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In this paper, we present the results of a study conducted among 5-6-year-old children, with a focus on their intuitions regarding aspects of measure sense and measurement. The results show that children at that age have different intuitions in terms of measure sense and measurement and they can use them while problem solving. Additionally, our results show that appropriate activities can assist children in developing their abilities of comparing different distances and applying measurement rules.

Introduction and theoretical framework

One may claim that the two basic pillars of preschool education are arithmetic and geometry. In the field of arithmetic, counting and comparison are the competences which are mainly developed: children at such ages are quite good at counting and at providing the cardinality of a set. In the field of geometry, preschool education focuses primarily on recognising and measuring basic geometrical shapes [START_REF] Clements | Early Childhood Corner: The earliest geometry[END_REF]. According to [START_REF] Buys | Domain Description Measurement[END_REF], there are three forms of measurement that are essential for young children:

• Measuring through comparing and ordering

• Measuring through pacing off, using a measurement unit (natural or standard measure)

• Measuring through the use of a measuring instrument. (p. 17)

The first experiences in measurement are related to comparisons. Children compare each other on an everyday basis: who is taller, who has a longer foot or who built a higher tower [START_REF] Buys | Domain Description Measurement[END_REF]. This is why van den Heuvel-Panhuizen & [START_REF] Buys | Domain Description Measurement[END_REF] claim that "Both measurement and geometry enable children to make connections with their daily environment" (p. 10), which in turn stresses the need for everyday contexts as the starting point for relevant activities [START_REF] Macdonald | Developing measurement concepts within context: Children's representations of length[END_REF]. The use of informal units of measurement with young children is advocated in most studies (e.g., [START_REF] Haylock | Understanding early years mathematics[END_REF], while in other studies children are asked to use informal and standard units of measurements to solve some tasks (e.g., [START_REF] Boulton-Lewis | An analysis of young children's strategies and use of devices for length measurement[END_REF]. In the process of developing measure sense and measurement, one cannot ignore the importance of intuition:

Mathematizing involves reinventing, redescribing, reorganizing, quantifying, structuring, abstracting, and generalizing that which is first understood on an intuitive and informal level in the context of everyday activity. (Clements, 2004, p. 12) The above considerations have led us to design a research project to investigate measure sense and measurement among young children, with a focus on children's intuitions. Our research project was realised in two stages, which will be described in the next section, aiming to answer the following research questions:

1. What intuitions related to the concepts of measure sense and measurement do 5-6-year-old children have before their formal introduction to these concepts? (Stage 1) 2. How do children measure different objects, what units do they use if any? (Stages 1, 2) 3. Are children able to compare different objects by using their dimensions? Can they develop a universal unit and/or measurement rules? (Stages 1, 2)

Context of the study and methodology

The present study is part of a larger project related to the understanding of the concepts of measure sense and measurement by children at the preschool and early years levels. The research group consisted of twenty 5-6-year-old children; eighteen of them took part in the first stage and all of them in the second stage. They were attending a public kindergarten in Rzeszow, Poland.

According to the Polish curriculum for the preschool level, numbers and arithmetic are the most significant topics (Podstawa Programowa/ National Curriculum, 2017). Although many activities are related to counting and calculating, geometrical concepts appear less often, and are usually related to the recognition of figures and shapes; measurement contexts appear less frequently. Comparison skills usually refer to comparing the number of elements in sets, rather than in the context of measuring length and size.

The first stage of the study focused on children's intuitions regarding aspects of measure sense and measurement. Individual meetings took place with the children, which were designed to identify their intuitions on measuring. Our aim was to answer the question on what "to measure" means for them. We were also interested in how children compare the length of two objects (e.g., two trains made of blocks) and on what tools they use to measure the length (how they check which object is longer).

The second stage focused on analysing how children use their intuitions when solving measurement tasks. The children were divided into two groups of ten. Each group worked separately under the supervision of the researcher, performing the same tasks. During the group discussions, the researcher did not assess the answers of individual students. The two tasks were presented in the form of stories, depicted with physical props. They were as follows:

Task 1. In the world of toys, a doll, a ball, a cube and a teddy bear decided to visit each other (Figure 1). Who is the furthest away from the bear? And who is the closest to the ball? How can we check it?

In this task no way of solving was imposed, nor it was suggested that the distances between the toys should be measured. The idea was to provoke pupils to discuss the problem posed: how to compare the distances between objects? A string and paper feet were used as measurement means in this task. Task 2. a) The animals held a competition in throwing balls. The fox and the bunny were judging, and the deer, the owl and the beaver were the players and stood on the starting line (see Figure 2, from left to right we see the fox, the deer, the owl, the beaver and the bunny). Each of the players made one throw. Which of the animals won the competition? Why? b) The fox was the first to judge. He used feet for the measurement (see Figure 3). The fox announced his verdict: the beaver won (the blue feet in the Figure 3). Do you agree with the verdict of the fox judge? Justify your opinion.

c) A bunny has joined the judging. With his feet, he marked each of the distances between the player his ball. It looked like this (Figure 4): The bunny announced his verdict: there is a draw, everyone threw his ball on the same distance. Do you agree with the bunny judge's verdict? Justify your opinion.

At the beginning of this task, the children could propose their own solutions. This was to examine the children's intuitions about measuring, especially if they perceive distance as the shortest line (segment) between objects, which is perpendicular to the end line. Then, the solution proposed by the children was confronted with two other, erroneous solutions.

The research data consisted of video recordings of the individual interviews with the children as well as video recordings of the activities conducted with the two groups of children. Our analysis of the transcribed discussions mainly focused on the way the children were working, as well as their interactions with the researcher (the first author of the paper) and with other children. The collected data were analysed quantitatively (Stage 1) and qualitatively (Stages 1, 2). In this paper, we focus on presenting Stage 2 of the study, together with a discussion on the obtained results. Stage 1 of the study is presented in another paper [START_REF] Pytlak | Young children's intuitive understanding of measure sense and measurement[END_REF]), but we shortly describe its results in the next section, in order to assist the reader of the paper. The collected data of Stage 2 were analysed interpretatively, by categorising the children's utterances according to: measurement methods and rules, comparison methods, and measurement units.

Results

Results from stage 1

The analysis of our data showed that it is possible for children aged 5-6 to hold valid intuitions on measure sense and measurement. They were able to interpret the distance between objects as a straight segment connecting them. At the same time, their understanding of the shortest way was twofold. For some children, it was the 'straight' way (e.g., a straight line without loops and bends, which could be verified visually). Other children understood the shortest route as a segment perpendicular to the starting line, which is consistent with the mathematical understanding of the concept of distance.

During measuring, the children paid attention to both the units and the way the measurements were made. In order to compare two objects (trains made of blocks), they arranged them next to each other, from the same starting line. However, this way of comparison was important mostly in a situation where trains were made of blocks of different lengths. When both objects were made of the same blocks, the children did not feel the need for physical comparison. Then, it was enough for them to count the elements in both trains. Thus, in this situation, measuring was identified with the cardinality of a set (for details see [START_REF] Pytlak | Young children's intuitive understanding of measure sense and measurement[END_REF].

Results from stage 2

Task 1. In both groups, children agreed that individual distances should be somehow measured.

Various proposals were made to make measurements, most often it was to determine the distance by using the spat of the arms. The teacher's proposal to use the string for distance measurements was accepted. They correctly marked the distances between individual toys with a string. They also proposed a way to investigate which distance is the longest. In order to do that they compared the strings with each other. The shortest of them was a 'scoop', according to which the length of the others was determined. One of the boys took the first of the strings and successively applied it to the second and the third. He commented on the results in the following way: "this one is longer", "this one is shorter".

Researcher (R): To what toy does the bear have the furthest?

A:

To the doll.

F:

No, to the cube.

R:

A. says to the doll, and F. says to the cube. Who is right? How to check it? F: You need to measure the strings.

R:

So measure the strings.

F:

[takes the strings and lays them along each other, "centered"] This one is longer and this one is shorter.

A:

No. [corrects the strings so that they all start from a common point, from a teddy bear] R: Ooo, A. put all the strings together. Is that a good thing? Do you agree?

F:

Here you can see that this one is longer, and these are shorter (Figure 5).

In the above excerpt, we can notice that when comparing objects (here: strings illustrating the distance between toys), children do not always pay attention to the appropriate position. The visual aspect is more important. If something is directly visible, certain properties can be visually evaluated, then additional aspects do not have to be taken into account. In addition to measuring the distance with strings, the children also proposed the use of a 'centimeter', which could be a reference to experiences from everyday life. Furthermore, attempts were made to use hands (spreading arms over a measured distance), legs (distance measured with legs' extension) or one's own body for measurements. However, the children themselves noticed that in this way it is not always possible to measure something. The researcher suggested measuring the distance with her feet. Firstly, she asked one of the girls to measure the distance between the teddy bear and the ball with her feet, and then she measured the same distance herself. Two different results were obtained: 3 feet of a researcher and 6 feet of the girl. For the children, this situation did not cause any conflict, it was unanimously noted that the results differ due to different foot lengths. It seems that the children did not see the need to use the same measuring units in all measurements. All that mattered was the way it was measured.

R: L. measured and she got 6. I will also measure [measures with her feet the distance between the teddy bear and the ball, counting loudly] once, two, three. So, who is right? Is there a distance of 6 or 3? F: Well, because L. has smaller feet.

R:

Oh, so if there are smaller feet it will be differently, and if they are larger it will be differently, right? [children are nodding] F: Because larger feet take up more space and smaller feet take up less.

R:

If I wanted to measure the distance between all the toys, do I have to measure with the same feet or can I measure a bit and L. a bit?

Children: I don't know [shaking their heads] R: Well, listen, L. measured the distance from the teddy bear to the ball and it was 6 feet. I measured the distance from the teddy bear to the cube and it also was 6 feet. You said that the teddy bear is further to the cube than to the ball, right?

Children:

[nodding] R: But it was the same -6. So, can you measure with different feet to compare distances?

Children:

[silence]

The children unanimously approved the researcher's method of measuring distance with her own feet and began to use it by themselves. They noticed very quickly that the result of the measurement depends on the unit used. Therefore, obtaining different values for the same distance did not cause any cognitive conflict in the children. They were a bit surprised when the researcher pointed out two identical results obtained when measuring two different distances (from the teddy bear to the cube and from the teddy bear to the ball). They knew that these distances differed greatly, but they could not explain why the same numerical result came out in both cases.

Task 2. The children unanimously suggested that the middle player (the owl) won the competition (Figure 2). They justified it by the fact that the ball had the longest distance from the starting line.

They indicated with their hands how the segments depicting individual distances were running.

Here it was clear that the children appealed to the intuitive understanding of the distance between objects as the shortest distance between them.

When assessing the fox's judgement (Task 2b in Figure 3), the children referred to two aspects: the process of measuring the distance and the result obtained by individual players.

R:

Who according to the fox threw the ball the farthest?

Children:

The beaver.

R:

And do you agree with such a measure by the fox?

Children: Yes... No… R: Did the fox measure well?

D:

Yes, because here is 8, and here is 9 and here it is so straight [in the air he outlines segments depicting the distance between the fox and individual balls] (...)

R:

At the beginning you said that you thought the owl won. Why? How did you measure it?

W: From the owl [points his finger from the owl to the ball] R: So, arrange it as you would count it.

W:

[arrangesinitially uses all the feet, creating an arc, but after a while he removes some of the feet, and arranges the rest in a straight line]

The way of measuring the distances by the fox did not arouse any protests in children. They treated it as a measure of three different segments that had a common beginning and different ends. This was consistent with the understanding of the distance between objects as the shortest segment connecting them. Only the researcher's reference to the original solution presented earlier caused them hesitation. Then they paid attention to which segments had to be compared with each other. They very quickly verified the solution and made changes in the arrangement of the paper feet (Figure 6). By measuring subsequent distances with the paper feet, the children tried to maintain the parallelism of the segments and start them from the same line. Counting the paper feet (treated as units of measurement) in the segments rather referred to the comparison of the sizes of three sets.

When the children gave the numerical value of the measured segments, the cardinal aspect came to the fore. In the next part of the task (2c), it turned out that the judge (the bunny) measured distances in such a way that each of the competitors achieved the same result. The children immediately noticed the mistakes. First of all, they did not agree with the result itself, clearly indicating that the distances obtained in the ball throw are different. They primarily referred to the visual representation of the task. In addition, the children paid attention to the precise way of measuring: the feet were not laid in a straight line, but in an arc (Figure 4).

Discussion

Children enthusiastically and actively participated in solving the proposed tasks. They tried to justify their answers, strongly supporting themselves with gestures. The results obtained during the first stage of research allowed us to assume that that it is possible for children aged 5-6 to hold valid intuitions on measure sense and measurement. They were able to interpret the distance between objects as a segment perpendicular to both objects. Straightness was understood by them both as a straight line but also as a perpendicular line. This corresponds with the formal mathematical understanding of the concept of distance. The second stage of our research confirmed these assumptions. Moreover, the children have shown their intuitions about measuring. They understood the distance between two objects as the shortest segment connecting them, the end of which is perpendicular to the final object. This is consistent with the notion of distance that students encounter during mathematics education in primary school. The comparison of segments was made through visual verification: they arranged them parallel to each other and checked which one protrudes beyond the others.

The introduction of measuring with feet can be identified with the use of a measurement unit.

Measuring with different feet (the researcher's and a child's) relates to the use of different units of measurement. Our results have shown that in making measurements of length, the unit of measurement was not so significant. The process of measurement by itself was more important: maintaining a straight line and accurately measuring units (putting foot by foot). The children were aware that by measuring the same segment with different feet (that is, different units) they would receive different results. However, they were not fully aware that in order to compare different segments, they had to use the same unit. We believe that this result goes in line with studies which suggest the use of informal units with young children (e.g., [START_REF] Haylock | Understanding early years mathematics[END_REF]Heuvel-Panhuizen & Buys, 2008).

The children in our study perceived measuring as an activity, a process, not as providing a numerical value. It was important for them how the measuring process takes place, whether the right direction and straightness of the line are maintained and whether the measuring unit is applied evenly. The numerical result of this process was of secondary importance. This was especially evident when working on the second task. When assessing the judgement of the fox and the bunny, the main consideration was whether the designated segment is straight and connects the starting point with the end point. Therefore, the arcs made by the bunny were immediately treated as an erroneous way of measuring. However, without hesitating much, the children agreed that the straight lines set by the fox are the correct way to measure the distance at which the players threw the balls. The results of our study show that length measurement should not be treated as a simple skill, but rather as a combination of concepts and skills that develop over time as part of a learning trajectory [START_REF] Clements | Major Themes and Recommendations[END_REF]Heuvel-Panhuizen & Buys, 2008). Moreover, informal activities based on everyday and playful contexts, which include object comparison can be useful in enhancing children's measurement and measure sense.
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