Madhuvanti Anantharajan 
email: madhuvan@stanford.edu
  
Teachers' curiosity about their own student's counting over time

Keywords: Teacher-curiosity, Early childhood mathematics, Teacher-learning

Using the novel construct of teacher-curiosity, this study extends the idea that teaching in early mathematics is effective when based on students' mathematical thinking. The study examines how six early childhood mathematics teachers' curiosity towards one of their own students' thinking changes over five weeks, alongside professional learning (PL) to support teacher-curiosity. Findings suggest that teachers can stay curious and continue learning about students with whom they are familiar.

Introduction and literature review of teacher-curiosity

Attending to children's mathematical thinking is a vital component of teaching early mathematics [START_REF] Carpenter | Young Children's Mathematics: Cognitively Guided Instruction in Early Childhood Education[END_REF][START_REF] Franke | Capturing Teachers' Generative Change: A Follow-up Study of Professional Development in Mathematics[END_REF]. A potential way to help teachers attend to children's thinking is to support teachers' curiosity about how students think. This study uses the framework of teacher-curiosity to examine changes of early childhood mathematics educators' curiosity about one of their own students' mathematical thinking. Teacher-curiosity is defined as an instance where "teachers recognize something as unknown, unfamiliar, puzzling, uncertain, or new in the context of teaching and learning, and feel motivated to initiate inquiry into that instance" (Anantharajan, 2020. p.31). This definition is based on a framework of teacher-curiosity (Figure 1) developed from literature in teacher-learning and mathematics education; philosophical work on curiosity; and studies of curiosity in psychology. The framework of teacher-curiosity comprises of cognitive, motivational, and active aspects [START_REF] Anantharajan | What Do You Wonder?" Developing and Exploring the Construct of Teacher-Curiosity About Young Children's Mathematical Thinking[END_REF]. Psychological studies describe the cognitive aspect of curiosity as experiences of surprise, ambiguity, puzzlement, or novelty [START_REF] Berlyne | Curiosity and exploration[END_REF][START_REF] Kashdan | Facilitating curiosity: A social and self-regulatory perspective for scientifically based interventions[END_REF]Lowenstein, 1994).

In the current study, this involved teachers identifying something as surprising, ambiguous, puzzling, or new in student-thinking. The motivational aspect of teacher-curiosity involves what the teacher wants to learn about, from among elements that are surprising, ambiguous, puzzling, or new. Finally, the active aspect of teacher-curiosity involves the steps that teachers take to pursue their curiosity and learn more. The framework also relates curiosity to its target: knowledge. The target of teachercuriosity in the current study is teachers' knowledge of students' mathematical thinking. This study 
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focused specifically on children's understanding of counting: principles of counting like one-to-onecorrespondence, cardinality, and number-sequence, and strategies such as grouping, skip counting and so on [START_REF] Carpenter | Young Children's Mathematics: Cognitively Guided Instruction in Early Childhood Education[END_REF]. Approaching children's thinking with curiosity may help teachers identify what they wish to learn about, and teaching moves they can implement, which is often a challenge [START_REF] Jacobs | Professional noticing of children's mathematical thinking[END_REF][START_REF] Van Es | Mathematics teachers' "learning to notice" in the context of a video club[END_REF]. The broader study in which the current paper is situated aimed to support teachers' curiosity about student-thinking through a PL. The current paper analyzes some potential transfer of teacher-learning from the PL context to the participants' classroom practice. The research question addressed in this study is: How does participants' curiosity about their individual focal student's mathematical thinking (FST) change over five weeks during which the participants take part in a professional learning module to support teacher-curiosity?

Research Design and Methods

The study was grounded in the early mathematics activity of Counting Collections. Children count collections of objects and teachers observe them count, not telling them what to do but asking students to explain their work. These interactions allow teachers to make sense of students' counting. The activity was a common element across the PL and participants' practice. The six participants taught grades TK1 to 1 in three schools in the US, in California. Four participants taught multi-grade classrooms of K-1 and the participants' teaching experience ranged from one to twenty years. Participants implemented Counting Collections prior to the PL and were familiar with teaching based on children's thinking. They were paid a nominal honorarium to compensate them for their time in the study and the professional learning module.

The PL was informed by the research on teacher-learning (Borko et al., 2014;[START_REF] Van Es | Mathematics teachers' "learning to notice" in the context of a video club[END_REF] and supporting curiosity [START_REF] Kashdan | Facilitating curiosity: A social and self-regulatory perspective for scientifically based interventions[END_REF], and facilitated by the author. Participants were individually interviewed before and after the PL, during which they also responded to a video of a child counting. The PL included six weekly, after-school sessions of 90-minutes. One session was held after a two-week gap. Sessions included video-based discussions based on the teacher-curiosity framework, opportunities to engage in mathematics, and reflect on curiosity in practice. Participants also shared video from their own classrooms, recorded with a wearable camera during interactions with a student. Participants presented and posed questions about aspects of the clip they were curious about and received feedback from other participants. Of these multiple forms of data about the participants' curiosity, the current paper analyzes one specific data set described below.

Focal student documentation

At the start of the PL, each participant chose a focal student from their classrooms whose thinking they wished to understand better. Each week, the participant independently interacted with and documented this student's thinking during Counting Collections. The researcher did not observe this interaction. Participants used the focal student documentation tool (Table 1) each week to document their curiosity about the focal student. The tool progresses from noticing to the cognitive, motivational, and performative aspects of teacher-curiosity. Participants sometimes collected the student's work or took photographs of the student's counting, but only the weekly documentation tool was collected as data for this study. Participants did not share any identifiable details about the focal student. The effects of participants' curiosity on FST were not studied. During the last session of the PL, the participants also completed a focal student reflection tool, where they reflected on the previous six weeks of their own curiosity about the focal student. The data for the current analysis consists of the weekly documentation tool. Thus, each of six participants completed five instruments.

During the last part of the weekly PL meeting participants shared with a discussion partner what they learned about their focal student, what they still wished to learn, and asked for suggestions and feedback from their partners on next steps. Participants were paired with different partners each week, to enable a variety of feedback and suggestions based on their partners' knowledge and experience. 

Analysis

The data was analyzed using a coding framework of a priori and emergent codes, in Nvivo (Table 2). Code 1 captured the structure of teachers' curiosity about student-thinking. The subcodes represent the dimensions of the teacher-curiosity framework, namely (1a) cognitive, (1b) motivational and (1c) active aspects of teacher-curiosity. The motivational aspect included subcodes to capture whether the participant wished to learn about something related to student-thinking (1bi) or not (1bii). Similarly, the active aspect of curiosity included subcodes to capture whether the participant's response to the student is meant to elicit student-thinking (1ci) or direct it (1cii). Code 2 captured the mathematical ideas that participants noticed in student-thinking based on principles and strategies of counting identified in the early mathematics research. Each of these sub codes was coded as a strong understanding or a partial understanding, and the participant's use of evaluative language to describe student-thinking. Inter-rater agreement was calculated for about 30% of interview data, as a combination of Kappa statistics at the parent code level, and discussion and consensus at the grandchild code level. The Kappa values ranged from 0.7-1.0. After reaching agreement on the interview data the two coders discussed the focal documentation data to confirm that the codebook could be applied to these data. The researcher coded the focal student data. The second coder independently proposed codes. Disagreements were discussed to reach consensus. Participants' responses were organized into a table with responses to each question, each week. As each participant documented a different student no analyses was done across participants. Each participant's data from week 1 was a starting point. This initial data was compared with the combined data from weeks 2-5 for that participant. By comparing the week 1 data to the cumulative data over the subsequent four weeks, the analysis illustrates the participants' knowledge and curiosity about FST at the beginning of the PL (week 1), with what they subsequently learned and wanted to learn about the focal student over the next four weeks. The data from week 2-5 were combined because the iterative weekly changes for each participant were small and happened at different points. However, the cumulative change over the subsequent four weeks is clearer to perceive and acknowledges the overall magnitude of learning and effort by the participants. Combining the data from these weeks did not inflate what participants learned over that time but simply illustrates the change in what they learned or wanted to learn about their focal student from week 1.

Findings

Participants identified more mathematical understandings in FST All participants noticed more strong and partial understandings from weeks 2-5, compared to what they started with in week 1 (Table 3). All participants also noticed the change in students' understanding of at least one mathematical idea over time. Participants were not prompted to follow the student's understanding of one idea. However, all participants did so, alongside other ideas. None of the teachers used evaluative language when documenting their curiosity about their own focal student during the five weeks of documentation. Participants identified more surprising, puzzling, ambiguous or new aspects of FST

Compared to the number of instances that participants found surprising, puzzling etc. about their respective focal students in week 1, all teachers record between 4 and 10 additional sources of surprise, puzzlement etc. about the focal student's counting, from weeks 2 to 5. (Table 3) As an example, Table 4 illustrates data from Rita's documentation.

Participants posed more questions about FST

At the end of five weeks, all participants identified more things about FST that they wanted to learn about, compared to week 1. From week 1 to 5, the number of things the teachers wanted to know about their students' thinking increased by between 2 and 6 (Table 3).

Participants implemented/ proposed multiple responses intended to elicit FST over five weeks

All participants proposed or enacted between 3 and 12 types of responses to elicit specific details of FST (Table 5). All participants mention certain types of responses: specific counting tasks to elicit I also wondered why she chose the large collection she did when she hadn't before.

I was surprised she began numbering the second row of objects at 1 again. I have seen her write her numbers 1-20, so I wondered why she couldn't in this instance.

New: she matched color of beads to bowls Unclear: her plan for counting all Puzzling: why she thought matching colors would help.

Why is she successful at grouping and adding when she uses one-color collection?

How does she see this collection differently?

Why did she work better by herself?

I wondered how she made the connection to start grouping.

I wondered if using the days-in-school chart supported this learning.

I wondered what attracted her to use the same collection and how that helped her. mathematical ideas, questioning and asking students to explain their thinking, and documenting or note taking about the focal student. Four participants indicated directive moves as part of their response. Of these, three participants indicated directive moves in the first week and not after that. One participant did not indicate directive moves till the fourth week. The documentation did not indicate a clear shift from directive to eliciting moves by the participants. Over the duration of the PL participants may have felt a conflicting need to learn about student thinking and have the student meet certain learning goals. This conflict may represent a challenge that teacher-curiosity poses in practice.

Discussion

Analysis of the focal student documentation provided a brief glimpse of how participants' learning in the PL transferred to their own practice over time. The results indicate that over five weeks, participants identified more understandings in their respective FST compared to week one, more aspects of FST that they found surprising puzzling, ambiguous or new, and more questions about FST. Finally, participants implemented or proposed multiple responses intended to elicit FST over the course of five weeks. Thus, the findings suggest that the PL and the teacher-curiosity protocol may help teachers perceive changes in, and develop a deeper understanding of, their students' thinking. The findings also suggest that, with consistent support, the participants' familiarity with their own students did not prevent them from identifying new, surprising, or puzzling things about the student. Rather, the results align with [START_REF] Loewenstein | The psychology of curiosity[END_REF] notion that overcoming "manageable gaps" in knowledge and learning increases, rather than decreases a person's curiosity.

Participants likely drew on a wealth of implicit knowledge about the focal student and their class contexts, which informed what they noticed, found surprising, wished to know about, and how they responded. For example, knowing what mathematics the class had engaged with up to that point of time may have led participants to notice if the focal student struggled with something when others in Give open-ended counting task 1

Give tasks to extend student thinking 1

Compare student work over time 1 the class did not. When focusing on the whole class, participants could likely only manage brief observations and conversations with the focal student, limiting the detail of what they were able to document. However, they had the opportunity to repeat their observations, which may have shaped participants' curiosity about their focal students. The fact that all participants followed their focal student's understanding of one mathematical idea over time suggests that the documentation process may have allowed them to consistently focus on a single idea. All teachers happened to observe a change in their student's understanding of grouping to count. This is likely a common mathematical idea at this grade level that the participants saw as an important part of curriculum. It is also possible that having more opportunities to interact with the focal student allowed participants to propose or try different responses with the student. The documentation tool included detailed questions regarding how they documented FST and how they might confirm what they learn. These questions suggested that responding to FST may involve multiple moves. The participants' suggestions to each other during PL meetings may have also motivated them to try different responses.

One concern may be that the comparison between week 1 and the combined responses of weeks 2-5 may misrepresent the participants' curiosity. However, rather than obscure details of weekly changes, this approach makes explicit that by actively engaging with FST over five weeks, participants were able to identify several aspects of their students' thinking that they did not fully understand and wanted to learn about. These additional questions may not have emerged for the participants if they stopped engaging with the student's thinking after one interaction. Overall, the findings suggest that actively supporting teachers' curiosity about their students can help them use their knowledge of their students to discover details of their students' mathematical thinking over time, rather than view their students as "known" entities. Classroom-based research on teacher-curiosity over a longer period is necessary to better understand how teacher-curiosity can be supported in PL and motivate practice.

Figure 1 :

 1 Figure 1: Framework of teacher-curiosity

Table 1 :

 1 Focal student documentation tool

	Question/ prompt in documentation tool	Dimension of teacher-curiosity
	What did you notice while watching this student count?	Target

What did you think this student understands or is able to do in terms of counting? List all the things that felt new, surprising, puzzling, unclear or unknown to you about the student's thinking. Cognitive Among these things, what interested or mattered to you to find out more about? Why? Motivational What next steps can, or did you take, to find out more? Active What can or did you do to record or keep track of the student's thinking?

How can you confirm your understanding of the student's thinking?

Table 2 :

 2 Samples of coded data

	Code	Sample of coded data
	1a. Cognitive	I was happily surprised that she knew to count by tens this
		time. (Beth, wk 3)
	1b. Motivational	
	1bi. To learn about student-thinking	Would he be able to add any of his groupings together or
		would he revert back to counting by 1s [?] (Lillian, wk 2)
	1bii. For other reason	Because she wasn't using counting by 2s to her advantage to
		help her double check. (Hannah, wk 4)
	1c. Active	
	1ci. Elicit student-thinking	"I asked her to show me how she made her rows again with
		more items from the collection. She continued to make
		uneven rows. I said I wondered why they had different
		amounts. She said they needed to get "bigger."" (Rita, wk 1)
	1cii. Direct student-thinking	I asked her what 2 100 charts would make to see if she had
		the vocab & she did. So I guided her using the 100 charts as
		reference on how to count to 100. (Stacey, wk 5)
	2. Mathematical ideas in student-thinking	
	2a. Strong understanding	She has pretty good one-to-one correspondence. (Bella, wk
		1)
	2b. Partial understanding	"She counted by 10s and stacked the 10s into 10s (for the
		second time) But when counting she couldn't go past 100 by
		10s." (Stacey, wk 5)

Table 3 :

 3 Changes in teacher-curiosity about FST

		Bella	Beth	Hannah	Lillian		Rita	Stacey
		Wk	Wk	Wk	Wk	Wk	Wk	Wk	Wk	Wk	Wk	Wk	Wk
		1	2-5	1	2-5	1	2-5	1	2-5	1	2-5	1	2-5
	Mathematical understandings	3	12	3	13	3	17	4	15	3	17	3	9
	What teacher found surprising etc.	2	7	1	4	1	4	2	4	2	10	1	7
	What teacher wanted to learn more	0	3	1	4	1	2	2	3	1	6	1	4
	about												

Table 4 :

 4 Change in cognitive aspect of Rita's curiosity about her focal student

	Week 1	Weeks 2-5
	It was surprising that she	
	would make rows with	
	different amounts.	

Table 5 :

 5 Types of responses to focal student proposed by participants from weeks 1-5

	Types of responses	No. of participants
	Give tasks to reveal specific understanding	6
	Question student or listened to student explain	6
	Make notes or document student work	6
	Have student record their counting	5
	Observe student	5
	Provide or suggest tools and other physical supports	4
	Demonstrate to or direct student	4
	Give group work and whole class activities	1

Transitional kindergarten (TK) is a grade level in the California public school system for 4-year-olds who turn five after September

of the school year. TK is followed by kindergarten.