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Numerical analysis for backward Euler Spectral discretization for Stokes
equations with boundary conditions involving the pressure: Part I

0. Boussoufa?, Y. Daikh?®, D. YakoubiP*

@ Laboratoire Analyse, optimisation et traitement de l'information. University of Mohammed Seddik BenYahia, Ouled Aissa,
B.P. 98, Jijel 18000, Algeria.
bLéonard de Vinci Péle Universitaire, Research Center, 92 916 Paris La Défense, France.

Abstract

In this paper, we address the study of the time-dependent Stokes system with boundary conditions
involving the pressure. We obtain existence and uniqueness for a class of Lipschitz-continuous domains.
Next, a spectral discretizations of the problem is proposed combined with the backward Euler scheme. The
discrete spaces are defined in a way to give exactly divergence-free discrete approximations for the velocity.
Then, we prove the associated discrete inf-sup condition and derive a priori error estimates. Finally, some
numerical experiments are presented.

Keywords. Stokes equations, pressure boundary conditions, spectral discretization, divergence-free
approximations.

1. Introduction

The Stokes and Navier-Stokes equations have been traditionally joined with Dirichlet boundary condi-
tions (BC) due to their simple treatment (see for instance [15, 17, 21, 20, 27]). However, these BCs may not
be appropriate from a modeling point of view. This is the case if the physical domain has several inlet\outlet
interfaces. In the pioneering paper [4], the authors considered non standard BCs where the pressure and
the tangential trace of the velocity are prescribed on a part of the boundary. Since that many researchers
have been interested in the study of this problem. We refer to [3, 5, 6, 13, 9, 18, 24] for the analysis of
the continuous problem. While most works uses the rotational formulation of the Laplace operator, the
symmetric stress tensor was considered in [13]. This actually leads to a well-posedness result in the same
H' x L? functional spaces as for the usual Dirichlet BCs. As regards the numerical analysis, a priori and a
posteriori error analysis were performed in [9] for the finite element method. Hood-Taylor spaces were used
in [13] in order to test the efficiency of a double saddle point formulation with an application to physiological
flows. Concerning the spectral methods, several spectral discretizations were proposed in [8] in the case of
the unit square. The first method presented in that paper gives rise to exactly divergence-free discrete
velocities. This was done by identifying all the spurious modes and then define the space approximating the
pressure ensuring this property and which gives a ”good” rate of convergence for the pressure. This method
is usually used when one wants to approximate the velocity by exactly divergence-free discrete velocities (see
for instance [11, Sec. 24], [7] and [1] ). However, the main inconvenient of this method is the complexity of
the discrete pressure space.
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In this paper we consider the time-dependent Stokes equations in a domain Q C R3:

a—u—yAquVp =f in Qx]0,7T]

ot
divu =0 in Qx]0,T], (1.1)
u(-,0) =wuy in Q

where T is the final simulation time and v is the kinematic viscosity coefficient. The homogeneous BCs on
the velocity associated to these equations are given as follows (see [6] for the non homogeneous case) :

u =0 on I'px]0,T],
uxn =0 on I'p,x]0,T], (1.2)
p =pm on I',x]0,TT.

Where I'p and T',, constitute a partition of the boundary 992. We give a velocity-pressure variational
formulation for problem (1.1)-(1.2). Similarly to all the previous works, the pressure BC is treated in a
natural way. Then, we prove the well-posedness result in H! x L2. Next, we focus on spectral approximations
with pointwise divergence-free velocities. The properties and advantages of such schemes are well-known for
the finite element methods. The review paper [22] discusses in depth the effects of the divergence constraint
on simulations. We propose a spectral discretization in the unit cube. It is a classical method and was
considered in [8] for the stationary problem in the unit square.

The rest of this paper is organized as follows: In section 2 we consider the variational formulation in the
primitive variables of the Stokes problem and we prove its well-posedness. Next, the stability analysis and
error estimates of the time-discrete problem, which is based on the backward Euler’s scheme is shown in
section 3. Then, the fully discrete formulation is considered in section 4 where the discrete inf-sup condition
is established. The Stability of the scheme and the optimal a priori errors analysis are obtained in Section
5. Numerical results and examples are presented in section 6.

2. Variational formulation

Let  C R3 be a bounded connected Lipshitz-continuous domain. We assume that the domain € is such
that : B B
8Q:FDUFm, FDOFm:(Z),

where both I'p and I',,, have a finite number of connected components and a positive measure in 9€). We
also assume that

each connected component of I'y, is flat with a convex neighborhood in 2. (2.1)

In all what follows, we denote by (-,-) (resp. by (-,-)r) the L%-scalar product defined on € (resp. on a part I'
of the boundary). We use the whole scale Sobolev spaces H*(£2), s > 0, equipped with the norm || - || s ().
Let X be a separable Hilbert space equipped with the norm || - ||x. For any positive integer k, we denote
by H*(0,T; X) the space of functions v defined from ]0, T[ with values in X such that the functions t
[u® | x, 0 < i <k, are square integrable, where u(?) is the i — th derivative of u in the sense of distributions.
We also introduce the well known spaces

H(div;Q) = {v € L*(Q)?; divw € L*(Q)}

and
H(curl; Q) = {v € L*(Q)?; curlv € L*(Q)%},

which are Hilbert spaces for the associated graph norms

) 1 1/
lollmaiv.o) = (10132 + Idivolag) s Iolneuna) = (10130 + lewrlolfzg) -



We recall from [20, Sec. 1.2.2 and 1.2.3] that the normal trace operator v — v - n is continuous from
H(div, Q) onto H~/2(92)% and that the tangential trace operator v — v x n is continuous from H (curl, Q)
into H=/2(Q)3. We denote by Ho(div, ) and Hy(curl, Q) the kernels of the normal trace and tangential
trace operators respectively. So, we introduce our variational space, which its aim is to take into account
the boundary conditions on the velocity

X={veH'(Q)? v-n=0on T'p and v xn=0 on 9N} (2.2)

equipped with the norm

. v
lollx = (0l + leurlol2 o) + ldivol3a, ) -

Proposition 2.1. The space X equipped with the norm || - ||x is a Hilbert space.

Proof. We use similar arguments to [18, proof of Thm A.1]. It suffices to show that the space
U={veH(iv,Q) NH(curl,Q), v-n=0 on I'p and v xn =0 on 9N}

is continuously embedded in H*(Q)3. We consider an covering {6;}7_, of Q, i.e. Q = U 0;, with 6y =

For every i = 1,..,n, we denote by 6 the intersection of §; and Q. Since I';,, satisfies (2 1) we can assume
that if 0] meets both I'y, and I'p or if 907 N OSY is contained in I'y,, then 67 is convex. Now, we introduce
the associated partition of unity {a;}7 :

a; €D0;) and 0<aqi(x)<1, Vi=0,.,n, Ve ecQ,

n
Thus, any function v € U can be written in the form v = Z a;v. Obviously, we have
i=0

a;v € H(div,07) N Hy(curl,07) and 6] is convex
or
;v € Hy(div, 07) N Hy(curl, 6})

which implies thanks to Theorems 2.5 and 2.12 in [2] that a;v € H'(Q2)?. The estimates |logv || g1 (o) < ¢fjv]|x
are ensured by the theorems already mentioned. O

To write the variational formulation of our problem, we first define the following bilinear forms
a(u,v) = / curlu(t, ) - curlv(z) da,
Q

(2.3)
o) = — [ (@vo)(ee) do

We now assume that the source function f belongs to L2(0,7;L?(2)?) and p,, belongs to the space

LZ(O,T;HO%O(Fm)), where HO%O(I‘m)) denotes the space of functions in H?2(8)) with zero value on I'p.
The variational formulation of the problem can be written as follows :

Find (u,p) € L2(0,T; X) N H(0,T; L?(2)3) x L2(0,T; L?(Q2)) such that for almost every t € [0, T] and
for all (v,q) € X x L?*()

(88’[;’”>+ua(u,v)+b(vap) = (£~ @mv-nr,, (2.4)
blu,q) = 0



with

We have the following equivalence result.

Proposition 2.2. Any pair (u,p) in H*(0,T; L*(2)3) N L?(0,T; X) such that curlcurlwu(-,t) belongs to
L2(Q)? for almost every t € [0,T) is a solution of problem (2.4)-(2.5) if and only if it is a solution of problem
(1.1)-(1.2).

Proof. Let (u,p) be a solution of problem (2.4)-(2.5). First, the velocity boundary conditions in (1.2) are
satisfied since u(-, ) belongs to X. In addition, the divergence-free constraint is obviously equivalent to the
second equation in (2.4). Now, taking v € D(f2) and differentiating in the sense of distributions gives the
momentum equation (1.1), which implies that p(-,¢t) € H*(Q) for almost every t € [0, T].

We return to equation (2.4) and we perform an integration by parts. This gives

a(u,v) = / curl curl u(x, t) - v(z) de,
Q

Ho.p) = [ ole) Valat)do~ (v,
Q
We deduce that

Yve X, (p—pm,v-n)r, =0.

This implies the pressure boundary condition in (1.2). The converse can be proved using the same arguments
by counter-integrating by parts. O

In order to study the well-posedness of the weak problem (2.4)-(2.5), we will prove the following inf-sup
condition, which all arguments are those of [8, 9]

Lemma 2.3. There exists a constant > 0 such that the following inf-sup condition holds

b(v,
vae 12@),  sup 22D > Bl o, (2.6)
vex vllx

Proof. Any function ¢ € L?(Q2) can be split into ¢ = § + g, where
- _ 1
GeLi(Q) and g= ﬁ/ q(zx) dz.
12 Jo
Thanks to [20, Cor. 1.2.4], for every ¢ € L%(Q), there exists © € H}(Q)? such that
divo = —q and H'bHHl(Q) < CHQHLQ‘(Q) (27)
On the other hand, we observe that for every v € X,

b(v,q) := —/quivvdxza/ v - ndo.

m

So, let ¢ € X be a function with positive integral fr @(x) -mdo > 0. Setting v = —Gp, we can easily
check that
TeX, bT) 2l and [olx <l (2.8)

Following Boland-Nicolaides [14], we set v = © + AU for a positive constant A. Since b(9,q) = 0, we derive
from (2.7)-(2.8) that

b(v,q) = b(v,q) + Ab(v,q) + Ab(v, §)
2 ||Q||2L2(Q) + Acl”@”?ﬂ(ﬂ) e | FERN [ FERDE
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Using Young’s inequality

a?  eb?

+ (2.9)

p< &
W=9:T

gives
1,. YA
b0.0) 2 SllF e+ (e = 252 )

C1

By taking A = % and using the orthogonality of ¢ and 7 in L*(£2), we obtain
2

b(v,q) > ¢[lall72(q),
The inequality [|v||x < c[|q||z2(q) is straightforward. O

As usual, in order to introduce the reduced problem, we define the kernel
V={veX, bvq =0 VYgelL*Q)}
which coincides with the closed subspace of divergence-free functions
V ={veX,dive=0in Q}.

We denote by H the closure of V' in L2(£2)3.
Let us consider the following problem: Find w € L?(0,7; V)N H(0,T; H) such that for almost every
te0,T]

0
Yo eV, <81:7v> +va(u,v) = (f,v) — (pm,v - n)r,,, (2.10)
u(-,0) =up in Q, (2.11)
We now prove the well-posedness result in the following theorem:

T'))) and the initial

Theorem 2.4. Assume that the data (f,pm) belong to L?(0,T; L*(Q)3) x L?(0,T; H%O(
, T VI)NL>®(0, T3 L2 (Q)%).

0
velocity ug belongs to V.. Then problem (2.10)-(2.11) has a unique solution w € L?(0,T
Furthermore, this solution satisfies the following stability estimates:

(- t)lL2) + lullzz0nx)  <c <||f||L2(0,t;L2(Q)) + ||Pm||L + ||Uo||L2(sz)) ; (2.12)

Ou
ot
Proof. We will prove the existence of the solution using the time discretization. To do so, let us consider
a uniform partition of the interval [0,T] into K sub-intervals. We denote by 7 the corresponding time-step

and set tp = k7, 1 < k < K. Now, we introduce the approximate problem as follows:
Find (u*)1<p<x in (V)X such that for every k,

1
(0,8 Ho (Tm))

<c Fllrzos02 + ||Pm 1 =+ [|u cur ) 2.13
oy S (lsmoaon £ oal o ol ) 13

ub —uf? k k k
YveV, Ti,v +rva(u®,v) = (f%v) = (b, v -n)r, , (2.14)
k
uw’ =wuy inQ, (2.15)

where

L 1M Lot
f = - f(78) ds and Py = = pm(vs) ds.
th—1

T Jtr_1



We associate to the elements u!, ..., u’, the following functions:
ur 2 [0,T] — V, u.(t) =u” for every t € [tp_1,11]

and w, : [0,T] — V continuous, affine on each interval [t;_1,tx] such that w, (tx) = u*. Clearly, for every
k, problem (2.14)-(2.15) has a unique solution (see [20, Cor. 1.4.1]). Now, we derive a priori estimates. Let
v =uF in (2.14). Applying Young’s inequality (2.9) gives

||ukH%2(Q) + VTHCUI'lukH%%m <1+ T)”ukH%Z(Q) + 5wt 2o

#r (1 ey + b2, ).
HOQO(F'"’

Rearranging the terms of the last inequality, we get using induction

||u1<||L2 + 2 Z " [eurlu’||72q) < E ||U0HL2(Q + 22 (”fi%Z(Q) + Hpin”ﬁnf%(l“ )) .
00 m

i=1
Where we have set for every i, 1 <i < k, 4% = (1 — 7)*~**1. Now, observe that
(W) <A =1 =e(n)
and ¢(7) tends to e~T when 7 goes to 0. This yields that c(7) is uniformly bounded by a constant c. All

this leads to the following estimate
k

k(172 +2v Y Tlleurlu’|[72q) < (Huom+rZ(||f%|L2<Q+||pm||2 " ))) (2.16)
00 m

i=1

In addition, taking v = u* — u*~! in (2.10) and using Young’s inequality and the identity

1
(a,0) = 5 (llall® + fla = o = [1B]]%) ,

obtaining
_ vT _
A 1\\%2(9) +— (||cur1uk|\L2(Q + [|curl(u® — u® )||L2 — ||curlu® 1||%2(Q))

1
k k k k—
2<||f o + 1%y )+ gl = ey

Dividing both sides by 7 and summing over k yield

k
>
i=1

From (2.16), we deduce that the sequences (u,), and (w,), are uniformly bounded in L%*(0,T;V) N
L>(0,T; L?(£2)). Moreover, estimate (2.17) shows that (Ow,/0t), is bounded in L?(0,T; L?*(2)3). Then
standard arguments, see for example [27, Subsect. 111.4.4], ensure the existence of a solution w in H*(0,T; H)N
L?(0,T; V). The stability estimates (2.12)-(2.13) are consequences of estimates (2.16)-(2.17) and since prob-
lem (2.10)-(2.11) is linear, the uniqueness of the solution follows from the stability estimate (2.12). O

[

i—1 ]2

u—u

< leustunlagy +23 7 (17 ey + Iy ). @2am
00 m

Ti L2(Q) i—1

Remark 2.5. If the function p,, belongs only to L*(0,T; L*(T,,)), the well-posedness theorem holds true
when the boundary O is connected. Indeed, applying [2, Cor. 3.19], we arrive at

YweV, (v -n)r, < [Phllee,) lolee,,)
< clph |l 2o vl @)
< cllpy, Nl L2, leurlv]| L2 ()
< cllphFar,,) + 5 leurlo]Faq).
It suffices to use this estimate to bound the term (pF,,v -m)r, in the proof of Theorem 2./.
6



Theorem 2.6. Under the same hypothesis of Theorem 2.4, problem (2.4)-(2.5) has a unique solution (u,p)
such that the velocity u is the solution of the reduced problem (2.10)-(2.11) and the pressure p satisfies

Il L2 0,6:22(0)) < € (fL2(0,t;L2(Q)) + ||Pm||L ( + u0||H(cur1,Q)> .

2 07t;H0%0(Fm))
Proof. For every v € X and almost every t € [0,T], we define the linear form L; by

Li(v) = (f,v) — (pm,v-n)r,, — <881:,'v> —va(u,v). (2.18)

Clearly, this is a continuous linear form on X and according to (2.10), it vanishes on V. Hence, see [20,
Lem. 1.4.1], there exists a function p(-,t) € L?(Q) such that

Yve X, Liy(v)=b(v,p(1)) (2.19)

and

1 L (v
()l < % sup )

5 Tolx (220)

From (2.19)-(2.20) we deduce that p € L?(0,T; L?(2)) and (u,p) is a solution of problem (2.4)-(2.5). Now,
assume that (u1,p1) and (ug, p2) are two solutions of problem (2.4)-(2.5) and consider the difference (z,y).
Then, this pair satisfies

Vv € X, (Z,v) + a(z,v) + b(v,y) =0,

Vg€ L*(Q), (divz,q) =0,
z(-,0) =0.

From the stability estimates (2.12)-(2.20), we get (z,y) = 0. O

3. Semi-discrete problem

In this section, our interests focus on the semi-discrete problem. We consider a sequence of nodes ¢, with
k =0,1,..., K, which induces a partition of the interval [0, T] into sub-intervals [t;_1; tx]. We denote by 7, the
1
time-step tx —tx_1 and by 7 the maximum of 7. For any data (f, p,,) in C°(0,T; L2(2)3)xC°(0,T; H3,(T'.n)),
the backward Euler’s scheme reads as :

Find (u¥)1<p<r in (X)® and (p")1<r<x in (L2(Q2))" such that for all k = 1,2, .., K,

ub — k-1

Tk

Yo e X, < ’”) +va(u®,v) +b(v,p*) = (f*,v) = (p},,v-n)r,,, (3.1)

Vg e L?(Q), b(u* q) =0,
w’=wuy in (3.2)

where f% = f(-,t) and p&, = p,.(-, ty).
Now we can establish the well-posedness result for this scheme.

Theorem 3.1. Assume that the data (f,pm) € C°(0,T; L?(2)3) x C°(0, T; HO%O(I‘m)) and the initial velocity
ug belongs to H(curl,Q) . Then, problem (3.1)-(3.2) has a unique solution (u®,p*)1<r<x. Moreover, the
following estimates hold



k

k
[ ||L2(Q) +2VZ7’1||CUT1U ||L2(Q) <e <||U0|L2(Q) +4TZ7'7 (“f HLZ(Q) + ||i'9m||H2 ))>>7 (3.3)
00 m

=1 =1

k 2 k
>
i=1

< vlewrtuallso) +2 37 (15 ey + bl y ). 30
L2(Q) i=1 00( m))
Similarly, the sequence of pressures satisfies for all 1 < k < K,

k
Zﬁ”ﬂ”%z(sz) <||U0|L2(Q) + vllcurlug||72 ) + ZTZ <|f 1220 + 1212 o )))) . (3.5)
Hgo(T'm

i=1 i=1

uiuzl

Ti

Proof. For every k = 1,2,..., K, the coercivity of the bilinear form a(-,-) and the inf-sup condition (2.6)
imply existence and uniqueness of the solution of problem (3.1)-(3.2), (see [20, Cor. 1.4.1]).
First, to derive estimate (3.3), let v = u* in (3.1). Cauchy-Schwarz and Young’s inequalities give

1 Tk 1 _
(3 15 ) 1t s + v mullourt ey < gl agey + 20 (14 oy + el )
(3.6)
By induction we deduce that
k
Ti 7 Ti
It s + 20 3 T lewrl gy < ol s P (1B + Wl )
i=1 i i=1 Heo(T'm

where we have set for every i, 1 <1i < K,

j=1
Now, taking into account the inequality In(1 — §) > —x valid for every = € [0, 1], we deduce that
k - L
-3 (1_4) >N 2o,

which implies that v¥ > e~! and the proof is complete.

Next, to get estimate (3.4), we choose v = u¥ — u*~! in (

Schwarz and Young’s inequalities combining with the identity

3.1). Once again, using successively Cauchy—

1
(a,ab) = 5 (lal|* + [la — b]* -

1)
yielding
_ VTg _
= ey + 5 (lleurlu® |2 g + lleurl(wh — ub =) [ q) — leurlu’" | g, )
k k k k—
<72 (1 ey + Ipb o e ) + gl = gy,

Then, dividing by 7, and summing over k yield estimate (3.4).
Finally, to prove (3.5), we use the inf-sup condition (2.6), we obtain

b(v,p
Blplzzco) < sup G2
k k—1
u” —u
< = lee+ vleurlu®(|za i) + I1F ") + 1Pl )

The desired estimate for the pressure follows by taking the square of both sides, multiplying by 7 and
summing over k. O



Remark 3.2. The classical way to obtain estimate (3.3) is to use an inequality of the form
VoeV, v < c|curlv|izq).

We avoided following this method because to apply the above inequality we usually assume some restrictions
on the domain § (see [2, Cor. 3.19] and [18, Appendix A.1]).

Let us now estimate the velocity and pressure errors approximation relatives to scheme (3.1)-(3.2). To
do this, we consider the sequence (e*)o<rp<x defined by e¥ = (-, ;) — u*, where wu is the exact solution of
the problem (2.4)-(2.5). For every 1 < k < K, this sequence satisfies the following system:

Vv e X, (ek, v) + I/a(ek, v) + b('u,pk) = (ekil,v) + (sk, v), (3.7)
Vg e L*(Q), b(e*,q) = 0,
e = 0in Q,

where the consistency error is given by

u(-,tr) —u(-,tg—1) Ou

8k(u) = _E('vtk)'

Tk
Using Taylor’s formula with the integral form of the remainder, we obtain

IR 0*u
) = — /tkl(s —th1) g (5)ds,

Ti

which yields
Pu
ot?

1

k 1/2
eV (u < —7

” ( )HL2(SZ) = \/g k

L2(th—1,tk;L2(2)?)

Proceeding in a similar manner to the stability proof and taking into account the above estimate for £*(u),
we easily derive the next convergence result.

Proposition 3.3. Under the hypothesis of the previous theorem, assume in addition that the exact velocity
u, solution of (2.4)-(2.5) belongs to H%(0,T; L?(Q)3). Then, the following error estimates hold

T || O*u
37 || B2

i 1/2
(HU('Jk) - ukH%P(Q) + 21/27'1'”0‘11'1“('7151‘) - Curlui||2L2(Q)>

L2(0,t;L2(Q)3)

=1
) , 1/2
Z’“: (u(t) — u') = (u(, tig) —u="||? _ ||
Tk < T
i=1 Té L2(Q) O || L2(0,00:22(52)9)
& 1/2
; O%u
and (Z illp(,ti) —p ||2L2(Q)> S TloE :
i=1 L2(0,tx;L2(2)%)

4. Analysis of the fully discrete problem

4.1. Fully discrete formulation

In this section, we study the space approximation using Spectral method. We then are interested in the
case where 2 is the unit cube | — 1,1[3 and the interface T',, is the region {(z,y,z) € 02 : y = +£1}. We
denote by P, »(£2) the space of restrictions to © of polynomials with degree < [ with respect to z, < m
with respect to y and < n with respect to z. When [, m and n are equal, this space is denoted by P, ().

9



Let N > 3. Setting §, = —1 and &y = 1, we introduce the the nodes &, 1 < i < N — 1, and the
associated weights p;, 0 < i < N, of the Gauss-Lobatto quadrature formula. We denote by Zy the Lagrange
interpolation operator associated to the nodes (§;,&;,&k), 0 < 4,7,k < N, with values in Py (). Denoting
by Px(—1,1) the space of restrictions to [—1, 1] of polynomials with degree < N, we recall the following

exactness property
1 N

VoePava(-LD), [ ple)de=Y el (4.1)

-1 i=1
The following equivalence property will be useful in the sequel

N
Vo € Py(=1,1),  llellferny < Y 0(€)pi < 3llellfz 11 (4.2)

i=1

This formula allows us to define the discrete scalar product on the space of continuous functions v and v as
follows

N
(’LL, U)N = Z u(f’u g]a fk)v(fiv é-]a gk) PiPjPk-
i=1
The associated discrete norm will be denoted by || - ||x. We refer to the review books [11, 12, 16] for more

details on this topics.
The first spectral discretization of our problem is based on the following velocity discrete space:

Xy =Pnn_1,8v-1(2) X Pn_1,nn-1(2) X Py, vo1,n () N X

The space My of discrete pressures is a subspace of Py_1(€2) and will be fixed later on. In fact, the pair
(X n,Py_1(€)) is not stable. Indeed, defining the space of spurious modes

Zy = {(JN €Pn_1(Q) :Yony € Xy, bn(vn,qn) = 0}7

the following lemma shows that it is not empty (see [11, Rem. 24.1]).

Lemma 4.1. The space Zn has dimension 12N — 16 and is spanned by the polynomials

(Ly & Ly 1) (@) (Ly £ Ly 1) () en(2), (Ly £ Liy_)(x)en () (Ly = Liy_1)(2)

and e (2)(Ly £ Ly 1) (y)(Ly £ Ly 1)(2),

(4.3)

where o Tuns through Py_1(—1,1).

Now we define the space My following Bernardi et al. [11, Sect. 24] (see also [1]). Let A €]0,1[ be a
fixed real number. Denoting by [AIV] the integer part of AN and by [\ the orthogonal projection operator
from L?(—1,1) onto Py (—1,1), we set

AN = Lﬁvf’ﬂ[AN]Lﬁv, AN_1 = LEV—l 77T[)\N]L§V_1-

Définition 4.2. The space My is the orthogonal in Px_1(Q) for the L*(Q)-scalar product of the space Zn
spanned by the polynomials

(AN £ An-1)(z) (AN £ AN-1)(y) pN(2),
(An £ANn_1)(x) on(y) (An £ An_1)(2), (4.4)
and  on(z) (Ay £An-1)(y) (Anv £ An-1)(2),

where N Tuns through Py_1(—1,1).

10



Since Zy and 7 ~ have the same dimension, we can check that
PN_l(Q) =My D Zy.

The fully discrete problem is now defined using the spectral Galerkin method with numerical integration as
follows:
Find (uﬁv)lngK € Xy and (p?v)lngK € My such that for all k =1,2,..., K,

uk — k1
Yoy € Xy, <NTkN’vN +ray(uy,vn) +bon, i) = (F 5, on)n = (P, o8 - )N D,
N
(4.5)
qu S MN) b(uf\quN) = 0)
uly = Iyug in 9, (4.6)

where the discrete bilinear form ay(-,) is given by
ay(un,vy) = (curluy,curlvy)y

and the boundary term (pf,, vy - n)nr,, is defined using Gauss-Legendre-Lobatto quadrature formula.
Observe that the bilinear form b(, -) is not replaced by the corresponding discrete one since they coincide
in the space X y x My (this is a consequence of the exactness property (4.2)).

Remark 4.3. The space of discretely divergence-free velocities
Vy = {vy € Xn :VYgy € My, b(vn,qn) =0}

coincides with X y N'V. Indeed, let v be any polynomial in V. Since divoy belongs to Py_1(Q), the
identity Pn_1(Q) = My & Zy implies that

diva = Q}V + q12V7
where ¢k € My and g% € Zn. According to the definition of Vv and Zy, we know that
N N
b(”N?QJlV) = b(vaqZQV) =0.

Thus,
0=b(vn,divoy) = [divoy||7z(q)-

4.2. Discrete inf-sup condition

In order to get an analysis of (4.5), (4.6) and establish the priori error estimates, we need to check
the discrete inf-sup condition. To do so, its proof is devoted to the demonstration of two rather technical
results. We adopt the notation of the previous section. Using the inclusion A+ C (A @ B)* @ B valid for
any subspaces A and B of a Hilbert space, we may write

My C (My & M%) N L3(Q) & R,
where M}, is the orthogonal of the space Z ~ and of the polynomials

Ly_1(x), Ly-1(y), Ln-1(2);
Ly-1(x) Ln-1(y), Ln-1(2) Ln-1(2), Ln-1(y) Ln-1(2) (4.7)
and LN,1<.’17) LNfl(y) LN,]_(Z).
M is the space spanned by the polynomials in (4.7) and R is the space of constant polynomials.
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Lemma 4.4. For any gy € MY N L2(Q), there exists a function vk, € Py_1(Q) N HY(Q)? such that
b(vn,an) = llanlZz) and oyl < eNlaxllzz@)-
Furthermore, we have
2 2 12y _ 1oy
Vay € My bloy,qy) =0 and  VgeR, blvy,q) =0

Proof. This is a consequence of [11, Thms 24.7 and 24.9]. For the first orthogonality property, see [11, Rem.
24.1]. O

Lemma 4.5. For any ¢3% € M3, N L3(Y), there exists a function v € Xy N HE(Q)? such that

oy, ax) = laxlliz) and  llvillme) < cladllzz -

Furthermore, we have
VgeR, b(viy,q) =0

Proof. We us similar argument to that of [1, proof of Lem. a.4]. Let ¢% be any element of M%. Then, if we
denote by ¢, i = 1,7, the seven polynomials in (5.1), we may write ¢4 as a linear combination of the ¢}’s.

For simplicity, we set ¢% = 23:1 g;. Let us consider the polynomial

vi =gz (B @2 - (L2 — 20)(.0.0)

We have
b(v1,q1) = b(v, Ly—1(2)) = |41 72(q)-
Similarly, setting

vi= g (B ) @) (Lvar - Lv-a) 0)(Es ~ Lo)(2),0.0)

we obtain
b(vi, qi) = b(v}, Ly 1(x)Ln—1(y)) = 45|72 (0-
Finally, let

v = (P2 ) @) (v = Lv-) () Evor — Lv-)(2,0.0)

2N -1
Again, we have b(v, ¢3) = ||¢F H%z(g)' We can repeat the same arguments to control the other ¢/’s. Setting
7
2 _ * : : . 22N 142 (|2 : 2
vy = Z v; and using orthogonality properties, lead to b(v%, q3) = HqNHLQ(Q). The estimate [[v3 ||z Q) <
i=1
cllg |l L2(0) can be easily checked. O

Lemma 4.6. There exists a constant ¢ > 0 independent of N such that for any g € R, there exists v € X
that satisfies
b, ) > cllglF2i) and [[B]x < ealldllLee)-

Proof. Consider the function ¢ € Po(Q) defined by ¢(z,y,2) = (1 — 2?)(1 — 22). Clearly, this function
vanishes on I'p and satisfies

/Fm (o) do > 0.

According to [12, Thm. III.3.1], there exists a polynomial vy € X y such that

UN|D,, = —qpn.
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To conclude we apply the divergence theorem and we obtain

b(on,q) =7 / p(0) do = cl[alzz ).

m

Now, we conclude using Boland and Nicolaides argument [14].

Lemma 4.7. There exists a constant B > 0 independent of N such that the following inf-sup condition
holds

by (v,
Vgn € My, sup N( N QN)

> BN lan|lz20)- (4.8)
vNEX N HvN”X

Pmof Let g be any element of My. We already know that gy = gk +¢3 + ¢35 where gy € MY, qN € M3,
and g3 € R. Let A, x> 0 be two real numbers and consider the polynomial vy = v} + M3, + pv3;, where
v’y is the associated polynomials to ¢}, by one of the above lemmas. We have

b(vn,an) = llan 172y + Alai 172 + #1463 172 ) + Ab(vs an) + ub(vi, an) + pb(vi, a%)
> [lanl172q) + Alax 1 72() + sllad 172@) — Aczlldi 2@ lan L2
- :uc3||Q?V”L2(Q)HQJlVHLz(Q) - M03||CI?V||L2(Q) ||CI12V||L2(Q)

Using Young’s inequality, we arrive at

2
1 1 [ pes
o) > bl + 0= WD+ (-~ () ).
Thus, if we take A = (4c2)~! and p = (2¢2(1 + 4¢3)) ™1, we obtain
b(onan) = ¢ (la iz + gkl 72 + gkl ) -

Taking into account the orthogonality of the ¢4 ’s, we deduce that

b(on,qn) > cllan iz and  [onllx < eNllgn|lr2)-

5. Stability and a priori error estimates

Repeating exactly the same techniques of the semi-discrete case and using the equivalence property (4.2),
the following result is straightforward (the boundary term is treated as in Remark 2.5 )

Theorem 5.1. Assume that the data (f,pm) belongs to C°(0,T; L*(2)3) x C°(0, T; H*(T',)), p > 1, and the
initial velocity wg belongs to H(curl,Q). Then, problem (4.5)-(4.6) has a unique solution (u”,p*)1<p<ik.
Moreover, the following estimates hold

k k
||U]1€v||%2(sz) + QVZTiHCUI‘IUM@Z(Q) < c <||INU0||%2(Q) + Zﬂ‘ (HINfzﬂiz(Q) + |INp:n||%2(Fm)))>
i=1

=1
k

Remark 5.2. The space H*(Ty,) in Theorem 5.1 denotes the space of functions which belong to H*(vy) for
each face v contained in Iy,

i—1
UN_UN

A

L

2 k
< e (ncurlzwuw%z(m 37 TN F o) + ||INp¢n|%2<pm>))> .

L2(Q) i=1
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To derive error estimates for the discrete scheme (4.5)-(4.6), we need two preliminary lemmas. The first
one gives a required characterization of some interpolation spaces (for the definition of these spaces see [23,
Chap. 1]).

Lemma 5.3. The following interpolation result holds for any real number 8, 0 < 6 < 1,
[H3(Q)* NV, V], = H-O0H Q)P nV.

Proof. In view of [23, Thm. I1.14.3], it suffices to construct a continuous operator R defined from H?*(£2)
into H*T1(2)*N X, 0 < s < 2, such that

Vg € H*(Q), div(Rg)=g.

Let O be an open ball containing Q. As in [10, Thm. 3.5], we consider an extension operator £ and modify
it so that for any g € H*(2), we have [, Egdx = 0. Now, we solve the following Stokes problem

—vAv+Vqg =0 in O,
dive =&y in O,
v =0 in 00.

This problem has a unique solution (v,q) € Hg(0)3? x L3(0). In addition, the mapping g v|q is
continuous from H*(2) into H*T1(2)3. On the other hand, a divergence-free lifting © € H**1(Q)3 for the
trace of v on the boundary 0f2 is constructed in [10, Thm. 4.11] and satisfies

10l gs+1 () < cllvjlla+i()-
Thus it suffices to take Rg = vjq — v to conclude. O

Lemma 5.4. Let s be any real number > 1. The following approximation estimate holds for any function
vin H¥(Q)3NV :
inf v—v < eNL—s ron -
’l)NEP]l\](Q)?’ﬂV” vlx e vl &= (5.1)

Proof. We know from [26, Thm. 2.3] that the following result holds for any divergence-free function v in
H*(Q)NHY(Q)? and s > 3 :

inf v —v < Nlis v s .
'UNE]P‘IIVI%Q):;QVH Nllme) < ol

However, it can be easily checked that this last estimate holds also for functions satisfying the boundary
conditions of X (see [26, Rem. 2.2] ). Furthermore, since €2 is convex, the norms || - || z1(q) and || - [[x are
equivalent in the space V' (see [2, Thm. 2.17]). Thus, estimate (5.1) holds for s > 3 and obviously, it is
also true for s = 1. The principal interpolation theorem [23, Thm I1.5.1] and Lemma 5.3 give the desired
result. O

Proposition 5.5. Assume that the initial velocity uy belongs to V.. Moreover, if
wc H*0,T; H(Q)?), woec H(Q)>, for a real number s> 1,

and
3
Fec’0,T; H°(Q)?), pm €C0,T; H*(T,,)) for o> 3 and p>1,

then, for every k =1, .., K, the following a priori estimate holds
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k 1/2
(IIu(-,tk) —uf|i2) +v ) mlcurlu(,t;) - curl U?vlliz(g)> (5-2)

i=1
9 1/2
HS(Q)>

. 1/2 i 1/2
+ N (z nllfillifa(ﬂ)> N (Z Tz‘llpin“H“Fm)) )
L2(0,tx;H? (2)2)

i=1 i=1

ou
TR

< C<N1 ) <||UO||H5(Q) + [u(, tk)”Hé(Q) + ZTZHU )1 s 1 ZTz

=1

9%u

+7 prD

The error estimate corresponding to the acceleration term is given as follows

k t i t 1—1 2 1/2

S | )~ wh) = (utetion) — i) 653

i=1 Ti L2(Q)
il ou 2 12

< C( <||u0||Hs @t anIu M) + Y™ ¢ otk )
i=1 H#(Q)
o 1/2 X 1/2
u ,g ; - i
Hatg N <Z7_i.fz||§{”(ﬂ)> +N7H (ZTi|PmHu(Fm)> >
L2(0,tk;H=(22)%) i=1 i=1

Proof. Let us consider the function @y (-, t) = Ty ,_, u(:,t) the projection with respect to the bilinear form
a(+,-), ie.
Yoy € Vo1, Vi€ [O,T], a(u(~,t)7'&N(~,t),vN):O.

It can be easily checked that this function satisfies for all vy € V y_1

(@V(-,tk),’lJN> +Va(’l~LN(-’tk),'vN) = (aat(uN U)('7tk)7UN> —|—ya((fl,N _ u)('7tk)7UN)

+(f%on) = (O, on 1),
This last equation is also equivalent to, for all vy € V y_1

<11N(',tk) —un (-, tp—1)

Tk

,UN> +van(an(,t), vN) (5.4)

—ZEk (on) + (F,on) = (D3, N 1),

where we have set

Ek: vN ( N tk 7“1\/( tk—l) 'UN> _ (a/a’]\/( tk) UN>

Ekaz(a Lt a“( th),v )

Now, setting ek = @n(-, ;) — uk, and subtracting equation (4.5) from (5.4), we get the following error
equation
k k-1

Yoy € Vn_1, (eN_T:N ) + van( eN,vN ZEk vN), (5.5)
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where
Efi(on) = (fFon) — (FFon)y  and  Ef(vy) = (0F,vn -n)nr,, — (05, o8 -n)r,,.

Using Taylor’s formula with the integral form of the remainder, the first consistency error E’f('v ~) can be
bounded as follows P

Ek('uN) < —T 2

V3

In order to derive similar bounds for Ei (vn), i =2,..,5, we need standard approximation results [12, Chap.
IIT and IV] and Lemma 5.4. For instance, we have

ou
a("tk)

lonllzz@)-
Lz(tk,tk_l;LQ(Q)S)

Ej(vy) < CN'™* lonllzz@)-

’HS(Q)

Next, taking vy = €% in (5.5) and proceeding in a similar manner to the stability proof, leads to

k k )
3 i s ou
lefl7zio) +v Y milleurlen|fai) < C N2 (fuolfe ) + Y7 || 57 ¢ te)
=1 i=1 Hs(Q)
92u |2 k , k ,
i (s N2l Wy |+ N D ARl | ).
L2(0,T;H*(R)) | P

Thus, estimates (5.2) follows by combining estimate (5.1), the identity
’Ll;(', tk) - u?\/ = 'LL(', tk) - ﬁN(a tk) + ﬂN(y tk) - ’u’?\f’

and the triangle inequality.
Now we prove the error estimate (5.3). Setting vy = €% — €% ! in (5.5), using Young’s inequality and
the standard approximation results mentioned above, we obtain

HeN*eN |\N+7<||curleN||N+chrl( fefv Y% ||curle HN)
o 2 o2
<Crtf N2<1—s>(||u(.,tk)||i,s(m+ H u( ty) )+7’ —12‘
ot He (@) O | L2 (s, 12 (9)9)

k k
—20 i —2u 7 1 k—
+N7? ZT%”f H%IG(Q) + N2 ZTinm%IH(Fm)> + 5”6?\! — €y 1“?\7

i=1 i=1

Dividing both sides by 7%, summing over k£ and using a triangle inequality, give the desired estimate. O

Proposition 5.6. Under assumptions of Proposition 5.5, suppose moreover that the exact pressure, solution
of (2.4)-(2.5) belongs to H*(0,T; H"(S2)), for r > 1. Then, the following approzimation estimate holds

i 1/2
(z Al (ot —pmzm)>

i=1

)

9 1/2
< CN (Nl s (UOHHs(Q + ZT’L |UHH5 ) + ZTz ) (56)
H2(Q)

=1
1/2
(Z T; ||P ”HT Q))
L2(0,tk;H5(Q)3)
X 1/2 k
+ N (Z nnfln%m)) N (Z ﬂllp%“%ww»'

i=1 i=1

0%u

T e
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Proof. For almost every t € [0,T], we consider the function py(-,t) = mpnp(-t), where mynp is the
projection operator defined from L?(Q) onto PpwnN. For every k =1, .., K, we have

b(vn, pn () = i) = b(on, B (- tr) = p(, 1)) + bon, p(-, 1)) = blvw, pY).-

If we replace b(vy,pk) and b(vw,p(-,t)) by their equivalents in (4.5) and (2.4) respectively, we find the
following error equation

Tk

k—1
b(UNJ;N('atk) —Plfv) = b('UNaﬁN('vtk) _p('ﬂtk)) - (g‘;('vtk)vvﬁ’) + <M7UN>
N

—va(u(, tr), vn) +vay(ul, v&) + (FFon) = (F5 on)v — (F v - n)r,, + (0F. o8 - 1)Nr,.

Hence, using the inf-sup condition (4.8) and taking into account the error estimates already proved for the
velocity and of standard approximation results, we derive the desired estimate.
O

Before we enunciate the conclusive theorem, we introduce the functions wy_ and py_. defined on [0, 71,
affines on each subinterval [tx_1,%x], k = 1,.., K, and such that

Uun, (tk) = u’fv and PN, (tk) = pﬁc\/.
Theorem 5.7. Assume that the initial velocity wy belongs to V.. Moreover if
we H*(0,T; H*(Q)*), peH'(0,T;H'(Q) woe H*(Q)?,  for s,r>1,

and
3
FeC0,TsH(Q)),  pm €CO(0,T; HY(Q)), for o>5, p>1
Then, for every k =1,.., K, the following a priori estimates hold

lw —un, | 20,0:%) + | — un, [leo1;22(@)

= C<(NH + T)llwll 20,7505 @)3) + NN Fllcoo, 1517 )3) + N*”||Pm||c0<o,T;Hﬂ<Fm>>)
and
o — o, Nl L20,7;02(0)) < C((Nl_s + )l g2 07505 @)2) + (N + ) Ipll o, 0)

+ N7 fllcoco,r;me 23y + Nﬁ“||pm||c0(o,T;H~r(Fm)))~

6. Numerical experiments

In this section we present numerical results to examine the performance of the fully discrete scheme
analyzed in this manuscript. We first assess the accuracy of the scheme for two test examples with known
manufactured solutions for a Stokes problem with physical boundary conditions. The first illustrate the
temporal accuracy test and the second concerns the spatial accuracy. For simplicity, we only consider
the numerical experiments when the same degree of the polynomial basis are equal in each directions.
At each time step, the obtained linear systems of algebraic equations are solved using a preconditioned
Generalized Minimal Residual (GMRES) iterative solver [25]. Finally, all the computations are performed
using FreeFEM-3D software [19, 28].
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6.1. Time accuracy test
In order to show the convergence rate with respect to time, we construct the three-dimensional problem
where the exact solution is given in the unit cube ]0.1[* by

ul(z,y,2) = (2% —y* + 2°) sin(t) — log(1 + t?) y* 2>

uS(z,y, z) = sin(t) (2322 +y°) + 2322 V1412 — ¢

ug(x,y,z) = —sin(t ) (222 + 5y*z — 23y3) + (2% 4+ 9?) exp(—t%) + 17
p(z,y,2) = (2 + y* + 2) (t* + sin(t)).

Hence, the suitable forcing functions f and the boundary conditions are obtained using this exact solution
and v = 1. The boundary T, coincides with the upper face z =1 and I'y = 9Q/T,
We use the degree N = 7 in each direction to insure negligible spatial error for the chosen range of time
step. The velocity and pressure errors to the exact solution will be computed at the final time 7" = 1.

We recover a convergence order for velocity and pressure that decreases as the time step tends to 0, with
convergence rate equal to 1, which confirms the theoretical estimate obtained in Theorem 5.7, see Figure 3.

10-1

1072

Errors

1073

—— (L% —u)

—4 |
— (L* —p)
- - - slope=1
10~° 1 |
1072 10!

At

Figure 1: Convergence rate with respect to the time step At for velocity in L? and H! norms and L? norm for the pressure.

Figure 2 shows (the slices of) the exact and the computed (velocity,pressure), using N = 7 and At = 320"

It can be noted that the top and the bottom levels of this figure have little differences.

6.2. Spacial accuracy test
The aim of the second test is to verify the space accuracy. The computational domain is the square ]0.1[?

and the exact solution of the Stokes problem is given as follows by
u§(x,y,) = sin(rz) sin(ry)t
ug(z,y,) = cos(mx) cos(my)t
“(z,y) = sin(m(z —y)) t.
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Figure 2: Top: Discrete solution using (N1, N2, N3) = (7,7,7) and At = 1/320.  From the left to the right: slice of velocity
components u1,u2,us3 and pressure p. Bottom: Exact solution: slice of velocity components (u§,u§,u§) and pressure p°.

We fix the time step At equal to 0.1, and we plot the L? and H' norms error of the velocity and L?-norm
error of the pressure between the numerical solution and the exact solution at the final time 7' = 1 with a
successive polynomial degree from N =4 to N = 18. It is clear from Figure 3 that the convergence slopes
of both velocity and pressure in all norms coincide with the slope of e™®. Hence the spectral convergence
for all unknowns is obtained which is consistent with the error estimate obtained in the present work.

10—2
10-°

10-8

Errors

10—11

10—14

10—17 : : : : : : : :
4

Figure 3: Convergence rate with respect to the polynomials degree N for velocity in L? and H' norms and L2 norm for the
pressure.
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7. Conclusion

In this paper we have dealt with the time-dependent Stokes equations with unusual boundary conditions.
We have seen that the associated variational space have different behavior from that of classical ones and
this often requires some restrictions on the boundary. In addition, we have proposed a spectral discretization
for this problem. Although the numerical scheme gives pointwise divergence-free discrete velocities which is
always attractive, the complexity of the pressures space renders this method impractical from a numerical
point of view.

There are at least one immediate direction for future work. This is the purpose of the second part of this
manuscript. In fact, we will propose another discretization based on a penalty method by "relaxing” the
tangential boundary conditions verified by the discrete velocities. This will eliminate all the spurious modes
and we will show that the inf-sup constant scales like O(N~1!). The main objective of this second method
is to give a spectral approximation with the same properties as the first one, i.e. exactly divergence-free
discrete velocities and at least with the same rate of convergence, but with a much simpler discrete pressures
space.
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