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This study investigates game-variation as a means for supporting reasoning on the bidirectional relationship between underlying probability distribution and data. A teaching experiment where students in Grade 5 (11-12 years old students) are playing three games of the Color-run constitutes the context of investigation. The study shows how variations in the sample space between the games can pull students into probabilistic reasoning about chance, random variation and sample space. The study also shows how probabilistic reasoning can face challenges from deterministic reasoning.

Introduction

This study intends to contribute to the call for increased attention on how learning environments can be designed to support students' statistical and probabilistic reasoning [START_REF] Ben-Zvi | Design of statistics learning environments[END_REF][START_REF] Langrall | Teaching and learning probability and statistics: An integrated perspective[END_REF]. This is approached by the research question:

How can variation in sample space between games be used to support reasoning on the bi-directional relationship between underlying probability distribution and data?

A teaching experiment where Swedish grade 5 students are playing three games of the Colorrun [START_REF] Nilsson | Students' informal hypothesis testing in a probability context with concrete random generators[END_REF] constitutes thew context of investigation.

Theoretical background

The present study takes an inferentialist perspective on reasoning. This means that reasoning is understood to be a constructive process, taking place as students participate in and contribute to the practice of giving and asking for reasons (GoGAR) [START_REF] Brandom | Articulating reasons: An introduction to inferentialism[END_REF]. Think of the concept "probability", in the claim, "The probability of an outcome of six is 1/6 when rolling the die." Being an act of reasoning in GoGAR, the claim implies the assumption of a fair die, that the relative frequency of sixes stabilizes around 1/6 as we increase the number of trials, and that the probability of not having a six is 5/6. This example involves many reasons related to the concept of probability, of which only a few have been made explicit here. The main point, however, is to show that reasoning consists of knowing what follows from a claim and what it follows from, what would be evidence for it and what is incompatible with it (Brandom, 2002). For the learning of probability, this implies teaching where students are invited to make claims (take a stand) and are challenged to ask and give reasons for claims, in explorative practices of experimenting with data, making connections, explaining, inferring and generalizing [START_REF] Nilsson | An Inferentialist Perspective on How Note-taking can Constrain the Orchestration of Math-Talk[END_REF].

Understanding the bi-directional relationship between underlying probability distribution and data implies understanding how the sample space is mapped in data, taking into consideration the effect of chance [START_REF] Nilsson | Experimentation in probability teaching and learning[END_REF]. On this issue, research shows some contradicting results. [START_REF] Lecoutre | Cognitive models and problem spaces in "purely random" situations[END_REF] for instance, shows that students often fail to use information of sample space when an element of chance is involved. Students argued that outcomes of a random experiment are equiprobable, no matter of the composition of the sample space, because the experiment is just a matter of chance. [START_REF] Noll | Aspects of students' reasoning about variation in empirical sampling distributions[END_REF] and [START_REF] English | Development of probabilistic understanding in fourth grade[END_REF], on the other hand, show that students tend to stress proportional reasoning between sample space and frequency outcomes. Several studies also show that students tend to appreciate contextual, material and idiosyncratic explanations [START_REF] Nilsson | Challenges and opportunities in experimentationbased instruction in probability[END_REF][START_REF] Watson | Students' appreciation of expectation and variation as a foundation for statistical understanding[END_REF] over probabilistic and data-centered reasons when asked to predict or explain the distribution of data.

Method The teaching experiment

This study is part of a small-scaled teaching experiment over three lessons in a Swedish grade 5 class (11-12 years old) with the purpose of exploring informal hypothesis testing in a probability context. The present study concentrates on the first of three lessons, with the aim of introducing the students to reasoning on random variation and sample space in the context of the Color-run [START_REF] Nilsson | Students' informal hypothesis testing in a probability context with concrete random generators[END_REF]. Three bottles with three different sample spaces were design. After shaking the bottle, the color of the marble that appears in the neck of the bottle is recorded. The color first recorded seven times wins the game.

Figure 1 shows the bottle used in the first game and the results of the three games. The entire lesson was in the format of whole-class teaching. One camera was placed at the back of the classroom to capture the whole-class discussions. In the two first games there were 15 students in the class. Another student joined in during Game 2. 

The rationale of the design of the game

The teaching experiment was designed by me, the researcher and author of the paper. Sara1 , the class-teacher, run the lessons and was supposed to act as she was used to. She was used to elicit and build discussion on students' ideas. If no student made connections between the win of a game and the sample space, Sara should take some careful initiatives to support such connections.

Each game was structured in three phases: predicting-playing-reflecting. First, the students were asked to predict which color they think will win and to provide reasons for their predictions. Second, the game was played. Third, the students were asked to reflect on the outcomes of the game, connecting back to their predictions. It was expected that a game both would ask for reasons and give reasons. It would ask for reasons if a game outcome was different from students' expectations. Experiences from previous games would help in giving reasons for predicting a subsequent game.

A principal idea of the variation theory is that we can only discern an aspect of a learning object if we experience a variation in that aspect [START_REF] Runesson | What is it possible to learn? On variation as a necessary condition for learning[END_REF]. In the present study the bidirectional relationship between sample space and data was an aspect students were supposed to discern. On this account, the sample space was changed between the three games. The game should also incite reflections on random variation. This raised questions on the length of a game. A long game would stress the regularity between sample space and data but mask random variation. A short game would stress random variation but mask the relationship between sample space and data. In preparing the lesson, I played the game of different length and decided to use a seven-step playing board (Figure,1).

Method of analysis

In the analysis I looked for signs of taking a stance and of asking and giving reasons for a stance taken. Taking a stance (expressing a claim) on an outcome, was initiated by the teacher asking, "Who do you think will win?". Taking a stance was also made explicit in voting on a color. Signs of asking for reasons are 'why-questions" or questions like, 'how are you thinking?'. Signs of giving reasons come with signal words like, 'because' and 'since'. The results are structured according to the phases of predicting-playing-reflecting in each game.

Analysis and Results

Game 1

The sample space in Game 1 was, 2R, 2Y and 2B (Figure ,1).

Predicting on Game 1

After introducing the game and making all aware of that it is two marbles of each color in the bottle, Sara asked, "Which color do you think wins?". The votes from the students were two on red, ten on yellow and three on blue. The students gave both deterministic and probabilistic reasons for their votes.

Of the deterministic reasons were an idea of distance the most emphasized. When Sara asked the students to vote, she held the bottle horizontally and a yellow marble was closest to the bottle top. The students noted that the yellow was "At the front". Hence, being at the front, the yellow marble has the shortest distance to the bottle top and so, most likely be first to the top when turning the bottle around. Sara did not shake the bottle to challenge the idea.

Probabilistic reasons are reasons that take into consideration sample space and random variation. For instance, when Sara asked Marcus why he voted for blue he said, "I don't know. One should pick one and it doesn't matter which one". We can interpret Marcus as if he considers the win of the game to be just a matter of chance, since each color has as many favorable outcomes.

Playing Game 1

Sara turned the bottle each time. One of her students helped her at the whiteboard to mark the outcomes in the race. Sara moved around in the classroom to engage all students in reporting on outcomes. The first game ended with one on red, seven on yellow and five on blue.

Reflecting on Game 1

Sara asked, "Do you have any ideas why yellow won?" Students still argued for the distance to the bottle top. Now, Sara challenged this, "But I shook the bottle. I thought I was shaking a lot" [Sara shakes the bottle]. No student responded, probably because the shortcomings of their idea became obvious to them. Another deterministic reason that came up was, "Maybe because it is heavier? [giggling] They [the yellow] look bigger". Sara looked close to the bottle, and responded with a long yes, which can be interpreted as if she wanted to tell that all marbles are exactly the same, without dismissing the student's contribution. In general, Sara struggled between an attitude that no answer is wrong and trying to turn the students away from deterministic reasons towards probabilistic reasons.

Albin explained the win of yellow by, "Yellow has luck". After Albin's suggestion Sara made a list on the whiteboard of the reasons students came up with (Figure ,1). Noting 'weight' and 'at the front', she asked if she had missed anything. One student repeated luck. Sara revoiced luck but with hesitation in the tone. She also expressed, "Lucky color maybe". Sara added 'Luck' to the list. It seems as if Sara considered luck not a characteristic of randomness but a material property of the yellow color. Why Sara made this interpretation might be because Albin said, "Yellow has luck" and not "Yellow had luck". The former signals that yellow possesses luck as a property. Regardless of if Sara made this interpretation or not, the situation shows how important it is to make inferences explicit in teaching, so the participants know they are talking about the same thing.

Game 2

The sample space in game 2 was, 3R, 2Y and 2B (Figure ,1).

Predicting on Game 2.

Sara made explicit the number of colors in the bottle. Eleven students voted on red, one on yellow and three on blue (Figure, 1) and Sara asked, "Yellow was a color of luck, it had the weight for winning, but now we do not believe in yellow anymore, it is only one that believes in yellow? Why do we believe most in red this time?". Daniel articulated, "It is most of them". Several students agreed with Daniel. Mario, who claimed that yellow won Game 1 because they looked bigger (heavier) now claimed that red looks bigger. However, when Sara claimed the marbles are exactly the same he moved to probabilistic reasoning:

Mario:

But, it can be because, it is more, it is greater, like, 65% percent chance that red wins as they are one more than the other". Sara:

Where did you get the 65% chance from? Mario:

Sorry, I say 60% chance. 60% chance and the other have 20% chance, because, yes red, because, last time it was 50, 50 50.

Mario seems to confuse two ways of quantifying the probabilities. He ended with, "last time it was 50, 50 50", which implies that he connects equally likely outcomes to a 50-50 situation.

When he articulated 65% chance on red, we do not know if he changes the chance also of the other two colors or if he ends up in the triplet 65-50-50. However, Mario's change to 60% can be understood as if he discovers that the total probability needs to be 100%. Nevertheless, extending on Daniel's sample space reasoning, Mario tries to give reasons for the probabilities of the three outcomes by making connections to the underlying sample space. Being able to compare between different games helped him in making this connection.

Sara held the bottle horizontally also when the students were predicting the second game. However, this time, no student expressed they vote on a color because it is at the front.

Playing Game 2

After five observations in Game 2, there were three yellow, one red and one blue. When the third yellow appeared in the fifth observation one student voiced, "What?". Sara picked up on that, asking, "Anyone who has any thoughts now when yellow has run away with three?". Following his previous line of reasoning, Albin responded, "They (yellow) are lucky!" Sara stopped the game again after nine observations. Now there were six on yellow, two on red and one on blue. Sara asked, "How can this be?". Reasons given were that it is something with yellow; that yellow is closes to the bottle top most times and that yellow won last time.

Next come five observations with no yellow. One student claimed yellow got tired and another that yellow wants to create a thrill. Since these answers are accompanied with a laugh, I interpret them more as jokes than as real reasons. No student referred to luck or chance. The next observation is yellow, and the game ended with four on red, seven on yellow and four on blue.

Reflecting on Game 2

Sara initiated reflections on Game 2 by connecting the game-variations to the list of reasons posted on the whiteboard. She asked, "Do we still think it is about these things [moving her hand over the list] or is it something new, something we should delete, because we are going to play another game with another bottle, so we need to have some thoughts before". The students negotiated on deleting the social reason 'Most votes' and the distance reason 'At the front'.

They kept weight and added that yellow is agilent and bouncy. However, most students raised their hand for "luck" as a reason for why yellow won. There is reason to believe that this was stimulated by how Sara was pausing the game, highlighting aspects of random variation.

No student referred to the role of sample space, which was probably because the situation was about explaining why yellow won. The sample space did not answer to why yellow won.

Game 3

The sample space in Game 3 was, 2R, 3Y and 5B (Figure ,1).

Predicting on Game 3

In Game 3 it was evident that the sample space is a strong reason for many students. In Game 3 there are 16 students but, there are 17 votes, distributed as, four on red, three on yellow and nine on blue. From the video it is hard to figure out where the extra vote comes from. However, most likely it is an extra vote on yellow, because it appeared some confusion when Sara counted the votes on yellow. Most students voted on blue, because there are most blue in the bottle. So, even if the students did not receive empirical evidence in Game 2 for the role of the sample space, most students put properties of the sample space as the strongest reason for why it is highest chance that blue wins Game 3.

Charles took a specific turn on the sample space. He voted for red because there are two red marbles in the bottle. He shaped this reason from the two first games, "It is always two marbles that win". Sara responded, "Okay, it is always those [colors] with two marbles, yes it was two yellow [looking at the playing-board of Game 2] and two yellow also there [looking at the bottle of Game 1]. Okay, so when it is two of the same sorts, it wins!". Another student, Albin, challenged this by noting that there were two of each color in Game 1 and that there were also two blue in Game 2. Sara's first reaction to Albin was to silence him but, almost immediately she acknowledged his objection:

Sara: "But now it's Charles who ..., here you're [talking to Sven] talking about there are two. Yes, here it was two of each [pointing to Game 1]. Here then [looking at Game 2]? Yes, there were two blues as you said. Yes, hmm [nodding her head from side to side]. Even if Sara did not move further on this contradiction, the episode shows how game-variation can invite for reasoning on sample space in relation to exploring patterns between games.

Playing Game 3

Again, the game provided students opportunities to experience random variation in short series. After seven observations Sara made a short break. She did not ask for any reflections or thoughts. She just let the student take in that there is one observation on red, two on yellow and four on blue. No more blue appeared in Game 3. Yellow won again. In the last seven observations it appeared six yellow and two red. The game ended by, three on red, seven on yellow and four on blue.

Reflecting on Game 3

Several students thought that the yellow marbles are heavier and therefore drop down to the bottle top faster than the other. It is probably unlikely to many students that yellow wins over blue only because of chance, since there were so many more blue than yellow marbles in the bottle. In terms of hypothesis testing, we can say they consider the result of seven yellow out of a total of 14 observations so extreme that they reject the null hypothesis P(yellow)=3/10. The result on yellow is rather unlikely, but not significant on the level of 0,05 (two-sided test). However, we need to take into account that yellow won all three games. This experience most likely further support that chance does not tell the whole story for the results on yellow, compared to the other colors, within and between the games.

Chance was also highlighted in reflecting on Game 3. When Sara asked for other ideas on why yellow won, Albin again answered "luck". Charles then added "the chance", which Sara added to the list of reasons, after luck (Figure ,1). The meaning of luck or chance was not given any further consideration. The class negotiated on deleting bouncy and keeping agilent in the list of reasons.

Concluding discussion

How can variation in sample space between games be used to support reasoning on the bidirectional relationship between underlying probability distribution and data? The present study answers to this research question by reporting on a teaching experiment where students in Grade 5 (11-12 years old students) were playing three games of the Color-run [START_REF] Nilsson | Students' informal hypothesis testing in a probability context with concrete random generators[END_REF].

In line with previous research (e.g., [START_REF] Nilsson | Challenges and opportunities in experimentationbased instruction in probability[END_REF][START_REF] Watson | Students' appreciation of expectation and variation as a foundation for statistical understanding[END_REF], this study shows how probabilistic reasoning can face challenges from deterministic reasoning. Deterministic reasoning was manifested as distance reasoning and reasoning on material properties of the random generator. Distance reasoning relates to the perception that random experiments can be controlled [START_REF] Pratt | Making sense of the total of two dice[END_REF]: you can control the outcomes by ordering them in a certain way. Distance reasoning neglects the random process, which, in the present study, took place in shaking the bottle. Reasoning on properties took place in reflecting of material difference between the colors in the bottles. Material differences were manifested as differences in weight, bounce, and agility. Reasoning on material differences does not need to neglect the random process, where students predict too narrow ranges of variation [START_REF] Noll | Aspects of students' reasoning about variation in empirical sampling distributions[END_REF]. After Game 3, for instance, material differences were given increased attention. The result of yellow in Game 3 was almost significant for rejecting the parameter value, according to sample space. Hence, it was reasonable to reflect on if it could be something more to the situation, beyond sample space and chance, to explain the strongly deviating result of Game 3.

In contrast to [START_REF] Lecoutre | Cognitive models and problem spaces in "purely random" situations[END_REF], the present study shows that students can express strong commitments to the role of the sample space. In Game 3, for instance, even though the number of favorable outcomes was not decisive for the outcome of Game 2, most students used the number of favorable outcomes to give reason for why blue would win in Game 3.

Several students referred to luck, to explain the outcome of the games. What students mean by luck, is not always easy to tell. Does it refer to a property of an outcome or is it synonymous to chance? However, it would not be inferentially possible to substitute "Yellow has luck" with "Yellow has chance". Hence, the present study suggests further research on the meaning of luck. Taking an inferentialist perspective [START_REF] Brandom | Articulating reasons: An introduction to inferentialism[END_REF], the study particularly suggests investigating situations in which students are supported to develop GoGARs of many inferential relationships that include the concept of luck.
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 1 Figure 1: The bottle and the three games. The order of the three games moves from left to right. A list of reasons is to the left of Game 1. At the top of the list is 'weight', then 'agilent' and at the bottom 'luck, chance'. The row at the bottom of the playing-boards tells the colorsred to the left, yellow in the middle and blue to the right -and the number of each color in the bottle. At the very bottom are the students' votes on each game.

Sara is a pseudonym for the teacher's real name.