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This paper takes as object of study the discontinuities in mathematics education in engineering. In particular, the internal discontinuity between mathematics education and the role of mathematical activity in engineering courses, is characterised through diverse interviews with mathematics and engineering teachers of an engineering school in Barcelona (Spain). The results show that the internal discontinuity can be characterised by diverse elements that make it an institutional phenomenon further from the specific discontinuities found in previous punctual studies.

Introduction: transition between institutions and discontinuities.

The beginning of the analysis of discontinuities in mathematics education started with the work of Felix [START_REF] Klein | Elementarmathematik vom höheren Standpunkte aus[END_REF] who announced the famous double discontinuity concerning the mathematical education of teachers. However, research in didactics of mathematics at university level is a relatively young field: the first works date back to 1970. From the beginning, this domain of research considered the didactic phenomena associated with discontinuities as a relevant study area.

The first discontinuity announced by Klein concerns the transition problems that students experience when they enter the university. This has been extensively studied in recent research in mathematics education [START_REF] Gueudet | Investigating the secondary-tertiary transition[END_REF]. The second discontinuity concerns the disconnection that mathematics students experience when they join the school as teachers. At this point, they are faced with a process of transposing academic knowledge acquired at university into knowledge needed for teaching, which is far from being an easy process [START_REF] Winsløw | Klein's double discontinuity revisited: contemporary challenges for universities preparing teachers to teach calculus[END_REF].

Another field of study in didactics at university level is that of mathematics education for nonmathematicians in the field of engineering. [START_REF] Quéré | Les mathématiques dans la formation des ingénieurs et sur leur lieu de travail: études et propositions (cas de la France[END_REF], in his doctoral dissertation, shows that the number of research works at the CERMEs in this field has been growing in the last editions. This paper is framed within the Anthropological Theory of the Didactic (ATD, [START_REF] Chevallard | La recherche en didactique et la formation des professeurs: problématiques, concepts, problèmes[END_REF], and takes as its starting point the study of phenomena associated with discontinuities and mathematical education in engineering. The ATD approach on discontinuities considers that they are associated to a transition between institutions: discontinuities appear when the students move from one institution to another one. Analysing the existing work to date, we hypothesise that the path followed by people learning engineering experiences what we could call a triple discontinuity (see Figure 1), making an analogy with Klein's famous double discontinuity. In fact, the first and third discontinuities are homologous to those announced by Klein in mathematics teacher education. The second is the one that would be more specific to engineering education: it is an internal discontinuity in engineering education institutions due to the transition between the mathematical courses for engineers and courses in engineering courses, in line with what has been observed by Romo Vázquez (2009) and [START_REF] Quéré | Les mathématiques dans la formation des ingénieurs et sur leur lieu de travail: études et propositions (cas de la France[END_REF]. 

Theoretical framework

Some studies referring to the ATD address the second discontinuity by analysing the different mathematical activity in the engineering courses (institution 3) and contrasting it with the activity promoted in mathematics subjects or in the workplace (institutions 2 and 4). We present in the following some of the most relevant works analysing the second discontinuity in engineering degrees as well as the theoretical tools mobilised in them.

One of the pioneer woks is Romo Vázquez's doctoral dissertation ( 2009) that studies the origins of mathematical education for engineers and highlights the differences in mathematical activity in mathematics courses, engineering courses and professional practices. Romo Vázquez (2009) and [START_REF] Castela | Des mathématiques à l'automatique: étude des effets de transposition sur la transformée de Laplace dans la formation des ingénieurs[END_REF] adopt as the main theoretical tool the praxeological model proposed by [START_REF] Chevallard | La recherche en didactique et la formation des professeurs: problématiques, concepts, problèmes[END_REF]. Praxeologies allow researchers to model knowledge: they are entities formed by the inseparable combination of a praxis or know-how made of types of tasks and techniques, and of a logos or knowledge made of a discourse aiming at describing, explaining, and justifying the praxis. Romo Vázquez (2009) and [START_REF] Castela | Des mathématiques à l'automatique: étude des effets de transposition sur la transformée de Laplace dans la formation des ingénieurs[END_REF] identified the differences that appear in the logos block (especially in the technological environment) depending on whether the training institution or that of the practitioners is considered (mathematical courses or engineering courses).

In the ATD studies analysing the mathematical training of engineers, a key notion is that of institution and institutional position. According to [START_REF] Chevallard | What is a theory according to the anthropological theory of the didactic[END_REF] an institution in the sense of ATD is just a more general conception than the general meaning: for example, a class with the students and teacher is an institution. In every institution, each person may occupy different institutional positions, for example, in the case of a class, that of student or that of teacher.

Another relevant work analysing the mathematical training in engineering is that of [START_REF] Barquero | Incidencia del «aplicacionismo» en la integración de la modelización matemática en la enseñanza universitaria de las ciencias experimentales[END_REF]. They hypothesize that the applicationism is an essential component of the epistemological conception of mathematics in applied sciences degrees at university. Specifically, they characterise the applicationism by five indicators: (1) Mathematics are presented independently of other disciplines, (2) Mathematical tools are considered the same for all scientists, (3) Organisation of mathematical courses is based on logical concepts, (4) Applications are always presented after the basic mathematical courses and (5) Extra-mathematical systems can be constructed without any 1 st discontinuity 2 nd discontinuity 3 rd discontinuity reference to mathematics. In their work, they observe, through interviews with university mathematics teachers in applied sciences, a clear applicationist conception of mathematics. In addition, the authors consider this conception as an element hindering the implementation of mathematics (and science) teaching based on modelling processes.

More recent works within the ATD framework are those of González-Martín and Hernandes-Gomes (2019) and [START_REF] Hochmuth | About the "Mixture" of Discourses in the Use of Mathematics in Signal Theory[END_REF], both mobilising the praxeological model. Specifically, the first addresses the differences in the use of the integral in mathematics and in strength of materials textbooks while the second addresses the use of mathematics in signal theory courses.

Research questions

Considering the previous works in the ATD framework in the field of mathematics for engineers and the discontinuities as well as our hypothesis, our research question is:

What are the epistemological conceptions of these two institutional positions: first-year mathematics teachers and engineering courses' teachers? Do these conceptions reveal a discontinuity in the institution further from punctual issues already characterized?

Institutional context and interviews

The institution where the interview campaign was carried out is the Escola Universitària Salesiana de Sarrià (EUSS), a centre associated to the Autonomous University of Barcelona (Spain), where five engineering degrees are taught (electronics, mechanics, automotive, industrial organisation and renewable energies and energy efficiency). This is an institution with a tradition of implementing teaching innovation processes and where specific training courses in didactics for university teachers are offered to teachers, see for example [START_REF] Florensa | Teaching didactics to lecturers: A challenging field[END_REF].

Mathematics teaching in all EUSS degrees is concentrated in three courses. Mathematics course is offered in the first semester with 7 ECTS, Calculus in the second semester with 8 ECTS and Statistics in the fourth semester with 6 ECTS. The syllabuses of each degree can be consulted in detail on the centre's website: www.euss.cat. In order to characterise the possible discontinuity, two interview protocols were designed: one for teachers of mathematics courses and the other for teachers of engineering courses. Both interview protocols can be consulted in full at the following link (https://sites.google.com/euss.cat/cerme12).

Both interview protocols have the same structure with two common blocks and a third differentiated one. The first one characterises the academic and professional career of the person interviewed, as well as the degrees and courses in which they teach. The second block is dedicated to identify the conception of each person with respect to the applicationism described by [START_REF] Barquero | Incidencia del «aplicacionismo» en la integración de la modelización matemática en la enseñanza universitaria de las ciencias experimentales[END_REF]. The third block aims to identify the opinions of the teaching staff on the most important elements in mathematics education in engineering in terms of techniques and type of tasks (accordingly to the praxeological model). In particular, teachers in the mathematics field are asked to identify the most important elements of the courses they teach, the most common difficulties detected in students, as well as the criteria used to design the contents of each course. In contrast, engineering teachers are asked to identify the types of mathematical tasks and techniques required in their subjects, and whether these are of a routine or algorithmic nature or whether they are related to modelling. These protocols were used to interview teachers of mathematics courses (Mathematics and Calculus) in the first year (MT, 5 in total), as well as teachers of engineering subjects (ET, 8 in total). In Table 1 the academic and professional backgrounds of the interviewees are summarized. 

Results

Interviews of teachers of mathematics courses

The results regarding the applicationist conception of mathematics education in engineering show a strong consensus except in the first question that refers to the uniformity of mathematics education in any university degree. In this question, teachers do not have a clear position (see Figure 2). Concerning the answers to the criteria used to define the syllabus of the courses, these reveal the existence of a shared conception for the meaning of mathematics by mathematics teachers in the first years. For example, MT2 states that "the subject was already set up, but it is similar to what is offered in other centres" In the same direction, MT3 speaks of "a common profile for Engineering Mathematics" A second phenomenon that comes to light at the same time is the influence of previous curricula on the definition of the contents included in the courses. In this sense, MT4 states that "the contents of the old engineering program (3-year program before the adaptation to the European Higher Education Area standards) were adapted to the new engineering degrees" or MT1 states that "the syllabus was established with the technical industrial engineering, I suppose based on what was done in other universities" MT3 also states that "there has been continuity since the initial creation of the courses and the contents have been adapted...".

Related with the mathematical content, there are two types of answers. Firstly, MT1 and MT4 attach great importance to the ability of mathematical content to develop "abstract thinking, reasoning skills and the ability to adopt strategies" (in the words of MT1). MT4 formulates it as follows: "finding primitives is important, not because of the technique, but because of the associated mental process" Secondly, most of the interviewees propose a set of contents justifying its importance. These include finding primitives and derivatives (MT2, MT3, MT4), working with matrices (MT3, MT4, MT5) and solving differential equations (MT4 and MT5). It is important to note that the importance assigned to each content is heterogeneous and there is not much uniformity: some teachers emphasise the structuring role of algorithmic work, while others prioritise, in the words of MT4, "knowing and understanding how to solve, since calculation is mechanical and/or programmable"

Although the two groups of teachers do not prioritise the same contents on the list, there is a great consensus that the manipulation of algebraic expressions in the study of functions is the greatest difficulty that students face when learning mathematics. Other difficulties that appear are the calculation of integrals and derivatives and the confusion between vector and scalar magnitudes. Inverse matrix -adjugated matrix 0 0

Eigenvectors and eigenvalues, 5 1

Interviews of teaching staff in engineering courses

As in the case of mathematics teachers, there is consensus in all the questions related to applicationism, except on the question whether the mathematics taught in the first years of engineering is the same as that taught in other degree courses where there is not a clear agreement on the answers.

Teachers of engineering courses attach particular importance to the interpretation of the results obtained, and decision-making based on these results, beyond the technique applied. ET1 expresses it as follows: "I am not so much interested in them finding integrals or derivatives, but they need to acquire the concept behind them and use it to solve engineering problems". ET2 also expresses in very close terms: "Mathematical elements are useful for modelling, the difficult thing is to set out and validate the model, the resolution itself is algorithmic...". ET3, speaking of the use of integrals and derivatives in a strength of materials course, states that "the bending moment that we obtain allows us to select a beam for a structure: this is what matters, beyond the algorithmic calculation" ET5 also emphasises this duality: "the convolution of functions can be very routine, but what is interesting is that it allows us to analyse, study and explain typical phenomena of electronic systems"

Characterising the phenomenon: applicationism and internal discontinuity

The results obtained on the applicationist conception in mathematics education in engineering, confirm those obtained by [START_REF] Barquero | Incidencia del «aplicacionismo» en la integración de la modelización matemática en la enseñanza universitaria de las ciencias experimentales[END_REF] in the field of applied sciences. Moreover, there are no significant differences between the opinions of mathematics and engineering teachers, which seems to indicate that the applicationist conception is proper to the institution.

With respect to the internal discontinuity, two points stand out. Firstly, the MTs' and ETs' interviews show some items with a very high level of consensus in the fields of linear algebra and analysis (see Table 2). The maximum consensus is obtained in solving systems of equations, finding the derivative and the integral. However, there is a significant disparity in matrix scaling and operations with matrices, as well as the determination of the graph of a given function. Another point of consensus detected in the open comments on the questions, is that training in mathematics should provide abstraction, reasoning and generalisation skills beyond working with specific content, what [START_REF] Chevallard | What is a theory according to the anthropological theory of the didactic[END_REF] characterises as transcendent utility.

However, the main difference between the MTs' and ETs' answers, lies in the role played by the solving technique as opposed to its justification. The ETs emphasise that mathematical education should have as its main goal the development of a well-defined logos around certain mathematical praxeologies rather than the work on technique. ET2 expressed it in the following way: "I am interested in the concepts of integral and derivative in contrast to them knowing integration by parts which I do not consider necessary at all". ET3 also states along the same lines: "They have to know and identify functional relationships, the variation of data, identify trends, beyond finding integrals or concrete derivatives by hand". ET4 states it as follows: "They don't have to know how to solve almost anything by hand, on the internet there are symbolic calculators: they have to know what it is to integrate and derive" ET5 puts it like this: "In practice, solving by hand is not used, there is technology available that solves it [...] On the other hand, it is more important that they know how to identify trends, analyse data" This type of discourse in which technical work is not a priority does not appear explicitly in the interviews with the MTs.

In conclusion, the interviews allowed us to identify an applicationist conception of mathematics in the institution under study. Moreover, the internal discontinuity that we hypothesised appears to be characterised by the contrast between a technicist teaching model (in the sense of [START_REF] Gascón | Incidencia del modelo epistemológico de las matemáticas sobre las prácticas docentes[END_REF], in which the raison d'être of mathematics education is mainly the resolution of exercises using concrete techniques and another model closer to the conception of mathematics as a modelling tool. These results confirm the local characterisation of the discontinuity described by [START_REF] Castela | Des mathématiques à l'automatique: étude des effets de transposition sur la transformée de Laplace dans la formation des ingénieurs[END_REF]Romo Vázquez (2011), González-Martín andHernandes-Gomez (2019) and [START_REF] Hochmuth | About the "Mixture" of Discourses in the Use of Mathematics in Signal Theory[END_REF].
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 1 Figure 1 -Diagram of the triple discontinuity in engineering and institutions considered

Figure 2 -

 2 Figure 2-Answers of mathematics teachers to the statement "The mathematics taught in the first university courses of Engineering are the same as those taught in the other university degrees" with 1being " I disagree" and 5 being "I strongly agree"

Table 1 : Academic and professional backgrounds and teaching experience of interviewed teachers

 1 

		Academic background	Professional	Teaching	Courses
			background	experience	
	MT1	PhD Mathematics	Academia	30 years	Mathematics, calculus, statistics
	MT2	PhD Chemistry	Academia	9 years	Mathematics, engineering courses.
	MT3	MSc Mathematics	Teaching (not researcher)	30 years	Mathematics, calculus, statistics
	MT4	BSc Mathematics	Secondary education,	10 years	Mathematics, calculus, statistics
	MT5	PhD Biochemical Engineering	Academia with some experience in industry	7 years	Mathematics, calculus, engineering courses
	ET1	PhD Materials Eng.	Academia	20 years	Strength of materials, elasticity, and structures
	ET2	PhD Telecommunication	Academia (1 year in telecommunication industry)	20 years	Industrial computing and communications
	ET3	PhD Electronic Eng.	Academia	10 years	Automation and power electronics
	ET4	PhD Material Science	Vocational training, laboratory technician and academia	10 years	Materials, manufacturing processes and strength of materials
	ET5	PhD in Business Administration	Academia	4 years	Strategic management and Quantitative Methods
	ET6	PhD Local Development	Consultant, in academia since 2009	12 years	Quality and Industrial plant location
	ET7	MSc Electronic Eng.	Academia	12 years	Electronic systems, Project Management and Digital signal
	ET8	PhD in civil engineering	Academia	7 years	Physics, Strength of Materials, Machines and Fluids
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