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QUASI-REVERSIBILITY METHODS OF OPTIMAL CONTROL FOR ILL-POSED
FINAL VALUE DIFFUSION EQUATIONS

GISELE MOPHOU AND MAHAMADI WARMA

ABSTRACT. We consider optimal control problems associated to generally non-well posed Cauchy
problems in a general framework. Firstly, we approximate the ill-posed problem with a family of well-
posed one and show that solutions of the latter one converge to solutions of the former one. Secondly,
we investigate the minimization problem associated with the approximated state equation. We prove
the existence and uniqueness of minimizers that we characterize with the optimality systems. Finally,
we show that minimizers of the approximated problems converge to the minimizers of the optimal
control subjected to the ill-posed state equation that we characterize with a singular optimality
system. This characterization is obtained as the limit of the optimality systems of the approximated
minimization problem. We use the techniques of quasi-reversibility developed by Lattés and Lions
in 1969. Our general framework includes classical elliptic second order operators with Dirichlet and
Robin conditions, as well as the fractional Laplace operator with the Dirichlet exterior condition.

1. INTRODUCTION AND PROBLEM FORMULATION

Let Q C RN (N > 1) be an arbitrary open set with boundary 9. We are interested in the optimal
control associated to the following ill-posed diffusion equation:

pr+Ap=f in @ :=Qx(0,7),

p(,T) = p" in Q, (-0

where T > 0 is a real number, f is the control function, and p? € L?(Q) is a given function. The
(unbounded) linear operator A with domain D(A) in L?(f2) satisfies the following assumptions:

Assumption 1.1. We assume the following.

(a) The operator A is non-negative, selfadjoint, invertible, and has a compact resolvent.

(b) The operator —A generates a strongly continuous, analytic, and compact semigroup S
(S(t)i>0 on L*(Q) which is also submarkovian in the sense that each operator S(t), t >
is positive, and also L*-contractive, that is, for allt > 0,

1S (@)ullpoe ) < ullze(o), ¥ ue LAH(Q)NL>(9Q).

0,

Of concern is the following optimization problem:

1
min - (Hp(uO) *de

(f,p)EA 2

2

| +5||f||iz(@) (1.2)

L2(Q
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2 G. MOPHOU AND M. WARMA

subject to the constraints that p solves the ill-posed state equation (1.1), p? € L?(Q) is a given target,
the constant penalty parameter £ > 0 is given, the control f € U,q, where Ugq is a given nonempty
closed and convex subset of L?(Q), and finally

A={(f,p): f €U4q and p is the associated strong solution of (1.1)} . (1.3)

The function p” is given such that for every f € U,q, the state equation (1.1) has a strong solution p.
The Banach space where p belongs shall be specified later.

One comes across such a model (1.1) while dealing for instance of environmental phenomena. Ac-
tually in such a situation, one may not know when the phenomenon began or have information on the
boundary. Such models with missing data are therefore ill-posed in the sense of Hadamard. In partic-
ular, the uniqueness of the solution as well as the continuous dependence of solutions on the given data
f and pT are not always satisfied. Therefore, even if we can prove using minimizing sequences that
the optimization problem (1.2)-(1.1) has a unique solution (f, p), it will be difficult to characterize this
solution since the increase of the state and the control are linked as shown the optimality condition:

/(p(x,O) —ﬁ(%O))(ﬁ(%O)—pd(af))dw+/ EF(f—F) =0 Y(f,p) €A
Q Q

We refer to Section 3 for more details. This is mostly due to the fact that the map (f,p”) — p is
not in general bijective. So, to obtain an optimality system in which the state and the control are
not related because they belong to A, we approached the ill-posed problem by a family of well-posed
problems using the quasi-reversibility method developed by Lattés and Lions [13]. More precisely, for
any € > 0, we approximate the problem (1.1) with the well-posed problem:

{pi +Ap"=f n @,

ep (- 0) + p°(, T) = pT in Q. (1.4)

We show that solutions of the approximated problem (1.4) converge to the solutions of our ill-posed
problem (1.1). Then, we consider the associated approximated minimization problem:

1 ( < 2 2
min — - 0) — + ) 1.5
min 5 (115°,0) = o'y + €l (1)
subject to the constraints that p solves the approximated state equation (1.4) and the control f € Uyq
where Ugyq is a nonempty closed and convex subset of L?(Q).

The quasi-reversibility method has already been used by some authors for ill-posed problems. In
[13], Lattes and Lions used the following family of well-posed problems:

vL(t) + Ave(t) —eA%v.(t) = 0, 0<t<T
ul(t) + Avc(¢) = 0, 0<t<T (1.6)
u:(0) = v:(0), .
ve(T) = g
to approach the ill-posed problem
u'(t)+ Au(t) =0, 0<t<T (7
wT) =g

where g € H is given, and A is a non-negative selfadjoint operator on a Hilbert space H such that
—A generates a strongly continuous, analytic, and compact semigroup of contractions. They have
shown that if u. is a solutions of (1.6), then u.(T") converges to g in H, as € | 0. They did not get a
convergence of ug(t), 0 <t < T, ase | 0.



g oA W N

10
11
12

13
14
15
16
17
18
19
20
21
22
23
24

26
27
28

OPTIMAL CONTROL OF ILL-POSED CAUCHY PROBLEMS 3

Showalter [20] has approximated (1.7) with

VL) + e AUL(E) + Ave(t) = O, 0<t<T

ul(t) + Auc(t) = 0, 0<t<T 18
0= (0) — 0. (0), (1.8)
ve(T) = g

The author has proved that u.(T') converges to g in H, as ¢ | 0, and that u.(¢) converges to the
solution u(t) of (1.7) in H, uniformly in ¢ € [0,77], as € | 0, if and only if such a solution exists. In all
the above convergences, the norm of the function carrying g to v.(0) is quite large for small values of
€.

Miller [15] has addressed the problem of large norm by finding an optimal perturbation of the
operator A. The author stated that it should be possible to make the norm in the order of ¢/e rather
than e“/¢ and derive conditions on the perturbation to achieve the best possible results. As above the
author approximated (1.7) with

V() +g(A)u(t)=0, 0<t<T
o(T) = g,

and again solved the problem forward using v(0) as an initial datum. Miller called this method,
stabilized quasi-reversibility.
Clark and Oppenheimer [5] have approximated (1.7) with

(1.9)

u'(t)+ Au(t) =0, 0<t<T
eu(0) +u(T) =g,

and they have shown that u.(7T") converges to g in H, as € | 0, and that u.(t) converges to the solution
u(t) in H, uniformly in ¢ € [0, 7], as € { 0. They have also obtained a better polynomial convergence
rate.

Finally, Denche and Bessila [8] have approximated (1.7) with the following problem:

!
{Mﬂ+AMﬂ—0,0<t<T 110)
u(T) —eu'(0) = g.

They have obtained nice convergence results as in [5] but here with a logarithmic convergence rate.

Concerning optimal control problems associated to ill-posed problems using quasi-reversibility type
methods, some few results are available in the literature. In [17], Nakoulima used a regularization-
penalization method to solve an optimal control problem associated to ill-posed elliptic equations.
The result is achieved by considering the control problem as a limit of sequence of well-posed control
problems. In [16], Mophou and Nakoulima studied an optimal control problem subjected to an ill-
posed elliptic equation. Their analysis consisted in viewing the ill-posed problem as the limit of a
family of well-posed equations. Then, under the Slater condition on the admissible set, they gave a
singular optimality system that characterizes the optimal control.

As one can notice, none of the above works using quasi-reversibility methods has considered a general
non-homogeneous parabolic problem as in (1.1) where we have some extract terms in the solutions
that can complicate the computations. Our main goal are twofold.

e Firstly, we would like to investigate this more general problem by considering the approximation
(1.9) proposed in the reference [5] which is a particular case of the system (1.4). We would like
to show the existence of minimizers of the control problem (1.5)-(1.4) and give the optimality
systems that characterizes this sequence of minimizers.
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e Secondly, we would like to prove that the sequence of minimizers of the optimal control problem

(1.5)-(1.4) converges to minimizer of the control problem (1.2)-(1.1) and give the singular
optimality system that characterizes this minimizer.

Let us notice that as a direct consequence of Assumption 1.1 we have the following.

Remark 1.2. It follows from Assumption 1.1 that the following assertions hold.

(a)

(b)

The operator A is given by a bilinear, symmetric, continuous, closed, and coercive form & with
domain D(&) = D(v/A). This means that &(u,v) = &(v,u) for all u,v € D(E), and
1/2
lullpee) := (&(u,u)) (1.11)

is the norm on the space D(€).
There is a constant C' > 0 such that for every u,v € D(€) we have

€0, 0)] < ullogey ol pee- (1.12)

There is a constant C' > 0 such that for every u € D(&) we have
lullpge) > Cllullza(oy- (1.13)

For every u € D(A) and v € D(E) we have

(Au,v)p2(q) = E(u,v). (1.14)

The spectrum of A is formed with eigenvalues A, (n € N) satisfying

0<A <A <22, <+ and ILm Ap = +00.
We shall denote by ¢,, the orthornormal basis of eigenfunctions associated with the eigenvalues
An. Then the eigenvalues of the operator S(t) are e~**» and possible zero (see e.g. [18] for

more details on abstract results on semigroups). For each ¢ > 0 and ¢ > 0, the operator
el + S(t) is invertible. Also if u € L?(Q2) has the expansion u = Y ;- | ard, then

S(t)yu = Z e M apey, and (S(t)u,u)r2(0) = Z e Ma} >0, (1.15)
k=1 k=1

where ar = (u, ¢r)r2(q). It follows from this accretivity type condition that for every ¢ > 0 and
€ > 0 we have

1

(1 +Se) < <. (1.16)
If uw € L?(2) has the expansion v = >, ax¢y, then for every £ > 0 we have that
%) - . %) ax
=1 =1

Let (D(&))* denote the dual of D(&) with respect to the pivot space L?(f2) so that we have

the following continuous and dense embeddings: D(&) < L?(2) < (D(&))*. Then A can be

also viewed as an operator from D(&) into (D(&))* given for every u,v € D(&) by
<Au,’l}>(D(5))*7D(5) = 8(11,,1)). (118)

In the following if there is no confusion, we shall not make any distinction between the two
operators.
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OPTIMAL CONTROL OF ILL-POSED CAUCHY PROBLEMS 5

Throughout the remainder of the paper, without any mention, @ ¢ RY (N > 1) is an arbitrary
open set with boundary 9€2. The regularity needed on 2 will depend on the operator and the boundary
or exterior conditions that we will specify in our examples in Section 4.

We shall let

V:=D(€) (1.19)
and V* = (D(&))* the dual of V with respect to the pivot space L?(Q2). Then V endowed with the
norm given in (1.11) is a Hilbert space.

If we set
W(0,T;V) := {g e L2((0,T);V): ¢ € L2 ((o,T);V*)} : (1.20)
then W (0,T;V) endowed with the norm given by
113 0.7 = 1917207y + ”thiz((O’T);V*)a vy € W(0,T;V), (1.21)

is a Hilbert space. Moreover, by [14, Chapter III, Theorem 1.1] we have the following continuous
embedding;:
W(0,T;V) — C([0,T]; L*(2)). (1.22)
In the present paper we have obtained the following interesting and specific results:

e Our first main result (Theorem 2.7) shows that the approximated problem (1.4) has a unique
strong solution which depends continuously on the given data f and p’. In addition, we have
obtained in Theorem 2.10 that any strong solution of (1.4) belongs to the space L?((0,T); V)N
HY((0,T);V*). Thus, according to the embedding (1.22), we can deduce that any strong
solution of (1.4) belongs to C ([0, T]; L?(£2)).

e Theorems 2.15 and 2.16 show that solutions of the approximated problem (1.4) converge (uni-
formly in ¢ € [0,77]) to solutions of (1.1) and we have obtained the precise rate of convergence.
This latter result is very useful for numerical analysis and approximations.

e In Theorems 3.2 and 3.3 we show the existence of a unique minimizer of the minimization
problem (1.5)-(1.4) and we characterize the associated optimality conditions and systems.

e In Theorem 3.4 we prove that minimizers and solutions of the optimality systems of the mini-
mization problem (1.5)-(1.4) converge to minimizers and associated optimality systems of the
control problem (1.2)-(1.1).

The rest of the paper is structured as follows. In Section 2 we give some results concerning the exis-
tence, regularity, and the representation of solutions to the ill-posed equation (1.1), the approximated
state equation (1.4) and the associated dual system. We also discuss the convergence of solutions of
the approximated problem (1.4) to solutions of the problem (1.1) and obtain the precise rate of conver-
gence. Section 3 concerns the optimal control problems. We first show the existence and uniqueness
of the sequence of minimizers to the minimization problem (1.5)-(1.4) and give the optimality systems
that characterize these minimizers. Then, we prove that the sequence of minimizers converge to the
minimizer of the problem (1.2)-(1.1) that we characterizes with a singular optimality system. Finally
in Section 4 we give several examples of concrete operators that enter in our framework.

2. EXISTENCE RESULTS

Throughout the remainder of the paper, without any mention, we assume that the operator A
satisfies Assumption 1.1. In addition, {¢,} denotes the orthonormal basis of eigenfunctions of A
associated with the eigenvalues {\,}.

In this section we investigate the well-posedness and regularity of solutions to the non-well posed
and the approximated state equations. We also give some necessary and sufficient conditions on the
given data such that the ill-posed problem has a solution. In that case, some convergence results of
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6 G. MOPHOU AND M. WARMA

solutions of the approximated problem to solutions of the ill-posed problem have been obtained. We
start by studying the ill-posed problem.

2.1. Existence results of the non-well posed problem. Here is our notion of strong solutions to
the ill-posed problem.

Definition 2.1. Let f € L*(Q) and pT € L*(Q). A function p € C([0,T]; L*(2)) is said to be a strong
solution of (1.1) if the following assertions hold:
e Regularity:
pi(- 1) € L2(Q) and p(-,t) € D(A) for a.e. t € (0,T)
and the first equation in (1.1) is satisfied for a.e. t € (0,T).
o Final condition:

p(,T) = p" a.e in Q.

The following result gives a necessary and sufficient condition in terms of the given data f and p”
such that the non well-posed system (1.1) has a strong solution.

Lemma 2.2. Let f € L*(Q) and p” € L*(Q) have the expansions f(-,t) = > po fu(t)dr and pT =

> ore 1 bidr where fi(t) = (f(,1), dr)r2(0) and by = (p*, dr)12(0). Then the following assertions are
equivalent.

(a) The system (1.1) has a strong solution p.
(b) The following two series
oo oo T 2
> bt and Y (/ e | fu (1) dt) . (2.1)
k=1 k=1 \“0
converge.

Proof. Let f(-,t) = > pe, fu(t)¢r and pT = >"72 | by
(b) = (a): Assume that the two series in (2.1) converge. Define

[e's) T o0
p(et) =Y eI gy — / > TN f(r) gy dr, € [0,T).
k=1 top=1

In that case, it is easy to verify that p is a strong solution of (1.1).

(a) = (b): Firstly, let p be a solution of (1.1) with f = 0. Since p(-,0) € L?(f2), it follows that it
has an eigenfunction expansion of the form p(-,0) = Y77 | ax¢r. Thus, calculating and using (1.15)
we get that

S(T)p(-,0) = Z e T reapgy, = pt = Zbk@c. (2.2)
k=1 k=1
The identity (2.2) implies that e~7**a; = by.. Therefore, ar = bpeT>*. Since p(-,0) € L*(Q), we have
that >_p; |ag|*> < co. Thus, we can deduce that > - | b7e*T*r < oo.
Secondly, let p be a solution of (1.1) with p” = 0. Here also, p(-,0) € L?(2) has an eigenfunction
expansion of the form p(-,0) = Y72 | ax¢y. Therefore, using (1.15) again we obtain

fe%s) e} T
S(T)p(,0) = e rargp = / e T=X £ (1) d.
k=1 k=170
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This implies that

T
e TAeqy = —/ e_(T_T)’\kfk(T) dr.
0

Thus,
T
ap = —/ et/\’“ fk(t) dt.
0

2
Since Y po ; |ax|? < oo, we can deduce that the series Y -, (fOT e e fi.(t) dt) converges. The proof
is finished. O

Remark 2.3. We observe the following fact that will be useful in the next sections. Let f € L?(Q)
and pT € L%(Q) satisfy (2.1) so that (1.1) has a strong solution.

(a) Using semigroups theory we can show that p is a strong solution of (1.1) if and only if p €
L2((0,7); V)N C([0,T]; L3(£2)) and the identity

T
— ¢ dad &(p,¢)de=— [ pT 1) d dxd .
/Qm vit+ [ e(p.0)de =~ [ pT@)ote.T) :v+/Qf¢>wt (2.3)

holds for every ¢ € {¢ € L2((0,T); V) : ¢ € L*(Q) and ¢(-,0) =0 in Q}.
Moreover, we have the following estimates: There is a constant C' > 0 such that
1P 1122 () + ol Z2 0.y < CIFIZ2 () + 10122 q)- (2.4)

(b) The function p is a strong solution of (1.1) if and only if p € L?((0,T); V) N H((0,T); V*),
p(-,T) = pT in €, and the equality

(P B)e st + E(p &) = /Q 16 de (2.5)

holds for every ¢ € V and a.e. t € (0,T).

2.2. Existence and regularity of solutions to the approximated state equation. In this section
we give several results of existence and regularity of solutions to the approximated state equation (1.4)
and the associated dual equation.

Recall that we have approximated (1.1) with (1.4). Here is our notion of solutions of (1.4).

Definition 2.4. Let ¢ > 0, f € L?(Q), and pT € L?(Q). A function p* € C([0,T); L*(Q2)) is said to
be a strong solution of (1.4) if the following assertions hold:
e Regularity:
pi(-,t) € L*(Q) and p°(-,t) € D(A) for a.e. t € (0,T)
and the first equation in (1.4) is satisfied for a.e. t € (0,T).
o Initial condition:

ep(,0)+ p°(-,T) = ,OT a.e. in €. (2.6)

Next, we introduce the natural candidate for a solution of the approximated problem (1.4). Recall
that S = (S(¢))¢>0 denotes the strongly continuous, analytic, and submarkovian semigroup on L?(£2)
generated by the operator —A.
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Definition 2.5. Let f € L?(Q) and p* € L?(Q). Fore >0 and t € [0,T], we let

T
P (-, t) :=S(t) (el + S(T))*lpT - /O S(T+t—71)(el + S(T))’lf(.,T) dr

+/0 S(t—7)f(-,7) dr. (2.7)

Remark 2.6. Using the semigroup property we easily get the following identity that will be useful.
For e > 0 and t € [0, 77, let p® be given by (2.7). Then,

§F (o 8) =S() (=T + S(T)) " p — /0 S(t 7)1~ S+ 5@) | 1t.7) dr

—/T S(T +t—7)(eI + S(T)) " (-, 7) dr. (2.8)

1 We have the following theorem which is our first main result.

> Theorem 2.7. Let f € L*(Q) and pT € L?(Q). Then, the function p° given in (2.7) is the unique
3 strong solution of the system (1.4) and it depends continuously on the given data p* and f.

4 Proof. We proceed in three steps.
5 Step 1: Since the semigroup S is analytic, we have that S(t)u € D(A) for all u € L?(2) and ¢ > 0.
6 In addition, %S(t)u = —AS(t)u for all t > 0, and (eI + S(T))flpT € D(A) for every € > 0. Thus,
7 from semigroups theory, it is well-known that p° has the regularity given in Definition 2.4.
Next, we show that p° satisfies the first equation in (1.4) for a.e. ¢ € (0,7). Taking the time
derivative of (2.7) we get that for a.e. t € (),T),

1

pf(-,t):—AS(t)(5[+S(T))_1pT+A/O S(T+t—7)(el + S(T)) " f(.7) dr

"y / S(t—1)f(,7) dr + F(-8)
0
= - Apa(at) + f(7t)

s Thus, p° satisfies the first equation in (1.4) for a.e. t € (0,T).
Next, we verify that p° satisfies the identity (2.6). Since p* € C([0,T]; L*()) and S(0) =
follows from (2.7) that

1

ep®(-,0) =e(el + S(T))flpT - E/OT S(T—7)(el +S(T))  f(-,7)dr. (2.9)
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Using (2.7) and the semigroup property again, we also get
T T
p°(-,T) :S(T)(s]—!— S(T))_lpT — / ST — T)(e’:‘[ + S(T))_lf(~,7') dr —|—/ ST —7)f(-,7)dr
0

=S(T) (el + S(T))’lpT - /OT S(T —7)S(T) (eI + S(T) ) dr + / S(T —7)f(r) dr

-1

=S(T) (el + S(T)) p" — /OT S(T —7)(S(T) +el —el) (eI + S(T )) fG,7)dr

+/0 S(T—7)f(-,7)dr

. T T .

=S(T) (eI + S(T)) pT—/ S(T —7)f(7) dT+€/ S(T —71)(el+5S(T))  f(,7)dr

0 0
T
-l-/o S(T—-7)f(-,7)dr
T

=S(T) (eI+S(T))‘1pT +e/ S(T—T)(EI+S(T))_1f(-,T) dr. (2.10)

0

Combining (2.9)-(2.10), we get
£p*(-,0) + p° (, T) =e (eI + S(T)) ™' p" + S(T) (e + S(T)) " p”
=(eI +S(T)) (eI +5(T)) " p" = o

1 Thus, p° satisfies (2.6) and is a strong solution of (1.4) in the sense of Definition 2.4.
Step 2: Next, we show the continuous dependence of p° on the data p” and f. Using (1.16) and the
fact that S is a semigroup of contraction, we get from (2.7) the following estimates for every t € [0, T':

T
16 D2y <N (L + S(T)) ™ " [l12(e +/O (1 +S(T) ™ £ P22 dr

t
‘*’/0 £ L2(o) dr

1 1
<2l sy + i@y + I lzec (211)
> Thus, p° depends continuously on the given data f and p’.
3 Step 3: Finally we show uniqueness. Since the system is linear, it follows from the continuous
4 dependence on the data given in (2.11) that, if f = 0 in Q and p” = 0 in Q, then p° = 0 in Q. We
5 have shown the uniqueness of solutions and the proof is finished. 0

6 Remark 2.8. We observe the following.
(a) Since p® € C([0,T]; L*(2)), it follows from (2.11) that

. 1 1
I leorzzay < T iz + (£ +1) oo (212)
(b) Tt follows from (2.12) that for every 0 < & < 1, we have

len® (- 0)ll 20y < llp" lz2(0) + 2IIf | 22(@)- (2.13)
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(c) It follows from (2.6) and (2.13) that for every 0 < e <1,

Ip" = p* (D)l 20 = llep” (5 0l 20y < 0" 22 () + 201 fll2(@)- (2.14)
Next, we give some fine estimates of solutions.

Proposition 2.9. Let f € L*(Q) and pT € L*(Q)). Then for every e >0 and t € [0,T], we have that
(T)(el + S HPIFIZ )

T
+/t IS(T +t = ) (eI + S(T) PN I dr- (2.15)

10° (5 ) 172y <

Proof. Since p € L?(), it follows that p” has the expansion p” = Y77 brdy and ||pTH%2(Q) =
> ney b2 with by = (p”', ¢1) 2()- Using (2.8) and making some calculations we get that

165G, ) 2oy < 5 202 (e + e T) 2 [T — S(T)(eT + S(T) P12 20,
k=1
T
+ / IS(T +t = 7)(el + ST L2y dr

< ie—zﬂkbi [(5 n e—T/\k)% (5 n e—T)\k>1—%}*2
k=

—

+ 1= S(T) (el + ST) T PIAZ2 0.y xe)

T
+ / IS(T +t = 1)L + ST) M2 () 2oy dr

<SR () I - S+ S@) TP e

T
IS(T +t = 1) (el + S(T) T PIFC 720 dr

t

NE

£
Il
-

IN
A

) Zb + = S(T) (el + ST) P12

T
+ /t IS(T +t = 1) (el + S(T) T PIFC )72 dr
We have shown (2.15) and the proof is finished. O

Next, we show further regularity results and fines estimates of solutions that will be useful in the
next sections.

Theorem 2.10. Let f € L?(Q), p* € L?(Q), and let p° be the unique strong solution of (1.4). Then
pf € L2((0,T); V)N C([0,T); L*()) and there is a constant C > 0 independent of € such that

1 1
16 oy + 1 o < € (1920 + 107 ey + 5 Brey ) - (216)

Proof. Notice that we already know that p* € C([0,T]; L?(2)), p5(-,t) € L*(Q), and p*(-,t) € D(A) C
V for a.e. t € (0,7). Multiplying the first equation in (1.4) by p¢, integrating over €, taking into
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account (1.14) and (1.13), and using the Hélder and Young inequalities, we obtain that there is a
constant Cp > 0 (independent of €) such that
/ frfdx
Q

1 )
< %Hf("t)ﬂé(ﬂ) + 107720
i , 00 ,
< 275||f('7t)||L2(Q) + THPE(@ v,

for every § > 0. Noticing that (p°(-,t), p°(+,t)) = [|p°(+,1)||3 and choosing 6§ = C%J in the preceding
identity, we can deduce that

1 C
2 2 0 2
2dt”’0 (D20 + §||PE(',15)||V < 7“f('7t)||L2(Q)' (2.17)

Now, integrating (2.17) over (0, s) with s € [0, T], we obtain that there is a constant Cy > 0 independent
of ¢ such that

Oy + €05 (1), 57, 1)

1 Co 1
SlP* G o)z + 5 / o= (5O dt < <211l @) + 51107 C5 0)1Z2 ) (2.18)
which in view of (2.13) implies that there exists a constant C > 0 independent of € such that

1% (- HL2(Q) +/ ()5 dt < C (||f|L2(Q) + = 2 ||PT||L2(Q) + = 2 f||L2(Q))

for every s € [0,T]. Hence, we can deduce that

T
1 1
sup [p°(, )1 72(q) +/ lp° ()5 dt < C (IIfII%z(@ + 51" 720 + 2||f||2L2<Q)) :
s€[0,T) 0 e £

We have shown (2.16) and the proof is finished. O
Remark 2.11. We observe that using semigroups theory, we can show the following.
(a) A function p° is a strong solution of (1.4) in the sense of Definition 2.4 if and only if p° €
L2((0,T); V)N C([0,T]; L3()) and the identity
T
—/ foagon dmdt—i—/ E(p%,b) dt+/ p°(x, T)p(x, T) dx
Q 0 Q
:/ fo d:cdtJr/ p°(x,0)p(x,0) do (2.19)
Q Q

holds for every ¢ € H(Q) := {z € L*((0,T); V) : 2, € L*(Q)}, or equivalently

T
- / o dud + / E(p°, ) dt + / o (2, T)é(2,T) do
Q 0 Q

— [ sodsar+ 2 [ (67~ 5. 1)0(,0) o (2.20)
Q € Ja
holds for every ¢ € H(Q). Moreover, if we set
= TE(fa pT)a (221)

then, it follows from Theorem 2.10 that the map: (f, p?) — T.(f, pT) is bilinear and continuous
from L2(Q) x L3(Q) into L2((0,T); V) N C([0, T]; L*(Q)).
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(b) A function p° is a strong solution of (1.4) in the sense of Definition 2.4 if and only if p* €
L2((0,T); V)N HY((0,T); V*) and the identity

(i, O)vev +E(p° 0) = /Qf¢ dx (2.22)

holds for every ¢ € V and a.e. ¢t € [0,T].
The study of the following system

—p; + Ap° =0 i
pt + p . %n Q? (223)
ep(T) +p°(,0) =p° In Q.
which can be viewed as the dual system associated with the approximated problem (1.4) is useful for
the approximated optimal control.

Definition 2.12. Letp? € L%(Q). A function p® € C([0,T]; L*(Q))NCL((0,T); L2(2))NC((0,T); D(A))
is said to be a strong solution of (2.23) if the following assertions hold:
o Regularity:
P € C([0,71; L*(2) N C1((0,T); L*(€2)) N C((0,T); D(4))

and the first equation in (2.23) holds for a.e. t € (0,T).
o Initial condition:

ep* (-, T) +p°(-,0) = pLa.e. in Q.
We have the following existence result.
Proposition 2.13. Let p” € L?(Q). Then, there erists a unique strong solution p¢ to (2.23) in the
sense of Definition 2.12. In addition, p* € L*((0,T); V) N C([0,T); L*()) and there is a constant
C > 0 independent of € such that
C
1212 t0.73: 22020 + 125122 ((0,7)9) < gHPTHZLZ(Q)- (2.24)
Proof. Making the change of variable ¢ — T'—t in (2.23), we obtain that (T —t, z)) := p°(¢, x) solves
vp + AY® =0 n @,
57/15(‘,0)+1/1€(‘»T) :pT in Q.
That is, ¢ is a strong solution of (1.4) with f = 0 and p” = p”. That is, for all ¢ € [0, T] we have
PE(ot) =05 (T —t,-) = S(T —t)(eI + S(T))_lpT.

Using the analyticity of the semigroup S we can easily verify that p° has the required regularity.
Proceeding as in Theorem 2.7 we can easily deduce that p® satisfies the first equation in (2.23) for a.e.
t € (0,7). In addition, we have that

ep” (5 T) +p°(+,0) =e°(-,0) + ¢ (-, T)
—S(T) (e + S(T)) " 'p" + (eI + S(T)) "'p" = p”.
We can also deduce from Theorems 2.7 and 2.10 that p* € L2((0,7); V) N C([0,T); L?(£2)). From the
estimates (2.12) and (2.16) we get that there is a constant C' > 0 (independent of ¢) such that

C
sup [|p° (- )22 () + 1P 22(0.00) < P71 22(0)-
tE[O,T]H Oz (0) + 1971220y < ZP7 1Z2(0)

We have shown (2.24) and the proof is finished. O
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2.3. Convergence of solutions. The main concern of this section is to show that solutions of the
approximated problem (1.4) converge to solutions of the original problem (1.1). We also want to derive
the convergence rate.

The following convergence result is our second main result.

Theorem 2.14. Let f € L?(Q), pT € L?(Q), and p° be given by (2.7). Then
lim || p°(-, T) — p* =0. 2.2
Eligllp T) = p" llr2@) =0 (2.25)
Proof. Let pT =372  bidr € L*(Q) and f € L*(Q). Using (2.7) we get the following estimates:

e 1
1. T) = P12 () <IS(T) (el +S(T)) p" = p" 720

T 2
+ [ |sa-n) [J—S(T)(gHS(T))‘l} 1o 32y dr
< (el + S@) o agey + | 1= S@) e+ @) 11200
_Z€2b2 c e ) +HI S(T) (el + S(T H 2200 (2:26)

Using the dominated convergence theorem, it is easily seen that

Liﬁ)lHI—S(T) (51+S(T))‘1H ~0. (2.27)

Next, fix 6 > 0 but otherwise arbitrary. Choose N € N large enough such that Z,?;NH bz < g. Then,

N N
) )
262 ( A 22 ( —TA 2 2 _2TA,
Zeb e+e ) <Zsb e+e ’“) +§§s Zbke k+§.
k=1 k=1 k=1
Now, let € > 0 be such that
—1
5 (&
e < 1 ZbieZT’\’“
k=1
This implies that
Zezbi (e+e ™) <5
k=1
We have shown that
= 2
li 212 —TA\— = 0. )
;&125 bi(e+e ) 0 (2.28)
k=1
Combining (2.27)-(2.28) and using (2.26), we get (2.25) and the proof is finished. O

Next, we have the following finer convergence result. In particular, it gives a necessary and sufficient
condition in terms of solutions of the approximated problem (1.4) such that the non well-posed problem
(1.1) has a strong solution.
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Theorem 2.15. Let f € L*(Q), pT € L*(Q), and p° be given by (2.7). Then, the system (1.1) has a
strong solution p if and only if the sequence {p°(-,0)} converges in L*(Q), as e | 0.
In addition, as € | 0, we have that

p°(-,t) converges strongly to p in L*(Q), uniformly in t € [0,T], (2.29a)
p° converges strongly to p in L*((0,T),V). (2.29b)

Proof. If the system (1.1) has a strong solution p, then p € C([0,7T]; L*(£2)). Hence p(-,0) exists and
belongs to L?(2). Assume that lim. g p*(+,0) := p = p(-,0). Define

p(-,t) == S(t)p° +/0 St—71)f(,7)dr. (2.30)

Recall that by (2.7) or (2.8) we have that

-1

T
p(,0) = (e + S(T)) " pT 7/0 S(T —7)(eI + S(T)) " f (-, 7) dr. (2.31)

Using (2.8) and the semigroup property we get

p(t) = p(t) =S(t) (eI + S(T)) ™ o7 + / S(t=7) [T = S(T) (T + S(D) '] 1 7) dr

-1

/ST+t—7)(aI—|—S( )L () dr — S(8)°

/S —7)f(,7)dr
=S(t) (eI +S(T))~ 1pT S(t)p°

—/ S(T+t—71) (el +5(T))
0

-1

f('vT) dr

T
=5(t) <(d+5(T>>—1 - [ s =) (er+5@) 7 s df) Sap

which in view of (2.31) gives

Since lim, g ||p°(-,T) — pTHL2(Q) =0 (by (2.25)) and
li €. _ . 5 —1 0 _ _egf. R <1 0 _ e 5 _
;ﬁ}”ﬂ (1) = (- Dllr20) ;ﬁ)lHS(t)(ﬂ Pe(C 0z < ElngP p° (020 =0,

we can deduce that p(-,T) = pT in Q and the function p given by (2.30) solves the problem (1.1). In
addition, we have already shown that p®(-,¢) converges to p(-,¢) uniformly in ¢ € [0, T].

Conversely, assume that p is a solution of (1.1). Let f € L?(Q) and pT € L%(Q) have the expansions
f ) =302 fu(t)dr and pT =377 | b It follows from Lemma 2.2 that

2
1p(,0)[1 720y < sz o +Z (/ M7 fi(7) T> .
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Let § > 0 be given. Choose N € N large enough such that

Z €2T>\kb2 / Z 27’)\k|f dT < 6
0

k=N+1 k=N+1
Let ¢, > 0. Calculating, we have that

P, 0) = p"(,0) = (e + S(T) ™" = (n+ (1)~ | "

T
+ / S(T =) |1+ S(T) ™ = (n+ S(T) | £ 7) dr.
0

This identity implies that we have the following estimates:
2

19°(,0) = ", 0) (g < \ (1 + 5T~ @+ 5@~ "

L2(Q)
g 2
+/ |:(€I+ S(T))_l _ (n+ S(T))_1:|f(’7-) dr
' L2(Q)
< i(n - 6)2 (577 + (e + 77)6—TA;C + 6_2T>‘k) 721)2
B k
k=1
T o0 ,
+ [ D¢y (577+ (e +mn)e T —i—e—?TNc) ()2 dr
0 k=1
S —2
= Z(n — 5)2 (57] + (5 + n)e—T)\k + €—2T>\k) bi
k=1
3 -2
+ Z (n— 5)2(577 + (e + n)e‘T’\k + e—ZT)\k.) bi
k=N+1
—2
/ Z —¢) 577+(€+77) T +e—2T/\k) ()2 dr
0 k=1
-2
/ 5)2 (577 + (e + n)e_T)"“ + e_QTkk) ‘fk(7)|2 dr
0 k= N+1

k:l k=N+1

— €+

15

(2.32)

T N T o0 2
T (n — &)2eA T £, (7)2 dr + (” _ 5) 2| £ ()2 dr
/0 Z ’ /0 k:zN:Jrl '

N
1)
<Stm—eRe ™+ [ S =™ AmR dr+ .

Now choosing v > 0 such that

N —1
72 < 5(2(7]_ 2 4TAkb2 / 2 4T/\k|fk(7_)‘2 dT)
k=1 0

k=1

(2.33)

(2.34)
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and requiring that € and n are less than v, we can deduce from (2.32), (2.33) and (2.34) that
”pa(vo) - pn('a O)H%?(Q) <é.

We have shown that {p°(-,0)}. is a Cauchy sequence in L?(2), hence it converges.
Now set 2 = p® — p, where p® and p are respectively solutions of (1.4) and (1.1). Then, 2° is a
solution of

{z,f + Azf=0 in@:=(0,T) x Q, (2.35)

ept(-,0)+2°(-,T) =0 in Q.
Since p, p € L*((0,T); V)N C([0,T]; L*(Q)), if we multiply the first equation in (2.35) by 2%, integrate
by part over @ and take into account (1.13), (1.14) (1.11) and (1.19), we have that
1 € 2 €112 1 € 2
§||Z ('7T)HL2(Q) + 1= HLQ((O,T);V) = §||Z ('70)||L2(Q)’

which in view of the fact that 2° = p* — p and 2°(-,T) = £p°(+,0) is equivalent to

e? 1
5”08(',0)”%2(9) + [lp° — p||2L2((0,T);V) = §||Ps('a0) - P('70)||2L2(Q)-

Thus
1
167 = PR oirren) < 3197 0) = 9, 0) (- (2:36)

Since p°(-,t) converges to p, as € | 0, uniformly in ¢ € [0,7], we can deduce from (2.36) that p°
converges to p in L2((0,T),V), as € | 0. The proof is finished. O

Next, we give the rate of convergence.

Theorem 2.16. Let f € L?(Q) and p* € L?(2) have the expansions

f(st) = ka(t)(/)k and p" = Zbk¢k~ (2.37)
k=1

k=1

If there exists v > 0 such that the series

) o0 T
> b and Y / Y| ()2 dt (2.38)
k=1 k=170

converge, then ||p°(-,T) — p'||12(q) converges to zero with rate €7y ~2.

Proof. Firstly, we notice that if (2.38) holds, then (2.1) holds so that (1.1) has a strong solution.
Secondly, let v € (0,2) be such that (2.38) holds. Let j € (0,2). Fix n € N and define the

; . X _TNp
function g, (g) := W Then, ¢/,(¢) = 5771%. Thus, g,,(¢) =0 whene =0 or ¢ =
T

3

7o An . Since

gn(e) >0, gn(0) =0, and lgn gn(e) =0,
€ (o)
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it follows that g, achieves its maximum at the point g9 := ji%ze*TA". Thus, we can deduce that
J je*jTAn

gn(e) < (2_17 Calculating, we get the following estimates:

(cote-Trn)2

-2

o0 o0 T —TX

_ _ _o(T—r e n

10°C.T) = p7|Fag) <2D_bhe(e+ e ™) 4237 / eI <1+m> (I dr
n=1 n=1
[e%e) [} T c 2
§2Zb252(s+e*“n)*2+22/0 e 2T <g+e—ﬂn> | fi(T)? dr

n=1 n=1

0 Ny
<27 Z b (23) R O
—J
n=1

00 T . J
r23 et [ (o) et ey TR
n=1

oo R j
<2 S0 (53] e 2
n=1
0o T ] j 4
+2 Z 52_.7 / (2> 6(2_‘7)TA”6_2(T_T))‘" (EO + 250€T>\")_1 |fk(7-)|2 dr
n=1 0

—J
] . J
<e2i Z b2 (2 i j) e(2=)TAn

n=1

i (TG (2= )T A . —2(T—7)An 2
+e Z 7 e e | fi(7)|* dr
n=1"0 -

. 7 00 00 T
< (G ) [ Soaee i Y [ ) ar
n=1"0

—J n=1
Letting j = 2 — v we obtain

) 2 [ee} oo T
1) = ey < (2) @ | e 3 [ e
n=1

fk(7)|2 dr| = Ce'y72,
v n=1

where

oo %) T
C:=4 Z b2 e TAn 4 ZA A fio(T)|? dr
n=1 n=1

The proof is finished. O

We have the following result as a direct consequence of Theorem 2.16. Its proof follows the lines of
the proof of Theorem 2.16 with the obvious modifications.

Corollary 2.17. Let f € L*(Q) and p* € L?*(Q) have the expansions (2.37). If there exists v > 0
such that the series

oo 00 T
Zbie(ﬂww‘k and Z/ TN i (1) dt
k=1 k=170
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converge, then ||p°(-,t) — p(-,t)l|z2(q) converges to zero, uniformly int € [0,T], as e | 0, with conver-

gence rate €Yy~ 2.

3. THE OPTIMAL CONTROL PROBLEM

Throughout this section we assume that f € L2(Q) and pT € L?(9) satisfies (2.1).

We are interested in the optimal control problem associated to the non well-posed state equation
(1.1), that is, we want to solve the optimization problem (1.2)-(1.1). Let U,q be a nonempty closed
and convex subset of L*(Q) and A be defined as in (1.3). For example one may take U,q to be the
following nonempty closed and convex subset of L?(Q):

2

Uua := { f € L*(Q) such that i (/T e i ()] dt) <o00yp,
0

k=1
where A\ and ¢, (k € N) are defined as in Remark 1.2, and fr(t) := (f(-,1), dr)r2(0)-

Remark 3.1. We make the following observations.

(a) From Lemma 2.2, we have that the system (1.1) has a strong solution p in the sense of Definition
2.1. This shows that A # (). Moreover, it follows from Remark 2.3 that p € L?((0,7);V) N
C([0,T); L?(2)) and (2.3) holds true.

(b) Since p € L%((0,T); V) N C([0,T]; L*(€)), we know that p(-,0) € L?(Q2). We can thus define
the cost function

1
I150) = 5 (I9(50) = 012y + €N 13200 ) (3.1)

where p? € L?(Q2) and ¢ > 0 is a real parameter.

(¢) Using minimizing sequences, the structure of the cost function J given in (3.1), and the estimate
(2.4), we can prove that there exists a unique optimal pair (f, p) € A which is the solution to the
optimization problem (1.2)-(1.1). Moreover, writing the first order Euler-Lagrange optimality
condition that characterises the optimal pair (f, 5), we have that

/Q (p(,0) — pla, 0))(p(z,0) — p () + /Q SR~ P dedt >0 Y(f,p) €A (32)

As mentioned in the introduction, the increase of the state and the control in (3.2) are linked because
the system is not well-posed in the sense of Hadamard (in particular, the solution whenever it exists)
may not be unique, and the continuous dependence of solutions on the given data may be lost).

3.1. The approximated optimal control problem. Here, we study the existence and uniqueness

of minimizers of the optimization problems (1.5)-(1.4), and we give a characterization of the associated

optimality conditions. Let us notice that in this section we do not assume that f and p” satisfy (2.1).
We let

1
() = 3 (190070 — 0o + €1l (33)
where in view of (2.21), p = T.(f, pT) solves (1.4). Recall that U, is a nonempty closed and convex

subset of L?(Q).
We have the following existence and uniqueness result of optimal controls.

Theorem 3.2. For every ¢ > 0, there exists a unique f€ € Ugq solution of the minimization problem
(1.5)-(1.4). The associated state p is the unique strong solution of (1.4) with f replaced by f*.
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Proof. Since the functional J¢ given in (3.3) is bounded from below by zero, it is possible to construct
a minimizing sequence ("), cn such that

lim JE(f") = inf J°(f). (3.4)

n—oo jeuad

We denote by ¢°" := T.(f", p*') the state associated with the control f¢”. For each n € N, by Remark
2.11, we have that " € L?((0,T); V) N H((0,T); V*) is the unique strong solution of

fn + Ay = [ in Q, (3 5)
(L 0) + (L T) = T i Q. |
It follows from (3.4) and the structure of the cost function J= that, there is a constant C' > 0 (inde-
pendent of n and ¢) such that,
1/ r2(@) < €, (3.6)
95" (-, 0)|| 2 () < C- (3.7)

It follows from (3.7) and the second equation in (3.5) that there is a constant C' > 0 independent of n
and ¢ such that

195" (-, Dllz2c0) = llp" = €= (-, 0) [l L2y < Ce + o7 [|22(0)- (3-8)
Since =" € L?((0,T); V)NC([0,T); L*(2)) is the unique strong solution of (3.5), it follows from (2.12),
(2.16), and (3.6) that there is a constant C' > 0 independent of n and € such that

1 1
(§+Q+§pW§@] (3.9

It follows from (3.6), (3.7), (3.8), and (3.9) that there exist f¢ € L*(Q), ¥5,v5 € L*(Q), and p° €
L2((0,T);V) such that, as n — oo, we have the following convergences:

195" 12 o 77220y + 195" 1220.my0) < C

= fe weakly in L*(Q), (3.10a)
Y (-, 0) — P§ weakly in L*(1), (3.10b)
(T — Y5 weakly in L?(Q), (3.10¢)
Y = pf weakly in L*((0,7);V). (3.10d)
Since f" € U,q which is a closed subset of L?(Q), we can deduce that
e e Uyy- (3.11)

Next, we show that p® belongs to H((0,T); V*). It follows from (2.22) in Remark 2.11 that

<§ﬂ@ww+swm¢wﬁ=4fmwmm

for every ¢ € V and almost every ¢ € (0,7). Using the continuity of the bilinear form € (see (1.12)),
we get from the previous identity that there is a constant C' > 0 independent of n and e such that

(W™, B ] <= gl + 177 (Dl 2o
<C (I ¢ Dl + 17 ¢ Dz ) ol
This shows that
5l < € (I GOl + 157G ) o)
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Integrating the latter inequality over (0,7, we get that

T T
| 1w <0 [ (1m0l )

It follows from (3.6), (3.9), and the previous estimate that there is a constant C' > 0 independent of n

and ¢ such that
1 1
(52 + 1) + 52||PT|%2(Q)] :

This shows that ¢$" converges weakly to some function ¢¢ € L?((0,7); V*) as n — oo. The uniqueness
of the limit implies that 1) = p§. This fact combined with (3.10d) implies that p* € H((0,T);V*).
Since p* € L2((0,T); V)N H((0,T); V*), we have that p* € C([0,T]; L?(Q2)) by (1.22).

On the other hand, observing that p° € C([0,T]; L?(f2)), and using the uniqueness of the limit,
we can deduce from (3.9), (3.10d), (3.10b) and (3.10c) that 1§ = p°(-,0) and 5 = p°(-,T) in Q.
Consequently, as n — oo, we have that

Y (-,0) = p°(-,0) weakly in L(Q), (3.12a)
(-, T) = p°(-, T) weakly in L*(Q). (3.12b)

Recall that by Remark 2.11, for every ¢ € H(Q) = {z € L*((0,T); V) : 2, € L*(Q)}, we have that

19" 122 0.y < €

T
- / o da dt + / E(e", ¢)dt + / " (@, T)p(x, T) da
Q 0 0
_ / £ dadt + / V¥ (z,0)) 6, 0)dz
Q Q

— [ rrodedrs ] [ @@ 1) - 9 0le,0) da. (3.13)
Q € Ja

Using (3.10a), (3.10d), (3.12a), and (3.12b) while taking the limit of (3.13) as n — oo, we get that
T
- [ owdsars [ e oyt [ 5o T) do
Q 0 Q
— [ Fodsdrs [ p(0.0)6(r. 00z
Q Q

— [ Fodsdtr 2 [ (@ 1) - 5 ol 0)ds (3.14)
Q & Ja

for every ¢ € H(Q). By Remark 2.11, (3.14) means that p* € L?((0,T); V) N C([0,T]; L*(Q2)) is the
unique strong solution of the system

p; +Ap" = f* in @,

Epg('30)+p€('aT) :pT in €.
Next, since the functional J¢ is convex and lower semi-continuous, using (3.10a), (3.12a) and (3.11)
we can deduce that

(3 i < 3 3 (3] EN < : [ ENn < : (3] < (3 E.
T S lmink TP €l Y S dgt T) ST

We have shown that (f¢, p°) is the optimal solution of (1.5)-(1.4). The uniqueness is straightforward
and follows directly from the strict convexity of the functional J¢. The proof is finished. g
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Next, we characterize the associated optimality conditions.

Theorem 3.3. Let (p°, f¢) be the solution of the minimization problem (1.5)-(1.4). Then, there exists
q¢ € L?((0,T); V)N H((0,T); V*) such that we have the following optimality systems:

p; + Ap® = f° in Q,
{Epe(n 0)+p°(-,T) = p* inQ, (3.15)
and
—q; +A¢" =0 in Q,
3.16
{Eqa(-,T)quE(-,O) =p°(-,0) — p?  inQ, (3.16)
and
/Q(£f5 =@ )(f = f°) dedt >0, VfeUy, (3.17)

Proof. We have already shown (3.15) in the proof of Theorem 3.2. Tt is also clear that (3.16) is the dual
system associated with (3.15). To complete the proof of the Theorem, we write the Euler-Lagrange
first order optimality condition that characterizes the optimal control f¢. That is,

AN = ) — )

>
IAIMJ 3 >0, VfelUy- (3.18)
After some straightforward calculations we have that
/ 25(z,0)(p° (,0) — p?) dx +§/ fE(f=fF) dadt >0, VfelUy, (3.19)
Q Q

where 2¢ € L*((0,T); V) N H'((0,T); V*) is the unique strong solution of

{zi tAE=f-f nQ (3.20)

ezf(-,0) + 2°(-,T) =0 in Q.

Notice that the existence of such 2° is given by Theorems 2.7 and 2.10.

To interpret (3.19), we use the adjoint state given by (3.16). Note that in view of Proposition 2.13,
we have ¢° € L2((0,T); V)NH((0,T); V*). So, if we multiply the first equation in (3.20) by ¢° solution
of (3.16), and integrate by parts over @, we get

| = @0 @.0) = p'(@)do+ [ (£~ 5217 dade =0 (3.21)
Q Q
Combining (3.19)-(3.21) we get (3.17). This completes the proof. O

3.2. Convergence of the approximated optimal control problem. The goal of this section is
to show that solutions of the optimal control problem (1.5)-(1.4) converge to solutions of the optimal
control problem (1.2)-(1.1), as € | 0. Throughout the following D((0,T"); V) := C((0,T); V). Recall
that we have assumed that f and p? satisfy (2.1). We have the following result.

Theorem 3.4. Let (f,p) be a solution of the minimization problem (1.2)-(1.1), and let (f€,p%,q%) be
as in Theorems 3.2 and 3.3. Assume that f¢ € Uyq and that the interior of Uyq is not empty, that is,
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Int(Uuq) # 0. Then, there exists q§ € L*(Q) such that, as € | 0, we have the following convergences:

f¢ converges strongly to f € L*(Q) and f € U,g, (3.22)
p° converges weakly to p € L*((0,T); V)N H'((0,T); V*), (3.23)
pf(-,T) converges strongly to p* € L*(Q), (3.24)
p°(-,0) converges strongly to p(-,0) € L*(Q), (3.25)
q° converges weakly to § € L*(Q). (3.26)

Proof. We proceed in three steps.
Step 1. From (3.6) and the convergence in (3.10a), we can deduce that there is a constant C' > 0
independent of € such that

£z < C. (3.27)
It follows from (3.27) that there exists f* € L?(Q) such that
f¢— f* weakly in L*(Q), as €, 0. (3.28)

Since f¢ € U,y which is a closed subset of L?(Q), we can deduce that f* € Uy,gq.
From (3.7) and (3.12a), we have that there is a constant C' > 0 independent of € such that

1p°(-,0) || 2 () < C- (3.29)
Tt follows from (3.29) and (3.15) that there is a constant C' > 0 independent of & such that
lp" = o, T)ll 120 < Ce. (3.30)

Since p° is the unique strong solution of (3.15), using (3.30), (3.27) and (2.18), we have that there is
a constant C' > 0 independent of € such that

b 15°C D122y < ClFEIIT2(q) + éllPT — (. D)Z2() < C° (3.31)
and
r 2 2
| ol at <Cr e+ 516" = (Dl ey < €2 (3.32)
From (3.32), we have that there exists p* € L%((0,7);V) such that, as ¢ | 0,
p° — p* weakly in L*((0,7);V). (3.33)
Proceeding as in the proof of Theorem 3.2 we can also obtain that, as ¢ | 0,
p° — p* weakly in H'((0,T);V*). (3.34)
It follows from (3.33) and (3.34) that p* € L2((0,T); V)N H((0,T); V*) c C([0,T]; L?(£2)), and
p° — p* converges weakly in L?((0,7); V)N H'((0,T); V*), as € | 0. (3.35)
From (3.30), we have that, as € | 0,
p°(-,T) = p* strongly in L*(Q). (3.36)

and we have shown (3.24).
Using (3.31), (3.29), the fact that p* € C([0,7T]; L*(9)), and the uniqueness of the limit, we can
deduce that, as € | 0,

P°(0) = 207~ () = *(,0) weakly in () (3.37)
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Recall that it follows from (2.19) in Remark 2.11 that for every ¢ € H(Q), we have that
/ ¢tp5dxdt+/ E(p dt+/ (e, T)p(x,T) dzx
- / 6 dudt + / P (2,0)6(0)dz. (3.38)

Using (3.28), (3.23), (3.24) and (3.37), while taking the limit of (3.38) as e | 0, we get

/(bt,o dacdt+/ E(p dt+/p (x)p(x,T) d:vz/@f*qﬁd:cdt—i—/p*(x70)gz5(x70) dx (3.39)

Q

for every ¢ € H(Q). Thus, p* € L?((0,T);V) N C([0,T]; L?(Q)) and for every ¢ € H(Q) such that
¢(-,0) =0 in Q, we have

/ Grp*dx di +/ E(p*, P)dt +/ ol (x)p(x,T) do = / f* ¢ dadt. (3.40)
Q
Since f* € Uyq and p7 satisfy (2.1), it follows from Remark 2.3 that p* is a strong solution of

p; +Ap" = [~ inQ, (3.41)
p(T)=p" in Q. '

Now, since (3.41) has a strong solution p*, it follows from Theorem 2.15 that p®(-,0) converges strongly
in L(Q), as € | 0. The uniqueness of the limit shows that

p°(-,0) — p*(-,0) strongly in L?(Q) as ¢ | 0. (3.42)
Step 2. Let (f,p) € A be the solution of the optimization problem (1.2)-(1.1). We claim that
(f,p) = (f*,p*). Since (f*,p*) € A, we have that
J(F.5) < T 0. (3.43)
Observing that on the one hand f¢ is the optimal control solution of (1.5)-(1.4), and on the other
hand that f € U,q, we can write

172, ") (,0) = Pl L2y + ENFENTaiq) =T () < T5(F)
=[1T=(f, ") (,0) = pllz2() + €N FlIZ2q)- (3.44)
In view of (2.21), p* = T.(f¢, pT). Using (3.42), (3.28) and (2.29a), we can deduce from (3.44) that
1" (-, 0) = pllz2(0) + €I o) = T(f*2 ") < I(F,p) = 15(-0) = p¥ll 20y +EllFIIZ2 () (3:45)
Thus,
J(f*,p") < J(f, D). (3.46)
Combining (3.43)-(3.46), we obtain that
J(f,0) < J(F*,0%) < I(f,5).
This implies that
(f,p) = (f*p") (3.47)

and the claim is proved.
Since

JF7p7) < J5(f5) < J(f7, %),
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we can also deduce that
J*—J, as ¢]0. (3.48)

Using (3.47) in (3.35) and (3.42) we obtain that (3.23) and (3.25) hold true.
Using again (3.47) in (3.37) and in (3.28), we get that, as ¢ | 0,

p°(-,0) = p(-,0) weakly in L?(Q) (3.49)
and
¢ — f weakly in L*(Q). (3.50)
Next, we show that f¢ — f strongly in L2(Q), as € | 0. Notice that (3.48) can be rewritten as
16%1 (||PE('70) — 02 + f||f€||2L2(Q)) = [1p(-,0) = pl2() + €N FII72(0)- (3.51)

Using (3.50) and (3.49), we obtain that
17(-0) = p|z2(0) < lim inf |p°(-, 0) - P2
and
1£1l72(q) < fim inf 1751172 (q)-

Combining the above two inequalities with (3.51) we get

17(-0) = | 12(0) = Lim 1p7(-+0) = p¥| 220 (3.52)

11172y = fim 175122 (q)- (3.53)

Observe that
157 = Py = 15 ey + Wfiaig) =2 | = Faoat.
Taking the limit of the latter identity, as € | 0, while using (3.50) and (3.53), we get
lim 7= Fllzaiq) = 1122y + 1f122q) — 2/@(f)2dxdt =0.

This implies that

f¢ — f strongly in L*(Q) as e |0,

and we have shown (3.22).
Step 3. Since Int(U,q) # 0, it follows that there are w € Int(U,y) and r > 0 such that

v —w| r2(q) < r implies v € Ugq.
Since U,q is a closed and convex subset of L?(Q) with nonempty interior, we have that
Uyg = Int(Upg). (3.54)
Hence, there exists a minimizing sequence {vS },en C Int(Ugyq) of f© such that
vy, = fll2@) <7 (3.55)
Let ¢*™ be the state associated to the control v;. Since v5 € U,q4, we have that ¢°" satisfies

{ A in Q,

et (-,0) + ¢ (-, T) = pT in Q. (3.56)
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This shows that the estimates (3.6), (3.7), and (3.9) hold for (v5, ™). That is, there is a constant
C > 0 independent of n and ¢ such that

[villzz@) < C, (3.57a)
¢ (. 0)[L2(0) < C, (3.57b)

n n 1 1
19" 12 0.7 220y + 165" 720,79y < C (52 + 1) + 52||PT||%2(Q)] : (3.57c)

Set 26" := p® — ¢°™ where p° is the state associated to the optimal control f¢. In view of (3.56) and
(3.15), 2™ is a solution of the system

Zi"M 4+ AZF" = ff — ), in Q, (3.58)
ezf™(,0)+2¢"(-,T)=0  in Q. '

Since ¢°™ and p° satisfy (3.57b) and (3.29), respectively, we have that

125" (5 0) 20y = [1p°(+,0) = 7" (-, 0)|[2(0) < C, (3.59)

for some constant C' > 0 independent of n and €. If we multiply the first equation in (3.58) by ¢°,
solution of (3.16), and integrate by parts, we obtain that

T T
- / (GF ™) ye it + / £, ) dt + / (2, T) (2, T)da
0 0 Q

f/zsn(x,O)qE(x,O)dx = / (f¢ —v5)q° duxdt.
Q

Q
Since ¢° is a solution of (3.16), it follows that
| @0 )~ w00 do = [ (57 = o )ofdat
Q Q

Using the Cauchy Schwarz inequality, (3.59), and (3.29), we obtain that there is a constant C' > 0
independent of n and ¢ such that

<C. (3.60)

/ (f° — of)qdadt
Q

Let v € Ugq be such that ||v — 5| 12(g) < r. Then

‘|
/ (F° — ) — f°)dwdt = / (€F° — )(f — v)dadt + / (€fF — ) (o — f°)dudt
Q Q Q
:/ EfE(f — v)dadt —/ ¢ (f —v)dzdt
Q Q

+ [ (€F = )= ydat (3.61)
Q
Setting
X = /sta(f — v)dadt + /Q(gfa —¢°)(v — f%)dxdt,

we have that

[ (€5 = )5 = gordade = X7~ [ (5 - oo (3.62)
Q Q
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Choosing v = v}, we obtain that
[ (€5 = )5 = roydodt = X5 [ (o5, (3.63)
Q Q

where

X7 = /Q €5 (f — v )dadt + /Q (€f° — ¢°) (s, — f°)dudt

- / EF°(f — vF)dudt + / EF° (o5, — f°)dadt — / ¢ (o5, — f°)dudt.
Q Q Q

Using (3.55), (3.60), and (3.27), we can deduce that there is a constant C' > 0 independent of n and &
such that

| X5| <26Cr+r=C(&7).
It follows from (3.17) that

/ ¢ (f — o5)dadt| < C(6,r) Vf € Ug with || — 2|20 < 7.
Q

Consequently, we have that ||¢°|[z2(g) < C for some constant C' > 0 independent of ¢. Thus, there
exists ¢ € L?(Q) such that

q¢ — ¢ weakly in L*(Q), as € | 0.
The proof is concluded. O

Theorem 3.5. Assume that Int(U,q) # 0. Then, (f,p) is the solution of the minimization problem
(1.2)-(1.1) if and only if there exists § € L*(Q) such that the triple (f,p,q) satisfies the following
singular optimality systems: p is a strong solution of

pr+Ap=Ff in Q,
{pc,T) =07 0 (364
and
/ a(60+ Ag) ddt = 0 (3.65)
Q
for every ¢ € D((0,T)), D(A)), and finally
/Q(éf— O(f = f)dzdt >0, Vfe U (3.66)

Proof. From (3.47) and (3.41), we can deduce (3.64). Using (3.22) and (3.26) while passing to the
limit, as e | 0, we obtain (3.66). To complete the proof of the theorem, we need to prove (3.65).
Indeed, since ¢° € L?((0,T); V) N H((0,T); V*) is a strong solution to (3.16), we have that

/ ¢ boda dt+ /OT E( (1), 6(1))dt = 0, ¥ € D((0,T); V). (3.67)
Integrating by parts, ch? obtain from (3.67) that
/Qqs (cbt + A¢)dx dt =0, V¢ € D((0,T); D(A)). (3.68)
Using (3.26) and taking the limit of (3.68) as ¢ | 0, we can deduce that

/ G (1 + Ag) dudt =0, Y6 € D((0,T); D(A)).
Q
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We have shown (3.65) and the proof is finished. O
We conclude this section with the following observation.

Remark 3.6. In Theorem 3.5, we can in addition show that ¢(-,¢) € V for a.e. t € (0,T). We are not
able to prove that g € L((0,7); V)N H((0,T); V*) so that ¢ will be a strong solution of the ill-posed
system

-G +AG=0 in Q

a(-,0) = p" in Q,
which can be viewed as the dual system associated with (1.1). We do not know if such a result holds

true. In the classical case of well-posed problems this is always true, but in the present setting we do
not know. This is an interesting open problem that deserves to be investigated.

4. SOME EXAMPLES OF OPERATORS

In this section we give some examples of operators satisfying Assumption 1.1. We start with the
fractional Laplace operator.

4.1. The fractional Laplace operator with Dirichlet exterior conditions. In order to introduce
the fractional Laplace operator with the zero Dirichlet exterior condition, we need some preparations.
We start by introducing the function spaces.

Let Q ¢ RY be an arbitrary open set. Given 0 < s < 1 a real number, we define the fractional
order Sobolev space

w(z) — w(y)?
H*(Q) = {w€L2(Q): /Q dexdy<oo},

and we endow it with the norm given by

2 %
o = 2 4 / [w(z) —w@)]* )
el - oy ( [w@pas [ [ S dady

H(Q) = {w e H*RM): w=0 in ]RN\Q}.

We set

Then, H§(2) endowed with the norm

o)~ w7
||wH;m>=</ [ dxdy) , (@)

is a Hilbert space (see e.g. [19, Lemma 7] and [9, 11]). We let H*(Q) := (H§(Q2))* denote the dual
space of H§(Q) with respect to the pivot space L?(£2), so that we have the following continuous and
dense embeddings (see e.g. [2, 9, 11]):

HE(Q) = L*(Q) — H*(Q). (4.2)
Under the assumption that € is bounded and has a Lipschitz continuous boundary, we have that
D(Q) is dense in HF(Q) for every 0 < s < 1 (see e.g. [10])). In addition, by [11, Chapter 1], if
0<s#1/2<1, then

s 7o)
Hg(2) =D(Q) 7,
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with equivalent norms, where D(Q2) denotes the space of all continuously infinitely differentiable func-
—H(Q
tions with compact support in . But if s = 1/2, then H§(f) is a proper subspace of D() “.

Remark 4.1. We observe the following facts. Let  C RY be an arbitrary bounded open set.

(a) If N > 2s, then there exists a constant Cy = C(N, s) > 0 (depending only on © and s) such that
for every u € H§(2),

lullLr@) < Collull g ) (4.3)

where r =

N2i\]25 (see e.g. [19, Lemma 6 a)] and [9, 11]).
(b) It is well-known that the continuous injection
Hg(Q) = L*(9), (4.4)
is also compact, see [9, 11].

For more information on fractional order Sobolev spaces, we refer to [9, 11, 22] and their references.
Next, we give a rigorous definition of the fractional Laplacian. Given 0 < s < 1, we let

Li(RN) = {w :RY = R measurable and /RN Mﬁ% dz < oo} .
For w € L1(RY) and ¢ > 0, we set
: w(z) —w(y) N
(-B)zuls) = C. [ w@) —w) g e gy,
{yeRN: |z—y|>e} |l‘ - y|N+28

where C'y s is a normalization constant given by

2s 2s+N
e (2242)

Cns = ———2, 4.5
M i - ) #5)
and I" denotes the usual Euler Gamma function.
The fractional Laplacian (—A)?® is defined by the following singular integral:
s — w(sc) - ’LU(y) T s N

provided that the limit exists for a.e. 2 € RY. We refer to [9] and their references regarding the class
of functions for which the limit in (4.6) exists for a.e. x € RY.
If the function w is smooth enough, say, in the Schwartz space S(RY), then (—A)® can be also
defined as
Cn.s w(z+y) +wlr—y) —w(x)
—A)S =0 dy.
(ayu =3 [ e y

For more information on the fractional Laplace operator, we refer to [9, 12, 22] and their references.
Now we are ready to give our first example.

Example 4.2 (The Dirichlet exterior condition). Let Q C RY (V > 1) be an arbitrary bounded
open set with boundary 9Q and (—A)*® the fractional Laplace operator defined in (4.6). Let (—A)3,
be the realization in L?(2) of (—A)® with the zero Dirichlet exterior condition. More precisely,

D((-A)3) = {u CH(Q): (—A)Pue LQ(Q)} L (—A)Su = (—A)*u in L2(9).
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It is well known that the operator —(—A)3, generates a strongly continuous, compact, and analytic
semigroup S = (S(¢))¢>0 on L?(£2) which is also submarkovian (see e.g. [6]). In addition, we have that
the operator (—A)%, has a compact resolvent and its spectrum is formed with eigenvalues \,, satisfying

O0<A <A< A, <+ and lim A, = 4o00.

n—oo

Thus, we can conclude that the operator (—A)3, satisfies all the conditions in Assumption 1.1. We
also mention that the bilinear form € associated with (—A)%, is given by D(€) = H(2) and

tluy = Cn [ [ )= uele) =) .,

|z —y|NV+2e

The form € is closed, continuous, and coercive.

4.2. Second order elliptic operators with classical boundary conditions. Let us consider the
second order elliptic operator in divergence form

N
Lu=— ) Dj(ay(x)Dju),

ij=1
where we assume that the coefficients a;; are symmetric, that is, a;; = a;, (1,7 =1,2,...,N), belong
to L*°(§), and satisfy the ellipticity condition

N

> aij(@)6& > plg

=1
for some constant p > 0.

Throughout the following, H{ (2) and H'(Q) shall denote the classical well-known first order Sobolev
spaces.

Example 4.3 (The Dirichlet boundary condition). Let Q C RY be an arbitrary bounded open
set. Let Ep : HY(Q) x HL(Q) — R be the bilinear, symmetric, continuous, and coercive form given by

N
Ep(u,v) = Z /QaijDiuDjv dz.

ij=1
Let Ap be the selfadjoint operator on L?(Q) associated with (€p, HL(Q)) in the sense that

D(Ap) ={ue H}(Q): I f e L*(Q) such that Ep(u,v) = (f,v)r2() Vv € H(Q)}
AD’LL = f

It is well-known that Ap satisfies all the conditions in Assumption 1.1. We refer to [1, 7] and their
references for more details.

Example 4.4 (The Robin boundary condition). Let Q@ C RN be a bounded open set with a
Lipschtiz continuous boundary 0). Let B € L*™(09Q) be such that B(x) > By > 0 for o-a.e. x € 99,
where By is a constant and o denotes the usual Lebesque surface measure. Let Eg : HY(Q)x HY(Q) — R
be the bilinear, symmetric, continuous, and coercive form given by

N
Er(u,v) = Z /QaijDiuDjv dx + /an Buv do.

i,j=1
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Let AR be the selfadjoint operator on L?*() associated with (Er, H(Q)) in the sense that

D(Ag) ={ue H(Q): 3 f € L*(Q) such that Eg(u,v) = (f,v)r2() Vv € H'(Q)}
ARUif

It is also well-known that Ag satisfies all the conditions in Assumption 1.1. We refer to [3, 4, 21] for
more details.
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