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Anatomy of oscillators: Classical versus Two-Level Quantum
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Classical and two-level Quantum oscillators are described in a unified fashion with the Barkhausen criterion. The electrical Van Der Pol relaxation oscillator is studied as an archetype classical whereas the Rabi, Maser and Laser are studied as two-level quantum oscillators.
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Stimulated emission (SE) is surprising with the fact that by providing energy to a TLS, one would expect it to absorb and not emit radiation. This is one of the intriguing facts of Fermi golden rule and quantum time-dependent perturbation theory applied to an electromagnetic field interacting with a TLS (see Appendix). SE is, in fact, inverse absorption and both have the same transition rate. It produces two outcoming coherent photons for one incoming photon absorbed. We note that energy is conserved in the process since we start with a photon whose energy is ω 12 and a TLS in the excited state (with energy ω 12 with respect to ground state) and end up with two emitted photons each bearing the TLS excitation energy ω 12 (see Appendix). SE is the key to amplification required in Masers and Lasers since we have a chain reaction with one incident photon, producing two in a single event. Thus if we have n TLS in the excited state (or pumped state), the resulting number of photons will be 2 n all with the same frequency.

Moreover, the amplification process is phase-preserving [START_REF] Vedral | Modern Foundations of Quantum Optics[END_REF] with no noise, resulting in an outcoming signal with the same directional properties, same polarization, and same spectral characteristics as the one related to the incident photon.

The Ammonia molecule having been thoroughly studied as the basic historical TLS ingredient of the Maser. We provide detailed description of this TLS.

Regarding lasers we describe in particular the historical Ruby laser developed by Maiman and afterwards the semiconducting solid-state laser.

II. CLASSICAL OSCILLATORS

Oscillators are studied with electrical circuits and we derive below the Barkhausen condition in absence and presence of noise. The illustration of these notions is made with the electrical Van Der Pol circuit since it contains all the required elements in a clear fashion and we choose a the case of a Van Der Pol system relying on a single parameter to show how oscillation is triggered and checked at long times.

A. Barkhausen oscillation criterion without noise

Let us first require a resonator and derive the condition for oscillation. A resonator (like an RLC circuit) is different from an oscillator as detailed in table I. The fundamental condition of circuit oscillation is the Barkhausen criterion shown in fig. 1 and derived below.

The input voltage V i is subjected to amplification with A coefficient and feedback through a coefficient β. Inspection of fig. 1 shows that input to the amplifier is the sum V i + βV o which delivers V o after amplification.

Thus V o = A(V i + βV o ) yielding Vo Vi = A 1-Aβ .
Oscillatory behavior is induced by an instability (pole in the response Aβ = 1), however we need phase opposition at all times in the circuit for confirmation.
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1: Anatomy of a basic oscillator circuit with amplifier and feedback, βV o is the feedback voltage (left). More detailed structure of the basic oscillator circuit with amplifier and feedback showing the input and feedback selection (right). Oscillation means phase opposition at all times between V β and V A .

This is described in a more detailed setup of the above circuit (right part of fig. 1). Inspection of right part of fig. 1 gives the relation:

V i = V β + V A .
The gain of the amplifier is given by A = V P V A and the feedback voltage is given by V β = βV P . This yields

V i = βV P + 1 A V P thus V i = (β + 1 A )V P . As a result we get: Vi V β = 1+βA βA and V P Vi = A 1+βA .
Oscillatory behavior means that V β + V A → 0 or phase opposition at all times between V β and V A yielding V i → 0 which is equivalent to having the condition βA = -1 and

|V β | ≈ |V A |.
Sign alternating (phase delay of ±π between V β and V A ) with equal amplitudes for V β and V A confirms oscillatory behavior and general Barkhausen condition |Aβ| = 1.

B. Oscillation criterion in presence of noise

The simple Barkhausen rule with amplification and linear feedback is not enough to warrant oscillation in presence of noise. We must introduce a non-linear element in the circuit providing a general Barkhausen rule embodying non-linearity.

Thus an oscillator consists of a resonator with three additional components:

1. Amplifier 2. Feedback circuit

Non-linear element

Another form of the Barkhausen criterion might be rephrased (as seen further below) with two components A and β as stated previously with some modification:

1. Amplifier 2. Feedback circuit containing at least one non-linear element.

C. Electrical Van der Pol oscillator

The Van Der Pol oscillator is an archetypical example of a relaxation oscillator with a slow time variation followed by a fast one providing a nice bridging between analog and digital systems as described further below.

Van der Pol [START_REF] Van Der Pol | Le battement du coeur considéré comme oscillation de relaxation et un modèle électrique du coeur[END_REF] himself provided a non-exhaustive list of examples to describe relaxation oscillator behaviour: A pneumatic hammer, the scratching noise of a knife on a plate, the waving of a flag in the wind, the humming noise sometimes made by a watertap, the squeaking of a door, a steam engine with much too small flywheel, the periodic occurrence of epidemics and economical crises, the periodic density of an even number of species of animals, living together and following predator-prey dynamics, the shivering from cold and finally heart beating.

We describe below a version of the classical Van der Pol oscillator from the electrical point of view based on a single parameter µ that serves for amplification and feedback.

-µ V C [i L ] 2 -(1/µ ) Ω i L V C C L FIG.
2: Basic Van Der Pol circuit containing the resonator LC part, the amplifier consisting of a negative resistance -1/µ and the non-linear element being a voltage controlled current-source -µV C i 2 L that also provides feedback. Note that a negative resistance is equivalent to amplification and parameter µ controls both amplification and feedback.

The circuit representing the Van der Pol oscillator is depicted in fig. 2 and by inspection, we write the state-space equations:

di L dt = V c L ( 1 
)
dV c dt = 1 C (-µV c i L 2 -i L + µV c ) (2) 
The Barkhausen criterion for stable oscillation should be satisfied since we have amplification from a negative resistance -1/µ and a non-linear feedback provided by a voltage controlled current-source -µV C i 2 L .

In order to test stable oscillation, we take several values of µ and evaluate the behaviour of i L , V C as a function of time.

For small values of µ we observe stable periodic behaviour of i L , V C with time as in fig. 3. Both signals show stable regular periodic behaviour after a short transient variation.

When we increase µ to 10. we observe a different stable behaviour of i L , V C for very long times as in fig. 5.

For µ = 10. we observe a so called relaxation oscillatory behaviour with slow and fast amplitude variation akin of the systolic-diastolic behaviour of the human heart. Short-time is displayed in fig. 4 and long-time stable behaviour is shown in fig. 5. Note that if we increase µ further we obtain a transition to a square pulse behaviour L| H| L| H| L. This means we have created a digital signal with analog components.

III. TWO-LEVEL QUANTUM OSCILLATORS

Our main focus is about a single and a collection of two-Level systems (TLS) oscillatory behaviour and how Quantum Mechanics is used to describe and employ SE processes in Masers and Lasers.

Quantum physics is essentially linear implying the superposition principle and the linearity of Schrödinger equation... Addressing oscillatory behaviour in Quantum physics should nonetheless require basic elements drawn from Classical physics and extended to the Quantum case with the correspondence principle.

We start by describing the Rabi oscillator that performs its oscillation in a single TLS containing a non-diagonal coupling term between the two levels without the need of the Barkhausen criterion.

Further below, we tackle the Maser and the Laser and find a correspondence between their oscillation behaviour and the relation with Barkhausen criterion.

In addition, both Maser and Laser are based on a notion of collective behaviour involving many oscillators such that their oscillation is comparable to a phase transition [START_REF] Haken | Light, Volume 2, Waves, Photons, Atoms[END_REF] occurring when the number of TLS is above a given threshold.

The threshold main ingredient is SE discovered by Einstein who tried to understand the basic mechanisms contained in Planck blackbody radiation law. Thus we might draw a similarity between the non-linearity required by a classical oscillator in presence of noise and SE triggering oscillation in a Quantum oscillator beyond a given number of TLS.

A. Single Two-Level Systems (TLS): Rabi Oscillator For a single TLS the time-dependent wave function |Ψ(t) can be written as a linear combination of two basis states |φ 1 , |φ 1 corresponding to each level E 1 , E 2 of the TLS. In particular, two orthonormal basis states |φ 1 = 1 0 ,

|φ 2 = 0 1
may be chosen such that φ i |φ j = δ ij representing our TLS with ground state 1 and excited state 2.

The time-dependent coefficients satisfy the Schrödinger equation [START_REF] Hagelstein | Orlando Introductory Applied Quantum and Statistical Mechanics[END_REF] in matrix form considering a general energy scheme described by diagonal matrix elements E 1 = H 11 , E 2 = H 22 and off-diagonal coupling terms H 12 , H 21 :

i d dt c 1 (t) c 2 (t) = E 1 H 12 H 21 E 2 c 1 (t) c 2 (t) (3) 
The matrix elements are given in fact by

H ij = φ i | H |φ j , i = 1, 2
The Schrödinger equation is rewritten as:

i d dt c 1 (t) c 2 (t) = E 1 V 12 V * 21 E 2 c 1 (t) c 2 (t) (4) 
The stationary solutions are of the form

c 1 (t) c 2 (t) = e -iEt/ c 1 c 2 (5) 
The Hamiltonian matrix being Hermitian, we have:

H 11 = E 1 , H 22 = E 2 ∈ R, H 12 = V 12 and H 21 = H * 12 = V * 12 .
Thus we get from Schrödinger equation the eigenvalue condition:

E 1 V 12 V * 21 E 2 c 1 c 2 = E c 1 c 2 (6) 
yielding the eigenvalues:

E ± = E 1 + E 2 2 ± 1 2 (E 1 -E 2 ) 2 + 4|V 12 | 2 (7) 
where

H 12 = V 12 , H 21 = V * 12 .
The eigenvectors are given by:

c ± 1 c ± 2 = 1 1 + | V12 E±-E2 | 2 1 V21 E±-E2 (8) 
This can be rewritten as:

c + 1 c + 2 = -sin θ cos θ , c - 1 c - 2 = cos θ sin θ (9) 
with:

cos θ = 1 1 + ( V12 E--E2 ) 2 , sin θ = V12 (E--E2) 1 + ( V12 E--E2 ) 2 (10) 
The solution wavefunction is given by: Ψ

± (x, t) = [c ± 1 φ 1 (x) + c ± 2 φ 2 (x)]e -iE±t/ where φ i (x) = x|φ i , i = 1, 2.
Starting from the initial state φ 1 (x) at t = 0 i.e. Ψ ± (x, 0) = φ 1 (x), we get at t (taking the coupling term V 12 as real [START_REF] Hagelstein | Orlando Introductory Applied Quantum and Statistical Mechanics[END_REF]):

Ψ(x, t) = c 1 (t)φ 1 (x) + c 2 (t)φ 2 (x) with: c 1 (t) = cos 2 θe -iE-t/ + sin 2 θe -iE+t/ , c 2 (t) = sin θ cos θ[e -iE-t/ -e -iE+t/ ] (11) 
The probabilities that we are in ground state φ 1 (x) or excited state φ 2 (x) are given by:

p 1 (t) = |c 1 (t)| 2 = 1 + 1 2 (sin 2θ) 2 (cos Ωt -1) p 2 (t) = |c 2 (t)| 2 = (sin 2θ) 2 sin 2 (Ωt/2) ( 12 
)
where

Ω = E+-E-= 1 (E 1 -E 2 ) 2 + 4|V 12 | 2 Rabi angular frequency. Conservation of probability gives p 1 (t) + p 2 (t) = 1.
Using trigonometric identities eq. 10 we get: (sin 2θ

) 2 = 4|V12| 2 (E1-E2) 2 +4|V12|
2 implying that the coupling parameter V 12 is the main driver of the transitions between the TLS states 1 and 2 since p 

2 (t) = 4|V12| 2 (E1-E2) 2 +4|V12| 2 sin 2 (Ωt/2) and p 1 (t) = 1 -p 2 (t) Thus when V 12 = 0, p 1 (t) = 1, p 2 (t) = 0

B. Many TLS: Maser oscillation

A maser (Microwave Amplification by Stimulated Emission of Radiation) is an important low-noise microwave device for signal amplification in radio-telescopes, as well as an oscillator for atomic clocks, spectroscopy, Quantum information processing, NMR imaging... In 1955, Gordon, Zeiger, and Townes [START_REF] Gordon | The Maser-New Type of Microwave Amplifier, Frequency Standard, and Spectrometer[END_REF][START_REF] Scully | Quantum optics[END_REF] showed that coherent electromagnetic radiation can be generated in the radio frequency range by the maser.

The basic component of a maser is a TLS with ammonia NH 3 [START_REF] Gordon | The Maser-New Type of Microwave Amplifier, Frequency Standard, and Spectrometer[END_REF] the first molecule employed to represent it.

1. Ammonia properties NH 3 makes a very important topic in the historical development of physics. It played a major role in the development of radio-spectroscopy and quantum electronics simply for being used as the basic molecule in the first maser. Later on, gaseous NH 3 has been replaced by miniaturized solid-state devices.

A pertinent degree of freedom (inversion mode) in the vibrational spectrum of NH 3 corresponds to the motion of the N atom relative to the H 3 triangular plane (physically three H atoms tunnel simultaneously from one side of the N atom to the other although the N atom slightly moves to keep the position of the center of mass). As a result an equivalent quantum particle with the reduced mass µ A moves under the influence of a double-well potential (DWP) along the coordinate corresponding [START_REF] Gordon | The Maser-New Type of Microwave Amplifier, Frequency Standard, and Spectrometer[END_REF] to the distance of the N atom from the H 3 plane as if atom N and the 3H triangular plane make two monolithic distinct objects:

µ A = 3m H m N 3m H + m N (13) 
Calling state I where N is above the 3H triangular plane and state II where N is below the 3H triangular plane, tunneling mixes those states into two new states 1 and 2. Maser operation involves states 1 and 2 (see fig. 7). States 2 and 1 are separated by an energy equal to 10 -4 eV (equivalent wavelength of a cm) which is very small compared to separation of atomic energy levels that are in the eV scale (equivalent wavelength of a micron). An energy of 10 -4 eV places NH 3 spectrum in the microwave region and the resulting frequency of interest corresponding to energy difference between states 2 and 1 is roughly 24 GHz since 1eV is 2.41797 × 10 14 Hz (in fact it is exactly 23.870 GHz).

Double-well potentials are of paramount importance in tunneling studies, the hard core of Quantum Mechanics, moreover in the NH 3 case, the double-well potential seen by N might be viewed as an overlap between two harmonic oscillators [START_REF] Tannous | The Schrödinger eigenvalue march[END_REF].

This overlap is a translation of the coupling parameter V 12 of the Rabi model.

Oscillation threshold as a phase transition trigger

Another problem to treat is the determination of the minimum number of molecules [START_REF] Collin | Foundations for Microwave Engineering[END_REF] or atoms of the active material which should be at the higher energy level to allow the generation of microwaves by SE. This problem was simplified by considering a material with only two energy levels and the condition for oscillation was obtained by requiring that the power produced by SE be as great as that lost to the microwave cavity walls or due to other types of absorption. When the two powers are equal, one says that the system is at the threshold for oscillation. A generated power just over threshold triggers SE.

Inside the microwave cavity NH 3 molecules and photons exchange energy through three processes: absorption, spontaneous emission and SE. Since we are interested in a particular photon mode ω 12 , we do not take account of the spontaneous emissions since they involve all modes and occur over all directions. Thus we consider absorption and SE energy balance in order to examine whether a successful maser operation that is amplification or generation of a coherent signal through resonant oscillations could occur.

The microwave cavity with volume V is considered as storing energy exponentially in time such as e -t/tc where t c is called the cavity lifetime. This originates from the fact power lost to the metallic cavity walls is mainly due to their resistance can be expressed by the cavity quality factor [START_REF] Collin | Foundations for Microwave Engineering[END_REF]:

Q = ω 12 Stored energy Dissipated Power = ω 12 W 0 (t) (-dW 0 (t)/dt) ( 14 
)
Integrating the above gives the time dependence of stored energy as W (t) = W 0 (t) exp(-ω12t Q ) giving the cavity lifetime as t c = Q ω12 . According to Fermi Golden rule [START_REF] Landau | [END_REF], the probability per molecule per unit time to make a transition between the states 1 and 2 is [START_REF] Kittel | Introduction to Solid State Physics[END_REF]:

µ A E rf 2 1 ∆ω ( 15 
)
where E rf is the average RF electric field and µ A is the NH 3 electric dipole moment whereas ∆ω = ∆ω 1 + ∆ω 2 is the total width of levels 1,2.

The net power emitted is:

P = µ A E rf 2 1 ∆ω ω 12 (N 2 -N 1 ) (16) 
The power loss to the cavity walls is:

P L = E 2 rf 2 ω 12 Q (17) 
where is the cavity dielectric constant and

E 2 rf 2
is the electromagnetic power density. Thus in order to have microwave amplification, we should have the inequality P ≥ P L or:

(N 2 -N 1 ) ω 12 µ A E rf 2 1 ∆ω ≥ E 2 rf 2 ω 12 Q (18)
Thus the threshold can be rewritten as:

(N 2 -N 1 ) ≥ ∆ω 2µ 2 A Q (19)
Using a frequency of 24 GHz, = 8.85 × 10 -12 F/m, the Ammonia electric dipole moment µ A = 1.47 Debye with 1 Debye= 3.34 ×10 -30 C.m, ∆ω = ω 12 /100, Q = 10, 000, we find a threshold about 2.92 ×10 12 molecules/cm 3 . Townes et al. [START_REF] Gordon | The Maser-New Type of Microwave Amplifier, Frequency Standard, and Spectrometer[END_REF] found that the threshold flux was about 10 13 molecules/cm 3 /sec whereas experimentally the flux was about 10 9 molecules/cm 3 /sec, consequently the NH 3 molecule concentration should be increased by a factor of at least 10,000 in order to observe the masing regime.

Generalizing to the case we have arbitrary distribution of energy, the Barkhausen criterion imposes that amplification (equivalent to pumping) times feedback factor (interaction between photon gas and NH 3 molecules in the microwave cavity) should be greater than unity.

The energy balance is evaluated from the number of absorption and SE per unit time and unit volume given by:

B 12 u(ω)N 1 g(ω)dω, B 21 u(ω)N 2 g(ω)dω (20) 
where g(ω) is the molecular lineshape. Since B 12 = B 21 , the net difference between emission and absorption energies becomes (N 2 -N 1 ) V ω 12 B 21 u(ω) g(ω) dω where ω 12 is the selected photon mode.

Using the expression of the Einstein coefficient

B 21 = A21π 2 c 3 ω 3 n 3 A
, we get the general expression for the balance between emission and absorption energies:

(N 2 -N 1 )V ω 12 π 2 c 3 n 3 A A 21 u(ω)g(ω) ω 3 dω (21) 
Finally, the threshold condition is given by the inequality:

(N 2 -N 1 )V ω 12 π 2 c 3 n 3 A A 21 u(ω)g(ω) ω 3 dω ≥ E 2 rf 2 ω 12 Q (22)
It can be expressed as a Barkhausen condition βA ≥ 1 in logarithmic form ln β + ln A ≥ 0 with amplification

logarithm ln A = (N 2 -N 1 )V ω 12 π 2 c 3 n 3 A A 21 u(ω)g(ω) ω 3
dω and feedback logarithm ln β = -

E 2 rf 2 ω12
Q . The threshold condition eq. 22 at ω 12 for the maser operation to succeed as depicted in fig. 8 with a pumping based on a selection operation of the NH 3 molecules in their states Ψ S , Ψ A through a non-uniform quadrupolar electric field. It is also possible to perform the selection with a non-uniform electric field [START_REF] Feynman | Sands The Feynman Lectures on Physics[END_REF].

In his trial experiments Townes [START_REF] Gordon | The Maser-New Type of Microwave Amplifier, Frequency Standard, and Spectrometer[END_REF] found that the microwave signal coming out of the cavity (see fig. 8) was weak, so he inferred that the density of NH 3 molecules should be increased in the microwave cavity. This is how amplification of the microwave signal could be achieved and the threshold notion was discovered.

Actually the maser effect is akin to a phase transition [START_REF] Haken | Light, Volume 2, Waves, Photons, Atoms[END_REF] that is driven by a large number of TLS. Note that the phase transition is a non-equilibrium one since it needs some time to settle in as the number of SE builds up until it is larger than some threshold (see fig. 8).

C. Many TLS: Lasers

Laser is Light Amplification by Stimulated Emission of Radiation acronym. A medium pumped to reach population inversion provides optical gain to amplify an optical field through SE. This medium is called active since it provides amplification. In addition to optical amplification, optical feedback is required for laser oscillation as dictated by the Barkhausen criterion. in Molecular beam epitaxy that uses evaporation source with an exit hole smaller than the mean free path of atoms/molecules required). They are deflected with a non-uniform quadrupolar electric field to discard molecules in ground state Ψ S and select molecules in excited state Ψ A to be introduced in a microwave cavity. This kind of selection is called pumping since we are introducing excited molecules in the microwave cavity. The molecules interact with the photons (in red) in the cavity and when their number is above threshold, an RF signal emerges from the cavity amplified with respect to an input one.

In fact, a laser is an optical oscillator that generates a coherent signal through resonant oscillation without an input signal. No external optical field is injected into the optical cavity for laser oscillation. In the steady-state oscillation regime, the coherent laser field inside the cavity is constant versus time in both modulus and phase.

Light oscillation is achieved by placing the active medium in an optical resonator the analog of the maser microwave cavity. Laser light is highly collimated and is spatially and temporally coherent. The directionality of laser light is a direct consequence of the fact laser oscillation takes place only along a longitudinal axis defined by the optical resonator.

The spatial and temporal coherence result from the fact a photon emitted by SE is coherent with the photon that induces the emission. The active medium emits spontaneous photons in all directions, but only the radiation that propagates along the longitudinal axis within a small divergence angle defined by the resonator provides required amplification through SE to reach oscillation threshold.

Historically, the Ruby Laser that was first developed by Theodore Maiman in 1960 inspired by the maser developed earlier in 1958 by Townes and Schawlow. In fact, Townes and Schawlow began thinking, after their maser breakthrough, about ways to make infrared or visible light optical masers. In 1957 they constructed an optical cavity by placing two highly reflecting mirrors parallel to each other, and positioning an active medium in between (see fig. 9). Indeed, the task was not trivial since the frequency change is tremendous from the maser (∼ 10 9 Hz) to the laser (∼ 10 14 Hz). Moreover, if we compare the ratio of spontaneous to SE R = e ω12/k B T -1, we find that it is about 2.6 ×10 10 for green light (λ 12 = 2πc ω12 = 5000 Å) source at a temperature of 1200K corresponding to a Tungsten lamp whereas it is 2.55 ×10 -5 for a microwave source of 1 GHz at room temperature. Thus the laser (optical maser) seems a lot trickier to fabricate than the ordinary one (maser).

Lasing conditions

In order to obtain lasing we need a critical number of resonators (TLS) with amplification, feedback and nonlinearity since the oscillation is a collective effect involving a large number of TLS and not a single one as a Rabi oscillator. Thus we need two conditions: threshold (gain) and phase as described below.

Gain condition

Drawing an analogy with the maser, we derive the threshold condition for the laser by considering fig. 9 where we have an active medium providing amplification to light performing a round trip between two mirrors. 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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Active Medium FIG. 9: (Color on-line) Laser resonator cavity filled with an active or amplifying medium and surrounded by two reflecting mirrors with R 1 ∼ 100%, whereas R 2 < 100% to allow escape of laser light. Since light makes round trips in the cavity and active medium, a phase condition is required (see text) to avoid destructive interference. In the Maiman laser, a ruby rod plays the role of active medium cavity and the mirrors are the polished ends of the ruby rod.

The Barkhausen condition is given by: R 1 R 2 exp[ -2(α 1 + α)d ] ≥ 1 where R 1 , R 2 are the reflection coefficients of the mirrors and α 1 are the ordinary loss coefficient whereas α 1 represent the active medium amplification.

In order to have amplification by the active medium one should have α < 0 and therefore -α ≥ α 1 -1 2d ln(R 1 R 2 ). We can relate this to the cavity lifetime (as in the maser case) by inferring that the time for the round trip is 2dn A /c where n A is the medium refraction index and c is light speed in vacuum.

Therefore we identify:

e -2dn A /ctc ≡ e -[2α1d-ln(R1R2)] (23) 
obtaining the cavity lifetime as

t c = 2dn A c[2α1d-ln(R1R2)
] . An ordinary oscillator needs in general a resonator with amplification, feedback and non-linearity, whereas a laser needs a threshold density of atoms, molecules, electrons... interacting with the photons to work since the oscillation is driven by a collective effect as shown by Townes. In effect, Townes [START_REF] Gordon | The Maser-New Type of Microwave Amplifier, Frequency Standard, and Spectrometer[END_REF] observed that a working maser needed a large amount of Ammonia molecules above a critical density. That critical density is the threshold for proper maser and laser operations.

In order to estimate the latter, consider the Ruby laser like the one built by Maiman made with a ruby rod serving as the laser cavity polished at both ends acting like mirrors and surrounded by a helix-shaped flashlamp used for pumping.

The laser parameters are the selected mode wavelength λ 12 = 0.6943 microns whereas τ sp = 4.3 × 10 -3 sec, refraction index is n A =1.76, cavity length d =5 cm, ordinary losses α 1 ∼ 0, reflection parameters R 1 , R 2 = 0.9 whereas the atomic lineshape function is g(ω 12 ) = 10 -12 sec -1 we find t c = 2.78 × 10 -9 sec and using balance formula 21 previously derived for the maser case and applying it to the optical case.

The integral in formula 21, A 21

u(ω)g(ω) ω 3
dω, can be simplified since the blackbody spectrum function u(ω) spans roughly 1eV (visible spectrum) whereas the atomic lineshape function g(ω) spans several keV, thus the integral is approximated by its value at ω 12 the selected photon mode yielding:

N 2 -N 1 ≥ ω 2 12 n 3 A π 2 c 3 τ sp t c 1 g(ω 12 ) (24) 
Numerically we obtain the threshold as 2.12 × 10 17 cm -3 .

Given that Ruby is pink sapphire Al 2 O 3 doped with Chromium ions Cr 3+ providing the TLS with typical concentration of Cr 3+ about 1.6 × 10 19 cm -3 , we infer that the N 2 -N 1 value being close to this concentration and above threshold makes lasing possible.

As in the maser case, the threshold signals a phase transition [START_REF] Haken | Light, Volume 2, Waves, Photons, Atoms[END_REF] has taken place with collective effects driven by the large number of interacting TLS.

Phase condition

Nevertheless, in addition to the threshold (gain) we need another condition for lasing related to phase, since light makes round trips in the cavity demanding a non-destructive interference constraint given by 2( 2π λ12 )d + 2φ(λ 12 )d = 2πp where the first term is the phase shift due to cavity traversal whereas φ(λ 12 ) is the medium induced phase shift at the selected mode wavelength λ 12 and p ∈ N .

Semiconductor Laser Rate equations

In a maser (resp. laser) we have, within a cavity, interactions between atoms or molecules in a gaseous phase and photons that eventually produce oscillations of the microwave (resp. light) signal.

Moving to semiconductor solid-state lasers, we rather consider interactions between carriers (usually electrons) belonging to the semiconductor and photons. A laser is described with a set of rate equations describing the generation-recombination of carriers or emission-absorption of photons. The equations are typically systems of first-order differential equations belonging to the predator-prey, population evolution or chemical kinetics type.

Let us specialize to the simple case of single-mode laser diode where the system of equations reduces to one for the carrier population (density) and another for the photon population (density). We concentrate on the case the equations employ a non-linear gain compensation term that depends on a single parameter that can be chosen arbitrarily.

The Single Mode (SM) laser diode rate equations are written as:

dN dt = I qV - N τ n -g(N -N t ) S (1 + c S) b (25) 
dS dt = Γβ s N τ n - S τ ph + Γg(N -N t ) S (1 + c S) b (26) 
N represents the electron density (N t at threshold) and S the photon density. τ n is the electron spontaneous lifetime and τ ph is the photon lifetime. β s is the fraction of spontaneous emission coupled to the lasing mode, Γ the optical confinement factor, g is the differential gain and c is the gain compression parameter. q is the electron charge, V the volume of the active region and I is the injection current which, in general, is a function of time.

The non-linear gain factor is considered of the form g(N -N t ) S (1+ c S) b depending on arbitrary power b belonging to the interval [START_REF] Ning | [END_REF]16] [0,1.5].

DC Characteristics

Extracting from the DC limit of the electron-photon population system, dN dt = dS dt = 0, the value of (N -N t ) as:

(N -N t ) =   S τ ph -ΓβsNt τn Γg S (1+ c S) b + Γβs τn   (27) 
we use it to relate current I to photon population S directly:

I qV = N t τ n + (S -Γβ s N t )( 1 τn + g S (1+ c S) b ) τ ph [Γg S (1+ c S) b + Γβs τ ph ] (28) 
This relation gives I as a function of S. Generating a series of data values (S, I) by varying S and reverse writing them as (I, S) will result in the S -I DC characteristic.

We consider ORTEL LS-620 semiconductor laser diode and display the characteristics in fig. 10 with the procedure outlined [START_REF] Press | Numerical Recipes in C[END_REF]. The DC characteristic of fig. 10 shows a break occurring at the threshold between the non-inversion and inversion regimes. The jump at threshold is an estimation of the diode photon noise figure. Diode photon noise figure is given by the value of the photon concentration S at threshold.

IV. CONCLUSIONS

After describing the general conditions for oscillation in Classical oscillators and deriving the Barkhausen criterion without and in presence of noise, we moved on to the analysis of two-level Quantum oscillators such as Rabi, Masers and Lasers. Threshold needed for Masers and Lasers is an indication of the settling in of a phase transition [START_REF] Haken | Light, Volume 2, Waves, Photons, Atoms[END_REF] triggered by collective effects.

The resonator cavity required in Masers and Lasers should be tailored shape and dimension wise such that some of its modes [18] belong to the TLS eigen-modes in order to match energy exchange between photons and the TLS.

It is remarkable, nevertheless that lasers have been somewhat swiftly transformed into practical solid-state devices in contrast to masers.

The main difficulty in solid-state masers has been due to the special operating conditions required as they need cryogenic refrigeration. The first breakthrough of a solid-state maser operating at room temperature at 1.45 GHz occurred [START_REF] Oxborrow | Room-temperature solid-state maser[END_REF] nevertheless in 2012. The active medium is an organic mixed molecular crystal, p-terphenyl doped with pentacene. Operating the maser as an oscillator provided output power of about 10 Decibel.milli-Watts which is approximately 100 million times [START_REF] Oxborrow | Room-temperature solid-state maser[END_REF] larger than that of an atomic hydrogen maser with a similar frequency (∼ 1.42 GHz).

In addition, lasers require a phase condition since Barkhausen criterion is equivalent to only a gain condition while light inside a laser cavity makes round trips requiring a constraint on phase in order to avoid destructive interference.

APPENDIX A: STIMULATED EMISSION

In 1917 Einstein discovered SE by attempting to understand Planck work on Blackbody spectrum simply by considering a TLS [START_REF] Vedral | Modern Foundations of Quantum Optics[END_REF] with possible transitions between the levels.

First, he supposed to have absorption from the ground state 1 and spontaneous emission from the excited state 2. The rate of emission is given by A 21 (Einstein's A coefficient), so that the total number of atoms spontaneously emitting per unit of time is A 21 N 2 , where N 2 is the number of atoms in level 2 (cf. fig. 11). A 21 can be expressed by introducing an equivalent spontaneous transition time τ sp such that A 21 = 1/τ sp .

The rate of absorption is proportional to the density of radiation u(ω 12 ) so that the total number of atoms absorbed per unit of time is u(ω 12 )B 12 N 1 , where B 12 is the Einstein B coefficient and N 1 is the number of atoms in the level 1: where n A is the medium refraction index containing the photon gas.

Therefore we need to write a new detailed balance that will result in the correct blackbody formula. It is not enough to have stimulated absorption and spontaneous emission; we need another process to retrieve Planck's formula.

Hence Einstein considered adding another process: SE. The three processes are shown in fig. 11. The new detailed balance system that Einstein obtained: where B 21 N 2 u(ω 12 ) is the number of atoms that emit in a stimulated fashion per unit of time. Einstein introduced this term in order to obtain the Planck density for the radiation field.

The cavity containing the atoms/molecules, making the TLS, supports a specific set of modes corresponding to a discrete sequence of eigen-modes of the electromagnetic field [START_REF] Haken | Light, Volume 2, Waves, Photons, Atoms[END_REF][START_REF] Scully | Quantum optics[END_REF].

The atoms/molecules pumped to the TLS upper level should be in resonance [START_REF] Griffiths | Introduction to Quantum Mechanics Second Edition[END_REF] with one of the cavity eigenmodes [18].

A resonant electromagnetic field gives rise to SE, and the atoms transfer their excitation energy to the radiation field. The emitted radiation is still at resonance [START_REF] Haken | Light, Volume 2, Waves, Photons, Atoms[END_REF][START_REF] Scully | Quantum optics[END_REF].

If the upper level is sufficiently populated, this radiation gives rise to further transitions in other atoms/molecules. In this way all the excitation energy of the atoms is transferred to a single mode of the radiation field.

Thus SE is induced by interaction between TLS and the electromagnetic field eigen-modes [START_REF] Haken | Light, Volume 2, Waves, Photons, Atoms[END_REF][START_REF] Scully | Quantum optics[END_REF] in a cavity whereas spontaneous emission is induced by vacuum fluctuations with a single photon emitted.

In SE the amplification results from a chain reaction since a single process produces two coherent photons from a single incoming one yielding 2 n photons if we had n TLS in the pumped (excited) state. Moreover it is phasepreserving [START_REF] Vedral | Modern Foundations of Quantum Optics[END_REF] without additional noise.

The equilibrium condition now implies that dN 2 /dt = 0, so that u(ω 12 ) = 
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 3 FIG. 3: Stable regular behaviour of i L and V C at short times (left) and long times (right) when µ = 1. Note the transient behaviour at very short times before settling in of stable behaviour.

FIG. 4 :

 4 FIG.4: Relaxation behaviour at short times of i L (left) and V C (right) when µ = 10 with slow and fast variation within a period. Note the transient behaviour at very short times before settling in of stable behaviour. Settling time of V C is about 10 times longer than i L 's.
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 5 FIG. 5: Stable i L , V C behaviour for very long times when µ = 10.

2 FIG. 7 :

 27 FIG. 7: (Color on-line) Double potential for the NH 3 molecule showing the important levels for the maser transition and the molecule electrical dipole inversion. The TLS is made of a lower state 1 with symmetric state Ψ S and upper state 2 with asymmetric state Ψ A as displayed. Note the position of 3H triangular plane moving at left from below N to above it at right. The energy difference between states 2 and 1 is about 24 GHz.

FIG. 8 :

 8 FIG.8:(Color on-line) NH 3 molecules are produced by effusion (straight beam) from a Knudsen cell (Same is done in Molecular beam epitaxy that uses evaporation source with an exit hole smaller than the mean free path of atoms/molecules required). They are deflected with a non-uniform quadrupolar electric field to discard molecules in ground state Ψ S and select molecules in excited state Ψ A to be introduced in a microwave cavity. This kind of selection is called pumping since we are introducing excited molecules in the microwave cavity. The molecules interact with the photons (in red) in the cavity and when their number is above threshold, an RF signal emerges from the cavity amplified with respect to an input one.
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 33 dN 1 dt = -B 12 N 1 u(ω 12 ) dN 2 dt = -A 21 N 2 (A1)In equilibrium the two rates are equal, by definition, so thatu(ω 12 )B 12 N 1 = A 21 N 2 Therefore, u(ω 12 ) = A21N2 B12N1But, according to Boltzmann we haveN2 N1 = e -(E2-E1)/k B T = e -ω12/k B TFinally Einstein obtained:u(ω 12 ) = A21 B12 e -ω12/k B TUnfortunately this does not correspond to Planck radiation density: u(ω 12 ) = ω e ω 12 /k B T -1

dN 1 dt = -B 12 N 1 FIG. 11 :

 12111 FIG.11: Two level atom in Einstein's model. There are three processes: absorption (left), spontaneous emission (center) and SE (right). All three processes are energy conserving between the photons and the TLS. In SE, an input photon (in red) induces emission of two photons coherent in phase. All three are necessary to predict the correct blackbody spectrum.

(e ω 12 /k B T - 1 )= ω 3 12 n 3 A π 2 c 3 and B 12 = B 21 = A21π 2 c 3 ω 3 12 n 3 A.

 12133123 Comparing with Planck law we get A21 B21The ratio of spontaneous to SE is given byR = A 21 N 2 B 12 N 2 u(ω 12 ) = e ω12/k B T -1 (A3)
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 I Comparison of Crystal oscillator and the corresponding resonator. RTC is Real-Time Clock.
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