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Global Stabilization of a rigid
body moving in a compressible
viscous fluid

DEBAYAN MAITY, ARNAB ROY AND TAKEO TAKAHASHI

1.1 Introduction

There is a vast number of recent studies concerning the fluid-structure interac-
tion problems involving moving interfaces. We can classify these types of models
broadly into two types: either the structure is moving inside the fluid or the struc-
ture is located at the boundary of the fluid domain. Since in this chapter we are
interested in studying the motion of ball inside the compressible fluid domain,
below we mention related works from the literature concerning this case only.

In [5], Desjardins and Esteban studied the global-in-time existence (up to
contact) of weak solutions for the system of several rigid bodies interacting with a
compressible viscous flow (for v > 2) in a bounded domain of R3. Feireisl improved
the global existence result (for v > 3/2) in [8] and allowed the possible collisions
of the rigid bodies or a contact of the rigid bodies with the exterior boundary.
Regarding strong solutions, the existence and uniqueness of global solutions for
small initial data have been achieved in [3] in the Hilbert space framework by
Boulakia and Guerrero as long as no collisions occur. Their work is based on a
method proposed by Matsumura and Nishida in [16] for a viscous compressible
fluid (without structure). In a LP-L? setting, the authors in [10] proved the ex-
istence and uniqueness of local-in-time strong solutions for the system composed
by rigid bodies immersed into a viscous compressible fluid and in [9], the authors
establish the global in time existence up to contact.

Let us mention some works related to a control supported on the rigid body
only. In the 1d case for a Burgers-particle system, the authors in [4] proved that the
particle reaches a point arbitrarily close to a given target, whereas the velocities
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of the fluid and of the particle are driven exactly to zero. In [17], the same result
has been established but with a uniform time for all initial data. In [20], the
authors consider the 3d case for a rigid ball moving into viscous incompressible
fluid and obtain a stabilization result by using a control of spring and damper
type connecting the center of the ball to a fixed point h;. Recently the same
problem has been tackled for the compressible viscous fluid in [18] and the main
difference is that we need to deal with more regular solutions in this case than the
incompressible one.

In [18], the stabilization result is obtained under a smallness condition on
the initial velocities and on the distance between the initial position of the center
of the ball and hy. In the present work we would like to have a stabilization result
similar to [18] but without the requirement that the initial position of the center
of the ball is close to hy. We achieve this by imposing a more complicated control
law, in which the anchor point of the spring and damper is not fixed at hq, but
instead it jumps between a finite number of possible points. In [18], we work in
the Hilbert space setting and we need to verify several compatibility conditions
for the initial conditions. The main hindrance to impose such a switching control
law in [18] is that we need to verify the compatibility conditions in each junction
of such switching control. We find a remedy to such a problem by working in the
LP-LY set up where we do not need to verify several compatibility conditions for
the initial conditions.

1.1.1 Mathematical description of the model

Let Q C R? be a bounded domain with C* boundary occupied by a fluid and a
rigid ball. We denote by S(t) C 2, the domain of the rigid ball at instant ¢ > 0.

We suppose that the fluid domain F(t) := Q \ S(¢) is connected is for all ¢ > 0.
Furthermore, let us assume that initially the ball is away from boundary:

dist(S(0),09) > v > 0. (1.1)

The fluid is modeled by the compressible Navier-Stokes system whereas the
motion of the rigid ball is governed by the balance equations for linear and angular
momentum. At time ¢ > 0, let h(t) € R, Q(t) € SO3(R) and @(t) € R? denote
the position of the center of mass, the orthogonal matrix giving the orientation of
the solid and the angular velocity of the rigid ball. Therefore we have,

QQ() 'y = A@(1)y = &(t) x y for all y € R?,
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Without loss of generality we can assume that Q(0) = I3. Thus the domain occu-
pied by the structure S(t) at time ¢ > 0 is given by

S) = {hH) +Q(t)y — ho), y€SO)}, >0 (1:2)

where hg € 2 is the initial position of the centre of the mass of the rigid ball.
The full system of equations modelling the rigid ball inside the fluid can be
written as

%-ﬁ-div(ﬁﬁ):O t>0,z€eF(t),
ﬁ(?;—f—(ﬂ-V)ﬁ)—diva(ﬂ,ﬁ):O t>0,zeF(),
u(t,z) =0 t>0, z €09,
U(t,z) = B (t) +&(t) x (x— h(t)) t>0, z € dS(t),
2 ~
m%h =— / o(u,p)ndl +w t>0, (1.3)
dS(t)
J%&:(J&)x&— /(x—h(t))XJ(iZ,ﬁ)dF t>0,
aS(t)
R(0) = ho, H(0) =4y, ©(0)=wo,
p(0,2) = po(z), w(0,z) = up(x) x € F(0).

In the above equations, p = p(t,z) and w = u(t,z) represent respectively the
density and the velocity of the fluid and the pressure of the fluid is denoted by p.
We assume that the flow is in the barotropic regime and we focus on the isentropic
case where the relation between p and p is given by the constitutive law:

p:

3

)

WV

with a > 0 and the adiabatic constant v > 1. The Cauchy stress tensor is defined
as:

o(u,p) = 2uD(u) + adivuls — pls,

where D(u) = % (Vu + VUT) denotes the symmetric part of the velocity gradient
(Vu' is the transpose of the matrix Vu) and a, pu are the viscosity coefficients
satisfying
2

w>0, a—i—g,u}O. (1.4)
We have denoted by 9S(t) the boundary of the rigid structure at time ¢ and by
n(t,z) the unit normal to dS(t) at the point x directed towards the interior of
the rigid ball. Let m, J be the mass and the moment of inertia of the rigid ball
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respectively. If ps is the mass density of the ball, then the formulae for m and J
are

4
m = g7ps, =l

Finally, w in (1.3), is our control that we take as a feedback control:
w(t) = kyp(hy — h(t)) — kal'(t), (1.5)
where kg and k, are well-chosen so that

lim h(t) = hy,

t—o0

whereas the velocities of the fluid and of the rigid ball go to 0:
lim @(t) =0, lim A'(t) =0, lim &(t) = 0.
A O =0 lig MO =0l &) =0
In literature, this type of control is known as Proportional-Derivative (PD) con-
troller generated by a spring and a damper. The spring-damper is connected from
the center of mass of the ball to the fixed anchor point h; and it is attracting the
ball towards the point h;.
Now we want to mention precisely the stabilization result obtained in [18] so
that we can state clearly the main difference between [18] and our present work.

Let us introduce
Q0= {x € Q; dist(x,00) > 1}. (1.6)

We assume that the set Q0 is connected.

For 0 < Ty < T5 < 00, we introduce the following space:

Srmy = {(pustow) | p € LTy, Tos HY(F(1)) N CY((Ty, Tol; HY(F (1)

NH(Ty, Ty; H*(F(t)) N CL([T1, To]; H2(F(t))) N H*(Ty, Ty; L (F(t))),

w e L*(Ty, Ty; H(F(t)) N CY([Ty, To); H*(F(t))) N H' (Ty, To; H*(F(t))
NCEH([Ty, To]; HY(F (1)) N H2(Ty, To; LA(F (1)), £ € H*(T1,Ty), w € H2(T1,T2)},

(1.7)

where we denote by C}’f the set of continuous and bounded functions with deriva-

tives continuous and bounded up to the order k.
In [18], the authors proved the following result:

Theorem 1.1.1. Assume that Q0 is non empty and connected. Let hy € Q° and
p > 0. Assume w 1is given by the feedback law (1.5). There exists 6 > 0 such that
for any

hO S Qoa po € Hg(‘/.'.(()))’ po > 07 ug € Hd(f(o))7 607 wo € ]R?)a (18)
satisfying the compatibility conditions

uo(y) = Lo +wo X (y — ho) fory € 0B(0), wug=0 on 99, (1.9)
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1 div o(ug,po) =0 on 09, (1.10)
Po

(wo X (wo X (y — ho))) - piodiv o (uo,po)(y)

1
=— / o(ug,po)ndl'| + | J 1 / (x — ho) X o(ug,po)ndl’| x (y — hg),
95(0) a8B(0)
fory € 0B(0), (1.11)

where
T
Do = apg.

and the smallness condition
[1(po, w0, Lo, wo)lls, , + 1h1 — hol <6, (1.12)

the system (1.3) admits a unique strong solution (p,u,f,w) € go,oo, h € L*(0,00).
Moreover, the solution (p,u, h,l,w) of (1.3) satisfies

Jim lp(t, ) = Pllazray =0, Hm [lult, )2z =0,
lim h(t) = hq, tlggof(t) =0, tlggo w(t) = 0.

t—o0

The above theorem tells us that we can move the ball from any initial point
ho € QY asymptotically to another point hy € Q°, if hg and h; are sufficiently
close to each other, by connecting a spring and a damper to the ball and pulling
the ball towards h;.

In this work, we would like to have a result that tells us similar to the
above theorem, but without the requirement that hg is close to hy (see the precise
statement in Theorem 1.4.1). The main novelties of our work are:

e In [18], we need several compatibility conditions (1.9)—(1.11) to prove the
global existence theorem under the presence of feedback control w of the
form (1.5). But in the present work, we only need (1.16) (which is same as
(1.9)) to prove the global existence result under same feedback.

e We have obtained the stability properties (1.63)—(1.64) for the velocities of
the fluid and body and the position of the body without the closeness as-
sumption for initial and final position of the body.

e We have developed a complicated control law in which the anchor point of
the spring and damper is not fixed but instead it jumps between a finite
number of possible points.
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The outline of the chapter is as follows. In Section 1.2, we have introduced the
necessary notations required throughout the chapter. The global in time existence
and asymptotic analysis of solutions using the feedback (1.5) under a smallness
assumption of the initial data has been established in Section 1.3. One of the
main difficulties to do so is that the domain of the fluid equation is one of the
unknowns. We overcome this difficulty by introducing Lagrangian variables. Apart
from allowing to rewrite the coupled system in a fixed cylindrical domain this
allows us to tackle the term u-Vp in the density equation. Next we associate to the
original nonlinear problem a linear one, involving source terms and establish the
LP — L7 regularity property for this linear problem by proving that the associated
linear operators are R-sectorial in an appropriate Banach spaces. The existence
and uniqueness proof is completed by estimating the nonlinear terms and by using
Banach fixed point theorem. The exponential stability of the semigroup generated
by the part of the fluid-structure operator helps us to analyze the asymptotic
behaviour of the solutions. In Section 1.4, we obtain the stability properties (1.63)—
(1.64) where we can skip the smallness condition on the distance between the initial
and final position of the ball by introducing a switching feedback control.

1.2 Notations

In this section, we fix notations, that will be used throughout the paper. Firstly
W#4(F), with s > 0 and ¢ > 1, denote the usual Sobolev spaces. Let k € N. For
every 0 < s <k, 1 <p<oo, 1< g < oo, we define the Besov spaces by real
interpolation of Sobolev spaces

By (F) = (LU(F), WHI(F)) e

We refer to [1] and [22] for a detailed presentation of Besov spaces. If T' € (0, o0],
we set
W,2((0,T); F) = LP(0, T; W4(F)) n WP (0, T; L(F)).

It is well known that the following embedding holds

WE2((0,T); F) = C([0,T); B9 (F)),

where we denote by CF the set of continuous and bounded functions with deriva-
tives continuous and bounded up to the order k. In view of this observation, we
use the following norm form W :2((0,T); F) :

Hf”W,}ﬁ((O,T);]:) = ”fHLP(O,T;W2v‘1(]-"))+”fHWl‘F(O,T;L‘I(}"))+”f||cg([07T);Bgf;—1/P)(]:))'

We also introduce the functional spaces with time decay. For any 5 € R,
p € [1,00] and X a Banach space, we define

L’ﬁ’(O,oo;X) =: {f |t —ePlf(t) e Li"(O,oo;X)}7
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and a similar notation for Wpl”qzyﬁ((O7 00) X F).

We also need a definition of Sobolev spaces in the time dependent domain
F(t). Let A(t,-) be a C'-diffeomorphism from F(0) onto F(t) such that all the
derivatives up to second order in space variable and all the derivatives up to
first order in time variable exist. For all functions v(¢,-) : F(t) — R, we denote
(t,y) = v(t, A(t,y)). Then for any 1 < p,q < co we define

LP(0,T; LUF () = {v [ v € LP(0, T; LU(F(0)))}
LP(0,T; W2(F () = {v | 0 € LP(0,T; W>(F(0))) } ,
WEP(0,T; LY(F () = {v | 0 € WHP(0,T; LU(F(0)) } ,

C(0, T WH(F () = {v | 5 € C([0. T W (F(0))}
C((0.7); B ~P (F () = {v | 5 € C(l0.T1; B2 (F(0)) |

1.3 Local stabilization

In this section, we prove a stabilization result when hg and h; are sufficiently close
to each other.

Let us now give the conditions we require on initial data and on (p, q) for the
system (1.3):

1 1 1
2 < p < oo, 3 < q< oo, -+ —#£ =, (1.13)

P 2q° 2
hoeQ° h1eQY fyeR® wyeR?, (1.14)
po € WHI(F(0)), wo € B3y~ VP(F(0))?, mingy >0, (1.15)

F(0)

with the compatibility conditions

up =0 on 0Q and up(y) = fo +wo X (y — ho), y € S(0). (1.16)

Our first main result in this section asserts global existence and uniqueness
of the system (1.3) under smallness assumption on the initial data.

Theorem 1.3.1. Let us assume (p,q) satisfy (1.13), and let 5 > 0 be a given
constant. Assume that Q0 (defined in (1.6)) is non empty, connected and (1.1) is
satisfied, and hy € QY. Assume w is given by the feedback law (1.5) with k, > 0,
kq > 0. Then there exist § > 0 and & > 0, such that, for any (po,uo, ho, o, wo)
satisfying (1.14)-(1.16), with

N 1 / _
p=— po dz, (1.17)
FO) Jr0) "

and

190 =Pllwr.az ) +llwoll g2a=1/m 20y + 1o =Pallrs +[|€olrs +[lwollrs < 0, (1.18)



10 Preface

the system (1.3) admits a unique strong solution (p, ﬂ,E,ZG) satisfying
p € C([0,00); WHI(F (), Vip € WP(0,00; LU(F (),
@€ W, 5((0,00); F()),
h—h € W;’p(O,oo;Rg), (e I/Vlél)’p((),oo;R3)7 wE V[/Bl’p((),oo;R,3 ).

Moreover, p(t,x) > = for allt € (0,00), x € F(t) and dist(S(¢t),0Q) > v/2 for all
t €[0,00).

As a simple consequence of the above theorem, we have the following local
stabilisation result

NSt

Corollary 1.3.2. With the assumptions and notation in Theorem 1.3.1 we have

1p(t: ) = Pllwrazwy) + 16t ) p2a-1/m zy)e + [1AE) = T les
[0t lrs + [@()]lze < Coe™,
where the constant C is independent of t > 0. In particular,
d ([5Gt ) = pllwraray =0, im{[a(t, )] g2a-1/m £y = 0,
tlirglo h(t) = hq, tlgglof(t) =0, tli)Igo w(t) =0.

The rest of this section is devoted towards the proofs of Theorem 1.3.1 and
Corollary 1.3.2.

1.3.1 Change of variables

In order to prove Theorem 1.3.1, we first reformulate the problem in a fixed spatial
domain. Let us set F = F(0) and & = S§(0). We consider the characteristics X
associated with the fluid velocity w :

{atX(t7y) = ﬁ(hX(t,y)) > 07

o (1.19)
X(0,y) =y € F.

Due to the boundary conditions of %, we have
h(t) +Q(t)(y — ho) if y € OS,
X(t,y) = :
Yy if y € 092.

Assume that X (t,-) is a Cl-diffeomorphism from F onto F(¢) for all t > 0. For
each t > 0, we denote by Y (¢,-) = X (¢,-)~! the inverse of X(,-). We consider the
following change of variables

,D(t, y) = ﬁ(th(tvy)) = Ps U(t,y) = QT(t)ﬂ(taX(tay))v (120)
h(t)=h(t) —hi, L) =Q M),  wt)=Q (F®), (1.21)
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for (¢,y) € (0,00) x F. In particular,

ﬁ(t,l’) :ﬁ+p(t,Y(t,$)), a(tax) = Q(t)u(tay(t’$))a (122)

for (¢,x) € (0,00) x F(t).

The above change of variable is the slight variation of the usual Lagrangian
change of coordinates, which allows us to rewrite the governing equations in a
fixed spatial domain and to preserve the linear form of the transmission condition
for the velocity field.

The system satisfied by (p,u, h, £,w) reads as follows:

Op + pdivu = F; in (0,00) x F,
Opu — divoy(p, u) = Fo in (0,00) x F,
u=0 on (0,00) x 09,
u=~Cl+wxy on (0,00) x 98,
%h =/ t € (0,00),

%6 +m  eph +m T kgl = —m ! s o(p,uyn dl' +G; t € (0,00),

iw = —J(O)fl/ y X oy(p,u)n dT' 4 Go t € (0,00),

dt 55

p(0) = po:=po—p, u(0)=uy, in F,

h(0) = hg — h1, £(0) =4y, w(0) = wy,

(1.23)

where
2% 1, - 1 .
oi(p,u) = %]Du + 5 (adivu — ay(p)"'p) I3, D(u) = i(Vu +Vu'), (1.24)

and

X(t) =+ [ Qo) s (1.2)
for every y € F and ¢ > 0. Using the notation
Z(t.y) = (Zij)icijes = [VX] 7't y) (t>0, yeF), (1.26)
the remaining terms in (1.23) are defined by

Fi(p,u, h,l,w) = —pdivu — (p+5)(Z" — I3) : Vu, (1.27)
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(F2)i(p,u, b byw) == (p +ﬁ)(w X QU)* + p(Oru)i — (p+ ) [(Q - 13)8W]~

l;c aylayk (Fs = 0ni) 215 % Z 8y18 ,)c (Zuk = Sue)
ul(Q — I)Aul, + Mmzk Z ;Z) %Zy';j
+(u+a)%m R 2
+(a+p) 8(;_ [Vu: QT — I)] + = ; a %Zlia(éiz)j aaiy’jj
~ T ZQW 0. (1.25)
Golp,u, h, l,w) = % Vu(ZQ - 1) + [(2Q) — I5] (V)]
+ o ((2Q 1) V) Is = S p)'Es, (129)
Gi(p,u h, b,w) = —m~ k) (QT — Is)h — %(w x 0) — [ Gon T, (1.30)
Gopr i, £,0) = 2D 5 —/ y x Gon dT. (1.31)
p as

Using the above change of variables, Theorem 1.3.1 can be reformulated as

Theorem 1.3.3. Let us assume (p,q) satisfy (1.13), and let 5 > 0 be a given
constant as in (1.17). Assume that Q° (defined in (1.6)) is non empty, connected
and (1.1) is satisfied, hy € Q°, k, > 0, and kg > 0. Then there exist 3 > 0 and
d > 0, such that, for any (po + P, uo, ho, lo,wo) satisfying (1.14)-(1.16) and

llpollw.a(r) + luoll g2a-1/0 2 gyys + 110 = hallrs + [follrs + llwollrs < 6, (1.32)

the system (1.23)—(1.29) admits a unique strong solution (p,u, h, £, w) satisfying

||/’||L°°(0 cosWha(F)) + ||VP||W1 ?(0,00;L4(F)) + ||atp||L ?(0,00;L4(F))
Hlullwrz 0,007 + 1hlliwzro,00ime)

+ ||£HWg’p(O,oo;]R3) + ||W||W;,P(0100;R3) < Cé. (133)

Moreover, X € L>(0,00; W24(F))3 N WL>(0,00; WL4(F)) and X(t,-) : F —
F(t) is a Ct-diffeormorphim for all t € [0, 00).

The rest of this section is devoted towards the proof of above theorem.
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1.3.2 Linearized System

The proof of Theorem 1.3.3 relies on a linearization and a fixed point theorem.
Thus as a first step, we linearise the system (1.23)-(1.29) around (5,0,0,0,0).
More precisely, we consider the following linear system

Oip + pdivu = f1 in (0,00) x F,
Opu — divoy(p,u) = fo in (0,00) x F,
u=0 on (0,00) x 99,
u=L+wxy on (0,00) x S,
d .
ah =/ in (0, 00),
%f +m kph +m T kgl = —m Tt o(p,uyn dl' + g1 in (0,00),

08
d
Ge= IO [ yxapundr g in (0,00),
p(0) = po, u(0) = uo, in F,

h(O) = ho — hl, g(O) = 60, w(O) = Wo,
(1.34)

where 0;(p, u) is defined as in (1.24).

The above system is known as the linearized fluid-structure system. We can
say the considered system is “monolithic”, in the sense that the linear system
preserve the fluid-structure coupling. Our aim is to study the regularity and de-
cay properties of the above linear system. To this aim, in the section below, we
will introduce the corresponding linear fluid-structure operator Agrg in a suitable
Banach space X. We are going to show that the operator Apg is R-sectorial in X
(see Theorem 1.3.8). Then according to [23, Theorem 4.3], the operator Apg has
the maximal LP regularity property in the Banach space X. This will help us to
obtain LP — L? type regularity of the linear system (1.34). However, in order to
obtain exponential decay we need to consider certain subspace Xy, of X. This is
done in Theorem 1.3.9. Finally, the exponential stability of the system, LP — L4
type regularity and the Banach fixed point theorem, will help us to conclude the
proof of Theorem 1.3.3.

Let us mention that, maximal L? — LY type regularity of various fluid-
structure system has been studied recently by many authors. We refer to the
articles [12, 15, 9, 13, 14] and the references therein for a detailed presentation on
this topic. In fact, our analysis here is based on the articles [12, 15] and [9].
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1.3.3 The fluid-structure operator

In this subsection, we want to rewrite the system (1.34) in a suitable operator. We
first introduce the operator

D(Ay) = WI(F)N Wy (F), Ay = %A + %”de. (1.35)

It is known that, the operator A, is an isomorphism from D(A,) to L(F)? for
any q € (1,00) (see for instance [19]). Given (f,w) € C3 x C3, let us consider the
following problem

L a+ 3 =01
{_APAW_ T“leVW—O in F, (1.36)

W=/{¢+wxyondS, W =0on 0.

Using the trace properties, it is easy to verify that the above system admits a
unique solution W € W24(F)3. Therefore, we can define the Dirichlet operator

Dy € L(C? x CW2(F)?), Dy(t,w) =W, (1.37)
where W solves (1.36). For ¢ € (1,00), let us set
X =Wh(F) x LI(F)® x C3 x C3 x C. (1.38)

Using the above definitions, we introduce the fluid-structure operator Apg :
D(Ars) — X defined by

D(Ars) = {(p,u,h £,w) € WHI(F) x WHI(F)? x € x € x C%;

u— Dy(t,w) € D(Au)}, (1.39)

and
Ars = Apg + Brs,
with
P —pdiv u
u Ay (u— Dy(,w))
Avs |1 = 0 : (1.40)
¢ 0
w 0
_ . _
g —an(p)’!
o 0
o Z “|-m ™t [ ai(p,w)n dT — mk,h — m kgl (1.41)
o8
w —J(O)_l/ y XO’l(p7u)n dr
- as |

The following equivalence holds:
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Theorem 1.3.4. Let 1 < p < 0o and 1 < q < oo. Let h € W2P(0,00;C?), ¢ €
WA (0,00, C3), w € WP (0, 00, C3), p € WHP(0, 003 WH(F)), u € WE2((0, 00); FP.
Then (p,u, h,l,w) is a solution to the system (1.34) if and only if (p,u, h,l,w) sat-
1sfies

p p fi p(0) Po

q | U fo u(0) uQ
T hl =Aps |h]| + |0 (t € (0,00)), h(0)| = |ho] - (1.42)

Ul 4 91 £(0) Lo

w w g2 w(0) wo

1.3.4 Some background on R-sectorial operators

In this section, we briefly introduce R-sectorial operators. We refer to the article
by Weis [23] for a detailed presentation and properties of R-sectorial operators.
First, let us give definition of R-boundedness family of operators.

Definition 1.3.5. Assume X and ) are Banach spaces and £ C L(X,Y). We say
that € is R-bounded if there exist p € [1,00) and a constant C > 0, such that for

any integer N > 1, any 11,15, --- , Ty € € any independent Rademacher random
variables ri,rq,--- ,rN, and any x1,T9, -+ ;TN € X,
1 1
N py 1/p N py /P
E ZT‘jTijj < C|E era:j y
=1 N =1 ¥

where E denotes the expectation of a random variable.

Note that the above definition is independent of p € [1,00). Also, if £ C
L(X,Y) is R-bounded, then it is uniformly bounded. On the other hand if X and
Y are Hilbert spaces, then every the definition of R-boundedness coincides with
uniform boundedness.

For any 6 € (0, ), we define the sector

Y9 ={A e C\ {0} | |arg\| < 0} . (1.43)

We now give definition of R-sectorial operators

Definition 1.3.6. Let X be a Banach space, and let A : D(A) — X be a densely
defined closed linear operator on X. The operator A is said to be R-sectorial of
angle 0 € (0,) if S9 C p(A), and if the set {\(\ — A)~' | X € Sy} is R-bounded
in L(X).

If X is a Hilbert space, then the definition of R-sectorial operators coincides
with the definition of sectorial operators. We also recall that, a Banach space X is
said to be an UMD Banach space if the Hilbert transformer is bounded in LP(R; X)
for p € (1,00).
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Let us consider the following system:
v =Au+f in (0,00), u(0)= ug. (1.44)
For our purpose, we need the following version of maximal L? regularity result:

Theorem 1.3.7. Let X be a UMD Banach space, 1 < p < oo and let A be a
closed, densely defined operator in X with domain D(A). Let us assume that A is
a R-sectorial operator of angle 0 > 5 and that the semigroup generated by A has
negative exponential type. Then for every ug € (X, D(A))1_1/p, and for every f €
LP(0,00; X), (1.44) admits a unique solution in LP(0,00; D(A)) N WP(0, 00; X).

Proof. The proof follows from [23, Theorem 4.2], [6, Theorem 2.4] and [21, Theo-
rem 1.8.2]. O

1.3.5 R-sectoriality of the fluid-structure operator

We recall the definition of the space X’ and the operator Apg from subsection 1.3.3.
We prove the following result on R-sectoriality of the fluid-structure operator Apg :

Theorem 1.3.8. Let 1 < q < co. The space X is an UMD Banach space, and there
exists v > 0 such that Apg — 7y is an R-sectorial operator in X of angle 0 > /2.

Proof. First of all, from [7, Theorem 2.5] we have that A4, — v is a R-sectorial
operator of angle § > 3 on L4(F)3. By standard calculation, it is easy to verify
that for A € v + Xy, we have

Id —pdiv(As — Ay) ™! pdivAu (Al — Ay) DA™
MM = Ap) ™ =10 A5 — A~ —Au(M5 — A) 1D,
0 0 Tgxo

where l~)s(h,€, w) = Ds(¢,w). Then using the properties of R-boundedness opera-
tors, we can deduce that A%g — v is an R-sectorial operator of angle § > /2 (see
for instance [13, Theorem 4.2], [9, Theorem 3.12], [12] for more details about the
proof).

Next, using trace results, for any 1/¢ < s < 1, there exists a constant C' > 0
such that

< C(lpllwsar) + lullwitsazys + 11(h €,w)l|csxcsxcs) -

o]
o
w0
E s>

X

Since the embedding Wh4(F) < W*4(F) is compact for s € (1/g,1), we obtain
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that for any § > 0 there exists C(d) > 0 such that

<O ||AYg +C(9)

(o))

&

wn
E S
E s>
E s>

X X X

In particular, Brs is a Afg-bounded perturbation. Finally, using [11, Corollary 2]
(see also [12, Proposition 1.18]) we conclude the proof of the theorem. O

1.3.6 Exponential stability of the fluid-structure operator

The aim of this subsection is to show the operator Apg generates an analytic
semigroup of negative type in the following subspace of X :

Xm:{(fhfZaglanggS)eX/]':fldy:()}.

One can check that the space Xy, is invariant under (e!4¥s);5(. Therefore we can
consider the restriction of Apg to the domain D(Aps)NXy,. We prove the following
theorem

Theorem 1.3.9. Let 1 < g < oo. Then the part of Aps in Xy, generates an expo-
nentially stable semigroup (etAFS)t>0 on Xu. In other words, there exist constants

C >0 and By > 0 such that
[|e4%5 (po, to, ho, o, wo) | | a0 < Ce™P[(po, to, ho, o, wo) | || 2 (1.45)

fOT’ all (p(),Uo, h0;607w0) € Xm-

Remark 1.3.10. When A = 0, integrating the first equation of (1.46) and using the
boundary conditions of u we have
f

Thus to study exponential stability of the fluid-structure semigroup it is necessary
to consider the space Xy,.

Proof of Theorem 1.3.9. We first note that the standard results on analytic semi-
groups (see [2, Proposition 2.9, p.120]) imply that the exponential stability of the
semigroup generated by the part of Apg in Xy, is equivalent to establish

{A e C; ReA > -8} C p(Ars|p(aps)na, ), for some 3 > 0.

We divide our proof into two steps.
Step 1. {A € C; ReA >0} C p(AFS‘D(AFs)ﬁXm)'
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Let A € C* and (f1, f2,90,91,92) € Xm. We consider the following resolvent
problem

Ap + pdivu = f in F,
Au — divoy(p,u) = fo in F,
u=C0+wxy on JS,
u =0 on 0f,
A =€+ go, (1.46)
A+ m_lkph +m kgl +m™? oi(p,u)n dI' = gy,
o8

)\w+J(O)_1/ y X oy(p,u)n dT' = go.

as

We are going to show that the system (1.46) admits a unique solution (p, u, h, £,w) €
D(Aps) N Xm. The proof is divided into several parts.

Step 1.1. Existence and uniqueness for A\ = 0. Consider the system (1.46) with
A =0. Then £ = —gp. Let x € C°(Q) such that x = 1 on S. We define v = u — /.
Then it is easy to see that, (p,v,w) satisfies

_ _ o+
— AV + ayp Vo =pfs + %Vfl

A = Y iv()  in F
D
dive = é — div(x¥) in F, (1.47)
5 .
vV=w XY on 08§,
v=20 on 0f,

_ «
J(0) 1/ yxoo(p,v)ndv=gz—fz/ y x fidy,
a8 P~ Jos

where

2 1 _
oo(p,v) = %DU + 5 (—ay(p)""'p) I3

The above system is similar to the Stokes-rigid ball system studied in [15].
In fact following the proof of Theorem 4.2 in [15], we can show that, the system
(1.47) admits a unique solution (p,v,w) € WH4(F) x W24(F)3 x C3. Finally, the
existence of h follows from equation (1.46);.

1
Step 1.2. Existence for A # 0, A € C*. By setting p = X(fl — pdivu) and h =
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+ (€ + go) the system (1.46) can be rewritten as

Xu — dive (u) = fa in F,
u=L0+wxy on S,
u=20 on 02,
k (1.48)
(A +mT P+ mlkd) t=-m~" [ Gx(u) ndl +8
A 88
Aw = —J(O)_l/ y X ox(u)ndl’ + g
aS(t)
where
5 2u 1 ayp’\ o
=—D = d I
ox(u) = (u) + (p (a += ivu | I3,
~ ap? ! N _aprl m-1k
=f- v, 91(g1+m 12 _ flndl“) 2 4o,
Ap A0 Jas A
~ _,ap’ 7t
g2 = <92 +J(0)! p)\i / T flndF> .
P Jos

The above system is similar to the system (3.39) of [9]. Thus following the idea of
the proof of Theorem 3.16 in [9], we can conclude the existence for A € CT, A # 0.
Step 1.3. Uniqueness for A # 0, A € C*. Let us assume that (p,u,h,l,w) €
D(Ars) N Xy solves the system (1.46) with (f1, f2, 90,91, 92) = 0. We claim that,
(p,u, by l,w) € WHE(F) x W22(F) x C3 x C? x C3. We set

1 1

We take \g > 0 and the system (1.46) with (f1, f2, 9o, 91, 92) = 0 can be rewritten
as

Aou — divoy(u) = (Ag — Au in F,
u=L0+wxy on 08§,
u=20 on 0f),

k
<)\0 + mfljp + mlkd> {=-m™! ox(u) ndl' + (Mg — N
a8

Aow = —J(O)_l/ y x o (u)ndl + (Ao — Nw.
a5(t)
(1.50)
Since W24(F) < L*(F), we deduce from (1.50) that (u,l,w) € W22(F) x xC3 x
C3. Using the expressions of p and h in (1.49), we conclude that p € W12(F) and
h e C®.
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Multiplying (1.46), by ¥, (1.46), by £ and (1.46), by @, after integration by
parts and taking the real part, we obtain

Re)\/ \u|2dy+2u/ |Du|2dy—|—a/ |divu|*dy
F F F
+ (ReA)m|l> + Re(AJ(0)w - @) + kp|h|? + kql€|* = 0.

Since ReX > 0, using (1.4), k,, kg > 0 and the boundary conditions, we obtain
p=u=h=0=w=0.
Step 2. {A\ € C; ReX > —f} C p(Ars|p(aps)nx,, ), for some 3 > 0.

We know from Theorem 1.3.8 that there exists v > 0 such that Apg —y is an
R-sectorial operator in X' of angle greater than 7/2. It implies that there exists
Cy > 0 such that for any A € v+ 3:_p (the notation Xy is defined in (1.43)) with
0 <m/2,

(A= Ars) Ml 2w < Ch.

Since

{AeC | ReA>0}\ [y + ¢
is a compact set, there exists Co > 0 such that for any A € C with ReA > 0
1A = Aps) e, < C.
This yields that for some 5 > 0,
{AeC | Red = =B} C p(Ars|piaps)na,)-

This completes the proof of the theorem. O

1.3.7 Maximal LP— L7 Regularity for the Linearized Fluid-Structure
System

In this section, we prove maximal LP — LY type regularity result with decay prop-
erties of the linear system (1.34). Following [9, 13], we introduce the following
standard decomposition: for any f € L'(F),

= for ot favgs  with /F Fuly) dy =0, fuvg = |1FI™" /f ) dy. (151)

For 1 < p,q < 0o, and 3 € R, the solution space &, 4 3 is defined by

Epap = {(p,u, ht,w) | p= PmtPavg, Pm € Wﬂl,p(()’oo; Wl’q(]:))vpavg € L>(0,00),
Otpave € L(0,00), wu € W;’;B((O, 00); F)3,
he Wé’p(O,oo;]R3)7 le Wﬁl’p(O, oo;R?), we Wg’p(O,oo;RB)}
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and

||(P7U7 hJaw)Hé‘p,q,B = Hpm”Wé*P(O,oo;WLQ(}')) + ||panHL°°(O,oo) + ||atpavg||Lg(0,oo)

Fllullwz 0,0007)8 T I1Pllwzr0,00) + 1lllwir0,00) T 1€llvw2 2 0,00)-

Similarly, for 1 < p,q < oo, and 8 € R, we define B, 3, the space for
non-homogeneous source terms, as follows

Bp,q,,B = {(flaf2a91a92) | fl = fl,m"‘fl,avgafl S Lg(07oo>Wl7q(]:))7f1,avg € Ll(0,00),
f2 € L(0,00; LY(F))*, g1 € L5(0,00;R?), g € L5(0, oo;R3)}, (1.52)
with
||(f17f2;91,92)||8p,q,g = ”.leLg(O,oo;leq(]:)) + Hfl,angLl(o,oo)
+ 12l g 0,005ma(7)) + 1920127 0,00) + 1921l 22 (0,00)-
We set
Ip.g = {(P07U07h0 — ha, Lo, wo) | po € WHI(F) N LE,(F), uo € B~ HP/(F)?,
ho — hy €R3, £y € R3, wpy € R3}, (1.53)

and we introduce the space of initial data
Je =T if 1 + i >1
P, — YP:4 P 2q ’
Tty = { (b0, 10, ho = P, Lo, o) € Ty | 1o = 0 om 9,

1
u(y) = Lo +wo Xy ye@S} if ;+2—q<1.

Theorem 1.3.11. Let 1 < p < 00 and 1 < q < oo satisfying % + 2—1q # 1. Let By is
the constant introduced in Theorem 1.8.9, and B € [0, By). Then for any

(po — P, uo, ho — hy,bo,wo) € T, (f1, f2,91,92) € Bpgs

the system (1.34) admits a unique solution (p,u, h,l,w) € &y 4.3 with

(o1, 6,0) ., < Cr (o010, ho — ha bo,oo)l 5, I (i, f2:91,99)]ls, ., )-
(1.54)
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Proof. Let us first consider the case § = 0. We integrate equation (1.34); satisfied
by p in F, use the boundary conditions u and the decomposition (1.51) to conclude
that pgyg is a solution of the following system

atpavg fl ,avg te (Oa OO): pavg(o) = 0. (155)

AS f1 avg belongs to L'(0,00) we have paye € L°(0,00). On the other hand, it is
easy to see that (pm,u, h, £,w) satisfies the following system

Pm Pm fl,m (O) Po

d 1Y u fo U(O) Ug
a h| = AFS h | + 0 (t S (0 OO))7 h(O) = |ho — hy ,

t ¢ g1 £(0) o

w w 92 w(0) wo

where Apg is the linear fluid-structure operator introduced in Section 1.3.3. Recall
that, from Theorem 1.3.8 and Theorem 1.3.9 we know that Apg is a R-sectorial
operator on A, and generates an exponentially stable semigroup on Xy,. Note
that, the hypothesis of the theorem yields that

(P07U07h0_h17£0»‘*}0) (Xm,D(.AFS)ﬂX )1 1/p,p>

and
(fl,ma f27 07 91792) € Lp(07 o3 Xm)

Therefore, according to Theorem 1.3.7, the system (1.56) admits a unique solution
(pmv u, h7 f, UJ) € Lp(07 003 D(AFS) N Xm) N WLP(O? 003 Xm) C SOO,P,Q'

The case 5 > 0 can be reduced to the previous case by multiplying all the functions
by et and using the fact that Apg —~ is a R-sectorial operator with negative type.
This completes the proof of the theorem. O

1.3.8 Proof of Theorem 1.3.1 and Corollary 1.3.2

First we give a short proof of Theorem 1.3.3. The proof is similar to the proof of
[9, Theorem 3.22]. We just indicate the main steps.
Throughout this subsection, we assume

2<p<ooand 3 <q<oo.

Let us fix 8 € (0, y), where By is the constant introduced in Theorem 1.3.9. For
0 > 0, we define the ball £, ; 3.5 in £p 4.5 as follows

Epaps={(pu,h. l,w) | (p,u bl w)lle,, » <O} (1.57)
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Let us take (0,v,(, k,T) € € 4,8,5 and we consider the system

Orp + pdivu = Fi(o,v,(, K, T) in (0,00) x F,
Oru — divoy(p,u) = Fa(o,v,(, K, T) in (0,00) x F,
u=0 on (0,00) x 09,
u=~l+wxy on (0,00) x 98,
d
—h=/ t
dt € (0700)7
d _ _
lrm Yeph +m™ kgt
- _m_l Ul(p7 U)?’L d’7+g1(g7va<‘a"ia T) te (0,00),
o8
d
ik —J(O)*l/ y x oy(p,u)n dy + Ga(o,v,(, Kk, 7) ¢ € (0,00),
as
p(0) = po :=po — p, u(0) = uo, in F,
h(O) = ho - hl, E(O) = go, OJ(O) = wy-
(1.58)
We consider the mapping
N & qpos— Epaps (0,0,C,k,7) = (pyu, hy b, w), (1.59)

where (p,u, h, {,w) is the solution to the system (1.58). To prove Theorem 1.3.3,
it is enough to show that following result

Proposition 1.3.12. There exists § > 0 such that, for any

4]
[(po; w0, ho — b, bo, wo)ll 7, . < 20, (1.60)

where Cp, is the positive constant appearing in Theorem 1.3.11, the mapping N
defined in (1.59) is a strict contraction in €, 43,5

Let us remark that, the nonlinear terms appearing in (1.23)—(1.29) are exactly
same as the nonlinear terms in [9]. In fact, following the proof of Proposition 3.20
and Proposition 3.21 in [9], we can show that, there exists 6 > 0 such that, for
any (0,v,(,k,T) € Ep q.8.6, and (04,0, iy ki, Ti) € Ep.g.8.6, § = 1,2, we have

H (]-'1(0,1),(, k,T), Fa(o,v,(, k,T),G1(0,v,(, k, T), Ga(0, v, (, H,T))‘

P,q,8

< 062,

and

|7 7. 68.08) - (72 73, G2.3) s

P,q,8

)

< Csz(Ul,vl,Cl,/il,Tl) - (Ul,vlaCl,FEl,ﬁ)
P,q,B
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for some C > 0 independent of §, where
-/T"ib - fl(aiavhciv’%iaTi% ‘Fé - fQ(Uiv’UiaCi)KJivTi)a

gi = gl(aiavhciv’%iaTi)? g% = g2(0'i,’Ui7Ci,/fi,Ti)-

Using the above estimates together with (1.54), we can easily conclude the proof
of Proposition 1.3.12, and hence the proof of Theorem 1.3.3.

Finally, using the change of variables we conclude the proof of Theorem 1.3.1
and Corollary 1.3.2. We refer to [9] for more details regarding the proofs.

1.4 Global Stabilizability

In this section, using switching feedback control, we prove a global stabilization
result, where we remove the assumption that hg and h; are sufficiently close. More
precisely, we prove the following result

Theorem 1.4.1. Under the assumptions of Theorem 1.3.3, there exists 6 > 0,
depending only on Q, ky,, kq such that for any (po, uo, ho, €o,wo) satisfying (1.14)-
(1.16), (1.17) and

N

o — Pllwr.a(r (o)) + ||uo||3353—1/p>(f(0))3 + ||ollrs + |lwollrs < =, (1.61)

there exists a piecewise constant function s : [0,00) — § satisfying dist(s(¢), ) >
1, for allt > 0, such that the strong solution of (1.3) with switching feedback law

w(t) = ky(s(t) — h(t)) — kqh'(t), t>0, (1.62)

satisfies the stability properties

tlilgo ||l7(t, ) - p”leq(]—"(t)) = 07 tlirgo ”ﬂ(tv ')”B;(;—l/f’)(]:(t))s = 07 (163)
. T _ . T _ . ~ o
tlg(r)lo h(t) = hq, tllglo R'(t) =0, tlggo w(t) =0. (1.64)

Proof of Theorem 1.4.1. Let us recall the set (1.6):
Q° = {x € Q| dist(z,00) > 1}.

Let us consider hg, hy belong to 0. The path-connectedness of 2° follows from the
fact that Q° C R? is open and connected. Hence, we have a path ~ : [0,1] — Q°
such that v(0) = hg and (1) = h;. Also observe that v([0,1]) is compact, it
implies that there exists v > 0 such that

dist(v([0,1]),08) > 1 4+ v.
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According to Theorem 1.3.1, there exists § > 0 such that for any h* €
~([0,1]), initial data satisfying

<9,

H(ﬁo - pv Uo, hO - h*;e()vwo)‘

p,q

under the feedback law
w(t) = ky[h* — h(t)] — kqh! (1),

the system (1.3) admits a unique global in time strong solution. Furthermore, we
can use Corollary 1.3.2 to conclude: as t — oo, we have

”ﬁ(tv ) - p”Wl"?(]—'(t)) + ||17(t, ')||B§f;*1/P)(f(t))3 + Hh* - h(t)”R3
+ 17 (®)llrs + @) |rs — 0.
Now we make a partition {z,} of the path joining hg to h; such that
)
o =ho, Tpr1 =h1, ||Trr1 — xplrs < 2 for all r=0,1,2,... k.

First we explain how we can go from zy to x7 and from z; to xo. After that
we state the general strategy. With the help of the partition {x,.} and condition
(1.61), we obtain

1P0 = Pllwra(r) + lluoll g2a-1/0) zgyys + 11 = Pollrs + [[€olles + [lwollzs < 6.
Under the feedback law
wo(t) = kp(z1 — h(t)) — kah' (), t>0,

the system(1.3) admits a unique global in time strong solution along with the
asymptotic behaviour:

13, ) = Bllwazy + Nt M gaa-rrm zyyo + 71 = (E)los
+ |1 (t)||rs + [|@(t)||rs — 0, as t — oo.

Thus, we choose T > 0 large enough such that

1P(T1;-) = Pllwracry) + 1@l g2a-1/0 2y yye + 121 = A(T1) e

N

+ IR (T)llps + 1|&(T1) llps <
As ||z — z2||gs < %, we can deduce

1P(T1, ) = Pllwrazy) + 10T )l g2a-1/0 2y + 172 = A1) [[es
+ B ()l + 15Tl < 6.
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To proceed further, use the feedback law:
wy (t) = kp(za — h(t)) — kqh'(t), for t > Ty.
In general, we construct a partition
0=To<Ti<Th < - <Tp <Tpy1 =+
of [0, 0] in the following way: let r € {1,2,...,k} and T} > 0 be such that

1P(T 1, ) =pllwraz @) HW(Tr—1s M g2a-1m (e FllEr—1=A(Tr1
+ R (Tl + 1@ (T e <
Due to the partition {z,}, we know ||z, — x,—1||rs < g, which implies
||ﬁ(TT—17 ) _pHWI’q(]:(Tr—l)) + ||ﬂ(T7‘—1a ')||Bg,(p171/p)(f(Tr71))3 + er - h(TT—1)||R3
+ 1R (T 1) s + [|&(Tr—1) lre < 0.
Now under the feedback law
W1 (t) = kp(z, — h(t)) — kqh'(t), for t = T,_,,

the system (1.3) admits a unique global in time strong solution and there exists
T, > T,_1 such that

||5(TT7 ) - ﬁHWl"I(}'(TT)) + HE(TN ')||B§f;*1/P)(f(TT))3 + er - h(TT’)||R3

IR (T)|gs + 15(T;) ||gs <

N

As |zrp1 — x| < %, we can deduce

Io(Tr, ) = PllwraF .y + [W(Tr, ')||Bg§;fl/p)(;(Tr,))3 +[|2r 11 — R(T:) ||rs
+ 1 (T) [ + ST 20 < 0.
We can iterate the above step with the help of the feedback law:
wy(t) = kp(wpy1 — h(t)) — kgl (), for t > T,.

Hence, in the presence of the switching feedback law

w(t) = ky(s(t) — h(t)) — kah'(t), >0,
where piecewise constant function s : [0,00) — QU is given by

s(t) =z, je{1,2,..,(k+1)}, tell;-1,T}),

we obtain a unique strong solution of (1.3) and the solution enjoys the stability
properties (1.63)-(1.64). This completes the proof of the Theorem. O
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