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Dynamic event-triggered stabilization for

the Schrodinger equation

*
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* LAAS-CNRS, Université de Toulouse, CNRS, Toulouse, France
(e-mail: fkoudohode@laas.fr, baudouin@laas.fr, tarbour@laas.fr).

Abstract: The paper presents a dynamic event-triggering mechanism for the constant and the
localized damped linear Schrodinger equation. The following results are tackled: the existence
of solution to the closed-loop event-triggered control system; the avoidance of the Zeno behavior
due to the absence of any accumulation point of the sequence of time instants and the exponential
stability based on energy estimate through the observability inequality. A simulation example
based on the one-dimensional Schrédinger equation is presented to validate the theoretical

results.

Keywords: Schrodinger equation, Dynamic event-triggering mechanism, Exponential stability,

Observability inequality.

1. INTRODUCTION
1.1 Control of the linear Schrédinger equation

The Schrodinger equation is a partial differential equa-
tion (PDE) modeling the behavior of the wave func-
tion of a non-relativistic particle in quantum mechan-
ical systems (Sulem and Sulem (2007)) as laser beam
propagation (Andrews and Phillips (2005)) or Bose Ein-
stein condensation. Besides, the solutions to the lin-
ear Schrodinger equation also solve a plate equation
(Machtyngier and Zuazua (1994)), which models for in-
stance in one-dimension in space, the deflection of a beam
due to applied loads. All these applications justify the
extensive study of this equation in many aspects, includ-
ing the well-posedness (Cazenave et al. (1998)), the ex-
act controllability (Machtyngier (1994)), the observability
(Phung (2001),) and the stabilization or stability analysis
by multiplier techniques and constructing energy function-
als (Machtyngier and Zuazua (1994)) or by backstepping
approach via the boundary actuation and measurements
(Krstic et al. (2011)).

1.2 FEvent-triggering mechanism

Starting from a stabilized closed-loop system, where the
dynamic is described by a Schrodinger equation and a
control is applied as a continuous-in-time and localized
damping source term, we are interested in this article
by the effect of a digital implementation of this control.
The time sampling implementation of such a continuous-
in-time controller has to be designed efficiently in order
to avoid wasting communications, computational and ac-
tuating resources. The event-triggering strategy turned
out to be a powerful tool for this, since the events are
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(grant ANR-11-LABX- 0040) within the French State Programme
”Investissement d’Avenir”.

planned to occur only when needed, while allowing stabil-
ity. Indeed, event-triggering strategies lead to a different
paradigm with respect to traditional periodic implementa-
tions since the use of event-triggering schemes enables to
update control inputs only when specific state-dependent
events occur. To the best of our knowledge, there is no
exponential stability proof on periodic sampling for the
Schrédinger equation. Another important feature of an
event-triggering approach is to ensure that there will not
be infinitely many updates of the control over a bounded
time interval, situation known as the Zeno behavior.

In event-triggered control theory, two approaches can be
considered: the emulation and the co-design. Concerning
the emulation method, the control is supposed to be a
priori known and only the event-triggering mechanism
is being designed, as in Postoyan et al. (2014); Espi-
tia et al. (2017, 2021) respectively for nonlinear finite
dimentional systems using hybrid systems tools; linear
hyperbolic systems of conservation laws and for constant-
parameters reaction-diffusion PDE systems. As far as the
co-design approach is concerned, both the controller and
the event-triggering mechanism are simultaneously de-
signed. This approach is addressed in some papers, see,
for example, Seuret et al. (2016) and reference therein
for LQ-stabilization of saturated linear systems. In the
current article, as described earlier, we adopt an emula-
tion approach, starting from the results in Machtyngier
and Zuazua (1994) and Phung (2001) where a stabiliz-
ing controller has been prescribed to stabilize the linear
Schrédinger equation.

With the goal of enriching the static event-triggering
mechanism (state-based triggering condition) designed in
Koudohode et al. (2022), we propose here a dynamic
event-triggering rule, similarly to the one introduced for
general framework of nonlinear finite-dimentional control
system in Girard (2015) and in Zhao et al. (2020); Peralez
et al. (2018) using small-gain and high gain methods. This
new dynamic rule consists in introducing an additional



internal dynamic variable to the static law. It is worthwhile
to mention that the dynamic event-triggering strategy
has already been extended to PDE framework in Espitia
(2020) for a coupled 2 x 2 linear hyperbolic system, in
Wang and Krstic (2021) for sandwich hyperbolic PDE
systems and in Rathnayake et al. (2021) for a class of
reaction-diffusion PDEs with Robin actuation.

Event-based control strategies were also considered for
parabolic PDE in Espitia et al. (2021) (with small gain
approach), Selivanov and Fridman (2016) (for distributed
event-triggered control) and for hyperbolic PDE in Bau-
douin et al. (2019) (damped wave equation), Espitia
et al. (2017) (via Lyapunov-based event triggered sampling
and quantization), Davo et al. (2018) (via backstepping
method and looped-functionals) and for abstract infinite-
dimensional systems in Wakaiki and Sano (2020) and
Wakaiki and Sano (2019) (under Lipschitz perturbations).

1.8 Contributions

The contributions of the paper can be summarized as
follows:

e We design a novel and dynamic event-triggering
mechanism for a locally damped linear Schrédinger
equation different from the static rule proposed in
Koudohode et al. (2022) and we ensure the avoidance
of Zeno phenomenon.

e Thanks to an energy estimate and an observability
inequality we prove global exponential stability of the
energy of the closed-loop system under the designed
dynamic event-triggering rule.

1.4 Owutline

The damped linear Schrodinger equation under consider-
ation is introduced in Section 2 and some existing results
on well-posedness and stability are presented. Section 3
proposes the design of the dynamic event-triggering mech-
anism, the proof of the well-posedness and of the avoidance
of the Zeno phenomenon. The main event-based stabiliza-
tion results are provided in Section 4. Finally, Section 5
gives some numerical illustrations of the theoretical re-
sults. Concluding remarks and perspectives are given in
Section 6.

1.5 Notation

Given an open set Q@ C RY  L2(Q) is the Hilbert
space of square integrable scalar functions endowed with
norm |z|| = (fQ|z(x)|2dx)% The gradient and Lapla-
cian of z are denoted Vz = (0;,2,...0;y2) and Az =
Zi\il 92 z. We define the Sobolev spaces H}(Q) =
{z € I3Q),Vz € (L*(Q)",2loa = 0}, with norm
Izl = V2] and HXQ) = {- € L3(Q),V= e
(LQ(Q))N ,0p, 00,2 € L2()}, the set of all function such
that [, (|2 +|Vz|* + |Az|?) dz is finite. The dual space
of a Sobolev space H is denoted H'. We will often write
Jo 9(t) instead of [, g(x,t)dx to ease the reading. Im(z)

and Re(z) are respectively the imaginary part and real
part of z € C and its complex conjugate is denoted Zz.

2. PRELIMINARY AND PROBLEM DESCRIPTION

This paper deals with the stabilization of a damped linear
Schrodinger equation under event-triggered control. Let 2
be an open bounded domain in R, N € N* with smooth
boundary 9f2. Let us consider the following control system

i0pz(x,t) + Az(z,t) = —ia(z)z(x,t) (2,t) € A x RT,
z(xz,t) =0 (z,t) € 0Q x RT
2(z,0) = zo(x) x € .

(1)

In system (1), @ € L*®(Q;R) is the damping coefficient
and is such that there exist w C Q, ap and a3 € R+ such
that
{O <a <o =|a|pe@ ae inQ @)
dag >0:a > ag a.e. in w C .

This means that the damping will not necessarily act on
the whole domain 2. The well-posedness and exponential
stability of system (1) are already documented in the
literature. For instance, it has been proved in Cazenave
et al. (1998); Machtyngier and Zuazua (1994) the following
theorem.

Theorem 2.1. Well-posedness and stabilization (Cazenave
et al. (1998); Machtyngier and Zuazua (1994))

(1) For any initial conditions zg € L?(Q), there exists a
unique weak solution to (1) satisfying

z € CO(R™; L*(Q)) N C([0, T]; (H*(Q) N Hp(Q))).
(3)
Moreover, for any initial data 2z € H2(Q) N H (),
the unique solution to (1) satisfies

2z € CORT; HA(Q) N HH(Q)) N CHRT; LA(Q)). (4)
(2) For any initial condition in L?(f2), there exist C' > 0

and 0 > 0 such that the weak solution z to (1) verifies
forallt >0

B#) = )P < CBO)e . (5)

We address the problem of event-triggered implementation
of a state-feedback stabilizing law for the control system
such that
10z + Az = —ia(z)z(tg), in Q X [tg, trr1),k €N
z=0, on 90 x R, (6)
z(-,0) = zg in Q
where 0 = tp < t; < -+ < tx < tg41. In this system,
{tx }ken, is the sequence of updates according to the event-
triggering algorithm presented in Section 3.

Let us define the following time T corresponding to the
maximal time under which the event-triggered control
system (6) has a unique solution:

T =400 if (t) is a finite sequence,
T =limsupty if not. (7)

k— oo

Proving that T' = +oo will ensures that there will not be
accumulation point of the sequence {ty}ren. This will be
proved in Theorem 3.1 in order to avoid Zeno behavior.

3. DYNAMIC EVENT-TRIGGERING STRATEGY

We introduce in this section, the event-triggering algo-
rithm, which determines the time instant at which the



controller —az needs to be updated. Some results on the
well-posedness and the absence of Zeno behavior will be
also presented.

3.1 Definition of the event-triggering mechanism

Inspired by the emulation approach introduced in the con-
text of ordinary differential equation in Tabuada (2007);
Postoyan et al. (2014); Girard (2015), the following state-
dependent criterion was proposed in Koudohode et al.
(2022). Starting from to = 0, then Yk > 0

ter=inf {1 > b, [|200) — 2P > =02} (®)
where v > 0 is a design parameter. Hence, an event is
generated when the error term ey,
ex(z,t) = z(x,t) — z(x, tg), (9)
becomes larger than a proportion of the energy. In this
paper, we propose to enrich our event-triggering mecha-
nism (8) by adding an internal scalar dynamic variable m
satisfying the following differential equation
(t) = —nmi(t) + 29E () — lex ()|, for ¢ > 1,
with m(¢;) = 0 and n > 0 a design parameter.

(10)

Then, we can describe the event-triggering law under
consideration in the paper. Starting from tq = 0

. 1
thp1 = inf {t >t llex ()2 — 2vE(t) > gm(t)} (11)
where v > 0 and € > 0 are design parameters.

Remark 3.1. When the design parameter 6 tends to +oco
in the dynamic rule (11), we obtain the static rule (8).
Note that the signal m(t) can be considered as a filtered
value of 2vE(t) — |lex(t)||2.

Similarly to Girard (2015), one gets the following result.
Lemma 3.1. Using the definition of the event-triggering
mechanism (11), it follows, for all ¢ € [tg,tg+1), k > 0:
1

m(t) > 0 and |lex(t)]|? < am(t) + 2vE(t) (12)
Proof. Indeed, between two triggering instants ty,tx11,
from (11), we have ym(t) + 2vE(t) — |lex(?)||*> > 0.
Combined to (10), this inequality brings
1 1
gm(t) + 2m(t) + pm(t) > 0, ie m(t) > — <9 + 77) m(t)
for which the comparison principle can be applied to
guarantee m(t) > 0, for all ¢ € [ty,trxs1),k > 0. O

Remark 3.2. The dynamic event-triggering mechanism is
usually constructed with m(t) < 0 as in Espitia et al.
(2017); Espitia (2020); Rathnayake et al. (2021); Wang and
Krstic (2021) but this paper follows the same approach as
in Girard (2015); Karafyllis et al. (2021) where m(t) is
positive.

Remark 3.3. For a given state z(t) of the event-triggered
control system (6), since m(t) > 0, the next execution time
tp+1 given by the dynamic rule (11) comes later than the
one given by the static rule (8).

3.2 Well-posedness and absence of Zeno behavior

Leveraging on some regularity of the classical solutions to
the Schrédinger equation we get the following lemma.

Lemma 3.2. Let © be an open bounded domain of class
C?. For any initial conditions zg € H2(2) N H}(Q), there
exists a unique solution to (6) under the event-triggering
mechanism (11), satisfying

2 € C°([0,T): H*(92) N Hg(2)) N CH([0, T]; L*(%)). (13)
Proof. The proof is constructed by induction and is
similar to the one that has been presented in Koudohode
et al. (2022) for the static event-triggering law (8). a

Let us now notice that from (9), the event-triggered closed-
loop system also reads:

10z + Az = —iaz + iaeg, in Q X [tg, tet1),
z=0, on 90 x R, (14)
z(+,0) = zo, in Q.

Before proving that the Zeno phenomenon cannot occur,
let us state the following intermediate result.

Lemma 3.3. Under the event-triggering law (11), for all
t € [0,T) one has:

2v0E(0)e *5" < 290E(t) + m(t), (15)
with
1 2 1
K:imax 3a1+§+041’y;061’¥+§+77 . (16)

Proof. Performing the Green formula with z = 0 on 0f2,
the time-derivative of E(t) along the trajectories of system
(14) is given by:

E(t) = Re (/Q Z(t)@tz(t)) =1Im (— /Q Z(t)Az(t))
—Im (/Q ia(x)|z(t)|2> +Im (z /Q a(x)ek(t)z(t)>

B) = - [ a@z(0 + Re ( /Qau:)ek(t)z(t)) ()

Then, we use (2), along with Cauchy-Schwarz and Young’s
inequalities, to obtain

E®)| < arllz @) + arllex®l|=(0)]

3041 o
< SO + el

Hence, [290E(t) + 1i(t)] < 6 (3en 212 + u lex(8)?)
+am(t) + 27E(t) + [lex(®)]|.
From (12) and using ||2(¢)]|? = 2E(t), we get

1270E(t) + 1(t)| < 60400vE(t) + nm(t) + 2vE(t)

#anty 1) (Gt + 2950 )

(18)

0
so that with K defined by (16), we can write
|2v0E(t) + m(t)] < 2K (290E(t) + m(t)) .
From there, —2K (290E(t) + m(t)) < 2v0E(t) + m(t)
and one gets that F(t) = e*K1(2v0E(t) + m(t)) satisfies
F(t) <0 so that for any t € [tg, tr41], using m(tg) =0,
OB (ty)e 2K E=t) < 200 E(t) + mi(t).

Inferring this inequality for E(tx—1) up to to = 0, by
induction we get (15) for all ¢ € [0,7) and the lemma
is proved. |

1
< (6167 + 4y + 2041972) E(t) + (ayy +=-+ 77) m(t),



We can now provide the main result on the fact that our
event-triggering law does not generate some infinite se-
quence of updates in finite time, proving thus the absence
of Zeno behavior.

Theorem 3.1. There is no Zeno phenomenon for the sys-
tem (6) under the event-triggering mechanism (11). In
other words, following (11), there will not be infinitely
many updates of the control of system (6) over any
bounded time interval.

Proof. The proof is done by contradiction. Let us assume
that T defined by (7) is such that T < 4o0. Let us also
define and study the evolution of the following function :

sty — el
290E(t) + m(t)
As in Girard (2015); Koudohode et al. (2022), the proof is
based on the study of ¢ in the interval [0, T'|. This function
 is non negative and satisfies, Vk € N, cp(t;;") = 0 and
jumps from @(t;, ;) =1 to w(tzﬂ) = 0, where ¢(t; ,,) is
the value of ¢ before the update in time ¢, <p(t;€"+1) is the
one after the update k+ 1. The time-derivative of ¢ reads:

(19)

o~ Ul 2105 + ()

_CdtTRATN il b ST D))

708 +m@) ~ P DeEm Tmp Y
On the one hand, (9) and (6) imply that idier(t) =
10 2(t) = —Az(t) —io(x)z(t) +ia(x)er(t) so that we have
by Cauchy-Schwarz’s inequality:

5 Gl = Im/zek rer(t)

= Im/ er(t —da(x)z(t) + ia(x)e)

< [az@®)llex®] + allex @21 + anllex @I (21)

From Theorem 2.1, for all zg € H2NHZ (), the closed-loop
system (14) under the event-triggering mechanism (11) has
a unique solution z € C°([0,T]; H2N H}(Q)) so that there
exists a constant Cy = Co(T', ||z0|| g2 ()nmr (@) > 0 such
that V¢ € [0, 7],

[Az(@)]| < 1Az L= 0,1322(2)) < Co. (22)
By Young’s inequality and (2) it follows:
1d 2 30[1 2 aq 2
< —_— — .
3 g ler @I < Collex @) + == llex )7 + - ll=(1)]

On the other hand, dealing with the numerator of the
second term of (20), we have from (18) and (10),

: . 3 o}
(= 2008 - | <207 (22O + P01

+am(t) +2E(t) + [lex(t)].
Re-organizing terms in (20), we get
(2Y0E(t) +m(t)g(t) < 2Cob|lex(t)]| + 3ar]lex(t)]?
+2010E(t) + o(t) (60vaq + 27) E(t)
p(t)(ary + )lex(D)|* + p(t)nm(t).
In (24), several terms have to be handled. First, from (12)

we have 0|lex(t)|| < VO\/(207E(t) + m(t)) so that using
Lemma 3.3 we can write, for all ¢ € (0,77,

(23)

(24)

blex () _ Vo
290E(t) + m(t) ~ \/290E(t) + m(t)
\/é - eKT
T V/2790E(0)e~2Kt T | /2vE(0)

Moreover, one should notice that W)@m(t)
#ﬁm(ﬂ < b, for any nonnegative scalars a and b.
Therefore, back to (24), deviding by (2v0E(t) + m(t)),

Ollex ()]
290 E(t)+m(t)

(25)

a
Smand

recalling o(t) = and using (25), we obtain

QOQBKT

V2E(0)
+ (3a1 + ;) o(t) +

Finally, denoting by

a0=72006KT + 2 a1=6041—|—77—|-1 Cl2=0[1’Y+1
29E(0) 7’ ’ 0

we obtain ¢(t) < ag + a1p(t) + azp?(t). Integrating on

[tks trt1), recalling @(tr) = 0, @(tr4+1) = 1, one gets

1
1< —(t -1
—A(k+1 k)

ds .
where A = / —_— > 0 since ag, a1,a2 > 0.
ag + a1s+ ass

aq

o(t) < +3ap(t) + Bl

Ooy +1
1Ts02(t) +np(t).

>

(26)

Since we assumed that T < 400, passing to the limit
ty = T as k — +oo in (26) leads to a contradiction. We
therefore obtained T' = +o00, ensuring the absence of any
accumulation points and the avoidance of Zeno behavior.
O

Remark 3.4. Differently from the usual literature deal-
ing with event-triggered control for finite-time dimension
systems, the proof of Theorem 3.1 is not based on the
existence of a dwell-time. Taking another route, the main
idea consists in proving that there exisit no accumulation
point for the sequence (tx)r>0-

4. EXPONENTIAL STABILITY ANALYSIS

This section addresses the problem of the exponential
stability of system (6)-(11).

In order to prove the stability of the closed loop, we
consider the Lyapunov candidate function:

W(t) = E(t) + m(t), (27)

with the energy F defined in (5) and the internal state m
defined in (10).

Next, we can first take inspiration from Machtyngier
(1994); Machtyngier and Zuazua (1994) in order to upper-
bound the functional W, defined in (27). This is reported
in the following intermediate Lemma.

Lemma 4.1. Consider the solution z to system (14). For
any 7 > 0 there exist some constant K7 and Ko > 0 such
that W(t) = m(t), satisfies:

oo [

Proof. Let 7 > 0 and let us recall that from the time-
derivative of E(t) in (18) we have, since m(t) > 0,

)|z (t |2dxdt+K2/ W (t)dt. (28)



() = [ al@lP + e ( [ aenn:0)

~m(t) + 27E () — lex(t)|?
< R(/Q (x)en(t)z <>) L),
From (2), (12

(29)

), Cauchy-Schwarz and Young’s inequalities

we get
e 2 2(t)|1?

0 <o (12 | AIZORY 4

<o 5 ! (QVE(t) + ;m(t)) + a1 /YE(t) + 2vE(¢),
yielding, W (t) < C1W (t), with

Ci = max{2a1/7 + 2v ; a1/(207)} (30)
Integrating on [0, 7], and knowing that W (0) = E(0) since
m(0) = 0 we get

W(r) < E(0)+ Cy /T W (t)dt (31)
0

Let us now consider the solution z to (14) as the sum of
two variables y = y(x,t) and ¢ = ¢(x,t) satisfying

10y + Ay = —iaz + iaeg, in Q X [tk>tk+1)7

y=0 on 00 x Rt (32)
y(-,0)=0 in Q,
and
10+ Ap =0 in Q x R,
p=0 on 99 x RY, (33)
¢(,O> = 20 in Q.

As proved, for example, in Machtyngier (1994); Phung
(2001), the solution to system (33) satisfies the following
property:

Lemma 4.2. (Observability inequality). Let w C € and
7 > 0 be given. There exists Cyps > 0 such that the
solution to (33) satisfies

0)||? < Cops ’ ,t)|?dzdt.
16(0)]2 < b/OL|¢<x ) 2da

Taking advantage of this important result, from (31),
under assumption (2) and the fact that ¢ = z—y, recalling
that for any a,b € R, |a — b|> < 2(a? + b?), we can write:

W(r) < 3 I60)1 + o / W (et

S /

Cobsal

x)|d(x, t)] dwdt—i—Cl/ W(t

<) e

T ——e / W (t)dt

Using classical energy estimate (see Cazenave et al.
(1998)), on the Schrédinger equation (32), for a L2((0, 7) x
)-source term —iaz + ioey, there exists C' > 0 such that

(t)[2dt

+

(34)

||yHL°°(O L2 (w) S Clle(er — Z)||L2 0,7;L2(Q))

<C’al/ lex(t)l dt+Ca1/ /

(t)[2dt.

From (12), we have Vt € [t,tri1), |lex(®)]> < CoW(t)
with Cy = max{2y; §}, thus

120,522y < Car cz/ Wt

+CO[1 / / th

CO S 0 SC
Hence, W () < <b b a1>/ / (t)|dt
Qo
+ <01 + "bsca102) / Wit
Qo
Therefore we get inequality (28) with
C CoopsCaii C:
Ky = =2 (14 Ca?); Ky = Cy 4~ 222 (35)
Qo Qo -

Then, the main exponential stability result is proven by
using the Lyapunov functional candidate W defined in (27)
and by studying its time-derivative along the closed-loop
system. The result is reported in the theorem below.

Theorem 4.1. There exists v > 0 such that for any initial
condition zg € HZ(Q) N H}(Q), the closed-loop system
(6) under the event-triggering mechanism (11) is exponen-
tially stable with decay rate § > 0. In other words, there
exist K > 0 and § > 0 such that
E(t) < KE(0)e™®' vt > 0. (36)
Proof. We use the following Lyapunov functional candi-
date W(t) = E(t) + m(t), defined in (27). In the proof we
consider two cases depending on the damping.
e Globally non-vanishing damping. Let us discuss the case
where the damping does not vanish in Q (corresponding
to w = Q). Performing the Cauchy-Schwarz and Young’s
inequalities and using (2) we get from (12) and (29)

W (t) < —aollz()? + arllz®)]lex ()]

—nm(t) + 27E(t) - Jlex(t)]?

(6731 2 Q1€ 2
< _ _
< (29~ 200)B (1) + 2201 + (%25 1) flex(1)]
—nm(t)
Qi oae 1
< (— _ _
_( 200 + a1y + E)E(t)+< n+ 5 9>m(t).
Setting o —lmin 2000 — g—ﬂ~ _a1€+1
e ST g N
we obtain )
W(t) < =25 W(t). (37)

Choosing ¢ = 1/,/7, and in order to have J; > 0, easy
calculations prove that we can pick the tuning parameters
v, n and 6 such that
2 2
o o
0<7<% and nf > — —1.
« 2

38
> o (38)

Remarking that (12) gives E(t) < W(t) and performing
the usual integration calculations, we obtain that for all
t >0, E(t) < e 2%t (0). Finally, since m(0) = 0, we get
E(t) < e~ 2511 £(0) proving that (36) holds with K = 1 and
0 = 01 in the case of non-vanishing damping in w = Q.

e Locally non-vanishing damping. In the general case, one
has w € © and the damping may vanish outside w. We



will thus need to use Lemma 4.1. Let 7 > 0. Integrating
(29) on [0, 7], we can write :

—/OT/ozac 2(t)|*dx
+Re</0/aw >—77/m
2 / E() / lex®I? (39)

We can rewrite (28) of Lemma 4.1 as follows

-, fee o

K,
Combining this inequality with (39), and usmg the usual
tricks, we get

Wi(r) -

(t)[2dzdt < —fW( )+ W(t)dt.

<1 + I;) W(r) < W(0)+ X /T W (t)dt —n Tm(t)

+(%5°-1) /0 lex®I? + (2v+ <) /OTE(t)

so that using (12),

<1+ I;) W(r) < W(0) + == i

+(a176+0;)/OTE(t)+< n+O;19€;> /OTm(t).

Since W(0) = E(0) and assuming

2\f
we can write :

<1+[;>W(T)§E(O)+(+K3)/ W) (40)

where we have considered (35), ¢ = 1/\/7y and K3 =
20[1 \ﬁ
It brings by Gronwall’s Lemma,

K
K1 + 1
that can be written as

W( ) < pe°" E(0)

: — _ KiK3+K>
Wlthp—KH,c K1+1 (Kg—l— )_ T

-1

W(r) < Ks + K2> ] E(0),

ex Kl
PR T K,

Next, we apply the invariance by translation in time of the
linear Schrodinger equation on the interval [(n — 1)1, n7],
forn=1,2,..., to get (denoting a = pe®7):

W(nt) <aW((n—1)71)<--- <a"E(0) =e """E(0),
where we set a” = exp(—n72In (1)) and k = LIn (1),
Note that x > 0 if and only if a < 1, so that we must have
pe™® < 1 which is equivalent to

mp (Ki+1)hn (kal)
<-—— = . (41)
(¢4 (KlKg +K2)

Now, for every positive time ¢, there exists n € N* such
that (n — 1)7 < t < n7. Using (30) and integration on
[(n — 1)7,t] we have:

t

W) <W((n—-171)+ Cl/

(n—1)7

W(s)ds

t
< e "TRe™ E(0) +Cl/ W(s)ds. (42)
0

Since e ™" < e~ " for t < nr, and ™" = 1/a, we get

W(t) < -

e~HB(0) + Cy / W (s)ds.
0

Then by Gronwall’s Lemma, it follows, for 26 = k — Cf,
E(t) < W(t) < 1e720'F(0), and some calculations prove
that we can insure § > 0 if
1 K +1 K K3+ K>
=1 - C
. ( K ) K+1

where K7 and K3 given by (35) and K3 in (40).

The proof of Theorem 4.1 is complete as soon as we can
ensure that (43) can be obtained for a good choice of the
tuning parameters v, n and 0 of the event-triggering law.

Notice first that (41) gives 11In (KEﬂ) > (Klfig_:rlKZ) SO

that (43) becomes true if Cy can be chosen small enough.
Then let us take 6 > 0 large enough to have (30) yielding
C1 = 201,/ + 27, positive constant that can be as small
as needed when choosing v > 0 small enough. |

(43)

Remark 4.1. Theorem 4.1 is valid not only in the case
w = Q (which corresponds to the fact that the damping
does not vanish in ), but also in the case w C Q (which
corresponds to the fact that the damping may vanish
outside w). Of course the values of K and § will be different
in the two cases.

5. NUMERICAL EXAMPLE

Consider as in Koudohode et al. (2022), the one-dimensional
Schrédinger equation (6) under the event-triggering mech-
anism (11) on £ = (0, 7) with initial condition

zo(x) = sin(z), = € [0, 7].
We use the divided differences on a uniform grid for the

space variable and the discretization with respect to time
through Crank Nicolson scheme is performed.

With respect to (2), we select the damping coefficient as
follows:
() = 0 if x<m/6orxz>2n/3
T 3.14 if 7/6 <x<27w/3
Hence, we can take
ag =7/6,a; =7 and w = (7/6,27/3) .

We use (Phung, 2001, Theorem 2.2) to select the constants
Cops and C as:

Cops = 2.8 and C = 0.18.

From equation (35) one gets
K1 = 9.8343 and Ks = 8.1460.

With v = 0.1 and C = 2.1859, using the proof of Theorem
4.1 two inequalities depending on the damping can be
satisfied as reported below:

e In the case of a globally non-vanishing damping
(corresponding to w = Q and the damping does not
vanish in ), the inequality (38) is verified:

2 2
0<7<a—g and n0>ﬂ—1.
af 200

e In the case of a locally non-vanishing damping (cor-
responding to w C 2 and the damping may vanish
outside w), the inequality (43) is verified:



> Ch

lln Ki+1\ KiK3+ K
T Kl K1+1

for n = 0.7, 0 = 15, 7 < 0.020429, and K5 = 1.9859.

In Figure 1 we compare the imaginary part Imz of the
numerical solution z to the continuous-in-time closed-loop
systems (1) (top) and the dynamic event-triggered one
(6)-(11) (bottom). It also illustrates the guarantee of the
exponential stability of the solution as studied in Theorem
4.1.

Imi z(x,t))

&
o

-
n

Space x

Fig. 1. Imaginary part of the solution to the closed-loop
system (6) under the event-triggering mechanism (11)
(bottom), and to the continuous-in-time closed-loop
system (1) (top).

The guarantee of the exponential stability of the solution
is confirmed even more clearly with Figure 2 where we
depicted the time-evolution of the energy of the solution
to systems (6) under the static (8) and dynamic (11) event-
triggering mechanism (ETM).

2.5

t) in continuous-in-time case
t)+m(t) for Dynamic ETM
t)+m(t) for Static ETM

t) for Dynamic ETM

—— e~ —

—E

E
—E
—E

i
151 |

Energy and Lyapunov function

Fig. 2. Time-evolution of the energy FE(t) and the Lya-
punov function W (t).

Finally, Figure 3 depicts the sampling time ¢; and the
time-evolution of the dynamic signal m(t).

_J_|¥
15
[
S
= a1y
o
c
= os - ]
[=% - —Dynamic ETM
c Static ETM
[(8] o = 1 n
v oo 05 1 15
Time t
03—~ . .
P _ [——Theinternal variable m(t)|
—oz2rf]
=
|
€1 1" T
|
0 . .
0 05 1 15

Time t

Fig. 3. Time evolution of the internal variable m(t) in the
dynamic event-triggering mechanism (bottom), and
of the sampling time ¢, (top).

6. CONCLUSION AND PERSPECTIVE

A dynamic event-triggering mechanism is proposed to
determine when the stabilizing control of the linear
Schrédinger equation needs to be updated in digital im-
plementations, while reducing the using of computational
resources. The event-triggering condition is such that the
exponential stability and well-posedness are maintained
while the occurence of Zeno behavior is avoided.

In our future work, we may look into event-triggered
boundary control of Schrodinger equation by considered
observer-based control law. We may also study the pres-
ence of input nonlinearity, as saturation, for example.
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