 10, and those from Theorem 11.15. U
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The above result is quite nice, and is complete as well, containing all the moment
results that we have established so far, throughout this book. However, forgetting about
being as general as possible, we can in fact do better. Nothing in life is better than having
some 3D orientation, and as a main application of the above, we can modify a bit the
above diagram, as to have a nice-looking cube, as follows:

THEOREM 11.17. The moments of the main central limiting measures,

B, —1I}

v

By Yt

By Gy

AV

bp —————a

are always given by the same formula, involving partitions, namely

M=)t

weD(k)

where the sets of partitions D(k) in question are respectively

NCeven NC,
/ /
NCopen NC,
Peven P
/ /

Peven P2

and where |.| is the number of blocks.

Proor. This follows by putting together the various moment results that we have.
To be more precise, the result follows from Theorem 11.16, by restricting the attention on
the left to the cases s = 2, 00, which can be thought of as being “fully real” and “purely
complex”, and then folding the 8-measure diagram into a cube, as above. U

The above cube, which is something very nice, will basically keep us busy for the rest
of this book. Among others, we will see later more conceptual explanations for it.
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Importantly, we will find as well an axiomatization for all this, with the result, called
“eround zero theorem”, stating that, when imposing a number of strong combinatorial
axioms, only the above cube, which is obviously rock-solid, survives. More later.

11d. Matrix models

We know from chapters 5-8 that the random matrices provide explicit models for most
of the limiting laws appearing in free probability. This is surely an important phenomenon,
and in fact, by pushing things a bit, free probability can be even regarded as a theory
providing a conceptual framework for random matrix theory. Our goal here will be that
of completing what we know, with matrix models for the free Bessel laws 3;. We have
two types of models to be investigated, which are both fundamental, as follows:

(1) Multiplicative models. We know from chapters 5-8 that by multiplying two Gauss-
ian matrices we obtain a Wishart matrix, and so a model for the free Poisson law 7;. Fol-
lowing [8], we will generalize here such constructions, by looking at more general products
of Gaussian matrices, which will turn to be related to the laws 3;.

(2) Block-modified models. We also know from chapters 5-8 that by performing suit-
able block modifications on a complex Wishart matrix we obtain certain modifications of
the free Poisson law m;, which are compound free Poisson laws. We will further discuss
here this phenomenon, with the aim of modelling in this way the laws j;.

Summarizing, many things to be done, which promise to be quite technical. Let us
start with the multiplicative models. We will first restrict attention to the case t = 1,
since we have 3¢ = 7%~ !X 7™ and therefore matrix models for 8 will follow from matrix
models for 7. Following [8], we first have the following result:

THEOREM 11.18. Let Gy, ...,Gs be a family of N x N independent matrices formed
by independent centered Gaussian variables, of variance 1/N. Then with

M:Gl...Gs

the moments of the spectral distribution of M M* converge, up to a normalization, to the
corresponding moments of B, as N — oo.

PROOF. We prove this by recurrence. At s = 1 it is well-known that M M* is a model
for 8} = 7. So, assume that the result holds for s — 1 > 1. We have:

tr(MM*E = tr(Gy...G,G:...G)F
= tr(G1(Gy...G,G* .. .GiG)" Gy .. .G,GE. .. GY)
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We can pass the first G; matrix to the right, and we get:
tr(MM*)E = tr((Gy...G,Gr. . .GiG) Gy .. GG .. .GGY)
= tr(Gy...G,Gr...GiG)F
= tr((Gy...G,G*...G3)(GiGy))*
We know that GG is a Wishart matrix, hence is a model for m:
GGy~
Also, we know by recurrence that Gy ...G,G* ... G} gives a matrix model for 557"
Gy... GG . .G~ Bt

Now since the matrices G7G and Gy ...G:GY ... G5 are asymptotically free, their
product gives a matrix model for 7,_; ; X m; = 37, and we are done. O

We should mention that the above result, from [8], has inspired a whole string of
extensions and generalizations. We refer here to [8] and the subsequent literature. Again
following [8], we have as well the following result, which is of different nature:

THEOREM 11.19. If W is a complex Wishart matriz of parameters (sN, N) and

In O 0
0 0 ws‘llN

with w = e>™/* then the moments of the spectral distribution of (DW)* converge, up to a
normalization, to the corresponding moments of Bi, as N — oo.

Proor. We use the following complex Wishart matrix formula of Graczyk, Letac and
Massam [50], whose proof is via standard combinatorics:

M
E(Tr(DW)") = ) e
o€SK

)
ro(D)

Here W is by definition a complex Wishart matrix of parameters (M, N), and D is a
deterministic M x M matrix. As for the right term, this is as follows:

(1) = is the cycle (1,..., K).
(2) v(o) is the number of disjoint cycles of o.

(3) If we denote by C(co) the set of such cycles and for any cycle ¢, by |c| its length,
then the function on the right is given by:

ro(D)= [] Tr(D")

ceC(o)
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In our situation we have K = sk and M = sN, and we get:

sN)(e™im)
E(Tr(DW)*) = Y (V)™

sk TU(D)
gESg <SN)

Now since D is uniformly formed by s-roots of unity, we have:

sN if s|p
0 ifsfp

Thus if we denote by S%, the set of permutations o € Sy having the property that all
the cycles of ¢ have length multiple of s, the above formula reads:
(s N)v(aflﬂ)
(sN)*

Tr(DP) = {

E(Tr(DW)™*) = ) (sN)@)
oess,
In terms of the normalized trace tr, we obtain the following formula:
E(tr(DW)™) = Y~ (sN)re male) sk
oess,
The exponent on the right, say L., can be estimated by using the distance on the
Cayley graph of Sy, in the following way:
Ly = ~(e'm)+~v(0) —sk—1
= (sk—d(o,m))+ (sk —d(e,0)) — sk —1
sk—1—(d(e,o0) +d(o,))
sk—1—d(e,m)
= 0
Now when taking the limit N — oo in the above formula of E(tr(DW)**), the only

terms that count are those coming from permutations ¢ € S?, having the property L, = 0,
which each contribute with a 1 value. We therefore obtain:

Aim E(tr(DW)™) = #{o € S | L, =0}
= #{oe S |dleo)+d(o,nm)=d(en)}
= #{oe Sy |oelen]}

But this number that we obtained is well-known to be the same as the number of
noncrossing partitions of {1,..., sk} having all blocks of size multiple of s. Thus we have
reached to the sets NC,(k) from the above, and we are done. U

IN

As a consequence of the above random matrix formula, we have the following alterna-
tive approach to the free CPLT), in the case of the free Bessel laws, from [8]:
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THEOREM 11.20. The moments of the free Bessel law ms with s € N coincide with

those of the variable
oy
k=1

where au, ..., a5 are free random variables, each of them following the free Poisson law of
parameter 1/s, and w = e/,

ProoOF. This is something that we already know, coming from the combinatorics
of the free CPLT, but we can prove this now by using random matrices as well. For
this purpose, let Gy,...,G4 be a family of independent sN x N matrices formed by
independent, centered complex Gaussian variables, of variance 1/(sN). The following
matrices Hi, ..., Hs are then complex Gaussian and independent as well:

1 <& 4

Thus the following matrix provides a model for the variable Yw*ay:

M = ) wH.H;
k=1

L

k=1 p=1 ¢=1

S S 1 S B i}
= ;; <g ; (w1+p q)’“) Gqu

= GiG+ GoGli+ ...+ Gy G + GG

Now observe that this matrix can be written as follows:

G5
G
M = (G Gy ... Goy G| :
G,
G
0 1y 0 ... 0 G
0 0 Iy ... 0 G
— (G Gy ... Goy GY) : :
0 0 0 ... ly G,
Iy 0 0 ... 0 G

= GOG”
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In this formula G = (G; ... Gy) is the sN x sN Gaussian matrix obtained by
concatenating Gy, ..., Gy, and O is the matrix in the middle. But this latter matrix is of
the form O = UDU* with U unitary, so and we have:

M = GUDU*G"
Now since GU is a Gaussian matrix, M has the same law as the following matrix:
M' = GDG*

By using this, we obtain the following formula:

s sk
E (Zwlal) = ]\}%E(tr(MSk))
=1

= lim E(tr(GDG*)*")

N—oo

= lim E(tr(D(G*G))*")

N—oo

Thus with W = G*G we get the result. U

Summarizing, we have applications to the random matrices, and random matrix mod-
els for all the 8 basic probability laws, appearing from limiting theorems. As already
mentioned, the above results, from [8], have inspired a whole string of extensions and
generalizations. We refer here to [8] and the subsequent literature.

As a last topic regarding the free CPLT, which is perhaps the most important, let
us review now the results regarding the block-modified Wishart matrices from chapter 8,
with free probability tools. We will see in particular that the laws obtained there are free
combinations of free Poisson laws, or compound free Poisson laws.

Consider a complex Wishart matrix of parameters (dn,dm). In other words, we start
with a dn x dm matrix Y having independent complex GGy entries, and we set:

W =YY"

This matrix has size dn x dn, and is best thought of as being a d x d array of n x n
matrices. We will be interested here in the study of the block-modified versions of W,
obtained by applying to the n x n blocks a given linear map, as follows:

¢ : M,(C) — M,(C)

We recall from chapter 8 that we have the following asymptotic moment formula,
extending the usual moment computation for the Wishart matrices:
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THEOREM 11.21. The asymptotic moments of a block-modified Wishart matrix

W = (id® o)W

with parameters d,m,n € N, as above, are given by the formula

lim M, (7) = Z (mn)°\(M @ MY)(A)

d—o00
ceNC)p
where A € M,,(C) ® M, (C) is the square matriz associated to ¢ : M,(C) — M, (C).
Proor. This is something that we know well from chapter 8, coming from the Wick

formula, and with the correspondence between linear maps ¢ : M,(C) — M, (C) and
square matrices A € M, (C) ® M, (C) being as well explained there. O

As explained in chapter 8, it is possible to further build on the above result, with some
concrete applications, by doing some combinatorics and calculus. That combinatorics and
calculus was something a bit ad-hoc in the context of chapter 8, and congratulations of
course for having survived that. With the free probability theory that we learned so far,
we can now clarify all this. Following [19], [20], we first have the following result:

PROPOSITION 11.22. Given a square matriz A € M, (C)® M, (C), having distribution
p = law(A\)
the moments of the compound free Poisson law Ty, are given by
Me(mnp) = D (mn)?/(MZ @ M)(A)
oceNCy

for any choice of the extra parameter m € N.

PRroOOF. This can be proved in several ways, as follows:

(1) A first method is by a straightforward computation, based on the general formula
of the R-transform of the compound free Poisson laws, given in the above.

(2) Another method, originally used in [20], is by using the well-known fact, that we
will discuss in a moment, in chapter 12 below, that the free cumulants of ,,,, coincide
with the moments of mnp. Thus, these free cumulants are given by:

Ke(Tmnp) = Me(mnp)
mn - Mc(A)
mn - (M) @ M])(A)
By using now Speicher’s free moment-cumulant formula, from [72], [80], to be ex-
plained in chapter 12 below as well, this gives the result. U

We can see now an obvious similarity with the formula in Theorem 11.21. In order to
exploit this similarity, once again by following [20], let us introduce:
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DEFINITION 11.23. We call a square matriz A € M, (C) ® M, (C) multiplicative when
(M7 @ M) (A) = (M7 © MZ)(A)
holds for any p € N, any exponents ey, ... e, € {1,%}, and any 0 € NC,,.

This notion is something quite technical, but we will see many examples in what fol-
lows. For instance, the square matrices A coming from the basic linear maps ¢ appearing
in chapter 8 are all multiplicative. Now with the above notion in hand, we can formulate
an asymptotic result regarding the block-modified Wishart matrices, as follows:

THEOREM 11.24. Consider a block-modified Wishart matrix

W = (id @ )W
and assume that the matriz A € M, (C) @ M, (C) associated to ¢ is multiplicative. Then

w
d

~ Tmnp
holds, in moments, in the d — oo limit, where p = law(A).

PROOF. By comparing the moment formulae in Theorem 11.21 and in Proposition
11.22, we conclude that the asymptotic formula % ~ Tmnp 18 equivalent to the following
equality, which should hold for any p € N, and any exponents ey, ..., e, € {1, *}:

> (mn)7NMZ @ MI)A) = Y (mn) I (M7 @ MZ)(A)

ocENC, cENC,

Now by assuming that A is multiplicative, in the sense of Definition 11.23, these two
sums are trivially equal, and this gives the result. U

Summarizing, we have now a much better understanding of what is going on with the
block-modified Wishart matrices, and in particular with what exactly is behind Theorem
11.24. Still following the material in chapter 8, but armed now with our conceptual free
probability knowledge, let us work out now some explicit consequences of Theorem 11.24,
by using some special classes of modification maps ¢ : M, (C) — M, (C). We recall from
chapter 8 that we have the following standard definition:

DEFINITION 11.25. Associated to any partition m € P(2s,2s) is the linear map
o a ... Qg C ... Cg
Spﬂ(ea1...a5,c1...cs) - Z Z 571' (bl o bs dl L ds) €b1...bs,d1...d5
bi...bs di...ds

between tensor powers of CN, with the Kronecker type symbol on the right being given by
0 = 1 when the indices fit, and 6, = 0 otherwise.
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As explained in chapter 8, there is a connection here with notion of easy group, from
chapter 3. We will be back to this later on, when talking about easy quantum groups. In
relation with our Wishart matrix considerations, the point is that the above linear map
@ can be viewed as a “block-modification” map, as follows:

Or : Mpy:(C) = My<(C)

In order to verify that the corresponding matrices A, are multiplicative, we will need
to check that all the functions p(o,7) = (MS ® ME)(A,) have the following property:

(0,7) = ¢(0,0)
For this purpose, we can use the following result, coming from [20]:
PROPOSITION 11.26. The following functions
¢:NC,x NC, = R
are “multiplicative”, in the sense that they satisfy the condition p(o,v) = p(0,0):
(1) ¢(o,7) = o~ = |7|.

(2) ¢(o,7) = |oT| = |7].
(3) ¢lo,7) =loAT|—]7].

ProoF. All this is elementary, and can be proved as follows:
(1) This follows indeed from the following computation:
pi(0,7) = oy =1
= p—|o]
= ¥ (0‘, U)

(2) This follows indeed from the following computation:

wa(o,y) = |ovy] -1
= |o*| —|of
= 902(0>0)

(3) This follows indeed from the following computation:

w3(o,y) = vl =]l
- 0
= |o|—|o|
= 903<070)

Thus, we are led to the conclusions in the statement. U
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In practice now, the above can be quite complicated, related to subtle questions of
easiness, so let us first discuss the case s = 1. There are 15 partitions 7 € P(2,2),
and among them, the most “basic” ones are the 4 partitions m € P.ye,(2,2). With the
standard convention that A° € My(C) denotes the diagonal of a matrix A € My(C), we
have the following result, from [20], regarding these partitions:

PROPOSITION 11.27. The partitions m € P.yen(2,2) are as follows,

e S IR G R B

with the associated linear maps @, : M, (C) — My(C) being as follows:
p1(A) = A

Pa(A) = A
The corresponding matrices A, are all multiplicative, in the sense of Definition 11.23.

PRroOF. For the above 4 partitions, the associated linear maps are given by:
©1 (eac) = €qc
(pQ(eac) = €cq

L3 (eac) - 6ac Ebb
b

904<€ac) - 5ac€aa

Thus, we obtain the formulae in the statement. Regarding now the associated square
matrices, appearing via Agpcq = @(€ac)pa, these are given by:

1

Aab,cd = 505566[
2

Aab,cd = 5ad5bc

3
Aab,cd - 5@051761

4
Aab,cd = 5abcd

Since these matrices are all self-adjoint, we can assume that all the exponents are 1
in Definition 11.23, and the condition there becomes:

(M7 & M")(A) = (M7 ® M?)(A)
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In order to check this condition, observe that for the above 4 matrices, we have:

1 -1
o T — o o = plotT ol =T
(M7 @ MT)(A) = o] § : Oigryirqay -+ i pyingpy =

i1..ip

1
oo M _ . R e e
(M7 ®M7)(A2) = n|o\+|7|§ Oivigrity -+ Oiigr iy = 10

i1..0p

(e T 1
(M7 @ M7)(As) = nlol+rl Z Z Oiviy (1) Osrry -+ + Oipia() Vpin(py) = 1

i1.erip J1.dp
1
o T - E o . — ploatl=lol=|7]
(M7 @ MT)(As) = nlol+l 511%(1)“(1)"‘5%%@)%@)_n
i1...0p

By using now the results in Proposition 11.27, this gives the result. U

Summarizing, the partitions m € Peyen(2,2) provide us with some concrete input for
Theorem 11.24. When using this input, we obtain:

THEOREM 11.28. The asymptotic distribution results for the block-modified Wishart
matrices coming from the partitions my, 7o, T3, T4 € Peyen(2,2) are as follows:
(1) Marchenko-Pastur: SW ~ m, where t = m/n.
(2) Aubrun type: (id @ t)W ~ m,, with v = @5—1 + wél.
(3) Collins-Nechita one: n(id @ tr(.)1)W ~ m, where t = mn.
(4) Collins-Nechita two: % (id ® (.)°)W ~ .

PROOF. These observations go back to [20]. In our setting, the maps 1, @2, 3, @4 in
Proposition 11.28 give the 4 matrices in the statement, modulo some rescalings, and the
computation of the corresponding distributions goes as follows:

(1) Here A = )", €qc @ €4, and so A = nP, where P is the rank one projection on
Y uta ®eq € C"®C". Thus we have the following formula, which gives the result:

1

n2

n? —

1
p=—5—"00+
n

On

ere = €ac X €., 18 the Nlip operator, e R ey) = €, D €. us p =
2) Here A e is the fli A Th
”2—;15,1 + ”Z—J;ldl, and so we have the following formula, which gives the result:
m(n —1) m(n+1)
B S S S A
2 B
(3) Here A = )", €40 ® ey is the identity matrix, A~ = 1. Thus in this case we have

the following formula, which gives 7, = Ty, and so % ~ Tmn, as claimed:

01

mnp =

p =01
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(4) Here A = )" €4a ® €44 is the orthogonal projection on span(e, ® e,) C C" @ C™.
Thus we have the following formula, which gives the result:
n—1

1
p= do + —01
n

Summarizing, we have proved all the assertions in the statement. O

As explained in chapter 8, it is possible to say a bit more about the case (2) in the sbove
result, the one dealing with the block-transposed Wishart matrices, by using all sorts of
mysterious complex analysis manipulations on the corresponding functional transforms,
allowing us to say more about the corresponding measures m,.

These mysterious complex analysis manipulations correspond, of course, to standard
procedures from free probability, related to the combinatorics and analysis of Voiculescu’s
R-transform. For the continuation of all this, we refer to [4], [19], [20] and the subsequent
literature on the subject, including the more recent papers [3], [49], [69].

In what concerns us, we will rather navigate in what follows towards quantum algebra,
but we will be back to random matrix questions on several occasions, and notably in
chapter 16 below, in the context of an all-catching final discussion, regarding the relation
between Voiculescu’s free probability and Jones’ subfactor theory.

11e. Exercises

Things have been quite technical in this chapter, and as unique exercise here, which
is unfortunately even more technical than what has been said above, we have:

EXERCISE 11.29. Find block-modified matriz models for the free Bessel laws.

This is something which is not very obvious, and also, needless to say, was not some-
thing solved in the above. In case you get stuck with this, of course look it up.



CHAPTER 12

The bijection

12a. Cumulants

In this chapter we discuss the relation between classical and free probability. As a
starting point, we have the following statement, which is something very concrete:

THEOREM 12.1. The moments of the main limiting measures in classical and free
probability, real and complex, and discrete and continuous,

B, —— I}

e

5t Tt

B, Gy

AV

by ———

are always given by the same formula, My = ZﬂeD(k) ™l where D C P is a certain set
of partitions associated to the measure, and where |.| is the number of blocks.

Proor. This is something that we know well, the sets of partitions being:
Nceven -~ NC?

even

For full details on all this, we refer to the previous chapter. U

C’UGTL

even

What is interesting with the above cube is that it provides us with some 3D orientation
in noncommutative probability, taken at large. To be more precise, the 3 “coordinate

273
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axes” that we have, corresponding to the 3 pairs of opposing faces, are real/complex,
discrete/continuous, and classical/free. All this is nice, and potentially fruitful.

As a first observation, just by looking at the upper and lower faces of the cube, and
how they are connected, we conclude that there should be a bijection between classical
and free probability, having something to do with crossing and noncrossing partitions.
And this is indeed the case, with this being known since the paper of Bercovici-Pata [24],
who discovered this bijection. Explaining all this will be our next task.

We will first need to do some further combinatorics, in relation with cumulants, fol-
lowing Rota in the classical case, and Speicher in the free case. Let us start with the
classical case. We have here the following well-known definition:

DEFINITION 12.2. Associated to any real probability measure p = py is the following
modification of the logarithm of the Fourier transform F,(¢) = E(e7),

K,(€) = log E(e*)

called cumulant-generating function. The Taylor coefficients k,(u) of this series, given by

[e.e] fn’
K = Y &
n=1
are called cumulants of the measure j1. We also use the notations ks, K for these cumu-
lants and their generating series, where f is a variable following the law p.

In other words, the cumulants are more or less the coefficients of the logarithm of
the Fourier transform log F),, up to some normalizations. To be more precise, we have
K, (&) = log F,(—i&), so the formula relating log F), to the cumulants k,(p) is:

: - g
log Fu(—i€) = Y _ k(i) >
n=1
Equivalently, the formula relating log F}, to the cumulants k,(p) is:
(i€)"
|

n.

log F,(€) = Y _ kn(p)

We will see in a moment the reasons for the above normalizations, namely change of
variables & — —i&, and Taylor coefficients instead of plain coefficients, the idea being that
for simple laws like g;, p;, we will obtain in this way very simple quantities. Let us also

mention that there is a reason for indexing the cumulants by n = 1,2, 3,... instead of
n=20,1,2,..., and more on this later, once we will have some theory and examples.
As a first observation, the sequence of cumulants kq, ko, k3, ... appears as a modifica-

tion of the sequence of moments M, My, Ms, ..., the numerics being as follows:



12A. CUMULANTS 275

PROPOSITION 12.3. The sequence of cumulants ky, ko, ks, . .. appears as a modification

of the sequence of moments My, My, M3, ..., and uniquely determines . We have
kl = M1
k‘g - —M12 + M2

kg = 2M13 - 3M1M2 + M3
ky = —6M;} + 12M7F My — 3M3 — 4M; M3 + M,

in one sense, and in the other sense we have
My =k
My = ki + ks
Mz =k} + 3kiky + ks
My = ki + 6kiky + 3k3 + dk1ks + ky

with in both cases the correspondence being polynomial, with integer coefficients.

PRrOOF. Here all the theoretical assertions regarding moments and cumulants are clear
from definitions, and the numerics are clear from definitions too. To be more precise, we
know from Definition 12.2 that the cumulants are defined by the following formula:

log B(e) = 3 k(1) &
s=1 :

By exponentiating, we obtain from this the following formula:

E(egf) = exp (Z ks(f) g)

Now by looking at the terms of order 1,2, 3,4, this gives the above formulae. U

Obviously, there should be some explicit formulae for the correspondences in Propo-
sition 12.3. This is indeed the case, but things here are quite tricky, and we will discuss
this later, once we will have enough motivations for the study of the cumulants.

The interest in cumulants comes from the fact that log F},, and so the cumulants &, (1)
too, linearize the convolution. To be more precise, we have the following result:

THEOREM 12.4. The cumulants have the following properties:
(1) kn(cf) = c"kn(f).
(2) ki(f+d) =ki(f) +d, and k,(f +d) = k,(f) forn > 1.
(3) knlf +9) = knlf) + kn(9), if f,g are independent.
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PROOF. Here (1) and (2) are both clear from definitions, because we have the following
computation, valid for any ¢,d € R, which gives the results:

Kepra(€) = logE(ef/ )
= loglet - E(e))]
= &d+ Ky(c£)

As for (3), this follows from the fact that the Fourier transform Fy(£) = E(e%/) satisfies
the following formula, whenever f, g are independent random variables:

Ff—i—y(&) = Ff(f)Fg(g)
Indeed, by applying the logarithm, we obtain the following formula:

log Fy4(§) = log Fy(§) + log Fy(&)
With the change of variables £ — —i&, we obtain the following formula:

Kpi9(§) = Kp(§) + Ky(€)
Thus, at the level of coefficients, we obtain k,(f + ¢) = kn(f) + kn(g), as claimed. O
At the level of the main examples now, we have the following result, which shows in
particular that the various normalizations that we made when defining the cumulants are
indeed the good ones, leading to the simplest possible formulae for these cumulants:
PROPOSITION 12.5. The sequence of cumulants ki, ko, ks, ... is as follows:

— Ue cum n are c “e .
/.1/ — gt cumu ntS are 5y Uy PRI
3 FO7 th(? l y Uy by
4 F()7 0. lfh,(f la/ t a ()7 9 0, 9

PrROOF. We have 4 computations to be done, the idea being as follows:
(1) For p = 6. we have the following computation:

K.(§) = logE(e)

= log(e%)
et Cf
But the plain coefficients of this series are the numbers ¢, 0,0, ..., and so the Taylor
coefficients of this series are these same numbers ¢, 0,0, ..., as claimed.

(2) For pn = g; we have the following computation:
K, (&) = logF,(—if)
= logexp [—t(—i€)?/2]
= t&/2
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But the plain coefficients of this series are the numbers 0,¢/2,0,0,..., and so the
Taylor coefficients of this series are the numbers 0,¢,0,0, ..., as claimed.

(3) For i = p; we have the following computation:

KM(&) = log Fu(_if)
= logexp [(e"(”f) — 1)t]
(ef — 1)t

But the plain coefficients of this series are the numbers ¢/n!, and so the Taylor coeffi-
cients of this series are the numbers t,¢,¢, ..., as claimed.

(4) For p = b, we have the following computation:

Ku(§) = log F(—if)

3 -
= logexp [(%—1) t}
€4 ot
= (i—l)t
2

But the plain coefficients of this series are the numbers (1 + (—1)")¢/n!, so the Taylor
coefficients of this series are the numbers 0,¢,0,1,..., as claimed. O

At a more theoretical level, we have the following result, generalizing (3,4) above:

THEOREM 12.6. For a compound Poisson law p, we have

kn(py) = My (v)

valid for any integer n > 1.

PROOF. We can assume, by using a continuity argument, that our measure v is dis-
crete, as follows, with ¢; > 0 and z; € R, and with the sum being finite:

VvV = Z tzdzl
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By using now the Fourier transform formula for p, from chapter 11, we obtain:
Ky, (§) = logF,, (—if)

= logexp [Z ti(es* — 1)]
0%

7 n>1

" n

n>1

=y % M, (v)

n>1

Thus, we are led to the conclusion in the statement. U

12b. Inversion formula

Getting back to theory now, the sequence of cumulants ki, ks, k3, ... appears as a
modification of the sequence of moments My, My, M3, ..., and understanding the relation
between moments and cumulants will be our next task. We recall from Proposition 12.3
that we have the following formulae, for the cumulants in terms of moments:

ki = M,
ky = —M} + M,
ks = 2M; — 3M; My + Ms
ky = —6M; +12ME My — 3MZ — 4M, M + M,

Also, we have the following formulae, for the moments in terms of cumulants:
My =k
Mo =k} + ko
Ms = k3 + 3kyky + ks
My = ki + 6kiky + 3k3 + dkks + ky

In order to understand what exactly is going on, with moments and cumulants, which
reminds a bit the Mdbius inversion formula, we need to do some combinatorics, in relation
with partitions. So, let us go back to the material from chapter 3, where some theory for
the partitions was developed. We recall that we have the following definition:
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DEFINITION 12.7. The Mobius function of any lattice, and so of P, is given by

1 fr=v
M(TF, V) = - Eﬂ§7<u /’L<7T7T) if TV
0 ifrLv

with the construction being performed by recurrence.

This is something that we already discussed in chapter 3, and as a first example here,
the Mobius matrix M, = u(m,v) of the lattice P(2) = {||,M} is as follows:

1 -1
= )
At k = 3 now, we have the following formula for the Mébius matrix M,, = p(m,v),
once again written with the indices picked increasing in P(3) = {|||, M|, 7, |1, T}

1 -1 -1 -1 2
o 1 0 0 -1

M=10 0 1 0 -1
o 0 0 1 -1
o 0 0 0 1

In general, as explained in chapter 3, the Mdbius matrix of P(k) looks a bit like the
above matrices at k = 2, 3, being upper triangular, with 1 on the diagonal, and so on.

Back to the general case now, the main interest in the Mobius function comes from
the Mobius inversion formula, which can be formulated as follows:

THEOREM 12.8. We have the following implication,
fm) =) gv) = gm)=> nw,m)f)
v<m v<m
valid for any two functions f,qg: P(n) — C.

PRrROOF. The above formula is in fact a linear algebra result, so let us start with some
linear algebra. Consider the adjacency matrix of P, given by the following formula:

A = 1 %f T<v
0 ifrLv
Our claim is that the inverse of this matrix is the Mobius matrix of P, given by:
M, = ,u(ﬂ'a V)

Indeed, the above matrix A is upper triangular, and when trying to invert it, we are
led to the recurrence in Definition 12.7, so to the Mobius matrix M. Thus we have:

M=A"
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Now by applying this equality of matrices to vectors, regarded as complex functions
on P(n), we are led to the inversion formula in the statement. d

As a first illustration, for P(2) the formula M = A~! appears as follows:
1 -1\ _ (1 1\
0o 1) \0o 1

At k = 3 now, the formula M = A~! for P(3) reads:

-1

1 -1 -1 -1 2 11111
o 1 0 0 -1 01001
o 0 1 0 —-1]=1001F071
o 0 0 1 -1 00011
0o 0 0 0 1 0 00O01

With these ingredients in hand, let us go back to probability. We first have:
DEFINITION 12.9. We define quantities M. (f), k:(f), depending on partitions
m € P(k)
by starting with M, (f), k.(f), and using multiplicativity over the blocks.

To be more precise, the convention here is that for the one-block partition 1,, € P(n),
the corresponding moment and cumulant are the usual ones, namely:

Mln(f) :Mn<f) ) kln(f) :kn(f)

Then, for an arbitrary partition 7 € P(k), we decompose this partition into blocks,
having sizes by, ..., bs, and we set, by multiplicativity over blocks:

M (f) = My, (f) - My, (f)  ke(f) =k, (f) - K, (f)

With this convention, following Rota and others, we can now formulate a key result,
fully clarifying the relation between moments and cumulants, as follows:

THEOREM 12.10. We have the moment-cumulant formulae
M,(f) = Z ko(f)  ku(f) = Z 1V, 1) M, (f)
veP(n) veP(n)

or, equivalently, we have the moment-cumulant formulae

Mo(f) = k(f) o ka(f) =D p(v.m)M,(f)

v<m v<m

where u is the Mébius function of P(n).
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PROOF. There are several things going on here, the idea being as follows:

(1) First, it is clear from our conventions, from Definition 12.9, that the first set of
formulae is equivalent to the second set of formulae, by multiplicativity over blocks.

(2) The other observation is that, due to the M&bius inversion formula, from Theorem
12.8, in the second set of formulae, the two formulae there are in fact equivalent.

(3) Summarizing, the 4 formulae in the statement are all equivalent. In what follows
we will focus on the first 2 formulae, which are the most useful, in practice.

(4) Let us first work out some examples. At n = 1,2,3 the moment formula gives the
following equalities, which are in tune with the findings from Proposition 12.3:

My =k = ki
MQZkH"—kﬂ:k%‘f_kQ
Ms = kyj| + kry + ko + ko 4 km = k7 + 3kiks + ks

At n = 4 now, which is a case which is of particular interest for certain considerations
to follow, the computation is as follows, again in tune with Proposition 12.3:

M, = km—I—(k?mH+...)+(k)mn+...)+(kﬁm|—i—...)—l—/{:m—n
6t 3 terms 4t

= ki + 6k{ky + 3k3 + 4k ks + ky

As for the cumulant formula, at n = 1,2,3 this gives the following formulae for the
cumulants, again in tune with the findings from Proposition 12.3:

ki = M, = M,
ke = (=1)M|| + Mpn = —M7 + M,
ks = 2M)| + (—1)Mnj + (=1) Mg+ (=1)Mjn + M = 2M} — 3M; My + Ms

Finally, at n = 4, after computing the Mobius function of P(4), we obtain the following
formula for the fourth cumulant, again in tune with Proposition 12.3:

ki = (=6)M +2(Mn+...)+ ()(Man+...)+ ()M +...) + M
6t 3 terms 4t

= —6M; + 12M}My — 3M3Z — AM, M3 + M,

(5) After all these preliminaries, time now to get to work, and prove the result. As
mentioned above, our formulae are all equivalent, and it is enough to prove just one of
them. We will prove in what follows the first formula, namely:

Mu(f) = 3 ko(f)

vEP(n)
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(6) In order to do this, we use the very definition of the cumulants, namely:

log B(e!) = k(1) &,
s=1 :

By exponentiating, we obtain from this the following formula:

E(e7) = exp (Z k() 5—,)

(7) Let us first compute the function on the left. This is easily done, as follows:

E(e) = E(i%)

(8) Regarding now the function on the right, this is given by:

[o.¢] s oo 00 g P
exp (Z ks(f) %) — Z (25:1 ks(f) s!)

p=0 p!
B oo 1 oo 531 o gsp
- ;H;ksl(f)s—ll ...... ;ksp(f);

(9) The point now is that all this leads us into partitions. Indeed, we are summing
over indices sy,...,s, € N, which can be thought of as corresponding to a partition of
n =51+ ...+ 8. 50, let us rewrite our sum, as a sum over partitions. For this purpose,
recall that the number of partitions v € P(n) having blocks of sizes si,...,s, is:

( n )_ n!
81,3 Sp P!l
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Also, when resumming over partitions, there will be a p! factor as well, coming from
the permutations of si,...,s,. Thus, our sum can be rewritten as follows:

oo (Le0§) - TXL T keni iy

n=0 p=0 ' s1+...+sp=n

(10) We are now in position to conclude. According to (6,7,9), we have:

SRAGESD DD S

’ veP(n)

Thus, we have the following formula, valid for any n € N:

M(f) = Y klf)
)

veP(n

We are therefore led to the conclusions in the statement. O

Summarizing, we have now a nice theory of cumulants, or rather a beginning of such
a theory, and with this in hand, we can go back to the diagram in Theorem 12.1, see if
we can now better understand what is going on there. However, this is a bit tricky:

(1) Our theory of cumulants as developed so far only applies properly to the “real
classical” case, namely to the measures g, b; there. In order to deal with the full “classical”
case, comprising as well the measures Gy, By, we would have to upgrade everything into
a theory of *-cumulants, and this is something quite technical.

(2) Regarding the “free real” measures 7;, §; and their complex analogues I';, B, here
the cumulant theory developed above gives nothing interesting. We will see in the next
section, at least in the real case, that of v;, 8, that the revelant theory which applies to
them is a substantial modification of what we have, called free cumulant theory.

In short, technical problems in all directions, and we are not ready yet for better
understanding Theorem 12.1. As a more modest objective, however, we have the quite
reasonable question of understanding the moment formula My = > 5, tI™l there for
the measures g¢;, b;, by using the cumulant theory developed above. Which is in fact a
non-trivial question too, with the answer involving the following result from [21]:
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THEOREM 12.11. The uniform orthogonal easy groups G C Oy, and their associated
categories of partitions D C P, all coming from subsets L. C N, are as follows,

By On Py

Py {12} —{2}

Sn 2N

Hy P

PC’UE’VL N

with D consisting of the partitions m € P whose blocks have lengths belonging to L C N.

PRrROOF. Consider an arbitrary easy group, Sy C Gxy C Op. This group must then
come from a category of partitions, as follows:

PBcCcDCP

Now if we assume G = (Gy) to be uniform, this category D is uniquely determined
by the subset L. C N consisting of the sizes of the blocks of the partitions in D. And
as explained in [21], one can prove that the admissible sets are those in the statement,
corresponding to the categories and the groups in the statement. U

In relation now with cumulants, we have the following result, also from [21]:

THEOREM 12.12. The cumulants of the asymptotic truncated characters for the uni-
form easy groups G = (Gy) are given by the formula

kn(Xt) - t(snEL

with L C N being the associated subset, and at the level of asymptotic moments this gives

Mi(x) = Y "

weD(k)
with D C P being the associated category of partitions.

ProoF. This is clear indeed from Theorem 12.11, by performing a case-by-case anal-
ysis, with the cases G = O,S, H corresponding to the computations for g, p;, b; from
Proposition 12.4, and with the remaining case, that of the bistochastic groups, G = B,
being similar. Again, for details on all this, we refer to [21]. O

Summarizing, we have now a good understanding of the formula M, = " __ D) tIm! for
the real classical limiting measures, based on cumulants, but with this involving however
some more advanced mathematics. It is possible of course to reformulate all the above
in terms of categories of partitions only, but this won’t lead to any simplifications in the
proofs, which are based on categories of partitions anyway, and would rather obscure the
final results themselves, which are best thought of in terms of easy groups.
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Finally, in order to extend the above results to the general the complex case, the
cumulant theory must be upgraded into a s-cumulant theory, which is something quite
technical. We will discuss however such questions in chapter 14 below, directly in a more
general setting, that of operator-valued noncommutative probability theory, following
Speicher and others [72], [80], [81]. In what regards the easy groups, and more generally
easy quantum groups, in the general unitary setting, this is again a quite technical subject,
and we will be back to this on several occasions, in the remainder of this book.

12c. Free cumulants

In what follows we discuss the free analogues of the above, following Speicher [80],
and subsequent work. We first have the following definition:

DEFINITION 12.13. The free cumulants k,(a) of a variable a € A are defined by

Ra(§) =) hin(a)s™™

with the R-transform being defined as usual by the formula

G, (Ra@) T %) ¢
du(t)

where G (&) = fR s with @ = g, is the corresponding Cauchy transform.

As before with classical cumulants, we have a number of basic examples and illustra-
tions, and a number of basic general results. Let us start with some numerics:

PROPOSITION 12.14. The free cumulants k1, ko, K3, . .. appear as a modification of the
moments My, My, Ms, ..., and uniquely determine . We have

k1 = M
Ko = — M7 4 My
R3 = 2M13 - 3M1M2 + M3
Ky = —HM} 4+ 10MEMy — 2M3Z — AM, M3 + M,

in one sense, and in the other sense we have
M1 = K1
2
My = K] + Ko
3
Ms = K] + 3K1K2 + K3
4 2 2
My = k] + 6K7K2 + 265 + 4K1K3 + Ky

with in both cases the correspondence being polynomial, with integer coefficients.
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PRrOOF. Here all theoretical assertions regarding moments and cumulants are clear
from definitions, and the numerics are clear from definitions too, after some computations
based on Definition 12.13. Let us actually present these computations, which are quite
instructive, more complicated than the classical ones, and that we will need, later on:

(1) We know that the Cauchy transform is the following function:
00 Mn
GE) =) ot
n=0

Consider the inverse of this Cauchy transform G, with respect to composition:

G(K(E)) = K(G() =¢

According to Definition 12.13, the free cumulants k,, appear then as follows:
J— ~
K(§) = E*l'zfﬂnfn !
n=1

Thus, we can compute moments in terms of free cumulants, and vice versa, by using

either of the inversion formulae G(K(§)) = £ and K(G(§)) = &.

(2) This was for the theory. In practice now, playing with the original inversion formula
from Definition 12.13, namely G(K(&)) = &, proves to be something quite complicated,
so we will choose to use instead the other inversion formula, namely:

K(G(§)) =¢
Thus, the equation that we want to use is as follows, with G = G(€):

— ~
5+;/{nG” l—¢

(3) With & = 27! our equation takes the following form, with G = G(z7!):

1 - n—1 —1
5 -+ ; k.G =z

Now by multiplying by z, our equation takes the following form:

< - n—1 __
5+Z;/€nG =1

Equivalently, our equation is as follows, with G = G(z7!) as before:

z > ae nl
5—1—;&”2 < =1
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(4) Observe now that we have the following formula:

G Gzt * M, &
~ (Z ) _ Zn:O Z _ Zann
z z z
n=0
This suggests introducing the following quantity:
F=> My"
n=1
Indeed, we have then G/z = 1+ F, and our equation becomes:
1
1+F—|—Zﬁnzn1+F) =1
(5) By expanding the fraction on the left, our equation becomes:
S+ 3 (1 + Py =
n=0 n=1

Moreover, we can cancel the 1 term on both sides, and our equation becomes:

i(—F)” + i Knzn(14+ F)" 1 =0
n=1 n=1

Alternatively, we can write our equation as follows:

Zf@nznl—l—F = Z

(6) Good news, this latter equation is somethlng that we are eventually happy with.
By remembering that we have F' =) >  M,2z", our equation looks as follows:

K1z + ko2 (1 + Myz + My2® 4+ .. ) 4+ k32 (1 + Myz + My2® 4+ .. )2 + ...
= (M12+M222+)—<M12+MQZ2+)2+(M12+M222+)3—

(7) This was for the hard part, carefully fine-tuning our equation, as to have it as simple
as possible, before getting to numeric work. The rest is routine. Indeed, by looking at
the terms of order 1,2, 3,4 we obtain, instantly or almost, the formulae of k1, ko, k3, K4 in
the statement. As for the formulae for My, My, M3, My, these follow from these.

(8) To be more precise, the equations that we get at order 1,2,3,4 are as follows:
K1 = M
Ko = My — M?
KoM, + k3 = Mz — 2M; My + M;
Ky + 263 My + KoMy = My — 2M; My — M3 + 3ME My — M}
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Thus, we are led to the formulae of k1, ko, k3, k4 in the statement, and then to the
formulae of My, My, M3, M, in the statement, as desired. Il

Observe the similarity with the formulae in Proposition 12.3. In fact, a careful com-
parison with Proposition 12.3 is worth the effort, leading to the following conclusion:

CONCLUSION 12.15. The first three classical and free cumulants coincide,
ki=r1 , ko=ky , k3=r3
but the formulae for the fourth classical and free cumulants are different,
ky = —6M} + 12M7} My — 3M3 — 4M, M3 + M,
Ky = —5M; + 10M7 My — 2M5 — 4M; M3 + M,
and the same happens at higher order as well.

This is something quite interesting, and we will back later with a conceptual explana-
tion for this, via partitions, the idea being that all this comes from:

P(n)=NC(n) <= n<3
But more on this later. At the level of basic general results, we first have:

THEOREM 12.16. The free cumulants have the following properties:
(1) kn(Aa) = A"y (a).
(2) Kn(a+b) = kn(a) + kn(b), if a,b are free.

PROOF. In what regards (1), we have here the following computation:

Grn(§) = /R—dg/\_a(tt)

/du_a(si
" s
N X/Rf/A—s

_ 1 §
= 36 ()

But this gives the following formula:

N <ARQ<A§> ¥ %) -

. (Raw) ¥ Aig)

1
A
1
NN
= £
Thus Ry.(€§) = AR4(AE), which gives (1). As for (2), this follows from the fact, that we
know from chapter 9, that the R-transform linearizes the free convolution operation. [J



12C. FREE CUMULANTS 289

Again in analogy with the classical case, at the level of examples, we have:

THEOREM 12.17. The sequence of free cumulants ki, ko, K3, ... 1S as follows:

(1) For u =4, the free cumulants are c,0,0,. ..
(2) For u = the free cumulants are 0,t,0,0, ...
(3) For u = m; the free cumulants are t,t,t, ...
(4) For p = p; the free cumulants are 0,t,0,¢,...

Also, for compound free Poisson laws the free cumulants are k,(m,) = M,(v).
ProOF. The proofs are analogous to those from the classical case, as follows:
(1) For 1 = 6. we have G,(§) =1/(£ —¢), and so R,,(§) = ¢, as desired.
(2) For 1 = ; we have, as computed in chapter 9, R, (§) = t, as desired.
(3) For u = m we have, also from chapter 9, R, () =t/(1 — &), as desired.

(4) For u = f; this follows from the formulae in chapter 11, but the best is to prove
directly the last assertion, which generalizes (3,4). With v =), ¢;d,, we have:

CiZ4

Rﬂ'l/(g) - Zl—&'i

i

= Zcizi Z(fzz)”

n>0

_ an Z Cizzﬂ-l

n>0 ;

7
= D &y e
7

n>1

= D & M, (v)

n>1

Thus, we are led to the conclusion in the statement. U

Also as before in the classical case, we can define generalized free cumulants x,(a)
with 7 € P(k) by starting with the numeric free cumulants x,(a), as follows:

DEFINITION 12.18. We define free cumulants k.(a), depending on partitions
7 € P(k)
by starting with r,(a), and using multiplicativity over the blocks.

To be more precise, the convention here is that for the one-block partition 1, € P(n),
the corresponding free cumulant is the usual one, namely:

F1, (@) = kn(a)
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Then, for an arbitrary partition # € P(k), we decompose this partition into blocks,
having sizes by, ..., bs, and we set, by multiplicativity over blocks:

Kr(a) = Kp,(a) ... Ky, (a)

With this convention, we have the following result, due to Speicher [80]:
THEOREM 12.19. We have the moment-cumulant formulae
My(a)= Y wmla) , rale)= Y n(,1,)M,(a)
veNC(n) veNC(n)
or, equivalently, we have the moment-cumulant formulae

Mz(a) = Z ku(a) kKe(a) = Z”(Va ™) M, (a)

v<m v<m
where i is the Mobius function of NC(n).

PROOF. As before in the classical case, the 4 formulae in the statement are equivalent,
via Mobius inversion. Thus, it is enough to prove one of them, and we will prove the first
formula, which in practice is the most useful one. Thus, we must prove that:

Mu(a)= Y rula)
veNC(n)

(1) In order to prove this formula, let us get back to the construction of the free
cumulants, from Definition 12.13. The Cauchy transform of a is the following function:

Gul) = Y Hnld)

£n
Consider the inverse of this Cauchy transform G,, with respect to composition:

Ga(Ka(§)) = Ko(Gal§)) = ¢

According to Definition 12.13, the free cumulants r,(a) appear then as follows:

[ — .
Ka(g) - g + Z K?n(a>§ !
n=1
Thus, we can compute moments in terms of free cumulants by using either of the
inversion formulae G,(K,(§)) = & and K,(G,(€)) = &.
(2) In practice, as explained in the proof of Proposition 12.14, the best is to use the

second inversion formula, K,(G,(§)) = &, which after some manipulations reads:
K1z + ko2 (1 4+ Miz 4+ Moz + .. ) + kg2 (1 + Myz + Moz 4+ .. )% + ...
= (Myz+ My2® +...) — (Myz + Maz* +...)> + (Myz + Moz +...)° — ...
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We have already seen, in the proof of Proposition 12.14, how to exploit this formula
at order n = 1,2, 3,4. The same method works in general, and after some computations,
this leads to the formula that we want to establish, namely:

My(a)= Y ()
veNC(n)
(3) We are therefore led to the conclusions in the statement. All this was of course

quite brief, and for details here, we refer for instance to Nica-Speicher [72]. g

Observe that the above result leads among others to a more conceptual explanation
for Conclusion 12.15, with the equalities and non-equalities there simply coming from:

P(n) =NC(n) <= n<3

Finally, in what regards more advanced aspects, in relation with the moment formula
My=73% ¢ D(k) tI7l this ideally requires quantum groups, and more specifically easy quan-
tum groups, and we will talk about this at the end of this chapter. As an advertisement
for that material, however, let us record in advance the following statement:

THEOREM 12.20. The free uniform orthogonal easy quantum groups G C OF, and
their associated categories of partitions D C P, all coming from subsets L. C N, are

{2}

B}, o, NCiy NC, {1,2}

SN

Hj; NC

NC@’U@TL

with D consisting of the partitions m € NC whose blocks have lengths belonging to L C N.
The free cumulants of the corresponding measures are given by the formula

Ry = t(SnGL
and at the level of moments this gives the formula M = ZwED(k) ¢l

PrRoOOF. Obviously, this is something informal, and we will be back to it, with details.
However, with the plea of just believing us, the idea is that the easy quantum groups are
abstract beasts of type Sy, C G C Oy, coming from categories NCy C D C NC, and so
we are left with an algebraic and probabilistic study of these latter categories, which can
be done exactly as in the classical case, and which leads to the above conclusions. More
on this in a moment, and in the meantime, we refer to [21] for all this. O

There are many other things that can be said about free cumulants, and we will come
back to this later on, in chapter 14 below, directly in a more general setting, that of the
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operator-valued free probability theory, following [81], when discussing free de Finetti
theorems, which crucially use the free cumulant technology.

Importantly, everything that has been said above about free cumulants, be it a bit
technical, is a mirror image of what can be said about classical cumulants. But at a more
advanced level, things are far more interesting than this, for instance because of the key
isomorphism NC(k) ~ NC5(2k), that we already met in this book in some other contexts,
having no classical counterpart. We will be back to this.

12d. The bijection

With the above classical and free cumulant theory in hand, we can now formulate the
following simple definition, making the connection between classical and free:

DEFINITION 12.21. We say that a real probability measure
m € P(R)
is the classical version of another measure, called its free version, or liberation
n e P(R)
when the classical cumulants of m coincide with the free cumulants of .

As a first observation, this definition fits with all the classical and free probability
theory developed in the above, in this whole book so far, and notably with the measures
from the standard cube, and to start with, we have the following result:

THEOREM 12.22. In the standard cube of basic probability measures,
B, ——1I}

e

ﬁt Yt

B, Gy

e

by ——————— g
the upper measures appear as the free versions of the lower measures.
PRrOOF. This follows indeed from our various cumulant formulae found above. O

In order to reach now to a more advanced theory, depending this time on a parameter
t > 0, which is something essential, and whose importance will become clear later on, let
us formulate, following Bercovici-Pata [24], and the subsequent work in [72]:
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DEFINITION 12.23. A convolution semigroup of measures
{mitiso o mgxmy =mey
is in Bercovici-Pata bijection with a free convolution semigroup of measures

{0+ ps B = pope

when the classical cumulants of my coincide with the free cumulants of p;.

As before, this fits with all the theory developed so far in this book, and notably with
the measures from the standard cube, and we have the following result:

THEOREM 12.24. In the standard cube of basic semigroups of measures,

B —1I,

e

Bt Vi

B, G,

e

b ——————— gt
the upper semigroups are in Bercovici-Pata bijection with the lower semigroups.

PRrooOF. This is a technical improvement of Theorem 12.22, based on the fact that the
upper measures in the above diagram form indeed free convolution semigroups, and that
the lower measures form indeed classical convolution semigroups, which itself is something
that we know well, from the various semigroup results established in above. U

Back to the examples now, there are many other, and we will be back to this. But,
before anything, let us formulate the following surprising result, from [23]:

THEOREM 12.25. The normal law g1 s freely infinitely divisible.

Proor. This is something tricky, involving all sorts of not very intuitive computations,
and for full details here, we refer here to the original paper [23]. O

The above result shows that the normal law g; should have a “classical analogue” in
the sense of the Bercovici-Pata bijection. And isn’t that puzzling. The problem, however,
is thatr this latter law is difficult to compute, and interpret. See [23].

Still in relation with the Bercovici-Pata bijection, let us also mention that there are
many interesting analytic aspects, coming from the combinatorics of the infinitely divisible
laws, classical or free. For this, and other analytic aspects, we refer to [24].
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Finally, as previously promised, let us briefly discuss the axiomatization of the stan-
dard cube, using quantum groups. Skipping some details, or rather leaving them for
chapter 13 below, the idea is that we have the following Brauer type result, coming from
the work in [6], [8], [10], [13], [31], covering the basic unitary and reflection groups:

THEOREM 12.26. We have quantum unitary and reflection groups as follows,

Ky Un

Hy On

which are all easy, the corresponding categories of partitions being as follows,

Nceven NC2
S /
NClepen Ny
Peven PQ
S /
Peven P2

with standard notations for all categories, and NC' standing for noncrossing.

ProoF. This is something that we know for the classical groups, those on the lower
side of the cube, from chapters 3-4. The point now is that it is possible to formulate
free analogues of these results, in the framework of the compact quantum groups of
Woronowicz [98], and we are led to the results for the upper side of the cube as well. We
refer to [6], [8], [10], [13], [31], and we will be back to all this in chapter 13 below. O

Now with the above result in hand, let us go now to pure combinatorics, with of course
some quantum group ideas in mind. We have here the following result:
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THEOREM 12.27 (Ground Zero). Under a collection of suitable extra assumptions
Ky Uy

/! /!

Ky Un

Hy
are the unique easy quantum groups. Equivalently, under suitable extra assumptions

Nceven NC2

e /
NClepen NC,
Py
e ) /

7)8’0 Een

PB’UETZ

are the unique categories of partitions. Also equivalently, under suitable assumptions

ﬁti'—%/

are the unique main probability measures.

PROOF. There is a long story here, first for formulating the precise statement, which
is something non-trivial, and then of course for proving it, and for the whole story here,
we refer to [6]. We will be back with more details on all this in chapter 13 below. U

As a conclusion to all this, with some ideas from combinatorics and quantum groups,
we have managed to axiomatize the main laws in classical and free probability.

To be more precise, the idea is that by bombarding everything with a massive number
of axioms, only 8 objects survive, be them quantum groups, categories or partitions, or
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semigroups of probability measures. And, as a pleasant surprise, these 8 objects form
a lovely cube, providing us with some 3D orientation, with the 3 coordinate axes corre-
sponding to the real/complex, discrete/continuous and classical /free dichotomies.

This is certainly interesting, and we have here some clear ground, free of traps and
abstractions, that we can build upon. We will discuss this a bit, in what follows.

12e. Exercises
There has been a lot of theory in this chapter, and as an exercise here, we have:
EXERCISE 12.28. Clarify all the details for the standard cube of measures
B, —I}

S S

Bt Tt

B, Gy

/ /

by ——— G
by proving that we have indeed the Bercovici-Pata bijection on the vertical.

This is something discussed in the above, but with some details missing, and the
problem now, which is very instructive, is that of filling all the details.
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CHAPTER 13

Free geometry

13a. Quantum groups

We have seen so far that classical probability has a “twin sister”, which is Voiculescu’s
free probability theory. The relation between the two comes from an almost perfect
symmetry between the main limiting theorems in both theories, which can be axiomatized.
At a more concrete level, passed a few technical manipulations, the main limiting laws
are as follows, with the vertical correspondence being the Bercovici-Pata bijection:

B, —I}

S S

By Vi

B, Gy

/ /

bp——— G
All this remains however a bit abstract. Fortunately, beasts like random matrices and

quantum groups are there, providing us with explicit models for the above laws, and for
what is going on, in general. In what regards quantum groups, we have:

THEOREM 13.1. The main limiting laws in classical and free probability come from
Ky Uy

/7 /

Ky Un

as asymptotic laws, with N — oo, of the corresponding truncated characters.

ProoOF. This is something that we know from chapter 4, for the lower face of the
cube. In what regards the upper face, this is something which remains to be clarified. [J

299
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Our purpose in this chapter is to discuss the details of this result, and then further
build on it, by expanding the theory into a more general correspondence between classical
geometry and free geometry, at the probabilistic level. Then later on, in the next chapters,
we will get back to random matrices as well, and we will also add to the picture some
further beasts, which are of even more tricky type, namely the Jones subfactors.

As a starting point, we have the following key definition, from [98]:

DEFINITION 13.2. A Woronowicz algebra is a C*-algebra A, given with a unitary
matriz v € My (A) whose coefficients generate A, such that the formulae

A(vij) = Zvik Qur; , e(vy) =05 , Slvy) = "U;z
k

define morphisms of C*-algebras A: A —- AR A, e: A—C, S5: A— AP,

We should mention that this definition is a modified version of Woronowicz’ definition
in [98], which best fits our purposes here, covering the objects in Theorem 13.1, and more
on this later. We say that A is cocommutative when YA = A, where X(a ® b) = b® a is
the flip. We have the following result, which justifies the terminology and axioms:

ProOPOSITION 13.3. The following are Woronowicz algebras:

(1) C(G), with G C Uy compact Lie group. Here the structural maps are:

Alp) = [(g9,h) = @lgh)] , elp)=¢(1) , S(p)=1lg— elg™")]
(2) C*(I"), with Fx — T finitely generated group. Here the structural maps are:

Alg)=g®g , eg=1 , Slg=g"
Moreover, we obtain in this way all the commutative/cocommutative algebras.

PRrROOF. In both cases, we have to indicate a certain matrix v. For the first assertion,
we can use the matrix v = (v;;) formed by matrix coordinates of G, given by:

vii(g) .. vin(g)
9= : :
oni(g) .- vnn(9)
As for the second assertion, we can use here the diagonal matrix formed generators:
g1 0
v = .
0 gn

Finally, the last assertion follows from the Gelfand theorem, in the commutative case.
In the cocommutative case this follows from the Peter-Weyl theory, explained below. [J

In view of Proposition 13.3, we can formulate the following definition:
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DEFINITION 13.4. Given a Woronowicz algebra A, we formally write
A=C(G)=CI)
and call G compact quantum group, and I' discrete quantum group.

When A is both commutative and cocommutative, GG is a compact abelian group, I'
is a discrete abelian group, and these groups are dual to each other:

G=I , T=G

In general, we still agree to write the formulae G = f, I'= @, but in a formal sense.
Finally, let us make as well the following convention:

DEFINITION 13.5. We identify two Woronowicz algebras (A,v) and (B,w), as well as
the corresponding quantum groups, when we have an isomorphism of x-algebras

< > wg; >
mapping standard coordinates to standard coordinates.

This convention is here for avoiding amenability issues, as for any compact or discrete
quantum group to correspond to a unique Woronowicz algebra. More on this later.

Moving ahead now, let us call corepresentation of A any unitary matrix u € M,(A),
where A =< v;; >, satisfying the same conditions as those satisfied by u, namely:

ul] Z Uik, X Ug; g(uij) = 5U ) S(U”) = U;Z

We have the following key result, due to Woronowicz [98]:

THEOREM 13.6. Any Woronowicz algebra has a unique Haar integration functional,

(é@@A:(M@L)A:A@1

which can be constructed by starting with any faithful positive form ¢ € A*, and setting

/‘JE}MZ@

where ¢ x 1p = (¢ @ )A. Moreover, for any corepresentation u € M, (C) ® A we have

(z’d@/c)u:P

where P is the orthogonal projection onto Fix(u) = {& € C"|u§ = &}.
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PRroOF. Following [98], this can be done in 3 steps, as follows:

(1) Given ¢ € A*, our claim is that the following limit converges, for any a € A:

1 n
a=lim — Y ¢*(a)

Indeed, by linearity we can assume that a € A is the coefficient of certain corepresen-
tation, a = (7 ® id)u. But in this case, an elementary computation gives the following
formula, with P, being the orthogonal projection onto the 1-eigenspace of (id ® ¢)u:

(zm/@)u:aﬁ

(2) Since u& = ¢ implies [(id ® ¢)u)é = £, we have P, > P, where P is the orthogonal
projection onto the fixed point space in the statement, namely:
Fiz(u) = {5 e C"u& = f}

The point now is that when ¢ € A* is faithful, by using a standard positivity trick,
we can prove that we have P, = P, exactly as in the classical case.

(3) With the above formula in hand, the left and right invariance of [, = fso is clear
on coefficients, and so in general, and this gives all the assertions. See [98]. 4

We can now develop, again following [98], the Peter-Weyl theory for the corepresen-
tations of A. Consider the dense subalgebra A C A generated by the coefficients of the
fundamental corepresentation v, and endow it with the following scalar product:

<a,b >=/ab*
G

With this convention, we have the following result, from [98]:

THEOREM 13.7. We have the following Peter-Weyl type results:

(1) Any corepresentation decomposes as a sum of irreducible corepresentations.
(2) Each irreducible corepresentation appears inside a certain v®*.

(3) A =D.crrr(a)y Maimw)(C), the summands being pairwise orthogonal.

(4) The characters of irreducible corepresentations form an orthonormal system.

PROOF. All these results are from [98], the idea being as follows:

(1) Given u € M, (A), the intertwiner algebra End(u) = {T € M,,(C)|Tu = uT} is a
finite dimensional C*-algebra, and so decomposes as End(u) = M,,(C) & ... & M, (C).
But this gives a decomposition of type u = uy + ... + u,, as desired.

(2) Consider the Peter-Weyl corepresentations, v®* with k colored integer, defined by
v®0 =1, v®° = v, v®* = v and multiplicativity. The coefficients of these corepresentations
span the dense algebra A, and by using (1), this gives the result.
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(3) Here the direct sum decomposition, which is a *-coalgebra isomorphism, follows
from (2). As for the second assertion, this follows from the fact that (id ® [,)u is the
orthogonal projection P, onto the space Fiz(u), for any corepresentation w.

(4) Let us define indeed the character of u € M, (A) to be the trace, x, = Tr(u).
Since this character is a coefficient of u, the orthogonality assertion follows from (3). As
for the norm 1 claim, this follows once again from (id ® [,)u = P,. u

Getting now towards easiness, let us begin with the following definition, from [21]:

DEFINITION 13.8. Let P(k,l) be the set of partitions between an upper colored integer
k, and a lower colored integer [. A collection of subsets

D =| |D(k,1)

with D(k,1) C P(k,1) is called a category of partitions when it has the following properties:
) Stability under the horizontal concatenation, (w,0) — [rwo].

) Stability under vertical concatenation (7, 0) — [2], with matching middle symbols.
) Stability under the upside-down turning %, with switching of colors, o <+ e.
) Each set P(k,k) contains the identity partition || ...||.
)

The sets P((), ce) and P((), ®0) both contain the semicircle N.

In other words, what we have here are the same axioms as in chapter 3, but with the
condition that P(k, k) with |k| = 2 must contain the crossing partition X, corresponding
to commutativity, removed. The relation with the quantum groups comes from:

THEOREM 13.9. Fach category of partitions D = (D(k,l)) produces a family of com-
pact quantum groups G = (Gy), one for each N € N, via the following formula,

Hom/(v®* v®") = span ( x|T € D(k,l))

and Tannakian duality. The quantum groups having this property, that the corresponding
Tannakian category 1s spanned by partitions, are called easy.

PRrROOF. This follows from Woronowicz’s Tannakian duality, from [99], best viewed in
its “soft” form, from Malacarne’s paper [65]. Indeed, let us set:

C(k,l) = span (

WW€D®@>

By using the axioms in Definition 13.8, we see that C' = (C(k,1)) is a Tannakian
category, in the sense of [65]. Thus Tannakian duality applies, and gives the result. O

Getting now into examples, we have the following Brauer type result, coming from
the work in [6], [8], [10], [13], [31], covering the basic rotation and reflection groups:
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THEOREM 13.10. We have quantum rotation and reflection groups

/_NFO/
/KNJ(T/

which are all easy, the corresponding categories of partitions being as follows,

Uy
Uy

HY
Hy

NCeien NC,
S /
NCepen Ny
Peven P
S e
Peven Py

with on top, the symbol NC' standing everywhere for noncrossing partitions.

Proor. We already know, from chapter 3, the results for the lower face of the cube.
In what regards the results for the upper face, the idea is as follows:

(1) Let us first discuss the construction of Oy, Uy,. Following Wang [92], our claim is
that the following universal algebras are Woronowicz algebras:

C(OX[) = C* (('Uij)i,jzl,..‘,N’v = 7,0 = v71>

CUy) = C* ((Uij)i,jzl,...,N vi=vt ot = 17_1>

Indeed, this follows from the elementary fact that if a matrix v = (v;;) is orthogonal
or biunitary, then so must be the following matrices:

™)y =Y o@uy , () =08 , %)y =uvj
k

Thus, we can define morphisms A, e, S as in Definition 13.2, by using the universality
property of the algebras C'(05,), C(Uy), so we have quantum groups OF;, Uy;.
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2) Next, let us discuss the easiness property of OF,. UY.. The quantum group Uy is
(2) : property v Uy q group Uy
by definition constructed via the following relations:

* -1 t -1

V=0 , U =0
Thus, the following operators must be in the associated Tannakian category C':

Tﬂaﬂ:m ) ,-Z—;raﬂ—:m

oe [ Jo]

It follows that the associated Tannakian category is C' = span(T,|m € D), with:
D=< [, 0>=NC,

oce ) @O

Now by imposing the extra relation v = o, we obtain the easiness of O} as well.

(3) Let us discuss now the construction of Hy, K. Following Wang [93], we can
construct the quantum permutation group S}, via the following formula, with “magic”
meaning that the entries are projections, summing up to 1 on each row and column:

C(Sy) =C" <(Uij)z',j:1,...,N

v = magic>

Wioh this notion in hand, following now [8], [10], we can construct as well quantum
reflection groups, a bit as in the classical case, in the following way:

Hy =750 85 . Kh=TuSH

Here (, is a free wreath product, an operation which is the free analogue of ¢, and which
can be axiomatized. Alternatively, we can construct our quantum groups as follows:

C(Hy)=C" <(Uij)i,j:1,...7N

vij = vy, (UZQJ) = magic)

C(Ky)=C" ((Uz‘j)i,j=1,...,N‘[UUaU?}] =0, (viyvj;) = magic)

(4) Finally, in what concerns the easiness of Hy, Ky, this follows again like in the
classical case. Indeed, the first observation is that the magic condition satisfied by a
matrix v can be reformulated as follows, with u € P(2,1) being the fork partition:

T, € Hom(v®?v)

Now by proceeding as in the proof for U}, discussed above, we conclude that the
quantum group Sy is indeed easy, the associated category of partitions being:

D =< NCQ,/J/ >= NC

With this in hand, we can pass to the quantum groups Hy, K in a standard way,
and we are led to easiness, and the categories in the statement. See [8], [10]. O

Finally, let us discuss the probabilistic consequences of the above. We have:
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THEOREM 13.11. The truncated characters for the basic quantum groups
Ky Uy

/7 S

Hy

are in the N — oo limit the following laws,
B —1I
B 4’7 Ve
By 4|— Gy
bp———— G
which are the main laws in classical and free probability.
PROOF. As before with other results, this is something that we know from chapter 4
for the lower face of the cube, and the proof for the upper face is similar. To be more

precise, the point is that we have in the present quantum group setting a Weingarten
integration formula, coming from Theorem 13.6 via linear algebra, and this gives:

li k |7
i o= 2t
weD(k)
But this leads to the laws in the statement, via results that we already know. U

We refer to [21] and related papers for full details on all the above. Also, we refer to
[16], [17], [77], [82] for more general theory for the easy quantum groups.

13b. Free manifolds

In order to obtain more instances of the Bercovici-Pata bijection, and why not con-
structing as well some further, related correspondences between classical and free, a very
simple and natural idea, inspired by the above, is that of doing “free geometry”. That
is, we would like to have free analogues of various classical manifolds that we know, and
then compare the probability theory over classical manifolds, and their free versions.
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Here we are a bit vague about what “manifold” should mean, but since we want to
integrate over our manifolds, these manifolds should be Riemannian, in some appropriate
sense. Also, we know from chapter 5 that the operator algebra theory describes well
spaces which are compact, so our manifolds should be compact and Riemannian.

Long story short, these are our goals, and instead of thinking too much, let us just
start working, and see later for the philosophy. The simplest compact manifolds that we
know are the spheres, and if we want to have free analogues of these spheres, there are
not many choices here, the straightforward definition, from [6], being as follows:

DEFINITION 13.12. We have compact quantum spaces, constructed as follows,

zi:z;‘,g z?zl)

i

C(ngrl) = C* (zl, .. .,ZN‘ Zzlzl* = szzl = 1)

called respectively the free real sphere, and the free complex sphere.

C’(Sﬁ{;l) =C (21,...,ZN

Here the C* symbols on the right stand as usual for “universal C*-algebra generated
by”. The fact that such algebras exist indeed follows by considering the corresponding
universal x-algebras, and completing with respect to the biggest C*-norm. Observe that
this biggest C*-norm exists indeed, because the quadratic conditions give:

E 22

i

12l [* = |27 ]| < =1

Given a compact quantum space X, meaning as usual the abstract space associated
to a C*-algebra, we define its classical version to be the classical space X455 Obtained by
dividing C'(X) by its commutator ideal, then applying the Gelfand theorem:

C(Xetass) = C(X)/T: I =<]a,b] >

Observe that we have an embedding of compact quantum spaces X .5 C X. In this
situation, we also say that X appears as a “liberation” of X. We have:

ProrosITION 13.13. We have embeddings of compact quantum spaces

N—-1 N—-1
S 5N

N—-1 N—-1
SN~ 5N

and the spaces on the right appear as liberations of the spaces of the left.
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PrROOF. The embeddings are all clear. For the last assertion, we must establish the
following isomorphisms, where C stands for “universal commutative C*-algebra”:

comm
zi =z, E 22 = 1)
i
5 2i2] = E 2z = 1)
i i

But these isomorphisms are both clear, by using the Gelfand theorem. |

C(S]]]{y_l) = C:omm <Zl7 <e 3 EN

C’(S(vafl) =C <z1, L ZN

We can now introduce a broad class of compact quantum manifolds, as follows:

DEFINITION 13.14. A real algebraic submanifold X C S(Jc\fjrl 15 a closed quantum space
defined, at the level of the corresponding C*-algebra, by a formula of type

C(X) = OS2 [ (il 2w) = 0)
for certain noncommutative polynomials f; € C < Xq,..., Xy >.

Observe that such manifolds exist indeed, because the free complex spheres themselves
exist, and this due to the fact that the quadratic conditions defining them give:

|zl <1

This estimate, explained before, is something extremely important, and any attempt
of further extending Definition 13.14, beyond the sphere level, stumbles into this. There
are no such things as free analogues of RY or CV, and the problem comes from this.

In practice now, while our assumption X C S(]CV 11 is definitely something technical,

we are not losing much when imposing it, and we have the following list of examples:

THEOREM 13.15. The following are algebraic submanifolds X C S(]C\fjrl:
(1) The spheres Sg ' C SE—, Sﬁ;l C Sé\fjrl.
(2) Any compact Lie group, G C U,, when N = n?.
(3) The duals T' of finitely generated groups, I' =< gq,...,gn >.
(4) More generally, the closed quantum groups G C U, when N = n?.

PROOF. These facts are all well-known, the proof being as follows:
(1) This is indeed true by definition of our various spheres.

(2) Given a closed subgroup G' C U,,, we have an embedding G C S¢ ', with N = n?,
given in double indices by z;; = v;;/+/n, that we can further compose with the standard
embedding S(]CV ¢ Sg jrl. As for the fact that we obtain indeed a real algebraic manifold,
this is standard too, coming either from Lie theory or from Tannakian duality.
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(3) Given a group I' =< ¢y, ..., gy >, consider the following variables:
9i
VN

These variables satisfy then the quadratic relations ), 227 = Y. 272z = 1 defining

Zi =

Sg jrl, and the algebricity claim for the manifold Tc Sg jrl is clear.

(4) Given a closed subgroup G C U,f, we have indeed an embedding G C Sg ;1, with
N = n?, given in double indices by the following formula:
o
vn

As for the fact that we obtain indeed in this way a real algebraic manifold, this comes
from the Tannakian duality results from [65], [99], explained before. O

Zij =

Summarizing, we have a broad notion of real algebraic manifold, covering all the
examples that we met so far in this book. We will use this notion, in what follows. At the
level of the general theory, we have the following version of the Gelfand theorem, which
is something very useful, that we will use several times in what follows:

THEOREM 13.16. Assuming that X C ngrl is an algebraic manifold, given by

C(X) = OS2 [{filr, o 2w) = 0)

for certain noncommutative polynomials f; € C < Xy,..., Xy >, we have

Xclass = {.Z' S Séjvil fi('zl’ .- '7ZN) = O}

and X itself appears as a liberation of X qss-

ProoOF. This is something that already met, in the context of the free spheres. In
general, the proof is similar, by using the Gelfand theorem. Indeed, if we let Y C Sév ! be
the manifold constructed in the statement, then we have a quotient map of C*-algebras
as follows, mapping standard coordinates to standard coordinates:

C(Xetass) = C(Y)

Conversely, from X C Sg jrl we obtain X j4es C S(JCV ~1 and since the relations defining
Y are satisfied by X4, We obtain an inclusion of subspaces X q..s C Y. Thus, at the
level of algebras of continuous functions, we have a quotient map of C*-algebras as follows,
mapping standard coordinates to standard coordinates:

C(Y) — C(Xclass)
Thus, we have constructed a pair of inverse morphisms, and this finishes the proof. [J

Getting back now to the examples, the above formalism allows us to have a new, more
geometric look at the discrete group duals. Let us formulate indeed:
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DEFINITION 13.17. Given a closed subspace S C S(]C\fjrl, the subspace T' C S given by

o(r) = C(S)/ <ZZ =FE = %>

is called associated torus. In the real case, S C Sﬁ;l, we also call T' cube.

As a basic example, for S = S(JCV ~! the corresponding submanifold 7' C S appears by

imposing the relations |z;| = \/LN to the coordinates, so we obtain a torus:

=51 — T:{ZE(CN

1
il =
VN
As for the case of the real sphere, S = S]f{ ~1 here the submanifold T C S appears by
imposing the relations z; = j:\/LN to the coordinates, and we obtain a cube:

S =51 = T:{zeRNzi:i\/iN}

Observe that we have a relation here with groups, because the complex torus computed
above is the group TV, and the cube is the group Z%. In fact, we have:

THEOREM 13.18. The tori of the basic spheres are all group duals, as follows,

o~

TV Fn
2y 2

where Fy is the free group on N generators, and * is a group-theoretical free product.

PROOF. In order to prove this result, let us get back to Definition 13.17, and assume
that the subspace there S C S(]C\f jrl is an algebraic manifold, as follows:

C(8) = (SN [ (S, 2n) = 0)

In order to get to group algebras, let us rescale the coordinates, v; = z;/v/ N. Consider
as well the corresponding rescalings of the polynomials f;, given by:

gi(v1,...,0n) = fi(\/Nvl, e \/NUN)

Since the relations defining 7" C S from Definition 13.17 correspond to the fact that
the rescaled coordinates u; must be unitaries, we obtain the following formula:

C(T) =C" (Ul,...,UN

v = v gi(vr, ..., uN) :O>
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Now in the case of the 4 main spheres, from Proposition 13.13, we obtain from this
that the diagram formed by the corresponding algebras C(T) is as follows:

C*(Zy) CH(Z5M)
We are therefore led to the conclusion in the statement. O

As a last piece of abstract theory, based on the above, we can now formulate a “fix”
for the functoriality issues of the Gelfand correspondence, as follows:

DEFINITION 13.19. The category of the real algebraic submanifolds X C S(]C\fjrl 8
formed by the compact quantum spaces appearing as follows,

C(X) = OS2 [ {ilr, o 2w) = 0)

with f; € C < Xyq,..., Xy > being noncommutative polynomials, and with the arrows
X — Y being the x-algebra morphisms between the x-algebras of coordinates
C(Y) = C(X)

mapping standard coordinates to standard coordinates.

The point is that Definition 13.19 works fine for the discrete group duals, which is ex-
actly the point where the Gelfand correspondence was having a “bug”, due to amenability
issues, the precise result about the discrete group duals being as follows:

PROPOSITION 13.20. The category of finitely generated groups I' =< ¢1,...,9n >,
with the morphisms mapping generators to generators, embeds contravariantly via

F—>f

into the category of real algebraic submanifolds X C ngrl.

Proor. We know from Theorem 13.15 that, given an arbitrary finitely generated
group I' =< g1, ..., gy >, we have an embedding [' C Sg;l given by:
9i
VN
Now since a morphism of x-algebras of coordinates C[I'| — C[A] mapping coordi-

nates to coordinates corresponds to a morphism of groups I' — A mapping generators to
generators, our notion of isomorphism is indeed the correct one, as claimed. U

Zi =

Getting now back to the free spheres and tori, these are related to the quantum
rotation and reflection groups, and we have the following result:
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THEOREM 13.21. The spheres and tori associated to the basic quantum groups,

| /KNJ(T/

or rather to the corresponding “quantum geometries” are as follows:

Uy
Un

Ty Ses
/7 S
Ty Say
Ty SEt
/ /
Ty St

ProOF. This statement, as formulated, is something a bit informal, but it is possible
to have it fully explained and justified. We will not attempt to explain things in detail
here. Instead, we refer to book [6], and the related literature. O

In relation now with probability, we have:

THEOREM 13.22. The various classical and free spheres and tori, namely

TX Syt
e 7
Ty ey
Ty SEt
/ /
Tn St

all have integration functionals, which can be computed via Weingarten formulae.
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PROOF. Again, this statement as formulated is something a bit informal, and for full
details, we refer to [6] and the related literature, the idea being as follows:

(1) In what regards the spheres, the idea is that, a bit like in the classical case, the
free spheres appear as homogeneous spaces over the corresponding quantum groups, and
so the Weingarten formula for the quantum groups applies by restriction to them.

(2) As for the tori, here the integration is something very simple, because we are
dealing with group duals, but by using the picture in Theorem 13.21, it is possible to
write as well a Weingarten formula for them as well, if we really want to. O

Going back now to the Bercovici-Pata bijection, generally speaking, this bijection
should be thought of as being something happening in the N — oo limit. When N € N
is fixed the situation is more complicated, and we have here many alternative corre-
spondences, coming from quantum groups, or random matrices, which are not obviously
related to the Bercovici-Pata bijection, and sometimes are “orthogonal” to it.

Our claim is that we can recover some of these interesting correspondences by using
our noncommutative geometry picture. As a first example here, we have:

THEOREM 13.23. We have a bijection between the Meizner and free Meixner laws,
which appear from the liberation operation for discrete groups

ZXN N Z*N
by looking at the dual groups, or quantum tori, which are as follows,
TN — TE
and then at the laws of the corresponding main characters.

ProoF. This is something standard, based on the noncommutative geometry picture
coming from Theorem 13.21. To be more precise, the truncated characters for the tori
T =T, with' =< g¢y,...,g9n > being a discrete group, are as follows:

Xt=0g1+ ...+ 91N

Thus, according to the definition of the Meixner laws, in the classical case we obtain
the Meixner laws, and in the free case we obtain the free Meixner laws, as stated. U

There are many other things that can be said about the correspondence between
Meixner laws and free Meixner laws, sometimes of technical probabilistic nature, going
beyond the above geometric picture, and we refer here to the literature on the subject, a
good reference here, to start with, being the paper of Anshelevich [2].

Moving ahead now, by using the same geometric picture coming from Theorem 13.21,
it is possible to talk as well about free hyperspherical laws, as follows:
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THEOREM 13.24. We have a bijection between hyperspherical and free hyperspherical
laws, which appear from the liberation operation for real spheres

SNt Y
as well as from the liberation operation for complex spheres
Set = S
by looking at the laws of the coordinates.

ProoFr. This is something standard, based on the geometric picture coming from
Theorem 13.21. In practice, there are many other things that can be said about this
correspondence, and we will be back to it in a moment, with a detailed study. O

Finally, it is possible to talk as well about hypergeometric and free hypergeometric
laws, with a number of quite surprising results, the idea being as follows:

THEOREM 13.25. We have a bijection between hypergeometric and free hypergeometric
laws, which appear from the liberation operation for permutation groups

SN—>S]—{}

and in the free case, the free hypergeometric laws are in fact related to the free hyperspher-
tcal laws, via a subtle twisting procedure, having no classical counterpart.

PROOF. Again, this is something standard, based on the geometric picture coming
from Theorem 13.21. We will be back to this, with details, in a moment. U

13c. Hyperspherical laws

We discuss here the classical and free hyperspherical laws. In the classical case, we
will need the following result, that we know well from chapter 1:

THEOREM 13.26. The even moments of the hyperspherical variables are

) (N — 1)1k
by = ~—— 27
/s;g—l ST V-

and the variables y; = vV Nz; become normal and independent with N — co.

PROOF. The moment formula in the statement is something that we know from chap-
ter 1. Now observe that with N — oo we have the following estimate:

/N 2Fde = NTF2 5 gl = NTF2 M (g1)
Syt

Thus we have, as claimed, vV Nz; ~ ¢,. Finally, the asymptotic independence assertion
follows as well from the formulae in chapter 1, via standard probability theory. O
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In the case of the free real sphere now, the computations are substantially more com-
plicated than those in the classical case. Let us start with the following result:

THEOREM 13.27. For the free sphere Sﬁ;l, the rescaled coordinates

Yi=VNz
become semicircular and free, in the N — oo limit.

PrROOF. The Weingarten formula for the free sphere, together with the standard fact
that the Gram matrix is asymptotically diagonal, gives the following estimate:

_k . .
/Sleil...zide:N /2 Z 0o (i1, -y 0k)
R,+ ceNCa (k)

With this formula in hand, we can compute the asymptotic moments of each coordinate
x;. Indeed, by setting 7; = ... = 1 = i, all Kronecker symbols are 1, and we obtain:

/ 2Ky ~ NTF2|INCy(k)|
SN—I
R,+

Thus the rescaled coordinates y; = v/ N z; become semicircular in the N — oo limit, as
claimed. As for the asymptotic freeness result, this follows as well from the above general
joint moment estimate, via standard free probability theory. See [6], [13], [18]. O

Summarizing, we have good results for the free sphere, with N — oo. The problem
now, which is non-trivial, is that of computing the moments of the coordinates of the free
sphere at fixed values of N € N. The answer here, from [15], which is based on advanced
quantum group techniques, that we will briefly explain here, is as follows:

THEOREM 13.28. The moments of the free hyperspherical law are given by

o 1 g+1 1 & L 2042 r
N_IZ1:(N_|_1)Z' —1 141 Z(_l) I+r+1)1+q
S+ q r=—[-1 q

where q € [—1,0) is such that ¢+ ¢ ' = —N.

PROOF. The idea is that z; € C’(Sﬂgf) has the same law as v;; € C(Oy), which
has the same law as a certain variable w € C(SU{), which can modelled by an explicit
operator on [%(N), whose law can be computed by using advanced calculus.

(1) Let us first explain the relation between Of; and SUy. To any matrix F' € GLy(R)
satisfying F'2 = 1 we associate the following universal algebra:

C(O;) =C" ((Uij)@jzl’._.7]\[‘v = FoF = unitary>

Observe that we have O} = O}. In general, the above algebra satisfies Woronowicz’
generalized axioms in [98], which do not include the antipode axiom S? = id.



316 13. FREE GEOMETRY

(2) At N = 2 now, up to a trivial equivalence relation on the matrices F', and on the
quantum groups O}, we can assume that F' is as follows, with ¢ € [—1,0):

= (i ")

Our claim is that for this matrix we have O} = SU{. Indeed, the relations v = FoF
tell us that v must be of the following form:

- 7)
v«

Thus C(O}) is the universal algebra generated by two elements «, v, with the relations
making the above matrix v a unitary. But these unitarity conditions are:

ay=qya , oy =qy'a , =9y
dlatyy=1, aa’+¢yy =1

We recognize here the relations in [98] defining the algebra C'(SUJ), and it follows
that we have an isomorphism of Hopf algebras, as follows:

C(Op) = C(5U3)
(3) Now back to the general case, where F' € GLy(R) satisifes F? = 1, let us try to

understand the integration over Of.. Given m € NCy(2k) and i = (iy, . .., ig), we set:
0 (i) = ] Fiuyinr
sem

Here the product is over all the strings s = {s; ~ s,} of 7. Our claim is that the
following family of vectors, with 7 € NCy(2k), spans the space of fixed vectors of v®?t:

fﬂ— = 2(55(2)611 Q... eizk

Indeed, having & fixed by v®? is equivalent to assuming that v = FF is unitary. By
using now these vectors, as in [13], we obtain the following Weingarten formula:

/O* Viigr + - - Vigggor, — Z 55(2)55<J)Wk1\7 (7T7 0)

F e

(4) With these preliminaries in hand, we can now start the computation that we are
interested in. Let N € N, and consider the number ¢ € [—1,0) satisfying:

g+q'=-N
Our claim is that we have the following formula:

/Ow(\/mwj)zf plat+a” +v—q7")

N SU3
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Indeed, according to the above, the moments of the variable on the left are given by:

| =3 Wantmr)
ON Kixea

On the other hand, the moments of the variable on the right, which in terms of the
fundamental corepresentation u = (uj;) is given by w = 3., u;;, are as follows:

/qu wh = Z Z 0y (1)05 () Win (m,0)

We deduce that w/+/N + 2 has the same moments as v;;, which proves our claim.

(5) In order to do the computation over SUJ, we can use a well-known matrix model,
due to Woronowicz [98], where the standard generators «,y are mapped as follows:

ma(@)er = V1= ey, m(y)er = ug’ey,
Here v € T is a parameter, and (e;,) is the standard basis of [?(N). The point with

this representation is that it allows the computation of the Haar functional. Indeed, if D
is the diagonal operator given by D(ex) = ¢**e;,, then we have the following formula:

/Sng — (- /Ttr(DWu(x))Q:l:;u

With the above explicit model in hand, we conclude that the law of the variable that
we are interested in is subject to the following formula:

/ pla+a+y—qv)=(1-¢°) / tr(Dp(M))
SUd T

du

2miu

To be more precise, this formula holds indeed, with M being as follows:
M(ex) = expr + ¢ (u— qu e + (1 = ¢*)ex

(6) The point now is that the integral on the right in the above can be computed, by
using advanced calculus methods, and this gives the result. We refer here to [15]. U

The computation of the joint free hyperspherical laws remains an open problem. Open
as well is the question of finding a more conceptual proof for the above formula.

13d. Hypergeometric laws

Following now [11], let us discuss a remarkable relation of all this with the quantum
permutations, and with the free hypergeometric laws. The idea will be that of working
out some abstract algebraic results, regarding twists of quantum automorphism groups,
which will particularize into results relating quantum rotations and permutations, having
no classical counterpart, both at the algebraic and the probabilistic level.
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In order to explain this material, from [11], which is quite technical, requiring good
algebraic knowledge, let us begin with some generalities. We first have:

DEFINITION 13.29. A finite quantum space X is the abstract dual of a finite dimen-
sional C*-algebra B, according to the following formula:

C(X)=1B
The number of elements of such a space is | X| = dim B. By decomposing the algebra B,
we have a formula of the following type:
CX)=M,(C)&...& M, (C)
With ny = ... = ng = 1 we obtain in this way the space X = {1,...,k}. Also, when
k =1 the equation is C(X) = M, (C), and the solution will be denoted X = M,,.

We endow each finite quantum space x with its counting measure, corresponding as
the algebraic level to the integration functional obtained by applying the regular repre-
sentation, and then the unique normalized trace of the matrix algebra £(C(X)):

tr: C(X) C L(O(X)) — C

Now if we denote by p,n the multiplication and unit map of the algebra C'(X), we
have the following standard result, from [6], based on some previous work from [93]:

THEOREM 13.30. Given a finite quantum space X, there is a universal compact quan-
tum group S¥ acting on X, leaving the counting measure invariant. We have

O(SE) = C(U;)/@ e Hom(v®2,v), 1 € Fix(v)>

where N = | X| and where p,n are the multiplication and unit maps of C(X). Also:
(1) For X ={1,..., N} we have S} = S§,.
(2) For X = M,, we have S} = PO} = PU}.

PRrROOF. Consider a linear map ¢ : C(X) — C(X) ® C(G), written as follows, with
{e;} being a linear space basis of the algebra C'(X), orthonormal with respect to tr:

®(€j> = Z €; (%9 Vi

Then @ is a coaction precisely when v is a unitary corepresentation, satisfying:
p € Hom(v®% v) | n€ Fiz(v)

But this gives the first assertion. Regarding now the statement about X = {1,..., N},
this is clear. Finally, regarding X = M5, here we have embeddings as followss:

PO} c PU c S}

Now since the fusion rules of all these 3 quantum groups are known to be the same as
the fusion rules for SOj3, these inclusions follow to be isomorphisms. See [6]. g
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We have as well the following result, also from [6]:

THEOREM 13.31. The quantum groups S5 have the following properties:

(1) The associated Tannakian categories are TL(N), with N = | X]|.
(2) The main character follows the Marchenko-Pastur law m, when N > 4.
(3) The fusion rules for S% with |F| > 4 are the same as for SOj.

PROOF. This result is from [6], the idea being as follows:

(1) This follows from the fact that the multiplication and unit of any complex algebra,
and in particular of C'(X), can be modelled by the following two diagrams:

m=|U| , u=n

(2) The proof here is as for S3;, by using moments. To be more precise, according to
(1) these moments are the Catalan numbers, which are the moments of .

(3) Once again same proof as for S, by using the fact that the moments of x are the
Catalan numbers, which lead to the Clebsch-Gordan rules. See [6]. O

Let us discuss now a number of more advanced twisting aspects, which will eventually
lead us into probability, and hypergeometric laws. Following [11], we have:

THEOREM 13.32. If G is a finite group and o is a 2-cocycle on G, the Hopf algebras
+ +
are 2-cocycle twists of each other.

Proor. This is something quite technical, requiring a good knowledge of algebraic
twisting techniques, and for full details here, we refer to [11]. O

As an example, let G = Z2, and consider the following map, with w = 7/
c:GxG—=Cr , U(ij)(kl):wjk

Then o is a bicharacter, and hence a 2-cocycle on GG. Thus, we can apply our twisting
result, to this situation. We obtain a concrete result, also from [11], as follows:

THEOREM 13.33. Let n > 2 and w = 62”/". Then the formula

1)+b(l—
u”ukl E w ( )pia,jb
ab 0

defines a coalgebra isomorphism C(PO}Y) — C(S7,), commuting with the Haar integrals.

Proor. This follows indeed from our general twisting result from Theorem 13.32, by
using as ingredients the group and the cocycle indicated above. O

As a probabilistic consequence now, which is of interest for us, we have:
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THEOREM 13.34. The following families of variables have the same joint law,
(1) {5} 610(03),
(2) {nij — zab pia,jb} € 0(3:2)7

where v = (v;;) and p = (Pia,jp) are the corresponding fundamental corepresentations.

PRrROOF. This follows from Theorem 13.33. Alternatively, we can use the Weingarten
formula for our quantum groups, and the shrinking operation 7 — n’. Indeed, we have:

/ vff = Z Wopn(, 0)
o

m,0€NC2(2k)

k __ E ' |+|o’ |-k rot
/+ nij = n‘ I+lo’] sz,n2 (7T ,U)
S

n?2 m,0€NC2(2k)
By doing now some standard combinatorics, the summands coincide, and so the mo-
ments are equal, as desired. The proof for joint moments is similar. See [11]. O

As an explicit application of the above, also from [11], we have:

THEOREM 13.35. The free hyperspherical and hypergeometric variables,

_ 1 ¢
ZZQ S C(Sﬂ]{X+1) o Mig = E Z Wia,jb € C(S’r—;)

a,b=1

has the same law.

Proor. This follows indeed from Theorem 13.34, particularized to the case of single
variables. For details on all this, and for more, we refer to [11]. O

As a conclusion, interesting things happen when doing noncommutative geometry.
Needless to say, all this is of interest too in relation with physics. For instance in the
Connes interpretation of the Standard Model, coming from [39], the probabilistic study
of the corresponding free gauge group leads to beasts as above. Also, it is believed that
QCD should appear as some kind of “free electrodynamics”, with free geometry and free
probability playing a key role in its study, but this is not confirmed yet.

13e. Exercises

Things have been quite advanced in this chapter, and as a unique exercise, which is
rather elementary, and very instructive, we have:

EXERCISE 13.36. Work out the asymptotics of the free hypergeometric laws.

Here the computations are quite standard, and very instructive. In case you are stuck
with something, all this is done in [11], so read and write a brief account of that.



CHAPTER 14

Invariance questions

14a. Invariance questions

An interesting question, which often appears in theoretical probability, as well in
connection with certain questions coming from physics, is the study of the sequences of
random variables xy, z9, x3,... € L®(X) which are exchangeable, in the sense that their
joint distribution is invariant under the infinite permutations o € S..:

Hayao ... = Hay1),80(2)T0(3)

This question is solved by the classical De Finetti theorem, which basically says that
the variables x1, zo, x3, ... must be i.i.d., in some asymptotic sense. We will see a precise
statement of this theorem, along with a complete proof, in a minute.

The De Finetti theorem has many generalizations. One can replace for instance the
action of the group S, = UnxSy by the action of the bigger group O, = UyOp, and
the sequences 1, 9, r3, ... € L>(X) which are invariant in this stronger sense, which are
called “rotatable”, can be characterized as well, via a De Finetti type theorem.

All this is interesting for us, in connection with what we have been doing so far, in
this book. On one hand the groups Sy, Ox are easy, and we would like to understand
how the above-mentioned De Finetti theorems, involving Sy, Oy, as well as their various
technical generalizations, follow from the easiness property of Sy, On. On the other hand,
we would like to understand as well what happens for S}, Of.

Long story short, we would like to discuss here probabilistic invariance questions with
respect to the basic quantum permutation and rotation groups, namely:

SN Oy

Sn On

As a second objective, in tune with what we have been doing so far in this book, we
would like as well to understand what happens to the invariance questions with respect

321
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to the basic quantum reflection and rotation groups, from our beloved cube, namely:

Ky Uy
N

_'>0+/

We will discuss here most of these questions, following the classical theory of the De
Finetti theorem, then the foundational paper of Késtler and Speicher [63], in the free

case, and then the more advanced paper [17], deling with both the classical and free De
Finetti theorems, and their other easy quantum group generalizations.

Hy
Hy

Let us start by fixing some notations. In order to deal with our first question above,
we will use here the formalism of the orthogonal quantum groups, which best covers the
main quantum groups that we are interested in. We first have the following definition:

DEFINITION 14.1. Given a closed subgroup G C O%, we denote by
a:C<ty,... ty >—>(C<t1,...,tN>®O<G)

t; — Zt] ®sz'
J

the standard coaction of C(G) on the free complex algebra on N variables.

Observe that the map « constructed above is indeed a coaction, in the sense that it
satisfies the following standard coassociativity and counitality conditions:

(id® A)a = (a®id)a
(id®e)a=1id

With the above notion of coaction in hand, we can now talk about invariant sequences
of classical or noncommutative random variables, in the following way:

DEFINITION 14.2. Let (B, tr) be a C*-algebra with a trace, and x1,...,xy € B. We
say that x = (x1,...,xyN) is invariant under G C OF; if the distribution functional

pe: C<ty,...;ty >=>C
P — t’I"(P($1, . ,I'N))
1s tnvariant under the coaction «, in the sense that we have
(e @ id)a(P) = piz(P)
for any noncommuting polynomial P € C < ty,... ty >.
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In the classical case, where G C Oy is a usual group, we recover in this way the
usual invariance notion from classical probability. In the general case, where G C OF is
arbitrary, what we have is a natural generalization of this. For further comments on all
this, including examples, and motivations too, we refer to [17], [40], [41], [63], [64].

We have the following equivalent formulation of the above invariance condition:

PROPOSITION 14.3. Let (B,tr) be a C*-algebra with a trace, and z1,...,zn € B.

Then x = (z1,...,xN) is invariant under G C O3, precisely when
t?”(l‘il .. .Z'Zk) = E tr(le . i[}jk)vjlil e Vg
J1--Jk

as an equality in C(G), for any k € N, and any i1, ...,ix € {1,...,N}.

PROOF. By linearity, in order for a sequence x = (z1,...,2y) to be G-invariant in
the sense of Definition 14.2, the formula there must be satisfied for any noncommuting
monomial P € C < ty,...,ty >. But an arbitrary such monomial can be written as
follows, for a certain k € N, and certain indices iy, ...,i; € {1,..., N}:

P=t Ny

Now with this formula for P in hand, we have the following computation:

(:ux ® id)a(P> = (Va’c ® Zd) Z i -+ Ty @ Vjpig -+ Vg,

iy - Ly

JlsensJk
= E :ux(tjl - 'tjk)vjlil o Ugiiy
jl""7jk
= E t’f'(l'jl e x]’k)l}j”’l Ce Ujkik
J1---Jk

On the other hand, by definition of the distribution pu,, we have:

po(P) = po(tsy . ti,) =tr(xy ... 2y,)
Thus, we are led to the conclusion in the statement. U

As already mentioned after Definition 14.2, in the classical case, where G C Oy is a
usual compact group, our notion of G-invariance coincides with the usual G-invariance
notion from classical probability. We have in fact the following result:

PROPOSITION 14.4. In the classical group case, G C Oy, a sequence (xq,...,Ty) 18
G-invariant in the above sense if and only if

tr(xl-l c. xlk) = Z Gjiiy - - g]klkt/r<xj1 c. I']k)
J1---Jk
for any k € N, any iy,...,ix € {1,...,N}, and any g = (9;5) € G, and this coincides
with the usual notion of G-invariance for a sequence of classical random variables.
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PROOF. According to Proposition 14.3, the invariance property happens precisely
when we have the following equality, for any k£ € N, and any 4y,...,ix € {1,..., N}:

t?”(l’il .. .I'Zk> = Z t?”(le e xjk)vjlil e vjkik
Ji---Jk
Now by evaluating both sides of this equation at a given g € (G, we obtain:

t’f‘(l’il e Izk) = Z gjlil .. 'gjkiktr<mj1 P (L’jk)
J1--Jk

Thus, we are led to the conclusion in the statement. U

Summarizing, what we have so far is a general notion of probabilistic invariance,
generalizing the classical notions of exchangeability and rotatability, than we can use for
reformulating the classical De Finetti problematics, and its various generalizations.

In order to formulate De Finetti type theorems, that we can try to prove afterwards,
we are still in need of a few pieces of general theory. Indeed, in the classical De Finetti
theorem, the independence occurs after conditioning. Likewise, we can expect the free De
Finetti theorem to be a statement about freeness with amalgamation.

Both these concepts may be expressed in terms of operator-valued probability theory,
that we will recall now. There are many things to be said here, and in what follows
we will mainly present the main definitions and theorems, with some brief explanations.
Following Speicher’s paper [81], we first have the following definition:

DEFINITION 14.5. An operator-valued probability space consists of:

(1) A unital algebra A.
(2) A unital subalgebra B C A.
(3) An ezpectation E : A — B, which must be unital, E(1) = 1, and satisfying

E(blabg) = blE(a)bg
for any a € A, and any by, by € B.

As a basic example, which motivates the whole theory, we have the case where A =
L>(X) is a usual algebra of classical random variables, and B = L*°(Y") is a subalgebra.
Here the expectation E : A — B is the usual one from classical probability.

Given an operator-valued probability space as above, the joint distribution of a family
of variables (x;);es in the algebra A is by definition the following functional:
My B < (ti>¢€[ >— B
P — E(P(x))

We refer to Speicher’s paper [81] and related papers for more on all this, general
results and examples, in relation with the operator-valued probability theory.
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Next in line, we have the following key definition, also from [81]:
DEFINITION 14.6. Let (A, B, E) be as above, and (x;);cr be a family of variables.
(1) These variables are called independent if the following algebra is commutative
< B, (x;)ier >C A
and for iy,...,ix € I distinct and Py,..., P, € B <t >, we have:
E(P(z)) ... Pe(x;,)) = E(Pi(24)) - .. E(Py(24,))

(2) These variables are called free if for any iy, ..., i, € I such that iy # i1, and
any Py, ..., Py € B <t > such that E(P,(z;,)) = 0, we have:

E(Py(z)) ... Pe(x;)) =0

The above notions are straighforward extensions of the usual notions of independence
and freeness, that we discussed in chapter 9, which correspond to the case B = C.

As in the scalar case, B = C, in order to deal with invariance questions, we will need
the theory of classical and free cumulants, in the present setting. Let us start with:
DEFINITION 14.7. Let (A, B, E) be an operator-valued probability space.
(1) A B-functional is a N-linear map p : AN — B such that:

p(boaiby, azby ..., anby) = bop(ay, bras, ..., bn_1an)by
Equivalently, p is a linear map of the following type
A®EN 4 B

where the tensor product is taken with respect to the natural B — B bimodule
structure on the algebra A.

(2) Suppose that B is commutative. For k € N let p*) be a B-functional. Given
7 € P(n), we define a B-functional p™ : AN — B by the formula

p(W)(a’h R 7CLN) - H p<v)<a17 s ,CLN)
Ver
where if V = (iy < ... <) is a block of m then:
p(V)(ai,...,an) = ps(ay,...,a;,)
As before with the notions of independence and freeness, these are classical extensions

of the notions that we discussed in chapter 12 above. See [81].

When B is not commutative, there is no natural order in which to compute the product
appearing in the above formula for p(™. However, the nesting property of the noncrossing
partitions allows for a natural definition of p(™ for 7 € NC(N), which we now recall:
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DEFINITION 14.8. For k € N let p®) : A¥ — B be a B-functional. Given 7 € NC(N),
define a B-functional pN) : AN — B recursively as follows:

(1) If = = 1y is the partition having one block, define p™ = ptV),
(2) Otherwise, let V.={l+1,...,1+ s} be an interval of 7 and define:

p(”)(al, coaN) = p(”*v)(al, o ,alp(s)(alﬂ, ey Qpgs)s Qpstly - -5 AN)

As before, we refer to [72], [81] and related work for more on all this.

Finally, we have the following definition:

DEFINITION 14.9. Let (z;);e; be a family of random variables in A.

(1) The operator-valued classical cumulants cg) . AF — B are the B-functionals
defined by the following classical moment-cumulant formula:

E(ay...an) = Z C(Eﬂ)(al,...,a]\/)

we€P(N)

(2) The operator-valued free cumulants KJ%) : A¥ — B are the B-functionals defined
by the following free moment-cumulant formula:

E(ay,...,ayn) = Z ﬁg)(al,...,a]\;)
TENC(N)

As basic illustrations here, in the scalar case, where the subalgebra is B = C, we
recover in this way the classical and free cumulants, as discussed in chapter 12 above. In
general, we refer to [81] for more on the above notions.

We have the following result, which is well-known in the classical case, due to Rota,
and which in the free case is due to Speicher [81]:

THEOREM 14.10. Let (z;)ier a family of random variables in A.

(1) If the algebra < B, (x;)ier > s commutative, then (x;);er are conditionally inde-
pendent given B if and only if when there are 1 < k,1 < N such that iy, # i;:

C(EN)(b()ZEilbl, “o ,l‘iNbN) =0

(2) The variables (x;);er are free with amalgamation over B if and only if when there
are 1 < k,I < N such that iy # i;:

kSN (boms by, .. i by) =0

PROOF. As a first observation, the condition in (1) is equivalent to the statement that
if m € P(N), then the following happens, unless 7 < ker :

C(ET'F)(bOxilbla o Tigby) =0
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Similarly, the condition (2) above is equivalent to the statement that if 7 € NC(N),
then the following happens, unless 7 < ker i:

Iig) (bOxilbl, N ,JZZ'NbN) =0

Observe also that in the case B = C we obtain the usual notions of independence
and freeness. In general now, the proof is via standard combinatorics, following the proof
from the case B = C, and as before, we refer to [72], [81] for more on all this. O

Stronger characterizations of the joint distribution of (z;);c; can be given by specifying
what types of partitions may contribute to the nonzero cumulants.
To be more precise, we have here the following result, also from [81]:

THEOREM 14.11. Let (x;);er be a family of random variables in A.

uppose that < B, (x;)icr > 18 commutative. e B-valued joint aistribution o

1) S h B ' we. The B-valued joint distributi
(x;)ier 1s independent for D = P and independent centered Gaussian for D = P,
if and only if, for any m € P(N), unless m € D(N) and m < keri:

Cg)(boxilbl, ce ,l‘iNbN) =0

(2) The B-valued joint distribution of (x;)es is freely independent for D = NC' and
freely independent centered semicircular for D = NCs if and only if, for any
m € NC(N), unless m € D(N) and m < keri:

K (b by, . . . w1, by) =0

PROOF. These results are indeed well-known, coming from the definition of the clas-
sical and free cumulants, in the present setting, via some combinatorics. See [81]. O

Finally, here is one more basic result that we will need:

THEOREM 14.12. Let (x;);er be a family of random wvariables. Define the B-valued
moment functionals EX) by the following formula:

E(N)((ll, Ce ,CLN) = E(Cl,l e CLN)
(1) If B is commutative, then for any o € P(N) and ai,...,ay € A we have:

cg)(al,...,a]\;): Z /JJP(N)(W,O')E(W)@LM...,aN)
T€P(N),m<c
(2) For any o € NC(N) and ay,...,ay € A we have:
Kg)(al,...,a]v) = Z MNC(N)(W,J)E(ﬁ)(al,...,aN)

TeNC(N),n<c

PrOOF. This follows indeed from the M&bius inversion formula. See [72], [81]. O
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This was the general operator-valued free probability theory that we will need, in what
follows. For the detailed proofs, examples and comments on all the above, and for more
operator-valued free probability in general, we refer to [72], [81].

14b. Reverse De Finetti

With the above ingredients in hand, we can now investigate invariance questions for
the sequences of classical or noncommutative random variables, with respect to the main
quantum permutation and rotation groups that we are interested in here, namely:

Sn OX
Sn On
To be more precise, we first have a reverse De Finetti theorem, from [17], as follows:
THEOREM 14.13. Let (xq,...,xN) be a sequence in A.
(1) Ifxy,...,zN are freely independent and identically distributed with amalgamation
over B, then the sequence is Sy-invariant.
(2) If zq,...,xN are freely independent and identically distributed with amalgamation

over B, and have centered semicircular distributions with respect to E, then the
sequence is O -invariant.

(3) If < B,x1,...,xN > is commutative and 1, . .., xy are conditionally independent
and identically distributed given B, then the sequence is Sy-invariant.
(4) If < xq,...,xN > is commutative and x1,...,xx are conditionally independent

and identically distributed given B, and have centered Gaussian distributions with
respect to E, then the sequence is Opn-invariant.

PROOF. Assume that the joint distribution of (z1,...,zy) satisfies one of the condi-
tions in the statement, and let D be the category of partitions associated to the corre-
sponding easy quantum group. We have then the following computation:

> tr(w iV, = > (B, )0 Vs,

J1e-Jk J1---Jk

= Z Z tr(ﬁg)(m, s 7$1))Uj1i1 - Vg,

Jreedi, m<ker j

= Z t?"( gr)<5(]1,...7$1)) Z Ujlil"'vjkik

weD(k) ker j>m

Here £ denotes the free and classical cumulants in the cases (1,2) and (3,4) respectively.
On the other hand, it follows from a direct computation that if 7 € D(k) then we have
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the following formula, in each of the 4 cases in the statement:

1 if # <ker:
Z vjlil e vjkik = .
0 otherwise

ker j>m

By using this formula, we can finish our computation, in the following way:

Z t?”([)’}jl .. .xjk)vjlil e Ujkik = Z t?“( gr)(l'l, ce ,[L‘l))(;ﬂgkeri

Ji---Jk reD(k)
= Y (€ (a,... 1))
n<keri

= tr(x;, ...x;)
Thus, we are led to the conclusions in the statement. Il
Summarizing, we have so far a reverse De Finetti theorem, for the various quantum

groups that we are interested in here. Our goal in what follows will be that of proving
the corresponding De Finetti theorems, which are converse to the above theorem.

This will be something quite technical, getting us, among others, into certain technical
aspects of the Weingarten integration and combinatorics.

Let us begin with some technical results, in view to establish the above-mentioned
converse De Finetti theorems. We will use the following standard fact:

PROPOSITION 14.14. Assume that a sequence (x1,...,xN) is G-invariant. Then there
s a coaction

a: My(C) = My(C)® C(G)
determined by the following formula:
a(p(z)) = (ev @ Ty )a(p)
Moreover, the fized point algebra of a is the G-invariant subalgebra By .

Proor. This follows indeed after identifying the GNS representation of the algebra
C < ty,...,ty > for the state u, with the morphism ev, : C < ty,...,ty >— My(C). O

In order to further advance, we use the fact that there is a natural conditional expec-
tation given by integrating the coaction a with respect to the Haar state, as follows:

EN : MN(C) — BN

En(m) = <¢d® /G ) a(m)

The point now is that by using the Weingarten formula, we can give a simple combi-
natorial formula for the moment functionals with respect to Fy, in the case where G is
one of the easy quantum groups under consideration.



330 14. INVARIANCE QUESTIONS

To be more precise, we have the following result, from [17]:

THEOREM 14.15. Assume that (z1,...,zN) is G-invariant, and that either we have
G =0}, 8%, or that G = Oy, Sy and (x4, .. xN) commute. We have then

E (bowiby, -, 21b) = Nw > bowi, .. bay by

w<keri

for any 7 in the partition category D(k) for G, and any by, ..., by € By.

PROOF. We prove this result by recurrence on the number of blocks of 7. First suppose
that m = 1; is the partition with only one block. Then:

E](\}k)(boxlbl, L. ,$1bk) = EN<b0{E1 ce xlbk)

= E bOxh'”xikbk/Ui11-"vik1
G

110k
Here we have used the fact that the elements by, ..., b, are fixed by the coaction a.
Applying now the Weingarten integration formula, we have:

EN(boxl...xlbk) = Z bol‘il l‘zkbk Z ZWkN(ﬂ',O')

11...00 7r§keri g

= Z Z Win (7, 0) Z boxi, ... x;, by

reD(k) \oeD(k) m<keri
Now observe that for any o € D(k) we have the following formula:
Gpn(o, 1) = NIVl = N
It follows that for any partition 7 € D(k), we have:

N Z WkN(T(',O') == Z WkN<7T,O'>GkN<O',1k)

ceD(k) oeD(k)
57I'1k
Applying this in the above context, we find, as desired:
1
EN(bo.Z’l Ce l’lbk> = Z N (Sﬂ-lk Z bo.’ﬂil c. .Tzkbk
w€D(k) n<keri

1 N
Nizl

If the condition (3) or (4) is satisfied, then the general case follows from:

Eﬂ—)<b0$1b1,.. .lek —b1 kaEN .’]71,..., )

Ver



14C. WEINGARTEN ESTIMATES 331

Indeed, the one thing that we must check here is that if 7 € D(k) and V' is a block of
7 with s elements, then 1, € D(s). But this is easily verified, in each case.

Assume now that the condition (1) or (2) is satisfied. Let = € D(k). Since 7 is
noncrossing, 7 contains an interval V.={l+1,...,l 4+ s+ 1}, and we have:

E](\;T) (bol’lbl, e ,il')lbk>
E](\;T_V)(bol'lbl, ey EN(I‘le_l Ce l‘le_S)l'l, Ce ,ZL‘lbk)

To apply induction, we must check that we have 7 — V € D(k — s) and 1, € D(s).
Indeed, this is easily verified for NC, NC5. Applying induction, we have:

Ez(\;r)(boxlbl, - 7$15k)

1
— W Z bOZL‘il e bl (En(l‘le_l . $1bl+5)) xms Ce xikbk

7—V<keri

N
1 1
= W Z bOIL‘il e bl (N Z xibl—i-l Ce bxilers) ZL’I’H_S ce xzkbk
i=1

7—V<keri

1
= _N‘ﬂ Z b0$il ce l’zkbk

w<keri

Thus, we are led to the conclusion in the statement. U

Summarizing, we have so far reverse De Finetti theorems for the quantum groups that
we are interested in here, along with some technical results, connecting the corresponding
potential De Finetti theorems to the Weingarten function combinatorics.

14c. Weingarten estimates

In order to advance, we will need some standard Weingarten estimates for our quantum
groups, which have their own interest, and that we will discuss now. So, consider the
diagram formed by the main quantum permutation and quantum rotation groups:

SN O}

SN

On

Regarding the symmetric group Sy, the situation here is very simple, because we can
explicitely compute the Weingarten function, and estimate it, as follows:
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PROPOSITION 14.16. For Sy the Weingarten function is given by
N —|1|)!
Win(r )= 32 alrmatr) T
T<TAV
and satisfies the folowing estimate,
Win(m,v) = N (u(m A v, ) A v, v) + O(ND))
with p being the Mdébius function of P(k).
PROOF. The first assertion follows from the usual Weingarten formula, namely:
[ ot = X 808 Winm.)
SN w,veP(k)

Indeed, in this formula the integrals on the left are in fact known, from the explicit
integration formula over Sy that we established before, namely:

/ B w if keri = ker j
o Givjr - - - Gigge = 0 otherwise

But this allows the computation of the right term, via the Mébius inversion formula,
explained before. As for the second assertion, this follows from the first one. O

The above result is of course something very special, coming from the fact that the
Haar integration over the permutation group Sy, save for being just an averaging, this
group being finite, is something very simple, combinatorially speaking.

Regarding now the quantum group Sj;, that we are particularly interested in here, let
us begin with some explicit computations. We first have the following simple and final
result at £ = 2, 3, directly in terms of the quantum group integrals:

PROPOSITION 14.17. At k = 2,3 we have the following estimate:

0 (ker i # ker j)
Wiy gy« - - Ugpgy, = —| ker | . .
ot ~ N (ker i = ker j)

N

PROOF. Since at k& < 3 we have NC'(k) = P(k), the Weingarten integration formulae
for Sy and S}, coincide, and we obtain, by using the above formula for Sy:

/+ Virgy - -+ Vigg, = / Virgy - - - Viggy
S SN

N
(N — [keri])!
= 5keri,kero

Thus, we obtain the formula in the statement. U
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In general now, the idea will be that of working out a “master estimate” for the
Weingarten function, as above. Before starting, let us record the formulae at k£ = 2,3,
which will be useful later, as illustrations. At k = 2, with indices ||, M as usual, and with
the convention that &~ means componentwise dominant term, we have:

N2 N2
Won ~ (_N—z N1 )

At k = 3 now, with indices |||, |1, 1], [I1T7 as usual, and same meaning for =, we have:
N3 —-N3 —-N3 —_N3 2N3
-N3 N2 N3 N3 N2
W3N ~ _]\[73 N73 N72 N73 —N72
-N3 N3 N3 N2 _N2
2N-3 —-N2 —-N2 —_N2 N-!

These formulae follow indeed from the plain formulae for the Weingarten matrix W,y

at k = 2,3 from [13] and related papers, after rearranging the matrix indices as above.

Observe in particular, in the context of the above computations, that we have the
following formula, which will be of interest in what follows:
Win(JM,M|) = N3

In order to deal now with the general case, let us start with some standard facts:
PROPOSITION 14.18. The following happen, regarding the partitions in P(k):

(1) |7+ |v| <|mVrv|+ |7 Ay

2) |rvrTl+ TV <|r Vv +|7|.

(3) d(m,v) = M — |7V v| is a distance.
Proor. All this is well-known, the idea being as follows:
(1) This is well-known, coming from the fact that P(k) is a semi-modular lattice.
(2) This follows from (1), as explained for instance in the paper [17].

(3) This follows from (2) above, which says that the following holds:

LR RN i 7 R
2 2
< MM iy 1o

Thus, we obtain in this way the triangle inequality:
d(m,7)+d(r,v) > d(m,v)

As for the other axioms for a distance, these are all clear. O
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Actually in what follows we will only need (3) in the above statement. For more on
this, and on the geometry and combinatorics of partitions, we refer to [72].

As a main result now regarding the Weingarten functions, we have:
THEOREM 14.19. The Weingarten matriz Win has a series expansion in N1,
Win(m,v) = NS ()N
g=0

where the various objects on the right are defined as follows:
(1) A path from m to v is a sequence as follows:

p=lr=nn#Fn#.. . #17.=1
(2) The signature of such a path is + when r is even, and — when r is odd.
(3) The geodesicity defect of such a path is:

9(p) = Zd(ﬂ'*hﬂ') —d(m,v)

(4) K, counts the signed paths from w to v, with geodesicity defect g.

ProoF. We recall that the Weingarten matrix Wy appears as the inverse of the
Gram matrix Gy, which is given by the following formula:

Gy (m,v) = NI™|
Now observe that the Gram matrix can be written in the following way:
Gpn(m,v) = NI
N el e
N5 NN
This suggests considering the following diagonal matrix:
A = diag(N %)

So, let us do this, and consider as well the following matrix:

0 ™=V
H(m,v) = {Nd(’”’) EW + V;
In terms of these two matrices, the above formula for Gy simply reads:
Gy = A1+ H)A
Thus, the Weingarten matrix Wiy is given by the following formula:
Wiy =A"11+H) AT
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In order to compute now the inverse of 1 + H, we will use the following formula:
(1+H)'=1-H+H>-H+ ...
Consider indeed the set P,.(m,v) of length r paths between m and v. We have:

H'(m,v) = Z H(ro,m1)... H(T—1,77)
pEP- (V)
_ Z N—d(mv)—g(p)
pEP. (V)
Thus by using (1 + H)™'=1— H + H> — H? + ... we obtain:
(1+H) (mw) = Y (=1)H'(m,v)
r=0

= Nd(m/)i Z (_1)?”]\[79(17)

r=0 peP,(m,v)
It follows that the Weingarten matrix is given by the following formula:
Win(m,v) = A7)0+ H) " (r,0)A7 ()

NIWVVI—ﬂI—IVIi Z (=1)"N—9®)

r=0 peP,(m,v)

Now by rearranging the various terms in the above double sum according to their
geodesicity defect g = g(p), this gives the following formula:

o0
Win(m,v) = NSNS K (e v) N
g=0
Thus, we are led to the conclusion in the statement. Il
As an illustration for all this, we have the following explicit estimates:

THEOREM 14.20. Consider an easy quantum group G = (Gx), coming from a category
of partitions D = (D(k)). For any m < v we have the estimate

Win(m,v) = N (u(m,v) + O(N )
and for w, v arbitrary we have
Win(r,v) = O(N1= 1=l
with p being the Mobius function of D(k).
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PRrROOF. We have two assertions here, the idea being as follows:

(1) The first estimate is clear from the general expansion formula established in The-
orem 14.19 above, namely:

WkN(ﬂ', V) = N'ﬂvy‘ilﬂily‘ Z Kg(ﬂ', V)Nig
g=0
(2) In the case 7 < v it is known that K, coincides with the Mobius function of

NC(k), as explained for instance in [17], so we obtain once again from Theorem 14.19
the fine estimate in the statement as well, namely:

Win(m,v) = N (u(m,v) + O(N7Y)) Vr <wv
Observe that, by symmetry of Wjy, we obtain as well that we have:
Wi (m,v) = NV (u(v, 7) + O(N7Y)) Vr > v
Thus, we are led to the conclusions in the statement. O

When 7, v are not comparable by <, things are quite unclear. The simplest example
appears at k = 3, where we have the following formula, which is elementary:

Win(JM,M|) = N3
Observe that the exponent —3 is precisely the dominant one, and this because:
’ymvm‘—‘m‘—’m‘:1—2—2:—3

As for the corresponding coefficient, K(|M,|) = 1, this is definitely not the Mobius
function, which vanishes for partitions which are not comparable by <. According to
Theorem 14.19, this is rather the number of signed geodesic paths from |1 to M.

In relation to all this, observe that geometrically, NC(5) consists of the partitions
|, M|, 11 which form an equilateral triangle with edges worth 1, and then the partitions
||, M, which are at distance 1 apart, and each at distance 1/2 from each of the vertices
of the triangle. It is not obvious how to recover the formula Koy(|,M|) = 1 from this.

Finally, also following [17], we will need as well the following result:

PROPOSITION 14.21. We have the following results:
(1) If D = NC,NCs, then pup)(m,v) = pncw (T, v).
(2) If D = P, P then pup()(m,v) = pipg (T, v).

PRrROOF. Let Q = NC, P according to the cases (1,2) above. It is easy to see in each
case that D(k) is closed under taking intervals in Q(k), in the sense that if w1, o € D(k),
v e Q(k)and m < v < my then v € D(k). With this observation in hand, the result now
follows from the definition of the Mobius function. See [17]. O
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14d. De Finetti theorems

With the above ingredients in hand, let us go back now to invariance questions with
respect to the main quantum permutation and rotation groups, namely:

SN Oy

Sn On

More generally, we would like in fact to have, ideally, de Finetti type theorems for all
the easy quantum groups that we know, from the previous chapters. This is of course
something quite technical, and time consuming, but we would like at least to understand
what happens for the main quantum reflection and rotation groups, namely:

Ky

_'>0+/

Uy

Un

In order to discuss these questions, or at least some of them, let us start with a basic
approximation result for the finite sequences, in the real case, from [17], as follows:

Hy
Hy

THEOREM 14.22. Suppose that (z1,...,xy) is Gy-invariant, and that Gy = OF;, S¥,
or that Gy = Oy, Sy and (x1,...,xN) commute. Let (y1,...,yn) be a sequence of By-
valued random variables with By-valued joint distribution determined as follows:

(1) G = O™ : Free semicircular, centered with same variance as x.
(2) G = S*: Freely independent, y; has same distribution as x.

(3) G = O: Independent Gaussian, centered with same variance as x.
(4) G = S: Independent, y; has same distribution as x.

Then if 1 < ji,...,5k < N and by, ..., by € By, we have the following estimate,
Ci(G)
N

with Ci(G) being a constant depending only on k and G.

| En(boxy, - .. 25,b1) — E(boys, - - - ¥, bn)|| < 1| |¥1Bol | - - - |1bx]]

ProOF. First we note that it suffices to prove the result for N large enough. We will
assume that N is sufficiently large, as for the Gram matrix Gy to be invertible.
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Let 1 < ji,...,.5k < N and by, ...,b, € By. We have then:

EN(bOle .. .I]kbk) = g boxzj ce xikbk/viljl -+ Vg gy

810k

= Z bOxil . l‘zkbk Z Z WkN(’]Tv 0_)

i1...0k n<keri o<kerj
= Z ZWkN<7T,U> Z bgl’il flﬁzkbk
o<lkerj w w<keri
On the other hand, it follows from our assumptions on (yi,...,yy), and from the

various moment-cumulant formulae given before, that we have:
E(boyj, ---yibe) = > € (bownby, ..., w1by)
o<ker j

Here, and in what follows, & denote the relevant free or classical cumulants.

The right hand side can be expanded, via the Mobius inversion formula, in terms of
expectation functionals of the following type, with m being a partition in NC|, P according
to the cases (1,2) or (3,4) in the statement, and with 7 < ¢ for some o € D(k):

E](\;r) (bol’lbl, e ,l’lbk)
Now if 7 ¢ D(k), we claim that this expectation functional is zero.

Indeed this is only possible if D = NC5, P, and if 7 has a block with an odd number
of legs. But it is easy to see that in these cases x; has an even distribution with respect
to Ey, and therefore we have, as claimed, the following formula:

E](\;T) (boxlbl, e ,xlbk) =0
Now this observation allows to to rewrite the above equation as follows:
E(boyj, - yjsbe) = Y ZMD(k)(WU)EJ(J)(boIlbl, .o wiby)
o<kerj <o
We therefore obtain the following formula:
E(boyjl e yjkbk) = Z Z MD(k)(ﬂ-a O')]V_MTI Z bOIil e Izkbk
o<kerj n<o w<keri

Comparing the above two equations, we find that:
EN(bOl'jl e {L’jkbk) — E(boyj1 e y]kbk>

= Z Z (Win(m,0) — ,uD(k,)(ﬂ,a)N_‘”') Z boxi, . .. x;, by

o<kerj m w<keri
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Now since x1,...,xy are identically distributed with respect to the faithful state ¢,
it follows that these variables have the same norm. Thus, for any © € D(k):

Z bol’il Ce :clkbk

w<keri

< N[ lleoll - 11x]

Combining this with the former equation, we obtain the following estimate:
|En(boxjy - - - 2j,bx) — E(boy;y - - - 45,00
< 2 2 Wan(m )N = pgy(m )| [ lboll - 1

o<kerj m

Let us set now, according to the above:

Cv(G) =sup | N x Z {WkN(W,U)Nlﬂl — o) (T, 0)]

NeN o,meD(k)
But this number is finite by our main estimate, which completes the proof. Il

We will use in what follows the inclusions Gy C G, for N < M, which correspond
to the Hopf algebra morphisms wy s : C(Gar) — C(Gy) given by:

Wy, (W) = {

Still following [17], we begin by extending the notion of G y-invariance to the infinite
sequences of variables, in the following way:

0;; if max(i,j) > N

DEFINITION 14.23. Let (z;)ien be a sequence in a noncommutative probability space
(A, ). We say that (x;)en is G-invariant if
(ZL’l, e ,[L’N)

1s G y-tnvariant for each N € N.

In other words, the condition is that the joint distribution of (x1,...,zy) should be
invariant under the following coaction map, for each N € N:

ay:C<ty,... ity >>C<ty,....,txy >RC(Gy)

It is convenient to extend these coactions to a coaction on the algebra of noncommu-
tative polynomials on an infinite number of variables, in the following way:

Oy :C<tli e N> C<t;li e N>C(Gy)
Indeed, we can define Sy to be the unique unital morphism satisfying:

SN tiouv; f1<j<N
B t5) = 1
tj®1 1f]>N
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It is clear that Sy as constructed above is a coaction of G 5. Also, we have the following
relations, where ty : C < ty,...,ty >— C < ;i € N > is the natural inclusion:

(td @ wnm)Bur = By
(LN X Zd)OéN = BNLN
By using these compatibility relations, we obtain the following result:

PROPOSITION 14.24. An infinite sequence of random variables (z;);en s G-invariant
if and only if the joint distribution functional

py : C<t;li e N>—C
P — tr(P(x))
is invariant under the coaction By, for each N € N.

PRrooOF. This is clear indeed from the above discussion. O

In what follows (x;);en Will be a sequence of self-adjoint random variables in a von
Neumann algebra (M, tr). We will assume that M is generated by (z;);en. We denote by
L?(M, tr) the corresponding GNS Hilbert space, with inner product as follows:

< my,my >= tr(myms)
Also, the strong topology on M, that we will use in what follows, will be taken by
definition with respect to the faithful representation on the space L?(M, tr).

We let Py be the fixed point algebra of the action Sy, and we set:

By = {p(a:)’p € PN}H

We have then an inclusion By, C By, for any N > 1, and we can then define the
G-invariant subalgebra as the common intersection of these algebras:

B:ﬂBN

N>1

With these conventions, we have the following result, from [17]:

PROPOSITION 14.25. If an infinite sequence of random variables (z;);en is G-invariant,
then for each N € N there is a coaction

Bn: M — M & L=(Gy)
determined by the following formula, for any p € Pso:
By (p(x)) = (evs ® mn)Bn (p)
The fized point algebra of BN is then By.
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PRroOF. This is indeed clear from definitions, and from the various compatibility for-
mulae given above, between the coactions a and Sy . Il

We have as well the following result, which is clear as well:

PROPOSITION 14.26. In the above context, that of an infinite sequence of random
variables belonging to an arbitrary von Neumann algebra M with a trace

(i) ien

which is G-invariant, for each N € N there is a trace-preserving conditional expectation
En : M — By given by integrating the action By :

Evtm) = (o [ ) byom

By taking the limit of these expectations as N — oo, we obtain a trace-preserving condi-
tional expectation onto the G-invariant subalgebra.

PROOF. Once again, this is clear from definitions, and from the various compatibility
formulae given above, between the coactions an and [y . Il

We are now prepared to state and prove the main theorem, from [17], which comes as
a complement to the reverse De Finetti theorem that we already established:

THEOREM 14.27. Let (x;);en be a G-invariant sequence of self-adjoint random vari-
ables in (M, tr), and assume that M =< (z;);en >. Then there exists a subalgebra B C M
and a trace-preserving conditional expectation E : M — B such that:

(1) If G = (Sn), then (z;)ien are conditionally independent and identically distributed
given B.

(2) If G = (SY,), then (z:)ien are freely independent and identically distributed with
amalgamation over B.

(3) If G = (On), then (x;)ien are conditionally independent, and have Gaussian
distributions with mean zero and common variance, given B.

(4) If G = (O},), then (x;)ien form a B-valued free semicircular family with mean
zero and common variance.

ProOOF. We use the various partial results and formulae established above. Let
Jis---,Jk € Nand by, ...,b € B. We have then the following computation:

E(bgl’jl .. I]kbk) = ]\}I_If(:l)o EN(bO«rjl Ce LL’kak)
= ]\}1_1;[3)0 ;AZW]CN(W’U) ;boﬂhl%kbk
o<kerj w m<ker1

= A}lg(lx) Z Z,uD(k)(W,U)N_‘”' Z boxi, . .. x;, by

o<kerj <o w<keri
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Let us recall now from the above that we have the following compatibility formula,
where Ty : W*(x1,...,2x) — M is the canonical inclusion, and ay is as before:

(ty ®id)ay = ENZ'N
By using this formula, and the above cumulant results, we have:
E(boﬂ?jl c. .’L']kbk) = ]\}1_{20 Z Z HD(k) (7T, O')Ej(\;r)(bgl'lbl, Ce ,.’L‘lbk)
o<kerj n<o
We therefore obtain the following formula:
E(bol‘jl Ce Ll'jkbk) = Z Z ,LLD(k)(ﬂ', U)E(ﬂ)(bomlbl, Ce ,l’lbk)
o<kerjn<o
We can replace the sum of expectation functionals by cumulants, as to obtain:
E(bole Ce SL’kak) = Z 555)(603311)1, ce ,Qllbk)
o<kerj

Here and in what follows & denotes as usual the relevant free or classical cumulants,
depending on the quantum group that we are dealing with, free or classical.

Now since the cumulants are determined by the moment-cumulant formulae, we con-
clude that we have the following formula:

fg)(boxlbh ..., x1by) if o € D(k) and 0 < kerj

) (boi by, ..., 25 by) =
& (boxybu, - .. @, bi) {0 otherwise

With this formula in hand, the result then follows from the characterizations of these
joint distributions in terms of cumulants, and we are done. O

Summarizing, we are done with our first and main objective, namely establishing De
Finetti theorems for the main quantum permutation and rotation groups, namely:

SN O}

SN On

The story is of course not over here, and there are many related interesting questions
left, which are more technical, in relation with the invariance questions with respect to
these quantum groups. We refer here to [17], [40], [41], [63], [64] and related papers.

Regarding now our second objective, which appears as a variation of this, fully in tune
with the present book, we would like to understand as well what happens to the invariance
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questions with respect to the basic quantum reflection and rotation groups, namely:

Ky Uy

_'>0+/

N
Here the answer is more or less known as well from [17], but with the problem however
that the paper [17] is extremely general, and in relation with our cube question, more

general than needed. In any case, for this and for further aspects of invariance questions,
we refer as before to [17], [40], [41], [63], [64] and related papers.

Hy
Hy

14e. Exercises

Things have been quite technical in this chapter, dealing with advanced probability
theory, and so will be our exercises here. As a first exercise, we have:

EXERCISE 14.28. Formulate and prove the classical De Finetti theorem, concerning
sequences which are invariant under S, without using representation theory methods.

This is something very standard, and is a must-do exercise, the point being that all
the Weingarten technology used in this chapter, which is something quite heavy, was
motivated by the fact that we want to deal with several quantum groups at the same
time, in a “uniform” way. In the case of the symmetric group itself things are in fact
much simpler, and the exercise is about understanding how this works.

EXERCISE 14.29. Formulate and prove the free De Finetti theorem, concerning se-
quences which are invariant under (S%), without using representation theory methods.

The same comments as for the previous exercise apply, the idea being that, once again,
the Weingarten function machinery can be avoided in this case.

EXERCISE 14.30. Work out the full proof of the explicit formula for the Weingarten
function for Sy, namely

T<mTAV

then of the main estimate for this function, namely
Wine(m,v) = N~ A v, m)p(m A, ) + O(N)
where p is the Mébius function of P(k).
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This was something that was already discussed in the above, the idea being that all
this comes from the explicit knowledge of the integrals over Sy, via the Mobius inversion
formula, and the problem now is that of working out all the details.

EXERCISE 14.31. Work out estimates for the integrals of type
/ Uiy j1 Vigja Vizgz Vigja
Sy
and then for the Weingarten function of S¥ at k = 4.

Once again, this was something partly discussed in the above, with the comment that
things are clear at k = 2,3, due to the formula P(k) = NC(k) valid here. The problem
now is that of working out what happens at k = 4, where things are non-trivial.

EXERCISE 14.32. Prove directly that the function

+
d(m,v) = |7T|—2|V| — |7V
is a distance on P(k).

To be more precise here, this is something that we talked about in the above, with the
idea being that this follows from a number of well-known facts regarding the partitions
in P(k). The problem now is that of proving directly this result.



CHAPTER 15

Operator algebras

15a. Operator algebras

We have now a quite complete picture of free probability from a combinatorial point
of view, in relation with basic questions from random matrices and quantum groups. In
this chapter and the next one we go for the real thing, namely discussing the connections
between free probability and selected topics from von Neumann algebra theory.

The von Neumann algebras are the algebras of bounded operators A C B(H) which
are weakly closed, and we will see their basic properties in a moment. These algebras are
important in the general context of quantum mechanics, somewhat of equal importance
as the Lie groups and their generalizations, and with all this going back to the influential
work and books of John von Neumann [91] and Hermann Weyl [96].

From a modern perspective, some time has passed since [91], [96], with quantum
mechanics having evolved a bit, and finding what exact von Neumann algebra A C B(H)
or Lie group G C GLy(C) is to be studied, and what exactly is to be done with it, is
already a quite difficult task. We will slowly make our way here, through these difficult
questions, by always orienting our presentation towards things which seem modern.

Needless to say, all this will be quite subjective, and sometimes even controversial.
The main problem, in connection with free probability, is that freeness, or rather “true
and useful freeness” in von Neumann algebras appears where you would expect it the
least, namely in the context of a certain special, innocent and far-from-free looking von
Neumann algebra, namely the Murray-von Neumann hyperfinite factor R.

So, this will be our goal here, explaining what this R beast is, how freeness appears
inside it, why all this is interesting, and why everyone thinking otherwise, with dozens of
research directions to be discussed here, both old and more recent, is wrong.

In short, welcome to theoretical physics. Take it easy, and enjoy.

In order to get started now, recall from chapters 5-6 above that we already know a
few things about the algebras of operators A C B(H), which are norm closed. The von
Neumann algebras will be by definition such algebras which are weakly closed. In order
to discuss this, let us start with a standard result, as follows:

345
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PROPOSITION 15.1. For an algebra A C B(H), the following are equivalent:

(1) A is closed under the weak operator topology, making each of the linear maps
T —<Tz,y > continuous.

(2) A is closed under the strong operator topology, making each of the linear maps
T — Tx continuous.

In the case where these conditions are satisfied, A is closed under the norm topology.
PROOF. There are several statements here, the proof being as follows:

(1) It is clear that the norm topology is stronger than the strong operator topology,
which is in turn stronger than the weak operator topology. At the level of the subsets
E C B(H) which are closed things get reversed, in the sense that weakly closed implies
strongly closed, which in turn implies norm closed. Thus, we are left with proving that
for any operator algebra A C B(H), strongly closed implies weakly closed.

(2) But this latter fact is standard, and can be proved by using an amplification trick.
Consider the Hilbert space obtained by summing k times H with itself:

H =H®..®H

The operators over HT can be regarded as being square matrices with entries in B(H),
and in particular, we have a representation 7 : B(H) — B(H™), given by:
T
m(T) =
T

Assume now that we are given an operator 7" € A, with the bar denoting the weak
closure. We have, by using the Hahn-Banach theorem, for any £ € H™:

TeA = n(T)ecn(A)
— 7(T)x € m(A)
——

— 7(T)x € m(A)¢

Now observe that the last formula tells us that for any £ = (&1,...,&), and any € > 0,
we can find an operator S € A such that the following holds, for any ¢:

1S — T || < e
It follows that T" belongs to the strong operator closure of A, as desired. O

In the above statement the terminology, while quite standard, is a bit confusing,
because the norm topology is stronger than the strong operator topology. As a solution
to this issue, we agree in what follows to call the norm topology “strong”, and the weak
and strong operator topologies “weak”, whenever these two topologies coincide.
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With this convention, the operator algebras A C B(H) from Proposition 15.1 are
those which are weakly closed, and we can now formulate:

DEFINITION 15.2. A won Neumann algebra is a x-algebra of operators
AC B(H)
which 1s closed under the weak topology.

As basic examples, we have the algebra B(H) itself, then the singly generated von
Neumann algebras, A =< T >, with T" € B(H), and then the multiply generated von
Neumann algebras, namely A =< T; >, with T; € B(H). There are many other examples,
and also general methods for constructing examples, and we will discuss this later.

At the level of the general results, we first have the bicommutant theorem of von
Neumann, which provides a useful alternative to Definition 15.2 above, as follows:
THEOREM 15.3. For a x-algebra A C B(H), the following are equivalent:
(1) A is weakly closed, so it is a von Neumann algebra.
(2) A equals its algebraic bicommutant A", taken inside B(H).

PROOF. Since the commutants are weakly closed, it is enough to show that weakly
closed implies A = A”. For this purpose, we will prove something a bit more general,
stating that given a %-algebra of operators A C B(H), the following holds, with A” being
the bicommutant inside B(H), and with A being the weak closure:

A// — A
We can prove this by double inclusion, as follows:

“D” Since any operator commutes with the operators that it commutes with, we have
an inclusion £ C E”, valid for any set £ C B(H). In particular, we have:

Ac A’

Our claim now is that the algebra A” C B(H) is closed, with respect to the strong
operator topology. Indeed, assuming that we have T; — T in this topology, we have:

T, ¢ A" = ST;,=T,5, VSeA
= ST =TS, vVSecA
= TeA

Thus our claim is proved, and together with Proposition 15.1, which allows to pass
from the strong to the weak operator topology, this gives the desired inclusion, namely:

Ac A"
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“C” Here we must prove that we have the following implication, valid for any operator
T € B(H), with the bar denoting as usual the weak operator closure:

TeA — TeA

For this purpose, we use the same amplification trick as in the proof of Proposition
15.1. Consider the Hilbert space obtained by summing k times H with itself:

H =H®»..®H

The operators over HT can be regarded as being square matrices with entries in B(H),
and in particular, we have a representation 7 : B(H) — B(H™), given by:

T
7(T) =
T

The idea will be that of doing the computations in this latter representation. First,
in this representation, the image of our algebra A C B(H) is given by:

T
7(A) = ‘TeA
T

We can now compute the commutant of this image, exactly as in the usual scalar
matrix case, and we obtain the following formula:

S11o... S
m(A) = : P S e A
Set ... Sk
We conclude from this that, given 7' € A” as above, we have:
T
e (A"
T

In other words, the conclusion of all this is that we have the following implication:
TeA" = =(T) en(A)’

Now given & € H*, consider the orthogonal projection P € B(H™) on the norm
closure of the vector space m(A){ C HT. Since the subspace m(A){ C H™' is invariant
under the action of 7(A), so is its norm closure inside H*, and we obtain from this:

P e n(AY
By combining this with what we found above, we conclude that:
TeA" = n(T)P=Pr(T)
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Now since this holds for any £ € H*, it follows that any T' € A” belongs to the strong
operator closure of A. By using now Proposition 15.1, which allows us to pass from the
strong to the weak operator closure, we conclude that we have A” C A, as desired. O

In order to develop now some general theory for the von Neumann algebras, let us
start by investigating the commutative case. The result here is as follows:

THEOREM 15.4. The commutative von Neumann algebras are the algebras of type
A=L>X)
with X being a measured space.
PrROOF. We have two assertions to be proved, the idea being as follows:

(1) In one sense, we must prove that given a measured space X, we can realize the
commutative algebra A = L*°(X) as a von Neumann algebra, on a certain Hilbert space
H. But this can be done as follows, using a probability measure on X:

L¥(X) C B(L*(X)) , [—(9—fg)

(2) In the other sense, given a commutative von Neumann algebra A C B(H), any
operator T € A is normal. So, ley us pick a linear space basis {T;} C A, as to have:

A=<T;, >
The generators T; € B(H) are then commuting normal operators, and by using the
spectral theorem for such families of operators, we obtain the result. O

The above result is very interesting, because it shows that an arbitrary von Neumann
algebra A C B(H) can be thought of as being of the form A = L*(X), with X being a
“quantum measured space”. Thus, we have here a connection with the various quantum
group and noncommutative geometry considerations made before.

15b. Freeness, factors

Moving ahead now, we will be interested here in the “free” von Neumann algebras.
These algebras, traditionally called factors, can be axiomatized as follows:

DEFINITION 15.5. A factor is a von Neumann algebra A C B(H) whose center
Z(A)=AnA
which is a commutative von Neumann algebra, reduces to the scalars, Z(A) = C.

Here the fact that the center is indeed a von Neumann algebra follows from the bicom-
mutant theorem, which shows that the commutant of any *-algebra is a von Neumann
algebra. Thus, the intersection Z(A) = AN A’ is indeed a von Neumann algebra.

As already mentioned, Definition 15.5 comes somehow as something opposed to Theo-
rem 15.4, the idea being that of axiomatizing the von Neumann algebras which are “free”,
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with this meaning being as far as possible from the commutative ones. In what follows,
we will mainly use this point of view on the factors, which fits our purposes.

Before going further, let us mention however that there are some deeper reasons as well
for the consideration of the factors, which among others fully justify the term “factor”,
coming from the following advanced theorem of von Neumann:

THEOREM 15.6. Given a von Neumann algebra A C B(H), if we write its center as
Z(A) = L=(X)

then we have a decomposition as follows, with the fibers A, being factors:

A:/Axdx
X

Moreover, in the case where A has a trace, tr : A — C, this trace decomposes as

tr:/ tr, dx
X

with each tr, : A, — C being the restriction of tr to the factor A,.

PROOF. As a first observation, this is something that we know to hold in finite dimen-
sions, because here the algebra decomposes as follows, with the summands corresponding
precisely to the points of the spectrum of the center, Z(A) ~ CF:

A=Mn(C)®...H My, (C)

In general, however, this is something quite difficult to prove, requiring a good knowl-
edge of advanced operator theory and advanced functional analysis. We will not need this
result in what follows, and we refer here to any good operator algebra book. U

Moving ahead now, in order to do probability on our factors we will need a trace as
well. Leaving aside the somewhat trivial case A = My (C), we are led in this way to:

DEFINITION 15.7. A Iy factor is a von Neumann algebra A C B(H) which is infinite
dimensional, has trivial center, and has a trace tr : A — C.

As a first observation, according to Theorem 15.6, such factors are exactly those
appearing in the spectral decomposition of the von Neumann algebras A C B(H) which
have traces, tr : A — C, provided that we add some extra axioms which avoid trivial
summands of type My(C). Moreover, by results of Connes, adding to those of von
Neumann, and which are non-trivial as well, the non-tracial case basically reduces to the
tracial case, via certain crossed product type operations, and so the conclusion is that
“the II; factors are the building blocks of the von Neumann algebra theory”.

Summarizing, some heavy things going on here. In what follows we will be mainly
interested in concrete mathematics and combinatorics, and we will take Definition 15.7
as it is, as a simple and intuitive definition for the “free von Neumann algebras”.



15B. FREENESS, FACTORS 351

As a first observation, in practice, and forgetting about Theorem 15.6, it is not even
clear that such beasts exist. Fortunately the group von Neumann algebras are there, and
we have the following result, providing us with examples of II; factors:

THEOREM 15.8. The center of a group von Neumann algebra L(G) is

Z(L(G)) = {ZAQQ Agh = )‘hg}

and if G # {1} has infinite conjugacy classes, in the sense that

‘{ghg‘llg € G}
with this being called ICC property, the algebra L(G) is a I1; factor.

=00 , Vh#1

PROOF. There are two assertions here, the idea being as follows:

(1) Consider a linear combination of group elements, which is in the weak closure of
the group algebra C[G], and so defines an element of the von Neumann algebra L(G):

a:Z)\gg
g

By linearity, this element a € L(G) belongs to the center of the algebra L(G) precisely
when it commutes with all the group elements h € GG, and this gives:

a€ Z(A) <= ah=ha

= ) Agh=) Mg
g g

< Z App-1k = Z -1k
k k

<= App-1 = A\p-1g
Thus, we obtain the formula for the center Z(L(G)) in the statement.

(2) We have to examine here the 3 conditions defining the II; factors. We already
know, from chapter 6, that the group algebra L(G) has a trace, given by:

tr(g) = 0Og,1

Regarding now the center, the condition Ay, = Ay that we found above is equivalent
to the fact that g — ), is constant on the conjugacy classes, and we obtain:

Z(L(G)) =C += G =ICC

Finally, assuming that this ICC condition is satisfied, and with G # {1}, then our
group G is infinite, and so the algebra L(G) is infinite dimensional, as desired. O
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In order to investigate now the II; factors, the idea, following Murray and von Neu-
mann [71], will be that of looking at the projections. We first have the following result:

PROPOSITION 15.9. Given two projections p,q € A in a Il; factor, we have
p=q or g=p
and so = 1s a total order on the equivalence classes of projections p € A.

ProoOF. This is something which actually holds for any factor, with the only non-
trivial part being that of proving the following implication:

P2q q2p = p=q
But this is clear in the present II; factor setting, by using the trace. O
We can now formulate a first main result regarding the II; factors, as follows:
THEOREM 15.10. Given a 11y factor A, the traces of the projections
tr(p) € [0,1]
can take any values in [0, 1].

PROOF. Given a number x € [0, 1], consider the following set:

Ez{ﬁzpzﬁGAW@hQ}
This set satisfies the assumptions of the Zorn lemma, and so by this lemma we can
find a maximal element p € E. Assume by contradiction that:
tr(p) <z

Now by using some standard operator theory arguments, we can slightly enlarge the
trace of p, and we obtain a contradiction, as desired. See [71]. U

As a second main result now regarding the II; factors, also from [71], we have:

THEOREM 15.11. The trace of a 11y factor
tr: A—C

1S UNLQUE.

PRoOOF. This can be proved in many ways, a standard one being that of proving that
any two traces agree on the projections, as a consequence of the above results. We refer
here to [71], or to our go-to operator algebra book by Blackadar [28]. O

This was for the basic theory of the II; factors, following Murray and von Neumann
[71]. From a modern perspective, an interesting question is that of working out the
quantum group analogue of Theorem 15.8, and also to work out the reduction theory of
the quantum group algebras L(I'), and we refer here to [30] and related papers.
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In relation to these questions, the conjecture is that if a compact quantum group G = r
is free, in a suitable sense, then the corresponding von Neumann algebra L>*(G) = L(T")
should be a II; factor. More generally, the conjecture is that the algebras of type L>(X),
with X being a free manifold in the sense of chapter 13, are II; factors. These are all
difficult questions, and once again we refer here to [30] and related papers.

Getting back now to generalities, from an abstract algebraic perspective, with a touch
of functional analysis, a II; factor A C B(H) is not really in need of the ambient Hilbert
space H, and the question of “representing” it appears. We first have:

DEFINITION 15.12. Given a von Neumann algebra A with a trace tr : A — C, the
emdedding
A C B(L*(A))
obtained by GNS construction is called standard form of A.

Here we use the GNS construction, explained in chapter 6. As the name indicates,
the standard representation is something “standard”, to be compared with any other
representation A C B(H), in order to understand this latter representation.

As already seen in chapter 6, the GNS construction has a number of unique features,
that can be exploited. In the present setting, the main result is as follows:

PROPOSITION 15.13. In the context of the standard representation we have
A =JAJ
with J : L*(A) — L?*(A) being the antilinear map given by T — T*.

PROOF. Observe first that any 7" € A can be regarded as a vector T' € L*(A), to which
we can associate, in an antilinear way, the vector T* € L?*(A). Thus we have indeed an
antilinear map J as in the statement. In terms of the standard cyclic and separating
vector §2 for the GNS representation, the formula of this map J is:

J(TQ) =T*Q
But this gives the equality A’ = JAJ in the statement, via double inclusion, with the
proof of both inclusions being routine computations. U

As a basic illustration for the above result, the commutant of a group algebra L(G),
which is obtained by definition by using the left regular representation, is the group
algebra R(G), obtained by using the right regular representation.

We are now in position of constructing the coupling constant, a key notion, due again
to Murray and von Neumann [71], which eventually closes the discussion regarding the
various Hilbert space representations A C B(H) of a given II; factor A:
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THEOREM 15.14. Given a representation of a 11y factor A C B(H), we can talk about
the corresponding coupling constant

dimy H € (0, o0

which for the standard form, where H = L*(A), takes the value 1, and which in general
mesures how far is A C B(H) from the standard form.

PROOF. There are several proofs for this fact, the idea being as follows:

(1) We can amplify the standard representation of A, on the Hilbert space L*(A), into
a representation on L?(A) ® [2(N), and then cut it down with a projection. We obtain in
this way a whole family of embeddings A C B(H), which are quite explicit.

(2) The point now is that of proving, via a technical 2 x 2 matrix trick, that any
representation A C B(H) appears in this way. In this picture, the coupling constant
appears as the trace of the projection used to cut down L?(A) ® [*(N).

(3) Thus, we are led to the conclusion in the statement. Alternatively, the coupling
constant can be defined as follows, with the number on the right being independent of the
choice on a nonzero vector x € H, and with this being the original definition from [71]:

: tra(Pary)
dimy H — A\ Aw)
A (Pa)
We refer to [71], or for instance to the book [28], for more details here. O

As an illustration for the above, given an inclusion of ICC groups H C G, whose group
algebras are both II; factors, we have the following formula:

There are many other examples of explicit computations of coupling constants, all
leading us into interesting mathematics. We will be back to this.

15c. Subfactor theory

Given a II; factor Ag, let us discuss now the representations Ay C Ay, with A; being
another II; factor. This is a quite natural notion too, and perhaps even more natural
than the representations Ay C B(H) studied above, because we have decided in the
above that the II; factors Ay, and not the full operator algebras B(H), are the correct
infinite dimensional generalization of the usual matrix algebras My (C).

Given an inclusion of II; factors Ay C Ay, a first question is that of defining its index,
measuring how big is A;, when compared to Ay. This can be done as follows:
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THEOREM 15.15. Given an inclusion of 11y factors Ay C Ay, the number
. dimAO H
N dimA1 H

15 independent of the ambient Hilbert space H, and is called index.

PRrooF. This is standard, with the fact that the index as defined by the above formula
is indeed independent of the ambient Hilbert space H coming from the various basic
properties of the coupling constant, from Theorem 15.14 and its proof. U

There are many examples of subfactors coming from groups, and every time we obtain
the intuitive index. We will be back with details in a moment. In general now, following
Jones [57], let us start with the following standard result:

PROPOSITION 15.16. Given a subfactor Ay C Ay, there is a unique linear map
E: A — A
which is positive, unital, trace-preserving and which is such that, for any ay,as € Ag:
E(ajbay) = a1 E(b)asy
This map is called conditional expectation from A; onto Ag.

PRrROOF. We make use of the standard representation of the II; factor A;, with respect
to its unique trace tr : Ay — C, as constructed before, namely:

Al - L2(A1)

If we denote by € the standard cyclic and separating vector of L?(A;), we have an
identification of vector spaces AyQ = L?*(Ay). Consider now the following projection:

e: LQ(Al) — LQ(A())

It follows from definitions that we have an inclusion e(A;Q) C Apf2. Thus the above
projection e induces by restriction a certain linear map, as follows:

E Al — AO
This linear map E and the orthogonal projection e are related by:
ere = E(x)e

But this shows that the linear map FE satisfies the various conditions in the state-
ment, namely positivity, unitality, trace preservation and bimodule property. As for the
uniqueness assertion, this follows by using the same argument, applied backwards, the
idea being that a map E as in the statement must come from a projection e. U

Following Jones [57], we will be interested in what follows in the orthogonal projection
e : L*(A;) — L*(Ap) producing the expectation E : A; — Ag, rather than in E itself:
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DEFINITION 15.17. Associated to any subfactor Ay C Ay is the orthogonal projection
e: L*(A)) — L*(Ap)
producing the conditional expectation E : Ay — Ag via the following formula:
ere = E(x)e
This projection is called Jones projection for the subfactor Ay C A;.

Quite remarkably, the subfactor Ay C Ay, as well as its commutant, can be recovered
from the knowledge of this projection, in the following way:

PROPOSITION 15.18. Given a subfactor Ag C Ay, with Jones projection e, we have
Ag=Ainfel , A= (A1 n{e})’
as equalities of von Neumann algebras, acting on the space L*(Ay).

PROOF. The above two formulae both follow from exe = E(x)e, via some elementary
computations, and for details here, we refer to Jones’ paper [57]. Il

We are now ready to formulate a key definition, as follows:

DEFINITION 15.19. Associated to any subfactor Ay C Ay is the basic construction
Ayg Ce Ay C Ay
with Ay =< Ay, e > being the algebra generated by Ay and by the Jones projection
e: L*(A)) — L*(Ap)
acting on the Hilbert space L*(Ay).
The idea now, following [57], will be that A; C A, appears as a kind of “reflection” of

Ag C A;p, and also that the basic construction can be iterated, and with all this leading
to non-trivial results. Let us start by further studying the basic construction:

THEOREM 15.20. Given a subfactor Ag C Ay having finite indez,
[Al : Ao] < 00

the basic construction Ay C. A1 C Ay has the following properties:
(1) Ay = JA,J.
( ) Al + Aleb
(3) A2 is a 11 factor.
(4) [As: Ai] = [Ar: Aol
(5) €A2€ = Age.
(6) tr(e) = [Ay : Ag]™".
(7) tr(ze) = tr( JA1 2 Ag] ™Y, for any x € A;.
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Proor. All this is standard, the idea being as follows:
(1) We know that we have JA|J = A, and JeJ = e, and this gives:
JAGS = J<Alje>J
< JAJ, JeJ >
= <A e>
= A,

(2) This simply follows from the fact that A; + AjeA; is closed under multiplication,
and from the fact that we have exe = E(x)e.

(3) This follows from the fact, that we know from the above, that our finite index
assumption [A; : Ag] < oo is equivalent to the fact that the algebra Aj is a factor. But
this is in turn is equivalent to the fact that Ay = JA[J is a factor, as desired.

(4) This follows indeed from the following computation:
dimy, L*(A;)
dimy, L2(4,)
1
dimy, L2(4;)
1
dimJA6J L2 (Al)
1
dimy, L*(Ay)
= dimy, L*(A)
= [A;: A
(5) This follows from (2) and from the formula eze = E(x)e.

[AQ . Al] =

(6) We have here the following computation:
1 = dimga, L*(Ap)

= dimy,(eL?*(4y))

= tra(e) dimg,(L*(A))

= tra(a)[A; : Ao
Now since Ay = JA[J and JeJ = e, we obtain from this, as desired:

tr(e) =tryas(JeJ) = tra(e) = [Ay - Ag] ™!
(7) We already know from (6) above that the formula in the statement holds for z = 1.
In order to discuss the general case, observe first that for z,y € Ay we have:

tr(zye) = tr(yex) = tr(yxe)
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Thus the linear map = — tr(ze) is a trace on Ay, and by uniqueness of the trace on
Ay, we must have tr(ze) = c-tr(x), for a certain constant ¢ > 0. Now by using (6) above
we conclude that the constant must be ¢ = [A; : Ag]™'. Thus, we have proved the result
for x € Ay. The passage to the general case z € A; can be performed as follows:

tr(ze) = tr(exe)
= tr(E(z)e)
= tr(E(x))c
= tr(x)c
Thus, we have proved the last formula in the statement, and we are done. O

The above result is quite interesting, potentially leading to some interesting mathe-
matics, so let us perform now twice the basic construction, and see what we get. The
result here, which is something more technical, at least at the first glance, is as follows:

PROPOSITION 15.21. Associated to Ay C Ay is the double basic construction
Ap Ce A1 Cy Ay C As
with e : L*(Ay) — L?(Ag) and f: L*(Ay) — L*(Ay) having the following properties:
fef =1[A1: Ag) ' f , efe=[A: Ay te
Proor. We have two formulae to be proved, the idea being as follows:
(1) The first formula in the statement is clear, because we have:
fef =E(e)f =tr(e)f =[Ar: A f

(2) Regarding now the second formula, it is enough to check this on the dense subset
(A1 + A1eA;)Q. Thus, we must show that for any z,y,z € A;, we have:

efe(z +yez)Qd = [A; : Ag] te(x + yez)Q
For this purpose, we will prove that we have, for any z,y, z € A;:
efexQ = [A; : Ag] texQ
efeyezQ) = [A; : Ag] teyezQ

But the first formula can be established as follows:
efexCQ) = efexf(
= eE(ex)fQ
= eE(e)xfQ
= [A;: Ag) lexfQ
= [A;: A texQ
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As for the second formula, this can be established as follows:
efeyezQ) = efeyezfQ
= eFE(eyez)fQ
eE(eye)zfQ
B0
= eBE(y)E(e )Zfﬂ
= [A1: A TeE(y)zfQ
= [A;: A]” 1eyezfQ
= [A;: Ag) teyezQ
Thus, we are led to the conclusion in the statement. U

We can in fact perform the basic construction by recurrence, and we obtain:

THEOREM 15.22. Associated to any subfactor Ag C Ay is the Jones tower
Ay Ce,y Ay Ce, Ao Cey A3 C .. ...

with the Jones projections having the following properties:
(1) €2 =¢; = e}.
(2) eie; = eje; for |i —j] > 2.
(3) €;€i+16; = [Al : Ag]ilei.
(4) tr(wen1) = [A; : Ag] Hr(w), for any word w €< ey, ..., e, >.

Proor. This follows from Theorem 15.20 and Proposition 15.21, because the triple
basic construction does not need in fact any further study. See [57]. g

The relations found in Theorem 15.22 are in fact well-known, from the standard theory
of the Temperley-Lieb algebra. This algebra, discovered by Temperley and Lieb in the
context of statistical mechanics [83], has a very simple definition, as follows:

DEFINITION 15.23. The Temperley-Lieb algebra of index N € [1,00) is defined as
TLn(k) = span(NCy(k, k))
with product given by vertical concatenation, with the rule
O=N
for the closed circles that might appear when concatenating.

In other words, the algebra T'Ly(k), depending on parameters k € N and N € [1,00),
is the linear span of the pairings m € NCy(k, k). The product operation is obtained by
linearity, for the pairings which span 7Ly (k) this being the usual vertical concatenation,
with the conventions that things go “from top to bottom”, and that each circle that might
appear when concatenating is replaced by a scalar factor, equal to N.
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As already mentioned, this algebra was discovered by Temperley and Lieb in the
context of general statistical mechanics, and we refer here to [83], and subsequent work.
In what concerns us, we will just need some elementary results. First, we have:

PROPOSITION 15.24. The Temperley-Lieb algebra T' Ly (k) is generated by the diagrams

81:H
€2=|H
es=|In

which are all multiples of projections, in the sense that their rescaled versions
e; = Nlg;
satisfy the abstract projection relations e? = e¢; = e;.
Proor. We have two assertions here, the idea being as follows:

(1) The fact that the Temperley-Lieb algebra T'Ly (k) is indeed generated by the
sequence €1, €9, ... follows by drawing pictures, and more specifically by decomposing
each basis element m € NCy(k, k) as a product of such elements ¢;.

(2) Regarding now the projection assertion, when composing &; with itself we obtain
g; itself, times a circle. Thus, according to our multiplication convention, we have:

2
e; = Ng;

Also, when turning upside-down g;, we obtain ¢; itself. Thus, according to our invo-
lution convention for the Temperley-Lieb algebra, we have the following formula:

g =&
We conclude that the rescalings e; = N~ lg; satisfy €? = e; = e}, as desired. U
As a second result now, making the link with Theorem 15.22, we have:

PROPOSITION 15.25. The standard generators e; = N~ 'e; of the Temperley-Lieb al-
gebra T Ly (k) have the following properties, where tr is the trace obtained by closing:
(1) eie; = eje; for |i —j| > 2.
(2) €;Cit1€; = N‘lei.
(3) tr(wen1) = N~ Hr(w), for any word w €< ey, ..., e, >.

Proor. This follows indeed by doing some elementary computations with diagrams,
in the spirit of those performed in the proof of Proposition 15.24. O

With the above results in hand, and still following Jones’ paper [57], we can now
reformulate Theorem 15.22 into something more conceptual, as follows:
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THEOREM 15.26. Given a subfactor Ag C Ay, construct its the Jones tower:
Ao Cey A1 Cey Ay Cey A3 C et
The rescaled sequence of projections ey, e, es, ... € B(H) produces then a representation
TLy C B(H)
of the Temperley-Lieb algebra of index N = [A;y : Ag].

Proor. We know from Theorem 15.22 that the rescaled sequence of projections
ey, es,¢€3,... € B(H) behaves algebrically exactly as the following T'Ly diagrams:

oc 2C 2C

€1
52:|

3 = ||

But these diagrams generate T'Ly, and so we have an embedding T'Ly C B(H ), where
H is the Hilbert space where our subfactor Ag C A; lives, as claimed. Il

Before going further, with some examples, more theory, and consequences of Theorem
15.26 above, let us make the following key observation, also from [57]:

THEOREM 15.27. Given a finite index subfactor Ay C Ay, the graded algebra P = (Py)
formed by the sequence of higher relative commutants

Pk:AgﬂAk

contains the copy of the Temperley-Lieb algebra constructed above, T Ly C P. This graded
algebra P = (Py) is called “planar algebra” of the subfactor.

PROOF. As a first observation, since the Jones projection e; : Ay — Ay commutes
with Ap, we have e; € P». By translation we obtain, for any k£ € N:

e1,...,eq_1 € By
Thus we have indeed an inclusion of graded algebras T'Ly C P, as claimed. O
The point with the above result, which explains among others the terminology at the
end, is that, in the context of Theorem 15.26 above, the planar algebra structure of T'Ly,

obtained by composing diagrams, extends into an abstract planar algebra structure of P.
See [59]. We will discuss all this, with full details, in the next chapter.

As an interesting consequence of Theorem 15.26, somehow contradicting the “contin-
uous geometry” philosophy that has being going on so far, in relation with the II; factors,
we have the following surprising result, also from Jones’ original paper [57]:
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THEOREM 15.28. The index of subfactors Ay C Ay is “quantized” in the [1,4] range,

N € {40082 <%> ’n > 3} U [4, 0]

with the obstruction coming from the existence of the representation T Ly C B(H).

PRrROOF. This comes from the combinatorics of e, eq, €3, ..., as folows:

(1) In order to best comment on what happens, when iterating the basic construction,
let us record the first few values of the numbers in the statement, namely:

4 cos? (g) =1 , 4cos? (g) =2

4 cos? <Z) = 34 V5 . 4cos? (%) =3

5 2
(2) By using a basic construction, we get, by trace manipulations on e:
N ¢(1,2)

With a double basic construction, we get, by trace manipulations on < ey, eq >:

N ¢ (2 3+\/5)

2

And so on. Thus, by doing computations, we are led to the conclusion in the statement,
by a kind of recurrence, involving a certain family of orthogonal polynomials.

(3) In practice now, following [57], the most elegant way of proving the result is
by using the fact, explained in Theorem 15.26, that that sequence of Jones projections
e1, e, €3,... C B(H) generate a copy of the Temperley-Lieb algebra of index N:

TLy C B(H)

With this result in hand, we must prove that such a representation cannot exist in
index N < 4, unless we are in the following special situation:

N = 4 cos? <E>
n
But this can be proved by using some suitable trace and positivity manipulations on
TLy, as in (2) above, and for full details here, we refer to Jones’ paper [57]. O

15d. Basic examples

Let us discuss now some basic examples of subfactors, with concrete illustrations for
all the above notions, constructions, and general theory. These examples will all come
from group actions G ~ ), which are assumed to be minimal, in the sense that:

Q°)YNnQ=C

As a starting point, we have the following result, heavily used by Jones [57]:
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PROPOSITION 15.29. Assuming that G is a compact group, acting minimally on a 11y
factor Q), and that H C G is a subgroup of finite index, we have a subfactor

Q“cQ”
having index N =[G : H], called Jones subfactor.

PROOF. This is something standard, the idea being that the factoriality of Q¢, Q¥
comes from the minimality of the action, and that the index formula is clear. O

Along the same lines, we have the following result, due to Ocneanu [73]:

PrOPOSITION 15.30. Assuming that G is a finite group, acting minimally on a 11y
factor Q), we have a subfactor as follows,

QCQxG
having index N = |G|, called Ocneanu subfactor.

Proor. This is standard as well, the idea being that the factoriality of () ¥ G comes
from the minimality of the action, and that the index formula is clear. O

We have as well a third result of the same type, due to Wassermann [94], namely:

PRrROPOSITION 15.31. Assuming that G is a compact group, acting minimally on a 11y
factor Q), and that G — PU, is a projective representation, we have a subfactor

Q € (Mu(C) 2 Q)°
having index N = n?, called Wassermann subfactor.

PROOF. As before, the idea is that the factoriality of Q%, (M, (C) ® Q)¢ comes from
the minimality of the action, and the index formula is clear. U

The above subfactors look quite related, and indeed they are, due to:

THEOREM 15.32. The Jones, Ocneanu and Wassermann subfactors are all of the same
nature, and can be written as follows,

(R c Q") ~ (C®Q)" c (I°(G/H) ®Q)Y)
(QCQxG) ~ (I%G) Q)Y C (LI*(G) ®Q)Y)
(QY c (M,(C)®Q)) ~ ((C® Q)" C (M,(C)®Q)%)

with standard identifications for the various tensor products and fixed point algebras.

PRrooOF. This is something standard, from [6], modulo all kinds of standard identifi-
cations. We will explain all this more in detail later, after unifying these subfactors. [J
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In order to unify now the above constructions of subfactors, following [6], [94], the
idea is quite clear. Given a compact group G, acting minimally on a II; factor ), and an
inclusion of finite dimensional algebras By C By, endowed as well with an action of G, we
would like to construct a kind of generalized Wassermann subfactor, as follows:

(By® Q)% C (B1®Q)“

In order to do this, we must talk first about the finite dimensional algebras B, and
about inclusions of such algebras By C B;. Let us start with the following definition:

DEFINITION 15.33. Associated to any finite dimensional algebra B is its canonical
trace, obtained by composing the left reqular representation with the trace of L(B):

tr: BC L(B)—C

We say that an inclusion of finite dimensional algebras By C By is Markov if it comm-
mutes with the canonical traces of By, By.

In what regards the first notion, that of the canonical trace, this is something that we
know well, from chapter 13. Indeed, as explained there, we can formally write B = C'(X),
with X being a finite quantum space, and the canonical trace tr : B — C is then precisely
the integration with respect to the “counting measure” on X.

In what regards the second notion, that of a Markov inclusion, this is something very
natural too, and as a first example here, any inclusion of type C C B is Markov. In
general, if we write By = C(Xj) and B; = C(X}), then the inclusion By C B; must come
from a certain fibration X; — X, and the inclusion By C Bj is Markov precisely when
the fibration X; — X, commutes with the respective counting measures.

We will be back to Markov inclusions and their various properties on several occasions,
in what follows. For our next purposes here, we just need the following result:

PROPOSITION 15.34. Given a Markov inclusion of finite dimensional algebras By C B,
we can perform to it the basic construction, as to obtain a Jones tower

By Ce, B Ce, B, Ces BysC......
exactly as we did in the above for the inclusions of 11y factors.

PROOF. This is something standard, from [57], by following the computations in the
above, from the case of the II; factors, and with everything extending well. It is of course
possible to do something more general here, unifying the constructions for the inclusions
of II; factors Ay C A;, and for the inclusions of Markov inclusions of finite dimensional
algebras By C By, but we will not need this degree of generality, in what follows. O

With these ingredients in hand, getting back now to the Jones, Ocneanu and Wasser-
mann subfactors, from Theorem 15.32, the point is that these constructions can be unified,
and then further studied, the final result on the subject being as follows:



15D. BASIC EXAMPLES 365

THEOREM 15.35. Let G be a compact group, and G — Aut(Q) be a minimal action
on a Iy factor. Consider a Markov inclusion of finite dimensional algebras
By C B;

and let G — Aut(By) be an action which leaves invariant By, and which is such that its
restrictions to the centers of By and By are ergodic. We have then a subfactor

(Bo® Q)F C (B1® Q)¢
of index N = [B; : By|, called generalized Wassermann subfactor, whose Jones tower is
(B1®Q)° C(B,oQ)C(Bs®Q)¢C...

where {B;};>1 are the algebras in the Jones tower for By C By, with the canonical actions
of G coming from the action G — Aut(B;), and whose planar algebra is given by:

P, = (B, N B)“
These subfactors generalize the Jones, Ocneanu and Wassermann subfactors.

PRrOOF. This is something which is routine, from [6], following Wassermann [94], and
we will be back to this in a moment, with details, directly in a more general setting. [J

In addition to the Jones, Ocneanu and Wassermann subfactors, discussed and unified
in the above, we have the Popa subfactors, which are constructed as follows:

PROPOSITION 15.36. Given a discrete group I' =< g1, ..., g9, >, acting faithfully via
outer automorphisms on a 11y factor P, we have the following “diagonal” subfactor
91(q)

qe Py C M,(P)
9n(q)
having index N = n?, called Popa subfactor.

Proo¥r. This is something standard, a bit as for the Jones, Ocneanu and Wassermann
subfactors, with the result basically coming from the work of Popa [74], [75], who was
the main user of such subfactors. We will come in a moment with a more general result
in this direction, involving discrete quantum groups, along with a complete proof. Il

In order to unify now Theorem 15.35 and Proposition 15.36, observe that the diagonal
subfactors can be written in the following way, by using a group dual:

(P D) C (My(C) @ (P T))F

Here the group dual T acts on () = P x T via the dual of the action I' C Aut(P), and
on M, (C) via the adjoint action of the following formal representation:

@g,ﬁf—)@”

Summarizing, we are led into quantum groups. So, let us start with:
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DEFINITION 15.37. A coaction of a Woronowicz algebra A on a finite von Neumann
algebra Q is an injective morphism ® : Q — Q ® A" satisfying the following conditions:
(1) Coassociativity: (P ® id)® = (id @ A).
(2) Trace equivariance: (tr @ id)® = tr(.)1.
(3) Smoothness: Q" = Q, where Q = & HQ Dyyy A).

The above conditions come from what happens in the commutative case, A = C(G),
where they correspond to the usual associativity, trace equivariance and smoothness of
the corresponding action G ~ (). In general, what we have is a generalization of this.

Along the same lines, but more technically now, we have as well:

DEFINITION 15.38. A coaction ® : Q — Q ® A” as above is called:
(1) Ergodic, if the algebra Q% = {p € Q‘q)(p) =p® 1} reduces to C.
(2) Faithful, if the span of {(f ® id)®(Q)|f € Q.} is dense in A”.
(3) Minimal, if it is faithful, and satisfies (Q*) NQ = C.

Observe that the minimality of the action implies in particular that the fixed point
algebra Q® is a factor. Thus, we are getting here to the case that we are interested in,
actions producing factors, via their fixed point algebras. More on this later.

In order to prove our subfactor results, we need of some general theory regarding the
minimal actions. Following Wassermann [94], let us start with the following definition:

DEFINITION 15.39. Let @ : Q — Q ® A” be a coaction. An eigenmatrix for a corepre-
sentation u € B(H) ® A is an element M € B(H) ® Q satisfying:

(Zd & CI))M = M12U13
A coaction is called semidual if each corepresentation has a unitary eigenmatriz.

As a basic example here, the canonical coaction A : A —+ A® A is semidual. Following
the work of Wassermann in the usual compact group case, we have:

THEOREM 15.40. The minimal coactions are semidual.

PROOF. Let S be the set of finite dimensional unitary corepresentations of A which
have unitary eigenmatrices. It is then routine to check that S is stable under:

(1) Making sums.

(2) Making tensor products.
(3) Performing substractions.
(4) Taking complex conjugates.

By using now the Peter-Weyl theory for compact quantum groups, due to Woronowicz
[98], we conclude that we have S = Rep(A), which gives the result. See [6]. O
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Following [6], let us construct now the fixed point subfactors. We first have:

PROPOSITION 15.41. Consider a Woronowicz algebra A = (A, A, S), and denote by
A, the Woronowicz algebra (A, 0, S), where o is the flip. Given two coactions

B:B—>B®A

T:Q = QR A,
with B being finite dimensional, the following linear map, while not being multiplicative
in general, is coassociative with respect to the comultiplication oA of A,,

bOT:BRQ—BRQK®A,

b®@p — m(p)as((id ® S)B(D))13
and its fized point space, which is by definition the following linear space,

(B@Q)ﬂ@f:{xeB@@Q](ﬂ@w)x:xm}

is then a von Neumann subalgebra of B ® Q).

ProOF. This is something standard, which follows from a straightforward algebraic
verification, explained in [6]. As mentioned in the statement, to be noted is that the
tensor product coaction f ® 7 is not multiplicative in general. See [6]. O

Our first task is to investigate the factoriality of such algebras, and we have here:

THEOREM 15.42. If 6 : B — B® A is a coaction and 7 : Q — Q ® A, is a minimal
coaction, then the following conditions are equivalent:

(1) The von Neumann algebra (B ® Q)°®™ is a factor.
(2) The coaction B is centrally ergodic, Z(B) N B® = C.

PRroOOF. This is something standard, from [6], the idea being as follows:

(1) Our first claim, which is something whose proof is a routine verification, explained
in [6], based on the semiduality of the minimal coaction m, that we know from Theorem
15.40, is that the following diagram is a non-degenerate commuting square:

Q C B®Q
U U
Q" C (BoQ)r
(2) In order to prove now the result, it is enough to check the following equality,
between subalgebras of the von Neumann algebra B ® Q:

Z(B®Q)*°™) = (Z(B)nB*)® 1

So, let x be in the algebra on the left. Then z commutes with 1 ® Q™, so it has to be
of the form b® 1. Thus z commutes with 1 ® Q. But z commutes with (B ® Q)?®™, and
from the non-degeneracy of the above square, x commutes with B ® (), and in particular
with B® 1. Thus b € Z(B) N BP. As for the other inclusion, this is obvious. O
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With the above technical results in hand, we can now formulate our main theorem
regarding the fixed point subfactors, of the most possible general type, as follows:

THEOREM 15.43. Let G be a compact quantum group, and G — Aut(Q) be a minimal
action on a Iy factor. Consider a Markov inclusion of finite dimensional algebras

By C By

and let G — Aut(By) be an action which leaves invariant By and which is such that its
restrictions to the centers of By and By are ergodic. We have then a subfactor

(Bo® Q)¢ C (B1@Q)°
of index N = [B; : By|, called generalized Wassermann subfactor, whose Jones tower is
(B1©Q)° C(B®Q)“ C(Bs®Q) C...

where {B; };>1 are the algebras in the Jones tower for By C By, with the canonical actions
of G coming from the action G — Aut(By), and whose planar algebra is given by:

Py = (B,N By)°
These subfactors generalize the Jones, Ocneanu, Wassermann and Popa subfactors.

Proor. This is something routine, based on the above general theory and results,
and for the full story here, and technical details, we refer to [6], [94]. O

The above result is important in connection with probability questions, because our
usual character computations for G, for instance in the case where G C Uy is easy, take
place in the associated planar algebra P, = (B) N B)®. More on this later.

15e. Exercises
There have been many things in this chapter, and as a first exercise, we have:

EXERCISE 15.44. Learn some further fundamental von Neumann algebra theory, and
write a brief account of what you learned.

This is something quite loose, and things here can vary a lot. Ideally, you should learn
about reduction theory, hyperfiniteness, and the combination of the two.

EXERCISE 15.45. Learn some further fundamental Jones subfactor theory, and write
a brief account of what you learned.

As before, this is something quite loose, and things here can vary a lot. We will
actually be back to this in the next chapter, with more generalities about subfactors.



CHAPTER 16

Quantum algebra

16a. Planar algebras

We have seen in the previous chapter the foundations of von Neumann algebra theory,
which naturally leads into factors, and then into subfactors. In this final chapter we discuss
what can be done with all this, and hopefully, with some help from free probability.

As already mentioned in the previous chapter, things here will be quite tricky, not
to say controversial, or even bitterly controversial, requiring a number of smart choices,
based on personal feeling, and knowledge of mathematics and physics. Hang on.

Taking for granted the fact that the factors are the most interesting von Neumann
algebras, which is something largely agreed upon, a first crossroads appears when talking
about subfactors. Shall we really do this, or stay with the factors? More specifically, we
have two types of problems that we can try to solve, as follows:

(1) On one hand we can try to further investigate the II; factors, which are by definition
the “free” von Neumann algebras, with tools from free probability. An interesting question
here, which actually was the main motivation of Voiculescu, when starting free probability
[85], is that of finding probabilistic tools in order to distinguish the group von Neumann
algebras L(I'). For instance it is unknown whether L(F3) is isomorphic to L(F3) or not,
and Voiculescu’s idea from his later paper [89] was that a clever, entropy type invariant
can produce 2 for L(F») and 3 for L(F3), as to prove the non-isomorphism. This is
certainly nice, and although a lot of work has gone into such questions [26], [45], [54],
[62], [78], [79], [89], the problem is still open, and waiting for volunteers.

(2) On the other hand, we can simply declare that we are overwhelmed by the
beauty of Jones’ subfactor discovery, concerning the combinatorics of the Jones projec-
tions ey, e9,e3,..., which leads into the Temperley-Lieb algebra T'Ly, so forget about
pure mathematics, forget about free probability, forget about everything, and let us just
stick with this. And with the remark of course that by doing so, we are not far from
free probability, and this because the simplest examples of subfactors are the fixed point
subfactors (By ® Q)¢ C (B; ® Q)%, whose simplest instances are those coming from the
simplest quantum groups G C U, which are our old friends the easy quantum groups.
And so that no worries, we are certainly into free probability here.

369



370 16. QUANTUM ALGEBRA

We will choose here (2), isn’t quantum mechanics a bit crazy, so let us be a bit crazy
too. Now with this choice made, we are facing another crossroads, about what to do with
our subfactors. Obviously, everything happens inside the planar algebra P, = Aj N A,
and with this in mind, we have again two types of questions to be solved:

(3) A first question is that of understanding the exact relation between the planar
algebra P = (P,) and the original subfactor Ay C A;. This was something basically
solved by Popa in [75], by using algebras Ay, A; of free group factor type, and incorporated
by Jones into his planar algebra theory, in [59]. So, no interesting questions here, with
the whole thing being quite technical, basically downgrading us to (1) above, although
a more modern version of all this was worked out by Guionnet, Jones and Shlyakhtenko
in [51]. On the positive side, however, there is a big interesting question, going back
to [57], regarding the axiomatization of the planar algebras appearing from hyperfinite
subfactors, in continuation of another paper of Popa, namely [74].

(4) A second question is that of forgetting about the subfactor Ay C A; itself, and
rather focusing on the planar algebra P = (F,). Indeed, in the case of the simplest among
the simplest subfactors, namely the fixed point subfactors (By® Q)¢ C (B; ® Q)% coming
from easy quantum groups G' C Uy, the corresponding planar algebra P = (P,) is what
is needed for computing laws of characters, doing free probability, Weingarten calculus,
and many more things. Thus, we would to understand whether such things can be done
or not with an arbitrary planar algebra P = (P,). As for the subfactor Ay C A; itself,
we can conjecturally assume that it is a hyperfinite subfactor, and patiently wait for an
improvement of the above-mentioned paper of Popa [74], before getting into it.

Summarizing, what we have here are two closely related directions of research, with
everything gravitating around the notion of hyperfinite subfactor, and Popa’s paper [74].
However, passed this key common problem, which is extremely difficult, with no valuable
idea in sight, at least so far, (3,4) above appear quite different, with (3) rather bringing
us back to (1), and with (4) being most likely the future. So, we will choose here (4).

This was for our general discussion, and as a conclusion, we would like first to talk
about planar algebras P = (FP,), then about the “laws of characters” associated to such
planar algebras, making of course the link with free probability, and even extending free
probability to this broad, virgin territory which is subfactor theory, and finally talking
about Weingarten integration and other advanced things, again in the subfactor context.
And with all this being promised for some further discussion, later, involving von Neumann
algebras and functional analysis, with the relevant von Neumann algebra being, perhaps
a bit surprisingly, the good old Murray-von Neumann hyperfinite factor R.

So, many things to be explained. Let us start with a discussion regarding planar
algebras. As a starting point here, we have the following result, from chapter 15:
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THEOREM 16.1. Given an inclusion of 11y factors Aqg C Ay, with Jones tower
AO Cel Al CeQ A2 C63 A3 C ..ol

the sequence of projections ey, es,es, ... € B(H) produces a representation
TLy C B(H)
of the Temperley-Lieb algebra of index N = [Ay : Ag]. Moreover, we have
TLy CP

where P = (P,) is the graded algebra formed by the commutants P, = Ay N A,.

PROOF. This is the main result in [57], that we know well from chapter 15, coming
from a detailed study of the iterated basic construction, which leads to the conclusion that
the corresponding sequence of Jones projections ey, s, €3, ... € B(H) behaves algebrically
exactly as the sequence of standard generators e, e5,¢e3,... € T'Ly. Il

Quite remarkably, the planar algebra structure of T'Ly, taken in an intuitive sense, of
composing diagrams, extends to a planar algebra structure on P. In order to discuss this,
let us start with axioms for the planar algebras. Following Jones [59], we have:

DEFINITION 16.2. The planar algebras are defined as follows:

(1) We consider rectangles in the plane, with the sides parallel to the coordinate axes,
and taken up to planar isotopy, and we call such rectangles boxes.

(2) A labelled boz is a box with 2n marked points on its boundary, n on its upper
side, and n on its lower side, for some integer n € N.

(3) A tangle is labelled box, containing a number of labelled boxes, with all marked
points, on the big and small bozes, being connected by noncrossing strings.

(4) A planar algebra is a sequence of finite dimensional vector spaces P = (P,),
together with linear maps P,, ® ... ® P, — P,, one for each tangle, such that
the gluing of tangles corresponds to the composition of linear maps.

In this definition we are using rectangles, but everything being up to isotopy, we could
have used instead circles with marked points, as in [59]. Our choice for using rectangles
comes from the main examples that we have in mind, to be discussed below, where the
planar algebra structure is best viewed by using rectangles, as above.

Let us also mention that Definition 16.2 is something quite simplified, based on [59].
As explained in [59], in order for subfactors to produce planar algebras and vice versa,
there are quite a number of supplementary axioms that must be added, and in view of
this, it is perhaps better to start with something stronger than Definition 16.2, as basic
axioms. However, as before with rectangles vs circles, our axiomatic choices here are
mainly motivated by the concrete examples that we have in mind. More on this later.

As a basic example of a planar algebra, we have the Temperley-Lieb algebra:
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THEOREM 16.3. The Temperley-Lieb algebra T'Ly, viewed as graded algebra
TLy = (TLyx(n))nen
15 a planar algebra, with the corresponding linear maps associated to the planar tangles
TLy(n) ® ... TLy(ng) — TLx(n)

appearing by putting the various T Ly (n;) diagrams into the small boxes of the given tangle,
which produces a T Ly(n) diagram.

Proor. This is something trivial, which follows from definitions:

(1) Assume indeed that we are given a planar tangle 7, as in Definition 16.2, consisting
of a box having 2n marked points on its boundary, and containing k£ small boxes, having
respectively 2nq, ..., 2n; marked points on their boundaries, and then a total of n + Xn;
noncrossing strings, connecting the various 2n + »2n; marked points.

(2) We want to associate to this tangle 7 a linear map as follows:
T7r : TLN(nl) ®...Q TLN(nk) — TLN(H)

For this purpose, by linearity, it is enough to construct elements as follows, for any
choice of Temperley-Lieb diagrams o; € T Ly(n;), with i =1,... k:

Te(01®...Q0%) € TLx(n)

(3) But constructing such an element is obvious, just by putting the various diagrams
0; € TLy(n;) into the small boxes the given tangle 7. Indeed, this procedure produces a
certain diagram in T'Ly(n), that we can call T (01 ® ... ® o0y), as above.

(4) Finally, we have to check that everything is well-defined up to planar isotopy, and
that the gluing of tangles corresponds to the composition of linear maps. But both these
checks are trivial, coming from the definition of T'Ly, and we are done. U

As a conclusion to all this, P = T'Ly is indeed a planar algebra, but of somewhat
“trivial” type, with the triviality coming from the fact that, in this case, the elements of
P are planar diagrams themselves, and so the planar structure appears trivially.

The Temperley-Lieb planar algebra T'Ly is however an important planar algebra,
because it is the “smallest” one, appearing inside the planar algebra of any subfactor.
But more on this later, when talking about planar algebras and subfactors.

Moving ahead now, here is our second basic example of a planar algebra, which is
also “trivial” in the above sense, with the elements of the planar algebra being planar
diagrams themselves, but which appears in a bit more complicated way:
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THEOREM 16.4. The Fuss-Catalan algebra FCy pr, which appears by coloring the
Temperley-Lieb diagrams with black/white colors, clockwise, as follows

CeeO0O00eO0 .. . ...... cCeeo

and keeping those diagrams whose strings connect either o—o or e —e is a planar algebra,
with again the corresponding linear maps associated to the planar tangles

FCNyM(Th) ®R...Q FCN’M(TL]{) — FCNyM(TL)

appearing by putting the various FCy p(n;) diagrams into the small boxes of the given
tangle, which produces a FCy y(n) diagram.

PROOF. The proof here is nearly identical to the proof of Theorem 16.3, with the only
change appearing at the level of the colors. To be more precise:

(1) Forgetting about upper and lower sequences of points, which must be joined by
strings, a Temperley-Lieb diagram can be thought of as being a collection of strings, say
black strings, which compose in the obvious way, with the rule that the value of the circle,
which is now a black circle, is V. And it is this obvious composition rule that gives the
planar algebra structure, as explained in the proof of Theorem 16.3.

(2) Similarly, forgetting about points, a Fuss-Catalan diagram can be thought of as
being a collection of strings, which come now in two colors, black and white. These Fuss-
Catalan diagrams compose then in the obvious way, with the rule that the value of the
black circle is NV, and the value of the white circle is M. And it is this obvious composition
rule that gives the planar algebra structure, as before for T'Ly. U

Getting back now to generalities, and to Definition 16.2, that of a general planar
algebra, we have so far two illustrations for it, which, while both important, are both
“trivial”, with the planar structure simply coming from the fact that, in both these cases,
the elements of the planar algebra are planar diagrams themselves.

In general, the planar algebras can be more complicated than this, and we will see some
further examples in a moment. However, the idea is very simple, namely “the elements
of a planar algebra are not necessarily diagrams, but they behave like diagrams”.

In relation now with subfactors, the result, which extends Theorem 16.1, and which
was found by Jones in [59], almost 20 years after [57], is as follows:
THEOREM 16.5. Given a subfactor Ay C Ay, the collection P = (P,) of linear spaces
P, = AN A,

has a planar algebra structure, extending the planar algebra structure of T L.
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PrOOF. We know from Theorem 16.1 that we have an inclusion as follows, coming
from the basic construction, and with 7'Ly itself being a planar algebra:

TLy CP

Thus, the whole point is that of proving that the trivial planar algebra structure of
T Ly extends into a planar algebra structure of P. But this can be done via a long
algebraic study, and for the full computation here, we refer to Jones’ paper [59]. U

As a first illustration for the above result, we have:

THEOREM 16.6. We have the following universality results:

(1) The Temperley-Lieb algebra T Ly appears inside the planar algebra of any sub-
factor Ay C Ay having index N.

(2) The Fuss-Catalan algebra FCy ar appears inside the planar algebra of any sub-
factor Ay C Ay, in the presence of an intermediate subfactor A C B C Aj.

PROOF. Here the first assertion is something that we already know, from Theorem
16.1, and the second assertion is something quite standard as well, by carefully working
out the basic construction for Ay C A, in the presence of an intermediate subfactor
Ay C B C A;. For details here, we refer to the paper of Bisch and Jones [27]. O

As a free probability comment here, the Temperley-Lieb algebra, which appears by
definition as the span of NCs, is certainly a free probability object, and one way of
being more concrete here is by saying that suitable fixed point subfactors associated to
S, 0%, U have planar algebra equal to TLy. See [6], [6], [6]. As in what regards the
Fuss-Catalan algebra, this is related to the bicolored partitions appearing in the study of
H};, and more generally of H3', and again, the precise subfactor statement about this
concerns fixed point subfactors associated to the quantum groups H3". See [8].

The above results raise the question on whether any planar algebra produces a sub-
factor. The answer here is yes, but with many subtleties, and in order to talk about this,
we first need to introduce a certain distinguished II; factor R, as follows:

DEFINITION 16.7. The Murray-von Neumann hyperfinite 11y factor is

R-UM©"

independently of the choice of the algebras M,,(C), and of the embeddings between them.

To be more precise, all this is based on two theorems of Murray and von Neumann
[71], stating on one hand that when performing the above inductive limit construction
we obtain, after taking the weak closure, a certain II; factor, and on the other hand, that
the factor that we obtain is independent on the choice of the algebras M, (C), and of the
embeddings between them. All this is certainly non-trivial, and even less trivial is the
following theorem, coming as a continuation of the work in [71], due to Connes [38]:
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THEOREM 16.8. The Murray-von Neumann 11y factor R is the unique 11y factor which
15 amenable, in the sense that we have a conditional expectation as follows:

E:B(H)—R

In particular, for a discrete group T' we have L(I') = R precisely when I' # {1} has the
ICC property, and is amenable in the usual group theory sense.

ProoF. This is something terribly complicated, to the point of causing troubles not
only to mathematicians, and no surprise here, but to physicists as well. In case you know
a good physicist, best is to ask that physicist, but there is no guarantee here, guy might
well be clueless on all this. So, read from time to time operator algebras, say from [28],
and once ready go through [38]. And in the meantime do not hesitate to ask around, this
being a good test for distinguishing good physicists from first-class physicists. O

Jokes left aside now, what is difficult in the above is the proof of “amenability implies
hyperfiniteness”. Indeed, the converse can only be something standard, namely proving
that a certain concrete algebra, R from Definition 16.7, has a certain concrete property.
As for the last assertion, this cannot be complicated either, because one of the possible
definitions of the amenability of I' is in terms of an invariant mean m : [*°(I') — C, and
this makes the connection with the expectation E : B(I*(T")) — L(T'). See [38].

Getting back now to subfactors, and to our questions regarding the correspondence
between subfactors and planar algebras, these are difficult questions too, and the various
answers to these questions can be summarized, a bit informally, as follows:

THEOREM 16.9. We have the following results:

(1) Any planar algebra with positivity produces a subfactor.

(2) In particular, we have TL and FC type subfactors.

(3) In the amenable case, and with Ay = R, the correspondence is bijective.
(4) In general, we must take Ay = L(Fy), and we do not have bijectivity.
(5) The aziomatization of P, in the case A1 = R, is not known.

Proor. All this is quite heavy, basically coming from the work of Popa in the 90s,
using heavy functional analysis, the idea being as follows:

(1) As already mentioned in the comments after Definition 16.2, our planar algebra
axioms here are something quite simplified, based on [59]. However, when getting back to
Theorem 16.6, the conclusion is that the subfactor planar algebras there satisfy a number
of supplementary “positivity” conditions, basically coming from the positivity of the II;
factor trace. And the point is that, with these positivity conditions axiomatized, we reach
to something which is equivalent to Popa’s axiomatization of the lattice of higher relative
commutants A N A, of the finite index subfactors [75], obtained in the 90s via heavy
functional analysis. For the full story here, and details, we refer to Jones’ paper [59].
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(2) The existence of the T'Ly subfactors, also known as “A., subfactors”, is something
which was known for some time, since some early work of Popa on the subject. As for the
existence of the F'Cy ys subfactors, this can be shown by using the intermediate subfactor
picture, Ag C B C A, by composing two A, subfactors of suitable indices, Aq C B and
B C A;. For the full story here, we refer to [27], [59].

(3) This is something fairly heavy, as it is always the case with operator algebra results
regarding hyperfiniteness and amenability, due to Popa [74], [75].

(4) This is something a bit more recent, obtained by further building on the above-
mentioned constructions of Popa, and we refer here to [51] and related work.

(5) This is the big open question in subfactors. The story here goes back to Jones’
original paper [57], which contains at the end the question, due to Connes, of finding
the possible values of the index for the irreducible subfactors of R. This question, which
certainly looks much easier than (5) in the statement, is in fact still open, now 40 years
after its formulation, and with on one having any valuable idea in dealing with it. U

In relation with question (5) above, let us mention that, even in the case of the simplest
subfactors, namely the fixed point subfactors (By® Q)¢ C (B; ® P)¥, things are far from
being understood. Passed some algebra, to be explained in what follows, the whole thing
comes down to the question on wheteher, given a closed subgroup G C Uy, we can find
or not a II; factor @), with a minimal action G ~ @), such that the following happens:

QY ~R
This is something non-trivial, and many efforts, starting with Ocneanu [73], have
focused on constructing examples of type Q = R x I, with [' = GG, based on:

PROPOSITION 16.10. Assuming that a discrete group or quantum group I' has an
action I' ~ R which is outer, we can form the crossed product

Q=RxT

and then we have a dual action G ~ P of the compact quantum group G = f, which s
minimal, and with the corresponding fized point algebra being Q¢ = R.

ProoF. This is indeed something trivial, coming straight from the definitions of the
various quantum groups and actions involved, explained in chapter 15. U

Summarizing, we are led in this way to the construction of outer actions I' ~ R. And
the subject here is quite interesting, related to a wide array of questions from mathematics
and physics, with the central notion being that of a matrix model. All this is quite
technical, and for more on all this, we refer to [6], [30], [73] and related papers.

Let us mention however that the conjectural answer to these quantum group action
questions is “yes”, and so from the perspective of the associated fixed point subfactors,
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which can be chosen to be hyperfinite, we are led to the conclusion that the best algebra
for doing free probability is, guess who, the good old hyperfinite II; factor R.

Needless to say, you may agree or not with this. Up to you here, and in any case
always remember that we have only one life given in this world. Whether we should use
this life for doing physics inside R, or mathematics inside L(F,,), is up to you.

16b. Bipartite graphs

Let us discuss now, as a continuation of the above, what exactly happens for the fixed
point subfactors. We recall from chapter 15 that the main examples of subfactors are all
of integer index, appearing as particular cases of the following construction:

THEOREM 16.11. Given a compact quantum group G, acting on a Markov inclusion
of finite dimensional algebras By C By, and acting minimally on a 11y factor Q,

(By® Q)% C (B1®Q)“
is a subfactor, of same index as By C Bi, whose planar algebra is
P, = (Byn B,)°
where {B,} are the algebras in the Jones tower for By C Bj.

PRroOF. This is something that we know from chapter 15, with the key step in the
proof being that of proving that {(B, ® Q)¢} is the Jones tower for the subfactor. [

In order to further advance, the idea will be that of associating to the original inclusion
By C B a certain combinatorial planar algebra P(By, C Bj), as for the planar algebra
associated to the fixed point subfactor itself to appear as follows:

P=P(ByC B)®

In practice, we will need for all this the notion of planar algebra of a bipartite graph,
constructed by Jones in [60]. So, let " be a bipartite graph, with vertex set I', UT. Tt is
useful to think of I" as being the Bratteli diagram of an inclusion A C B.

Our first task is to define the graded vector space P. Since the elements of P will be
subject to a planar calculus, it is convenient to introduce them in boxes, as follows:

DEFINITION 16.12. Associated to I' is the abstract vector space P, spanned by the
2n-loops based at points of I',. The basis elements of P, will be denoted

= €1 €9 c. (%
€2n €2n—1 ... Eptl

where €1, ea, ..., e, 1S the sequence of edges of the corresponding 2n-loop.
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Consider now the adjacency matrix of I', which is a matrix of the following type:

0 m
M= (e )

We pick first an M-eigenvalue v # 0, and then a y-eigenvector, as follows:
n:T,Uly, —» C—{0}
With this data in hand, we have the following construction, of Jones [60]:

DEFINITION 16.13. Associated to any tangle is the multilinear map

T ®...Q0x) = 7025(561, ey T, T) I_I,u(em)jEl

where the objects on the right are as follows:

(1) The sum is over the basis of P,, and c is the number of circles of T
(2) 6 =1 if all strings of T join pairs of identical edges, and § = 0 if not.
(3) The product is over all local mazxima and minima of the strings of T.
(4) ey, is the edge of T labelling the string passing through m (when 6 = 1).
(5) p(e) = \/nler)/n(e;), where e;, e are the initial and final vertex of e.
(6) The £ sign is + for a local mazimum, and — for a local minimum.

In other words, we plug the loops x1,. ..,z into the input boxes of T, then we con-
struct the “output”, as being the sum of all loops x satisfying the compatibility condition
0 = 1, altered by certain normalization factors, coming from the eigenvector 7.

Let us work out now the precise formula of the action, for 6 carefully chosen tangles,
which are of key importance for the considerations to follow. This will be useful as well
as an introduction to Jones’ result in [60], stating that P is a planar algebra:

DEFINITION 16.14. We have the following examples of tangles:

(1) Identity 1,,: the (n,n)-tangle having 2n vertical strings.
(2) Multiplication M, : the (n,n,n)-tangle having 3n vertical strings.
(3) Inclusion I,,: the (n,n + 1)-tangle like 1,, with an extra string at right.
(4) Shift J,: the (n,n + 2)-tangle like 1,,, with two extra strings at left.
(5) Expectation U,: the (n + 1,n)-tangle like 1,,, with a curved string at right.
(6) Jones projection E,,: the (n + 2)-tangle having two semicircles at right.
Let us look first at the identity tangle 1,. Since the solutions of d(x,y) = 1 are the
pairs of the form (x,z), this tangle acts by the identity:

1n<f1 fn):(fl fn)
€1 ... €En el ... €y
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A similar argument applies to the multiplication tangle M,,, which acts as follows:

fi oo hy ... h, B hy ... h,
M”((el . e ® g1 ... Gn = fig1 - Ougn er ... ey

Regarding now the inclusion tangle I,,, the solutions of d(xg, z) = 1 being the elements
x obtained from xq by adding to the right a vector of the form (¥), we have:

fi oo ) _ fi oo faog
In (61 c. €y _Z €1 ... €, ¢
g
The same method applies to the shift tangle J,,, whose action is given by:
n (61 . €y _Z g h e ... e,
gh
Let us record now some partial conclusions, coming from the above formulae:
PROPOSITION 16.15. The graded vector space P = (P,) constructed above becomes a
graded algebra, with the multiplication map given by
on each vector space P,, and with the above inclusion maps I,,. Also, the shift tangle J,
acts as an injective morphism of algebras P, — Py .».

PrOOF. The fact that the multiplication is associative follows from its formula above,
which is nothing but a generalization of the usual matrix multiplication. The assertions
about the inclusions and shifts follow as well by using their above explicit formula. [

Let us go back now to the remaining tangles in Definition 16.14. The usual method
applies to the expectation U,, which acts with a spin factor, as follows:

o (0 ) <t (B 1)

As for the Jones projection tangle F,,, this has no input box, so we can only apply it
to the unit of C. And when doing so, we obtain the following element:

En(1):;u(g)ﬂ(h) (2 S ]; S)

Once again, let us record some partial conclusions, coming from these formulae:
PROPOSITION 16.16. The elements e, = v *E, (1) are projections, and define a rep-
resentation of the Temperley-Lieb algebra, as follows:
TL(y) — P

The maps U, are bimodule morphisms with respect to I,, and their composition is the
canonical trace on the image of TL(7).
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PROOF. The proof of all these assertions is standard, by using the fact that 7 is a -
eigenvector of the adjacency matrix. Note that the statement itself is just a generalization
of the usual Temperley-Lieb algebra representation on tensors, from [59]. Il

In fact, more generally, we have the following result, from Jones’ paper [60]:

THEOREM 16.17. The graded linear space P = (P,), together with the action of the
planar tangles given above, is a planar algebra.

Proor. This is something which is quite routine, starting from the above study of
the main planar algebra tangles, which are known to generate the whole set of planar
tangles. For full details on all this, we refer to Jones’ paper [60]. O

In order to formulate our main result, regarding the subfactors associated to the
compact quantum groups GG, we will need a few abstract notions. Let us start with:

DEFINITION 16.18. Let Py, P, be two finite dimensional algebras, coming with coac-
tions o : P, — P; @ L®(QG), and let T : P, — P, be a linear map.
(1) We say that T is G-equivariant if (T ® id)a; = asT.
(2) We say that T is weakly G-equivariant if T(PF) C P§.

Consider now a planar algebra P = (Py). The annular category over P is the collection
of maps T : P, — P, coming from the annular tangles, having at most one input box.
These maps form sets Hom(k,[), and these sets form a category [59]. We have:

DEFINITION 16.19. A coaction of L*(G) on P is a graded algebra coaction
a:P— P®L7G)
such that the annular tangles are weakly G-equivariant.

This definition is something a bit technical, but this is what comes out of the known
examples that we have, all coming from the fixed point subfactors. In fact, as we will
show below, the examples are basically those coming from actions of quantum groups on
Markov inclusions By C By, under the following abelianity assumption:

[B()a Bl] =0
For the moment, at the generality level of Definition 16.19, we have:
PROPOSITION 16.20. If G acts on on a planar algebra P, then PC is a planar algebra.

PrROOF. The weak equivariance condition tells us that the annular category is con-
tained in the suboperad P’ C P consisting of tangles which leave invariant P%. On the
other hand the multiplicativity of a gives M,, € P’, for any n. Now since P is generated
by multiplications and annular tangles, we obtain P’ = P, and we are done. O

Let us go back now to the abelian inclusions. We have the following result:
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PROPOSITION 16.21. If G acts on an abelian inclusion A C B, the canonical extension
of this coaction to the Jones tower is a coaction of G on the planar algebra P(A C B).

PROOF. We know from the above that, as a graded algebra, P = P(A C B) coincides
with the Jones tower for our inclusion, that we can denote as follows:

ACBCA CBC...
Thus the coaction in the statement is a graded coaction, as follows:
a:P— P®L>®G)

In order to finish, we have to prove that the annular tangles are weakly equivariant,
in the sense of Definition 16.18, and this can be done as follows:

(1) First, since the annular category is generated by the tangles I,,, E,, U,, J,,, we just
have to prove that these 4 particular tangles are weakly equivariant. Now since I, £, U,
are plainly equivariant, by construction of the coaction of G on the Jones tower, it remains
to prove that the shift J,, is weakly equivariant.

(2) We know that the image of the fixed point subfactor shift J/ is formed by the
G-invariant elements of the commutant A} N P,,» = P,. Now since this commutant is
the image of the planar shift J,,, we have I'm(J,) = Im(J),), and this gives the result. O

With the above result in hand, we can now prove:

PROPOSITION 16.22. Assume that G acts on an abelian inclusion A C B. Then the
graded vector space of fived points P(A C B)Y is a planar subalgebra of P(A C B).

Proor. This follows indeed from Proposition 16.20 and Proposition 16.21. U
We are now in position of stating and proving our main result:
THEOREM 16.23. In the abelian case, the planar algebra of a fized point subfactor
(Bo® Q) C (Bi®Q)°
is the fized point algebra P(By C By)€ of the bipartite graph algebra P(By C By).
Proor. This basically follows from what we have, as follows:

(1) Let P = P(By C By), and let R be the planar algebra of the fixed point subfactor.
We know that we have an equality of graded algebras R = P%. Thus, it remains to prove
that the planar algebra structure on R coming from the fixed point subfactor agrees with
the planar algebra structure of P, the one from Theorem 16.17.

(2) Since P is generated by the annular category A and by the multiplications M,,, we
just have to check that the annular tangles agree on R, P. Moreover, since A is generated
by I, E,,U,, J,., we just have to check that these tangles agree on R, P.
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(3) We know that R C P is an inclusion of graded algebras, that all Jones projections
for P are contained in R, and that the conditional expectations agree. Thus the tangles
L., E,, U, agree on R, P, and the only verification left is that for the shift .J,.

(4) Now by using either the axioms of Popa in [75], or the construction of Jones in
[57], it is enough to show that the image of the subfactor shift J! coincides with that of
the planar shift J,. But this follows as in the proof of Proposition 16.22. U

This was for the basic theory of the bipartite planar algebras, and their subalgebras.
For further details on all the above, and for more, we refer to [6], [60].

16c. Spectral measures

In what follows we discuss various structure and classification questions for the subfac-
tors, all interesting questions, related to physics, regarded from a probabilistic viewpoint.
In order to get started, we need invariants for our subfactors. We have the choice here
between algebraic and analytic invariants, the situation being as follows:

DEFINITION 16.24. Associated to any finite index subfactor Ay C Ay, having planar
algebra P = (P,), are the following invariants:

(1) Its principal graph T, which describes the inclusions Py C Py C Py C ..., with
the reflections coming from basic constructions removed.

(2) Its fusion algebra F, which describes the fusion rules for the various types of
bimodules that can appear, namely Aqg — Ag, Ao — A1, A1 — Ag, A1 — Ay.

(3) Its Poincaré series f, which is the generating series of the graded components of
the planar algebra, f(z) =Y dim(F,)z".

(4) Its spectral measure p, which is the probability measure having as moments the
dimensions of the planar algebra components, [ z"du(z) = dim(P,).

This definition is of course something a bit informal, and there is certainly some work
to be done, in order to fully define all these invariants I', F', f, i, and to work out the precise
relation between them. We will be back to this later, but for the moment, let us keep in
mind the fact that associated to a given subfactor A C B are several invariants, which are
not exactly equivalent, but are definitely versions of the same thing, the “combinatorics
of the subfactor”, and which come in algebraic or analytic flavors.

More in detail, let us begin by explaining how the principal graph I' is constructed.
Consider a finite index irreducible subfactor Ay C A;, with associated planar algebra
P, = A, N A,, and let us look at the following system of inclusions:

PhCcPCPhC...

By taking the Bratelli diagram of this system of inclusions, and then deleting the
reflections coming from basic constructions, which appear at each step, according to the
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various results from chapter 15, we obtain a certain graph I', called principal graph of
Ag C Ay. The main properties of I' can be summarized as follows:

PROPOSITION 16.25. The principal graph I has the following properties:

(1) The higher relative commutant P, = A{N A, is isomorphic to the abstract vector
space spanned by the 2n-loops on I' based at the root.

(2) In the amenable case, where Ay = R and when the subfactor is “amenable”; the
index of Ag C A; is given by N = ||T'||2.

PRrOOF. This is something standard, the idea being as follows:

(1) The statement here, which explains among others the relation between the prin-
cipal graph I', and the other subfactor invariants, from Definition 16.24, comes from the
definition of the principal graph, as a Bratelli diagram, with the reflections removed.

(2) This is actually a quite subtle statement, but for our purposes here, we can take the
equality N = ||T'||?, which reminds the Kesten amenability condition for discrete groups,
as a definition for the amenability of the subfactor. With the remark that for the Popa
diagonal subfactors what we have here is precisely the Kesten amenability condition for the
underlying discrete group GG, and that, more generally, for the arbitrary generalized Popa
or Wassermann subfactors, what we have here is precisely the Kesten type amenability
condition for the underlying discrete quantum group G. U

Regarding now the Poincaré series, following [12] and related papers, it is convenient
to stay, at least for the beginning, at a rather elementary level, and associate such series
to any rooted bipartite graph. We have the following definition, which is something
straightforward, inspired by Definition 16.24 and Proposition 16.25:

DEFINITION 16.26. The Poincaré series of a rooted bipartite graph I' is
f(z) = ZloopF(Zn)z”
n=0

where loopr(2n) is the number of 2n-loops based at the root.

In the case where I is the principal graph of a subfactor Ay C Ay, this series f is the
Poincaré series of the subfactor, in the usual sense, namely:

oo
f(z) =) dim(4j N A,)z"
n=0
In general, the Poincaré series should be thought of as being a basic representation
theory invariant of the underlying group-like object. For instance for the Wassermann
subfactor associated to a compact Lie group G C Uy, the Poincaré series is:

1
f(Z):/Gmdg
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Again following [12], let us discuss now the measure-theoretic versions of the above
invariants. Once again, we start with an arbitrary rooted bipartite graph I'. We can first
introduce a real measure p, whose Stieltjes transform is f, as follows:

DEFINITION 16.27. The real measure p of a rooted bipartite graph I' is given by

o= [ et

1—2xzz

where f is the Poincaré series.

In the case where I' is the principal graph of a subfactor Ay C A;, we recover in
this way the spectral measure of the subfactor, as introduced in Definition 16.24, with
the remark however that the existence of such a measure 1 was not discussed there. In
general, and so also in the particular subfactor case, clarifying the things here, the fact
that a measure i as above exists indeed comes from the following simple fact:

PROPOSITION 16.28. The real measure i of a rooted bipartite graph I is given by the
following formula, where L = EE', with E being the adjacency matriz of the graph,

p = law(L)

and with the probabilistic computation being with respect to the expectation
A=< A>

with < A > being the (x,x)-entry of a matriz A, where * is the root.

ProoOF. With the conventions in the statement, namely L = FE!, with E being the
adjacency matrix, and < A > being the (x, x)-entry of a matrix A, we have:

flz) = Z loopp(2n)2"

B 1
N 1—-Lz

But this shows that we have indeed the formula p = law(L), as desired. 4

In the subfactor case some further interpretations are available as well. For instance
in the case of the fixed point subfactors coming from of a compact Lie group G C Uy,
discussed after Definition 16.26, u is the spectral measure of the main character:

p = law(x)

Before getting into computations, again following [12], let us introduce as well some
alternative invariants, inspired by the fundamental work of Jones in [61], in relation with
the annular structure of the subfactors. The main result in [61] is as follows:
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THEOREM 16.29. The theta series of a subfactor of index N > 4, which is given by
l—gq q
O(q) =q+
@=q T5q’ ((1+Q)2>

with f =Y dim(P,)z" being the Poincaré series, has positive coefficients.

Proor. This is something advanced, the idea being that © is the generating series of a
certain series of multiplicities associated to the subfactor, and more specifically associated
to the canonical inclusion T'Ly C P. We refer here to Jones’ paper [61]. O

Regarding now the theta series for the graphs, this can introduced as a version of the
Poincaré series, via the change of variables 2= %/2 = ¢/? + ¢~ /2, as follows:

DEFINITION 16.30. The theta series of a rooted bipartite graph I' is

@(Q)_Q+1_qf( d )

14+q° \(1+¢q)?

where f is the Poincaré series.

The theta series can be written as O(q) = ), as¢°, and it follows from the above
formula, via some simple manipulations, that its coefficients a4 are integers. In fact, we
have here the following explicit formula from [61], relating the coefficients of the theta
series O(q) = >, asq® to those of the Poincaré series f(z) =Y ¢,2™

~ en 25 (s+n

In the case where I' is the principal graph of a subfactor Ag C A; of index N > 4, it
is known from [61] that the numbers a, are certain multiplicities associated to the planar
algebra inclusion T'Ly C P, as explained in Theorem 16.29 and its proof. In particular,
the coefficients of the theta series are in this case positive integers:

as €N
Still following [12], let us introduce as well the following notion:
DEFINITION 16.31. The circular measure € of a rooted bipartite graph I' is given by
de(q) = dp((g +q7")?)
where p is the associated real measure.

In other words, the circular measure £ appears as the pullback of the usual real measure
p via the following map, coming from the theory of the theta series in [61]:

RUT — R,

q— (qg+q")?
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As a basic example for this, assume that p is a discrete measure, supported by k
positive numbers z; < ... < x, with corresponding densities py,

k
p= Zpiéxi
=1

For each i € {1,...,k} the equation (q + ¢~')? = z; has then four solutions, that we
can denote ¢;,q; ', —¢;, —¢q; ', and with this notation, we have:

%

k
1
c= 7 ; pi (G + 0,0 +0 g+ 0,0

In general, the basic properties of the circular measure € can be summarized as follows:

PROPOSITION 16.32. The circular measure has the following properties:

) The odd moments of € are 0.

) The even moments of € are half-integers.
)

)

When I' has norm < 2, € is supported by the unit circle.
When T" is finite, € is discrete.

PROOF. These results can be deduced from definitions, the idea being that (1-5) are
trivial, and that (6) follows from the formula of y from Proposition 16.28. O

In addition to the above result, we have the following key formula, which gives the
even moments of €, and makes the connection with the Jones theta series:

THEOREM 16.33. We have the Stieltjes transform type formula
1
2 [ [ dew) = 1+ T~ )
where the T series of a rooted bipartite graph X is by definition given by

T(q) = _@g@_; :

with © being the associated theta series.

PROOF. This follows by applying the change of variables ¢ — (q + ¢~')? to the fact
that f is the Stieltjes transform of u. Indeed, we obtain:

1 B l1—gq q
2/1_qu2de(u) _ 1+1+qf(( )

= 1+T(¢)(1—q)
Thus, we are led to the conclusion in the statement.
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As a final theoretical result about all these invariants, which is this time something
non-trivial, in the subfactor case, we have the following result, due to Jones [61]:

THEOREM 16.34. In the case where I" is the principal graph of an irreducible subfactor
of index > 4, the moments of € are positive numbers.

Proor. This follows indeed from the result in [61] stating that the coefficients of ©
are positive numbers, from Theorem 16.29, via the formula in Theorem 16.33. U

As an illustration for all this, let us first discuss the case of the small index subfactors,
N € [1,4]. Following Jones [57] and related work, we first have the following result:

THEOREM 16.35. The index of the subfactors is subject to the condition
N € {4C082 <Z> n > 3} U [4, o0
n
and at N < 4, the principal graph must be one of the Cozeter-Dynkin ADE graphs.

PROOF. Here the first assertion is something that we already know, from chapter 15.
As for the second assertion, this comes via a refinement of all this, the key ingredient
being the fact that in index N < 4, and in fact more generally in the amenable case, as

discussed before, we must have N = ||T||*>. See [57]. O
More in detail now, the usual Coxeter-Dynkin ADE graphs are as follows:
A, =e—0—0--r0—0—0 Ao =e—0—0—0---
@)
|
D,—e—0—0---0—0—0
0—0—0++0—0—0 0—0—0—0---
|
Agyy =@ —0—0—0—0—0 A oo=0—0—0—0""-
() O O
~ | | |
D,—e—0—0---0—0—0 Dyo=e—0—0—o0---

In the above, the graphs A with £ > 2 and D, with k£ > 3 have by definition &
vertices each, AQk with £ > 1 has 2k vertices, and Dk with £ > 4 has k+ 1 vertices. Thus,
the first graph in each series is by definition as follows:

@) @)
| | i \/
A2:.—O D3: ® — O AQZ. D4:.—O—O



388 16. QUANTUM ALGEBRA

There are as well a number of exceptional Coxeter-Dynkin graphs. First we have:

o
Fg=e—0—0—0—o0
o

Er=e—0—0—0—0—o0 o

Es—e—0—0—0—0—0—o0

Finally, we have index 4 versions of the above exceptional graphs, as follows:
@)
|
[©)
~ |
EFc=e—0—0—0—o0
o

—®—-0—-—0—0—0—0—0
Er o

EFEs=—e—0—-—0—0—-0—0—0—o0

Getting back now to Theorem 16.35, with this list in hand, the story is not over,
because we still have to understand which of these graphs can really appear as principal
graphs of subfactors. And, for those graphs which can appear, we must understand the
structure and classification of the subfactors of R, having them as principal graphs.

In short, still a lot of work to be done, as a continuation of Theorem 16.35. The
subfactors of index < 4 were intensively studied in the 80s and early 90s, and about 10
years after Jones’ foundational paper [57], a complete classification result was found, with
contributions by many authors. A simplified form of this result is as follows:

THEOREM 16.36. The principal graphs of subfactors of index < 4 are:
(1) Index < 4 graphs: Ay, Deyen, Es, Es.

(2) Index 4 finite graphs: Asy, Dy, Eg, Er, E.
(3) Index 4 infinite graphs: Ao, A—co.c0s Doo-

PROOF. As already mentioned, this is something quite heavy, with contributions by
many authors, and notably Ocneanu [73]. Observe that the graphs D,4q and E7; don’t
appear in the above list, a subtlety of subfactor theory. For a discussion, see [74]. U
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Getting back to probability, our claim is that the circular measure ¢ is the “best”
invariant. As a first illustration, let us compute ¢ for the simplest graph in the index
range N € [1,4], namely the graph As,. We obtain here something nice, as follows:

THEOREM 16.37. The circular measure of the basic index 4 graph, namely

0—0—0:-+0—0—0
Agp = | |

® —O0—0—0—0—0
15 the uniform measure on the 2k-roots of unity.

PROOF. Let us identify indeed the vertices of I' = Ay, with the group {w*®} formed
by the 2k-th roots of unity in the complex plane, where w = e™/*. The adjacency matrix
of I' acts then on the functions f € C(X) in the following way:

Mf(ws) — f(ws_l) +f<ws+1)
But this formula shows that we have M = K + K~ !, where K is given by:
K f(w®) = f(w™)

Thus we can use the last assertion in Proposition 16.32, and we obtain ¢ = law(K),
which is the uniform measure on the 2k-roots of unity. See [12]. U

In order to discuss all this more systematically, and for all ADE graphs, the idea will
be that of looking at the combinatorics of the roots of unity. As before following [12] and
related papers, let us introduce the following technical notion:

DEFINITION 16.38. The series of the form

(1—¢™)...(1—g"™)
(I—gm™)...(1—qm™)

Eny,y .. oyngimy, ..., my) =

with ng;, m; € N are called cyclotomic.

The point is that the Poincaré series of the ADE graphs are given by quite complicated
formulae, but the corresponding T series are all cyclotomic. In order to explain this, and
formulate our final results, we will need some more theory. Let us introduce as well:

DEFINITION 16.39. A cyclotomic measure is a probability measure € on the unit circle,
having the following properties:
(1) € is supported by the 2k-roots of unity, for some k € N.
(2) € has equal density at q,q~, —q, —q .

With all these ingredients in hand, following [12] and follow-up papers, we are now
ready to discuss the circular measures of the various ADE graphs.
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The idea is that all these measures are all cyclotomic, of level < 3, and can be expressed
in terms of the basic polynomial densities of degree < 6, namely:

a = Re(1 —¢%)
B = Re(1—q")
7= Re(l—¢°)

To be more precise, we have the following result, with the densities «, 3, being as
above, with dj being the uniform measure on the 2k-th roots of unity, and with d; =
2dsyr, — dj, being the uniform measure on the odd 4k-roots of unity:

THEOREM 16.40. The circular measures of the ADE graphs are given by:

/

Eﬁ — a12+(d12 —d6—d4—|—d3)/2.
E7 — By + (dy — di) /2.

Ey — a5+ 715 — (d5 + d3)/2.

8) Ek+3 — (dk + dg + dg — dl)/2

PROOF. This is something that we already know for Ay, from Theorem 16.37. In
general, this follows by a similar method, namely counting loops, then computing the
corresponding 7T series, and finally converting the T series formulae into measure-theoretic
results, as in the statement. We refer here to [12] and follow-up papers. U

It is possible to further build along the above lines, with a combinatorial refinement
of the formulae in Theorem 16.40, making appear a certain connection with the Deligne
work on the exceptional series of Lie groups, which is not understood yet.

All the above, which was something nice, was about index N € [1, 4], where the Jones
annular theory result from [61] does not apply. In higher index now, N € (4,00), where
the Jones result does apply, the precise correct “blowup” manipulation on the spectral
measure is not known yet. The known results here are as follows:

(1) One one hand, there is as a computation for certain basic Hadamard subfactors,
with nice blowup, on a certain noncommutative manifold [9].

(2) On the other hand, there are many computations by Evans-Pugh, with quite
technical blowup results, on suitable real algebraic manifolds [46].

We will briefly discuss in what follows (1), and to be more precise the computation of
the spectral measure, and then the blowup problem, for the subfactors coming from the
deformed Fourier matrices. Following [9], let us start with:
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DEFINITION 16.41. Given two finite abelian groups A, B, we consider the correspond-
ing deformed Fourier matriz, given by the following formula

(Fa ®q FB)iajb = Qin(Fa)ij(FB)ab

and we factorize the associated representation wg of the algebra C(S¥, 5),

C(Stp) ~ Max5(C)

C(Gq)
with C(Gq) being the Hopf image of this representation mq.

All this is perhaps a bit heavy, but the idea is that, passed some trivial examples, the
above complex Hadamard matrices are the most basic ones. Following [9], we have:

THEOREM 16.42. When @ is generic, the minimal factorization for mg is

MA><B

FAB NC

where the group on the bottom is T 4 p =~ ZIAZDVIBI=D » B

Proor. This is something quite technical, obtained by doing a lot of technical abstract
algebra, and for full details on this computation, we refer here to [9]. g

In what regards now the law of the main character, the result here is as follows:

THEOREM 16.43. We have the moment formula

/Xp: 1 iy € A (i1, ), (i, o), - (i, )]
‘Al . ‘B’ dl, e ,dp - B = [(Zl,dp), (Zg,dl), e (Zp,dpfl)]

where the sets between square brackets are by definition sets with repetition.

Proo¥r. This is a straightforward consequence of the result from Theorem 16.42, and
for full details regarding this computation, we refer to [9]. O

The point now is that the above formula can be interpreted as follows:
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THEOREM 16.44. With M = |A|, N = |B| we have the formula

law(y) = (1 _ %) 5o + %m(a)

where the matrix
G € C(TMY, My (C))
is given by G(q) = Gram matriz of the rows of q.

Proo¥F. This follows indeed from a standard computation, based on the formula from
Theorem 16.43. As before, for details on all this, we refer to [9]. 4

In relation with free probability, again following [9], the point is that in a suitable
M, N — oo regime we obtain as limiting measure a free Poisson law:

THEOREM 16.45. With M = aK,N = K, K — 0o we have

1 1
law(x) = (1 — W) 50 + WDELKOTQ/B)

where D is the dilation operation, given by D,.(law(X)) = law(rX).

Proor. This follows from the formula in Theorem 16.44, by doing some combina-
torics, and as before, for details on all this, we refer to [9]. O

Getting back now to our blowup questions, the conclusion, coming from Theorem
16.44, is that the correct blowup most likely appears on some suitable noncommutative
manifold. However, this finding, which is not exactly in tune with the computations in
[46], rather using complicated real algebraic manifolds, remains to be confirmed.

16d. Further questions

Beyond what has been said above, the world remains large. We have meander determi-
nant problematics. Weingarten function problematics. De Finetti theorem problematics.
Matrix model problematics. And so on. All these questions are interesting for subfactors,
and they are related as well to the block-modified Wishart matrices.

16e. Exercises

Congratulations for having read this book, and no exercises here. However, if looking
for a difficult exercise, you can try to solve the hyperfiniteness questions mentioned in
the beginning of this chapter. But these are again, at least in the quantum group case,
related to matrix model questions. So, in the end, our conclusion would be that doing
some further free probability theory in the subfactor context is a good idea.
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rational calculus, 122

real algebraic manifold, 311
real Bessel law, 78, 252
reduction theory, 350
reflection group, 54, 73, 94
relative commutant, 361
representation, 57

reverse De Finetti, 328
rotatability, 321

rotation, 150

rotation group, 24, 30

S-transform, 233
self-adjoint element, 123
self-adjoint matrix, 110

semicircle law, 143, 144, 148, 215, 220, 315

semidual coaction, 366
semigroup, 238

semigroup algebra, 216, 239
series expansion, 334

shift, 214, 216, 228

shrinking partitions, 163
smooth representation, 61
special functions, 315
spectral measure, 127, 205, 382
spectral radius, 123

spectral theorem, 349
spectrum, 122

spherical coordinates, 21
spherical function, 90
spherical integral, 22

square root, 153, 155, 158
standard cube, 261, 294, 303, 305
standard form, 353

Stieltjes inversion, 140
Stieltjes transform, 233
Stirling numbers, 43

strictly positive operator, 155
strong operator topology, 345
subfactor, 354, 360

sum of representations, 58
symmetric group, 42, 73, 82

Tannakian category, 68
Tannakian duality, 70, 72, 303
Temperley-Lieb, 374
Temperley-Lieb algebra, 359, 360
tensor category, 59, 68, 69
tensor product, 209, 213

theta series, 384, 385

torus, 309

trace, 204

truncated character, 40, 46, 93, 305
truncated characters, 91
twisting, 315

uniform group, 92, 93
unitary element, 123
unitary group, 30, 41, 72, 94
unitary matrix, 111

vacuum vector, 216

variance, 16

Voiculescu law, 227

volume of sphere, 21

von Neumann algebra, 346, 351
von Neumann factor, 352

Wassermann subfactor, 363, 364, 368
weak closure, 236

weak operator topology, 345

weak topology, 345, 346

Weingarten formula, 66, 81, 85
Weingarten function, 82, 90, 331, 334
Wick formula, 28, 131

Wigner law, 148, 221

Wigner matrix, 129, 144, 246

Wishart matrix, 130, 160, 164, 169, 262

Woronowicz algebra, 300
wreath product, 45

Young tableaux, 90
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