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First grade students' decomposition of 3D shapes: the interconnection between spatial reasoning and spatial structuring
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Assuming 3D decomposition as a form of spatial reasoning, in this paper, it is our aim to understand how 1 st grade students decompose 3D shapes and how these decompositions are related to spatial structuring. Data were collected during a learning experiment where students were asked to decompose three 3D shapes, in two different ways, without disassembling the models, and draw each part. We categorize 21 first graders strategies and analyze more deeply the records from three students that are representative of the different strategies. Results show that students decompose shapes by establishing local relationships, when they recognize, for instance, composites, but cannot yet coordinate them to form the whole; or global relationships, when students coordinate different composites, relating them with the whole, and apparently, have a previous mental model that is coherent with the structure of a shape.

Introduction

Recent studies show the importance of spatial reasoning (e.g. [START_REF] Mulligan | Looking within and beyond the geometry curriculum: connecting spatial reasoning to mathematics learning[END_REF][START_REF] Sinclair | New opportunities in geometry education at the primary school[END_REF], especially its relationship with mathematical achievement and with success in STEM disciplines, being these of great demand in the 21 st century. [START_REF] Jones | Appendix 8: spatial thinking and visualization[END_REF] defines spatial reasoning as "the process of forming ideas through the spatial relationships between objects" (p.55). Also, to [START_REF] Davis | Spatializing school mathematics[END_REF], spatial reasoning involves two interconnected parts, (mental) understanding and (physical) transforming, in which composing/decomposing shapes constitute a form of spatial reasoning associated to understanding. In early grades, decomposing shapes contributes to a better understanding about shapes' structures. This is also important in more advanced grades, where students have shown difficulties [START_REF] Duval | Geometrical pictures: kinds of representation and specific processing[END_REF][START_REF] Duval | Geometry from a cognitive point of view[END_REF][START_REF] Spiegel | Decomposition considerations in geometry[END_REF]. [START_REF] Spiegel | Decomposition considerations in geometry[END_REF] describe some aspects where 7 th and 8 th grade students struggle concerning decomposing and recomposing shapes, in geometry problem solving. These researchers relate these difficulties to lack of fluency and flexibility, within this type of spatial reasoning, since "decomposition requires careful fluency analysis, of possibly overlapping elements. Recomposition requires flexible manipulations with elements and resources " (p. 215). This points to students understanding of how to coordinate different parts of the shapes by spatially structuring the shape. That means that students need to understand how the shape is composed, which relationships can be established within the shape and how these work together. In what concerns early grades, [START_REF] Hallowell | First-graders' spatialmathematical reasoning about plane and solid shapes and their representations[END_REF] describe 1 st grade students' difficulties in relating 2D shapes with 3D solids, through composing and decomposing, suggesting the importance of providing adequate experiences. Previous learning experiences seem to influence students' performance in tasks involving decomposition and recomposition [START_REF] Spiegel | Decomposition considerations in geometry[END_REF]. As [START_REF] Sinclair | New opportunities in geometry education at the primary school[END_REF] argue, even though 3D shapes have a strong presence in early grades' classes, there is still little research about the way students learn about these shapes. [START_REF] Clements | Learning and teaching early math: The learning trajectories approach[END_REF] propose two learning trajectories for composition of 2D and 3D shapes, based on relationships between components and composites and among components, composites and the whole, similar to Battista and Clement's (1996) construct of spatial structuring. Considering composing and decomposing shapes as a type of spatial reasoning, it seems to be relevant to understand and characterize the relationships 1 st graders establish while decomposing 3D shapes, that is, how do they structure 3D shapes.

For that purpose, we have designed a learning experiment where we seek to understand how students spatially structure 2D and 3D shapes, through composing and decomposing shapes. This paper aims to answer the following questions: How do 1 st grade students decompose 3D shapes? How the decompositions are related to the way students spatially structure those shapes?

Spatial reasoning and spatial structuring

Spatial reasoning is often associated to the process [START_REF] Jones | Appendix 8: spatial thinking and visualization[END_REF] or the ability [START_REF] Battista | The development of geometric and spatial thinking[END_REF] to create spatial images, and manipulate those images to generate new information. In order to create images, students need to understand objects' structures and by understanding their structures they will be able to manipulate them, physically or mentally. Spatial structuring is defined by [START_REF] Battista | Students' understanding of three-dimensional rectangular arrays of cubes[END_REF] as the mental act of constructing a mental representation for an object or set of objects. It consists in identifying units of composition (components), establishing relationships among those components forming composites and establishing relationships among components, composites and the whole. In 3D shapes, built with cubes, components are the cubes while composites are organized sets of cubes. Through this process, students go from seeing a shape as a whole to identifying its parts and establishing relationships among them, into a deeper understanding of shapes' structures. Decomposing and composing shapes, as a form of spatial reasoning, [START_REF] Davis | Spatializing school mathematics[END_REF] seem to be straightly connected to understanding the shape's structure, as it contributes to establishing different relationships among the parts and between these parts and the whole. As students decompose or compose shapes, they establish relationships that allow them to build a mental model for that shape, to find new paths to construct the shapes, to find more sophisticated relationships within the shape. Also, working with different representations for the same shape, as it happens when students draw a 3D shape or when they interpret a 2D depiction of a 3D shape, fosters students understanding of the structures and its codes of representation. As such, we assume a interconnectedness between spatial reasoning and spatial structuring in composing and decomposing 3D shapes.

Spatial structuring shapes can be local or global [START_REF] Battista | Students' understanding of three-dimensional rectangular arrays of cubes[END_REF]. Local structuring is related to recognizing components or to establishing relationships among components into composites without yet establishing relationships among components, composites and the whole. Global structuring, in its turn, is evident when students relate components, composites and the whole in a way that makes a previous mental model correspond to a shapes' structure. For global structuring, the operations of coordination and integration are fundamental.

Coordination operation involves establishing interrelationships between different parts considering spatial relationships between them [START_REF] Battista | Students' understanding of three-dimensional rectangular arrays of cubes[END_REF] and eventually with the whole. The operation of integration is linked to a previous existence of a mental model that represents a shape in a way in that each part of this mental model corresponds to a part of the shape, considering its relationship with the whole. The coordination operation is of great importance to the integration operation since it allows to interrelate the different parts of that mental model and also to relate different forms of representing the shape. Both operations are also involved in spatial reasoning processes like creating mental images and models.

Composing and decomposing shapes is important in understanding shapes' properties, but it extends to other domains in mathematics, such as part-whole relationships and fractions, among others [START_REF] Clements | Learning and teaching early math: The learning trajectories approach[END_REF].

Method

The research presented in this paper is part of a teaching experiment focused on first-graders' spatial structuring processes. The teaching experiment was organized in three sequences of tasks where students are asked to explore relationships in 2D and 3D shapes and also the relationships between 2D and 3D representations for the same shape. Each task was implemented in a 60 minutes weekly session.

In the task reported here (12 th task), students were asked to decompose three 3D shapes in two different ways (Figure 1) and to draw these forms of decomposition (2D). 3D multilink cube models were available for each shape. Students could manipulate the models without disassembling them. Some of the students' solutions for decomposing 3D shapes were presented and discussed in a wholeclass discussion, after they solved the task. andc) have different layers and require the coordination in three dimensions. Additionally, shape c) has a hidden cube that students might not be aware of, when the shape is in the position depicted in Figure 1.

Data were collected in a class with 21 students and their teacher, with great experience, of a public school in Lisbon. All students' names are pseudonyms. We have collected and analyzed all students' drawings. In this task, we have found five different strategies. For this paper, we present drawings from three students, Bruno, Carolina, and Duarte, which are representative of the whole range of strategies.

Data analysis

We started by noticing and categorizing students' strategies as presented in Table 1: Since our focus was on spatial structuring, we built an analytical framework based on local and global structuring [START_REF] Battista | Students' understanding of three-dimensional rectangular arrays of cubes[END_REF] for analyzing the strategies above, being these two progression levels for structuring. The strategies presented above point to different types of relationships established that can be associated to local or global structuring, depending on the ability to coordinate components and composites. Thus, a thoroughly analysis of these strategies led us to include progression sublevels for each level, as presented in Table 2. For each sublevel, we include a brief description of the strategies as aspects emerging from data analysis that we call Indicators/strategies. "No answer or incomplete" was especially due to a matter of time, which might explain, at least partly, its increasing. The categorization we propose here is hierarchic, thus each level includes the previous. We considered the children's difficulty of representing 3D shapes in a sheet of paper. However we assumed the duplication or omission of cubes as essential indicators of lack of coordination. 

E2-Establishing relationships among components

Decomposes into two composites, being one of them almost the totally of the shape and the other a small part. Relates components when representing each of the composites.

E3-

Establishing relationships among composites Decomposes, establishing relationships among composites (e.g., through symmetry).

Global structuring

E4-

Establishing relationships between components, composites, and the whole by coordination.

Decomposes shapes into equal or quasi-equal composites. Coordinates position and orientation of components and composites with the whole, recognizing cubes that are part of more than one view.

E5-

Establishing relationships between components, composites, and the whole by integration.

Decomposes shapes, recognizing hidden cubes

Results

In the previous section, we have presented a distribution of student's strategies (Table 1). We use our framework to analyse these strategies, assuming that the same strategy may be allocated either to local structuring or global structuring, depending on the relationships students establish.

We start by analyzing Bruno's drawings (Figure 2). Bruno decomposes all three shapes into two composites, separating a small composite made of one or two cubes from the rest (level E2). Bruno presents two different decompositions for each shape. These forms of decomposing seem to be anchored in visual aspects. We can also observe that Bruno duplicates cubes that serve more than one composite instead of coordinating both composites. This was the case of the first decomposition for shape a) and b). In shape c), Bruno seems to miscount cubes. We infer that this could be related to the fact that he may not recognize the hidden cube, placed on the bottom of the central composite, and to the difficulty of representing, in a 2D sheet of paper, cubes from the second and third levels, while observing from above.

Carolina's drawings, presented in Figure 3, seem to show that the student establishes equal or quasiequal composites which are used as complex units for decomposing the shapes.

Figure 3 -Carolina's drawings

For the first shape, Carolina seems to consider a larger composite and several smaller composites, in both decompositions. However, for the first decomposition, Carolina apparently establishes a relationship of symmetry within the shape and uses it to decompose the shape, duplicating cubes. For shape b), Carolina presents two different decompositions. In the first, she decomposes the shape into two quasi-equal parts, apparently recognizing two complex symmetrized composites. Nevertheless, Carolina duplicates one of the cubes that is part of both composites, drawing 5 cubes for each. Thus, this student seems not to be able to coordinate the composites properly, while drawing. In this way, both composites seem to be drawn, in the worksheet, as being the reflection of each other. This could also be the way Carolina found to represent the cubes from the levels above, in a 2D paper. For the second decomposition, in shape b), apparently the student chooses to decompose using equal or quasiequal composites, being able to coordinate them, almost like iterating the smaller one. For construction c), Carolina decomposes it into small parts, apparently without considering the hidden cube, since she draws only eight cubes, in both forms of decomposing. Therefore, Carolina's work could be included in level E3, since the student seems to relate several composites, without yet coordinate them consistently.

Carolina´s forms of decomposition seem to show that the student uses composites that are, apparently symmetrical, in some cases, and, in other cases, are quasi-equal. Hence, this form of structuring is more complex than those showed by Bruno.

Duarte's drawings, presented in Figure 4, seem to indicate that this student decomposes the shapes using equal or quasi-equal composites made of two or three cubes, with exception of the last where he uses a larger composite. The horizontal or vertical orientation the student uses to draw each composite seems to be close to its orientation in the 3D shape. Duarte's drawings seem to show that he unitizes shapes using composites as complex units, repeatedly, to decompose shapes. He seems to coordinate the composites adjusting the number of cubes in each composite so that their size fits the shape. Duarte also shows to be able to coordinate different composites that he uses do decompose shapes, not duplicating cubes that are part of more than one view. Moreover, Duarte is the only student, from this group of three, that recognizes the hidden cube in shape c), by drawing it and mentioning it while presenting his strategy in whole-class discussion: "We made the top part with the square [sic] below". This seems to show that his mental model is coherent with the shape. Hence, we consider that Duarte's work could be included in sublevel E5 from global structuring level.

Conclusions

This paper aimed to understand how 1 st grade students decomposed 3D shapes and how these decompositions are related to spatial structuring. As suggested by [START_REF] Battista | Students' understanding of three-dimensional rectangular arrays of cubes[END_REF], we observed two levels for spatial structuring in students' work while decomposing three different 3D shapes: local structuring and global structuring. For the former, local structuring, students seemed to maintain a bigger composite and take apart one or several smaller composites. Another strategy for decomposing was establishing symmetrical composites within the shape's structure and drawing these symmetrical composites as complex units. In most of the strategies, where structuring seems to be local, students showed a tendency to duplicate cubes, while drawing, meaning this that they struggled in coordinating composites when they had overlapping cubes in the corners [START_REF] Spiegel | Decomposition considerations in geometry[END_REF]. Also, for local structuring, students seem not to recognize hidden cubes within the structure. Therefore, local structuring comprehends different levels of sophistication according to the complexity of the relationships that are established. That is, students recognize different kinds of complex units for structuring a shape, using different kinds of relationships, like repeating or symmetrizing composites. In local structuring, students show difficulties in coordinating composites.

For the latter, global structuring, one student showed to be able to coordinate properly different composites, as well as to recognize hidden cubes. This student used consistently quasi-equal composites, as units, to decompose all three different shapes, but he also showed ability to adjust the number of cubes in each composite to fit the shape. Global structuring implies that students have previous mental models that represent accurately the shape, its components and composites and that these parts are properly coordinated.

Either in local structuring or in global structuring, students were capable of suggesting two different forms of decomposition for each shape. However, it is only in global structuring that we can admit that students are able to coordinate in properly all the elements, considering overlapping elements, as mentioned by [START_REF] Spiegel | Decomposition considerations in geometry[END_REF], revealing a deeper understanding of shape's structures. By establishing different relationships, students had the opportunity to deepen spatial relationships. However, we must also consider as a limitation the fact that the students did not have any previous lessons about how to draw a 3D shape.

Through this work, we expect to contribute to a deeper understanding of spatial structuring in geometric contexts, where spatial reasoning processes such as decomposition of 3D shapes play an important role. Also, we seek to reinforce the importance of learning experiences focused on decomposition, since early grades, as a fundamental process for developing spatial structuring and fostering different ways of thinking as [START_REF] Duval | Geometry from a cognitive point of view[END_REF] purposes.

Figure 1 -

 1 Figure 1 -Shapes presented to students All the three shapes require the students to coordinate different parts. Shape a) has only one layer, as it can be fully placed on a plane base. Shapes b)and c) have different layers and require the coordination in three dimensions. Additionally, shape c) has a hidden cube that students might not be aware of, when the shape is in the position depicted in Figure1.

Figure 2 -

 2 Figure 2 -Bruno's drawings

Figure 4 -

 4 Figure 4 -Duarte's drawings

Table 1 -Categorization of students' strategies in both forms of decomposition (n=42)

 1 

		Decomposes	Decomposes by	Decomposes	Decomposes	Decomposes	No answer
		into a smaller	separating into	using	into equal or	into	or
		piece and a	shapes'	symmetry	quasi-equal	components	incomplete
		bigger piece	composites		composites		
	Shape a)	12 %	43 %	17 %	14 %	9 %	5 %
	Shape b)	12 %	35 %	5 %	25 %	12 %	12 %
	Shape c)	9 %	24 %	0 %	29 %	14 %	24 %

Table 2 -Analytical framework for decomposing 3D shapes

 2 

	Level	Sublevel	Indicator/strategy
		E1-Identifying components	Decomposes shapes into components (cubes).
	Local structuring		
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