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This work is part of a wider investigation conducted in Italy, which aims to explore the effects of instruction in combinatorial reasoning of secondary school students. Two groups of students with and without instruction were given a questionnaire adapted from Navarro-Pelayo's research in order to analyze the students' performances and strategies used in the solutions, as well as the effect of instruction. In this work we present the results found in three combination problems. The students did not generally present particular difficulties in solving problems of combinations even though students who received instruction showed an improvement in their performances. In the no instruction group enumeration was the main strategy while the group of instruction used a more heterogeneous distribution of strategies.

Introduction

The study of combinatorics is an important component of mathematics, especially within discrete mathematics and in the school curriculum, where often plays a key role in the teaching of probability. For instance, combinatorial reasoning is needed to form the sample space in probability problems, as well as to understand some discrete distributions (e.g., the binomial distribution). However, not much attention has been given to the teaching of this topic, especially in the Italian school system. Moreover, some previous research, such as that by [START_REF] Navarro-Pelayo | Estructura de los problemas combinatorios simples y del razonamiento combinatorio en alumnos de secundaria[END_REF] have described the students' difficulties in solving combinatorial problems, and this justifies an interest toward this field of research. [START_REF] Piaget | La genèse de l'idee de hasard chez l'enfant[END_REF] considered that combinatorial reasoning is a pre-requisite for a full understanding of the notions of randomness and probability. In addition, combinatorics is an area where students can both develop and train problem solving strategies, as well as mathematical processes such as generalization and recursive thinking [START_REF] Kapur | Combinatorial analysis and school mathematics[END_REF]. Although there has been previous research on students' strategies in solving combinatorial problems, most of this research have been carried out with small children (e.g., [START_REF] English | Young children's combinatoric strategies[END_REF][START_REF] English | Combinatorics and the development of children's combinatorial reasoning[END_REF] or university students [START_REF] Godino | An onto-semiotic analysis of combinatorial problems and the solving processes by university students[END_REF] and none of this research considered Italian students.

The aim of this research was exploring the Italian students' combinatorial capacity and its change with instruction, as well as describing strategies developed by secondary school students before and after teaching. In this paper we present a part of the results of the global project; more specifically we analyze both performances and strategies used by a sample of secondary school students in solving three combination problems, also comparing the results obtained by the students with and without instruction.

Background

We based our research on the work by [START_REF] Fischbein | The combinatorial solving capacity in children and adolescents[END_REF], who analyzed the combinatorial capacity of children since 10th year of age and proved that they can learn to solve combinatorial problems when they receive a specific instruction. They suggested as main variables affecting the difficulty of the tasks the type of combinatorial operations (suggesting that permutations are the hardest), the type of element to be combined (numbers and letters are easier than objects or people) and the total number of combinations to be formed (a variable that we will describe as the dimension of the problem). Concerning secondary school students, [START_REF] Batanero | Effect of the implicit combinatorial model on combinatorial reasoning in secondary school pupils[END_REF] showed on a sample of 720 14-15-years-old students the effect on the difficulty of combinatorial problems of the implicit combinatorial model (together with the type of elements to be combined, the type of combinatorial operations and instruction). This variable was firstly described by [START_REF] Dubois | Une sistématique des configurations combinatoires simples[END_REF] who stated that every elementary combinatorial problem (that is a problem that could be solved through the application of a single combinatorial operation) could be classified through one of three possible schemes, implicitly present within the problem: selection, distribution or partition, depending on the combinatorial operation suggested in the text. Henceforth, we will refer to a problem by saying that it belongs to a particular model depending on its combinatorial scheme.

Regarding combinatorial strategies, [START_REF] English | Combinatorics and the development of children's combinatorial reasoning[END_REF] described enumeration used by small children in combinatorial problems and considered both a-systematic (consisting in a random or incomplete selection of elements) and systematic enumeration. Systematic enumeration involves repeating the selection, fixing an element (for example the first element in a permutation) and combining it with all the other elements, and then repeating the procedure with the remaining elements until all the configurations are listed. [START_REF] Lockwood | Combinatorial tasks and outcome listing: Examining productive listing among undergraduate students[END_REF] worked with 42 undergraduate students concluding that even creating partial lists of the set of outcomes led to significant improvements in the students' performance in solving combinatorial problems; the authors also suggested that instruction should facilitate systematic enumeration processes in the students. In a case study with university students, [START_REF] Godino | An onto-semiotic analysis of combinatorial problems and the solving processes by university students[END_REF] found that some students still used enumeration at this educational level and described other strategies such as use of a formula, use of the sum or product rule, posing new problems related to the original or breaking down the problem into simpler subproblems. In our investigation we will analyze all the strategies used by the students in the sample and its effectiveness to get a correct solution, as well as the differences between students with and without instruction.

Method

The sample consisted in 115 secondary school Italian students from different school grades and specialties, 64 of which had not received instruction on combinatorics and 51 students who received instruction on the subject. Although the sample of students was not random, because we depended on the availability of schools and teachers, we included classes of different schools and with different teachers, in order to obtain a sample of students as heterogeneous as possible. The group of students who did not received instruction was formed by classes of grade 10, 11 and 12 (i.e., second, third and fourth year of secondary school with students aged between 15 and 18). On the other hand, most of the students who received instruction on combinatorics belonged to grade 12 (fourth year of secondary school with age 17-18). There were also three students belonging to grade 10 (second year of secondary school) who received instruction on combinatorics in extracurricular courses and who were, then, included in this group. The instruction was mostly formal, based on the use of formulas to solve combinatorial problems, with the exception of one class of 12 students who approached the topic in a constructivist way, mostly through exercises and examples, constructing combinatorial rules before being taught a formula. The students were given a questionnaire of 13 open-ended problems (in an Italian translation) adapted from the one used in [START_REF] Navarro-Pelayo | Estructura de los problemas combinatorios simples y del razonamiento combinatorio en alumnos de secundaria[END_REF] and [START_REF] Batanero | Effect of the implicit combinatorial model on combinatorial reasoning in secondary school pupils[END_REF] and proposed in two different versions presenting the same problems with an inverted order, aiming to cancel a possible effect of time on the data collection and obtaining a sufficient amount of data on every item of the questionnaire. Depending on the availability of the school, students had 60 or 90 minutes to complete the questionnaire. We remark, though, that time did not represent an issue, considering that most of the students were able to complete the questionnaire widely before the smaller time limit.

In this work we will focus on three items taken from the whole questionnaire and corresponding with combination problems: Item 1. Supposing we have three identical letters, we want to place them into four different colored envelopes: yellow, blue, red and green. It is only possible to introduce one letter in each different envelope. How many ways can the three identical letters be placed into the four different envelopes? For example, we could introduce a letter into the yellow envelope, another into the blue envelope and the last one into the green envelope.

Item 2. School students must elect their representatives. Five students are the candidates: Elisabeth, Ferdinand, George, Lucy and Mary. In how many different ways can three of the five candidates be chosen? For example, Elisabeth, Mary and George could be elected.

Item 3. Mary and Cindy buy four lipsticks of different shades, numbered from 1 to 4. They decide to share out the lipsticks, two for each of them. In how many ways can they share out the lipsticks? For example, Mary could hold lipsticks with shades 1 and 2 and Cindy those with shades 3 and 4.

All the three items are small dimensional, meaning that the solution requires less than 10 combinatorial configurations. Item 1 is a problem belonging to the distribution model [START_REF] Dubois | Une sistématique des configurations combinatoires simples[END_REF] in which students are requested to distribute some objects (the letters) in three containers (the envelopes), and whose solution is 𝐶 4,3 = Finally, item 3 belongs to the partition model and students are asked to form two subsets from a set of numbers and the solution is

𝐶 4,2 = 4! 2!(4-2)! = 4! 2!2! = 4! 4 = 6.
Once the written responses of each student were collected, a content analysis [START_REF] Neuendorf | The content analysis guidebook[END_REF] was performed. Every solution has been codified through numerical vectors including all the information related to the problem (e.g., ID of the student, group, class, correctness of the resolution, strategy of resolution). We also included qualitative information on the strategy used; for example, when a student employed a formula but not enumeration in a problem the respective entries of the vector include a number identifying how the formula has been used (e.g., correct formula, wrong formula, correct formula with arithmetical mistake, correct formula introduced with a wrong name, etc.) and a zero in correspondence of enumeration. After the codification of the students' responses to the questionnaires, we proceeded with a quantitative analysis focusing mainly on two variables: on one hand the correctness (or not) of the problem solution and on the other hand, the strategy used by the student (in this work we focused only on the bare use of a strategy and not on how a particular strategy is used). The solution to a problem was considered correct if the student either identified the total number of combinations by using a formula or correct arithmetic operations or else if he or she provided a complete list of all the possible configurations. Regarding the strategies, we observed all the procedures of the students considering all the strategy appearing in a solution, even when one strategy was used as a support for another one.

Results

In Table 1 we present the percentages of correct solutions to each item in both groups. We note that in both groups item 3 (partition of a set of numbers into two disjointed subsets) was significantly easier than the other two problems and that, generally, there was an improvement in students' performances after the instruction, even though some students in the instruction group were still not able to solve the problems. We observe that despite the small dimension (only 10 different configurations), item 2 was difficult for students with no instruction. We suppose that this is due to the fact that the students were not used to deal with the selection of people (while they were more familiar to work with numbers, that are used in item 3, and letters, appearing in item 1). We can observe that mistakes mostly derive from either not considering that the ordering of elements does not have an influence in the problem or considering as different elements that are identical instead; for example, in item 3 many students provided a solution that considered different the permutations of a same solving configuration or in item 1 students assumed that different letters should be distributed in the envelopes. This error was described both in [START_REF] Batanero | Effect of the implicit combinatorial model on combinatorial reasoning in secondary school pupils[END_REF] and [START_REF] Fischbein | The combinatorial solving capacity in children and adolescents[END_REF] as linked to combination problems. Comparing our results with those in Navarro-Pelayo (1994)see Table 1 we can observe a similar trend of improvement for Spanish students. While, on one hand, the percentages are different from those obtained in our sample, probably because of the different sample size (115 students in our research and 720 in Navarro-Pelayo's), on the other hand we observe a similar pattern of results: students globally improve after the instruction and they perform better on item 1 and item 3 (with the latter as the best performing item), but it is in item 2 where can be noted the best improvement after instruction.

Students' strategies

In analyzing the solutions, the following strategies were considered: a) Enumeration, found in previous research [START_REF] Batanero | Effect of the implicit combinatorial model on combinatorial reasoning in secondary school pupils[END_REF][START_REF] Godino | An onto-semiotic analysis of combinatorial problems and the solving processes by university students[END_REF][START_REF] English | Combinatorics and the development of children's combinatorial reasoning[END_REF][START_REF] Lockwood | Combinatorial tasks and outcome listing: Examining productive listing among undergraduate students[END_REF] with students of different ages and consisting in the explicit listing of all the possible combinations to be formed, according to the problem statement. b) Tree-diagram: the student builds a tree diagram as a help in producing all the configurations; according to [START_REF] Fischbein | The combinatorial solving capacity in children and adolescents[END_REF] the resolution of the problem is facilitated with the involvement of this tool. We also considered the following strategies, as described in [START_REF] Godino | An onto-semiotic analysis of combinatorial problems and the solving processes by university students[END_REF]: c) Formula: the student recognizes the combinatorial operation of combination (or another operation, when the students proceed changing the combinatorial model or refers to another problem that he or she found equivalent) as a solution to the problem and remembers its formula. d) Reference to other problem: the student transforms the problem in another equivalent which is used to obtain the solution. e) Sub-problem decomposition: the original problem is divided into several combination problems of smaller dimension and the resolutions of which are combined to get the solution to the initial problem. f) Sum, product or quotient rules: the student does not remember the formula of combinations and tries to solve the problem using the elementary arithmetical rules of sum, product or quotient. g) Other strategies, generally giving a wrong answer with no justification.

In Table 2 we present a summary of the results obtained from the analysis of strategies, with the percentage of use of every strategy considered together with the percentage of students getting to a correct solution. We observe how students without instruction mostly relied on an enumerative strategy in every item, even though this did not always lead to a correct resolution, especially in item 2. The majority of enumerations were systematic, probably due to the reduced dimension of the problem, that allowed students to better control their listing procedures. We remark how students proceeding through enumeration failed in reaching the correct answer due to different reason: on one side, in item 1 and item 3 their mistakes were mostly connected to a misunderstanding of the problem (i.e., considering objects different/identical or taking/not taking into account the importance of order) rather than something imputable to the chosen procedure. However, in these items students tended to overestimate the number of configurations.

A different situation is observed in item 2 where students mostly produced an incomplete list of configurations, underestimating the solution of the problem, providing a partial resolution to the problem (a solution which does not contain procedural mistakes but that fails to reach a correct solution). In fact, we observed how most of the enumerations end with a list of 9 out of 10 configurations. Some of the students also developed different solving strategies but there were very few cases in which they were able to get to a correct solution. Most of these were reached through the use of the sum rule, by changing the model of the problem from distribution to selection: an example of this resolution is presented in Figure 1a, where the student explains that, instead of distributing letters he can choose the envelope to be left empty and so there are four possibilities (basically, every subproblem is represented by a single configuration of the envelope that is discarded so that the global solution is reached by summing up results obtained in the four subproblems). A change of model can be also observed in Figure 1b, where the student distributed people instead of partitioning lipsticks and proceeds by listing all the possible configurations. We also notice how in the group of students with instructionsee Table 2, percentages in bracketsthe choice of strategy shifted from a majority of enumerations to a more heterogeneous use of strategies. In fact, most of the considered strategies appeared in the solutions of the whole group with the exception of the sub-problems decomposition and tree diagram, that were scarcely used. The most frequent strategies were formula, enumeration and product rule, even though the latter was mostly connected to a non-resolution of the problem. Students of the instruction group who applied a formula mostly got to a correct solution, even though we can observe some students using a wrong formula due to, we suppose, a misunderstanding of the statement of the problem. We observe how part of the students used enumeration; we suppose, also considering results of the whole questionnaire, that this is due to the fact that the problem is a small-dimensional, so students easily produce a complete list of configurations. This strategy led to a correct solution nearly in most of the cases for item 1 and item 3 while, similarly to what was observed for the group of no instruction, students were not always able to get to the complete list of enumerations in item 2, for which resulted more effective the use of the formula. We suppose that the reason is that the formulation of item 2 is very similar to usual combination problems one can find in textbooks. Finally, we notice that some of the students who received instruction solved the problem using multiple strategies within the same resolution; for example, we can observe in Figure 2 a resolution of a student involving both enumeration and quotient rule. On one hand, on the left of the figure, the student properly produces the complete list of solving configurations and then provides an argument involving the arithmetic rule of quotient explaining how the result of the problem is 6. We suppose that students that provided a double solution proceeded in this way in order to justify their calculations, in case they were not sure about the formula or the rule they were using. In conclusion, instruction was found to be useful to increase the competence of the tested students to solve combinatorial problems, in agreement to what stated by [START_REF] Fischbein | The combinatorial solving capacity in children and adolescents[END_REF]. Students' performances (in terms of correctly solved problems) increased significatively after the instruction, even though some difficulties remained, and the students were not always able to get to the correct solution. In spite of a (mostly) formal instruction based on the learning of formulas it is worth observing that even after acquiring new procedures some of the students of the group with instruction continued to rely on enumeration, even though sometimes they used it together with formulas and arithmetical rules, providing a double solution to a problem.

Comparing our results with the ones presented in [START_REF] Godino | An onto-semiotic analysis of combinatorial problems and the solving processes by university students[END_REF] for university students, we notice that the distribution of strategies for secondary school students is different, shifting toward a higher use of enumeration. On the other side, focusing only on the results of the group with instruction, we can observe that the distribution of strategy was more similar to what observed in university students with higher mathematical preparation that, consequently, does not seem to play a key role in the development of solving strategies.

Conclusions

Despite the small dimension of the tested sample, this explorative research provides new insights on the solving strategies students activate when solving combination problems. Most of the correct answers come from the use of either enumeration or formulas even though students also developed other different procedures. We underline the fact that knowing the strategies that the students activate would allow the teacher to better implement a teaching activity, for example introducing different techniques. However, further and deeper steps would be needed in order to proceed with this research; for example, widening the dimension of the sample and including more focused qualitative analysis, aiming to better understand the mechanisms that lay behind the choice of a solving strategy.

  Item 2 belongs to the selection model and students are asked to select 3 people from a group of five and the solution is 𝐶 5
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 1 Figure 1: (a, left) Resolution of item 1 through the implicit use of the sum rule (b, right) Resolution of item 3 through enumeration

Figure 2 :

 2 Figure 2: Resolution of item 3 through the double use of enumeration and quotient rule

Table 1 : Percentages of students in each group correctly solving the items (above) and comparison with results in Navarro-Pelayo (below)
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	Item 1 𝐶 4,3	Item 2 𝐶 5,3	Item 3 𝐶 4,2	Item 1 𝐶 4,3	Item 2 𝐶 5,3	Item 3 𝐶 4,2
	Distribution	Selection	Partition	Distribution	Selection	Partition
		No instruction (n=64)			Instruction (n=51)	
	39,1	12,5	51,6	51,0	54,9	66,7
	No instruction (n=348) [Navarro-Pelayo, 1994]	Instruction (n=352) [Navarro-Pelayo, 1994]
	26,9	22,5	31,0	26,7	46,0	37,2

Table 2 : Percentages of global and correct use of each strategy in the no instruction group (n=64) and in the instruction group (n=51, percentages in brackets)
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