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We aim at exploring the relationships and intertwinings of the theories of metaphor, a-didactic situations and enactivism in mathematics education. We present and discuss some illustrative examples of the didactical implications of these theoretical approaches, involving geometry and probability, drawn from our teaching to a rather broad spectrum of learners, including humanistic first year university students, besides mathematically inclined students.

Introduction.

Our aim in this paper is to focus on three cognitive theories which are especially relevant to mathematics education, and which we have been exploring for more than a decade, to wit: the theory of metaphor (English 1997;[START_REF] Lakoff | Where Mathematics comes from[END_REF][START_REF] Sfard | Thinking as communicating[END_REF][START_REF] Sfard | Metaphors in education[END_REF][START_REF] Soto-Andrade | Metaphors in Mathematics Education[END_REF][START_REF] Soto-Andrade | Enactive metaphorising in the learning of mathematics[END_REF], the theory of enaction [START_REF] Varela | The embodied mind: cognitive science and human experience[END_REF]Riegler & Vörös, 2017) and the theory of (a)-didactic situations [START_REF] Brousseau | Théorie des situations didactiques[END_REF][START_REF] Brousseau | Didactic situations in mathematics education[END_REF]. We are interested in the relationships and intertwining of these theories as well as in their epistemological stances. Operationally these relations may be complex. For instance, in what follows, we use metaphorising as a meta-theory to describe theories, which we see just as "unfoldings" of poietic metaphors [START_REF] Soto-Andrade | Metaphors in Mathematics Education[END_REF][START_REF] Soto-Andrade | Enactive metaphorising in the learning of mathematics[END_REF]. This applies also to metaphor itself, in a circular way (cf. [START_REF] Ricoeur | La Métaphore Vive[END_REF]. Also, Brousseau's theory of a-didactic situations, an unfolding of the emergence metaphor for mathematical concepts, may be seen as a forerunner of enactivist approaches to mathematics education. Indeed Brousseau coined himself the term "experimental epistemology of mathematics" to refer to his theoretical approach, in the 60's, at the same time that [START_REF] Maturana | The tree of knowledge[END_REF] set up their laboratory with the same name at the University of Chile.

We recall first the main tenets of metaphor theory, enaction (and enactivism) and a-didactic situation theory. We discuss then some concrete examples of their implementation with a rather broad spectrum of learners in Chile, involving math inclined as well as humanistic first year university students.

Metaphorising in cognitive science and mathematics education.

Notice that we focus on metaphorising, the action of "looking" at something and "seeing" something else, carried out by a cognitive subject, instead of metaphor, the object, independent of an observer. It is acknowledged nowadays that metaphor serves as the often-unknowing foundation for human thought [START_REF] Gibbs | The Cambridge Handbook of Metaphor and Thought[END_REF][START_REF] Sfard | Metaphors in education[END_REF] since our ordinary conceptual system, in terms of which we both think and act, is fundamentally metaphorical in nature [START_REF] Johnson | Metaphors we live by[END_REF]. In our view, though, the classical theory of metaphor is just "the tip of the iceberg", regarding human cognition. Metaphors are not just rhetorical devices but powerful cognitive tools that help us in building or grasping new concepts, as well as in solving problems in an efficient and friendly way [START_REF] Chiu | Metaphorical Reasoning: Origins, Uses, Development and Interaction in Mathematics[END_REF]Diaz-Rojas and Soto-Andrade 2015;English 1997;[START_REF] Lakoff | Where Mathematics comes from[END_REF][START_REF] Sfard | Thinking as communicating[END_REF][START_REF] Sfard | Metaphors in education[END_REF][START_REF] Soto-Andrade | Metaphors in Mathematics Education[END_REF]; and many others) . [START_REF] Lakoff | Where Mathematics comes from[END_REF] highlight the intensive (and often unconscious) use we make of conceptual metaphors that appear-metaphorically-as inference-preserving mappings from a more concrete or down to earth 'source domain' into a more abstract or opaque 'target domain', enabling us to fathom the latter in terms of the former. In our view, representations go the other way around. Indeed, we re-present something given beforehand, typically to explain it, and we usually metaphorise to try to fathom something unknown or not yet constructed. Our approach to the learning of mathematics emphasises the poietic (from the Greek poiesis = creation) role of metaphorising, which brings concepts into existence. For instance, we create the concept of probability when, while watching the random walk of a "fair frog" jumping equally likely right or left on a row of stones in a pond, we "hallucinate" [START_REF] Seth | Being you[END_REF] seeing it splitting into two equal halves that go right and left! This "metaphoric sleight of hand" turns a random process into a deterministic one, and we just need to keep track of the frog's splitting into pieces to answer "impossible questions" like "Where will the frog be after n jumps?". The probability of finding the frog at a given stone after n jumps is constructed as the portion of the frog landing there after n splittings. [START_REF] Soto-Andrade | Enactive metaphorising in the learning of mathematics[END_REF].

In this connection, it is pertinent to recall that in the German school of didactics of mathematics, originally mostly concerned with primary mathematics education and going back to Pestalozzi ( vom Hofe 1995), representation and metaphor were ubiquitous: as Darstellung-representation, aiming at explaining something to others-and Vorstellung-a personal way to figure out or fathom something, operationally equivalent to metaphor (Reyes-Santander and Soto-Andrade 2012). So metaphorising has a long history in German didactics of mathematics, well before its irruption from cognitive psychology and linguistics into mathematics education [START_REF] Lakoff | Where Mathematics comes from[END_REF].

The ubiquity of metaphorising in mathematics education should not be underestimated: Besides bringing into existence mathematical concepts or objects and helping learners to fathom them, unconscious metaphorising often dramatically shapes the way teachers teach, for instance. A foremost example is afforded by the "second nature" metaphor 'teaching is transmitting knowledge'. Unperceived here is the 'acquisition metaphor' [START_REF] Sfard | Metaphors in education[END_REF][START_REF] Soto-Andrade | Metaphors in Mathematics Education[END_REF], that sees learning as acquiring an accumulated commodity. This is criticised in Plutarch's metaphor: 'A mind is a fire to be kindled, not a vessel to be filled' [START_REF] Sfard | Metaphors in education[END_REF]. Paraphrasing [START_REF] Bachelard | La Formation de l'esprit scientifique[END_REF], who advocated epistemological vigilance, we suggest nowadays to practise metaphorical vigilance, i.e., the art of noticing our unconscious or implicit metaphors, that shape our way of interacting with the world (even to construct it) and particularly our approach to teaching and learning.

Last but not least, metaphorising plays also a key epistemological role. We have claimed elsewhere (Diaz-Rojas and Soto-Andrade 2015) that, metaphorically, a theory is just the 'unfolding' of a metaphor (a process, that may be laborious and technical, though). A paradigmatic example is the 'tree of life' metaphor in Darwin's theory of evolution. We will use below metaphorising as a metatheory to describe other theories relevant to us in terms of their generating metaphors, something more helpful to fathoming how they arose than just describing them a posteriori.

Enaction and enactivism

An unfolding metaphor for enaction is Machado's poem (Machado 1988, p. 142): "Caminante, son tus huellas el camino, y nada más; caminante, no hay camino, se hace camino al andar" [Wanderer, your footsteps are the path, nothing else; there is no path, you lay down a path in walking]. Indeed, Varela himself metaphorized enaction in this verse (Varela, 1987, p. 63), when he introduced the enactive approach in cognitive science [START_REF] Varela | The embodied mind: cognitive science and human experience[END_REF] writing: "The world is not something that is given to us but something we engage in by moving, touching, breathing, and eating. This is what I call cognition as enaction since enaction connotes this bringing forth by concrete handling". He also metaphorised it with the well-known Drawing Hands lithograph by Escher where each hand draws the other into existence [START_REF] Varela | The creative circle: sketches on the natural history of circularity[END_REF].

Key aspects of enaction are: perceptually guided action, embodiment and structural coupling through recurrent sensorimotor patterns [START_REF] Varela | The embodied mind: cognitive science and human experience[END_REF][START_REF] Reid | Survey of key concepts in enactivist theory and methodology[END_REF]. In an aphorism: 'All doing is knowing, and all knowing is doing' (Maturana and Varela 1992, p. 26). Notice en passant how the 'laying a path in walking' metaphor is transversal to the traditional one for learning as following a pre-given well-marked path.

Enaction in mathematics education may be traced back to Bruner (1953), who was following the traces of [START_REF] Dewey | How we think[END_REF] "learning by doing", when he described the enactive, iconic and symbolic modes of representation. Bruner's enaction, which means essentially acting out or doing, is however far less radical than Varela's, in that it does not challenge the notion of a reality 'out there', that we represent to our selves more or less successfully. Dewey, however, emphasised the role of sensorimotor coordination in perception, acknowledging that movement is primary and sensation is secondary [START_REF] Gallagher | Enactive metaphors: learning through full-body engagement[END_REF].

In what follows, to to avoid confusion between Bruner's and Varela's enaction, we use the now prevalent terms enactivism and enactivist to refer to Varela's anti-representationalist 'enactive program', which sees cognition as embodied action, more precisely, cognition as enaction. We will speak then of an enactivist approach to problem solving or to mathematics education. On the other hand, unless otherwise explicitly stated, 'enact', 'enacting' and 'enactive' are to be understood in the sense of everyday language and also in the sense of [START_REF] Dewey | How we think[END_REF] and [START_REF] Bruner | Toward a theory of instruction[END_REF], i.e., as synonyms of 'acting out' or 'acted out', in an embodied way. So 'enacting a metaphor' just means 'to act it out', with your body, as in [START_REF] Gallagher | Enactive metaphors: learning through full-body engagement[END_REF], where they refer to 'enactive metaphors' (metaphors in action, that we act out bodily) as opposed to what they call 'sitting metaphors'. We use 'enactive metaphorising' below in this sense.

Learning is neither determined by a didactical environment nor a result of teaching; it arises from the interaction of the learner's structure and environment, which plays at most the role of a 'trigger'. Traditionally, however, problem solving involves problems given beforehand, lying 'out there', waiting to be solved, independently of us as.. In the enactivist perspective, because of our structural coupling with the world [START_REF] Varela | The embodied mind: cognitive science and human experience[END_REF], we bring forth emergent problematic situations instead. This is what Varela calls problem posing, opposing the usual gas fitter metaphor, where solvers look into their toolboxes of predefined strategies and choose the appropriate one for solving the problem at hand, instead of mathematical strategies emerging continually in the interaction of solver and problematic situation. In an enactivist didactics of mathematics, the teacher is an enactivist practitioner acting in situation and learning is an emergent, situated and embodied process [START_REF] Proulx | Enactivism in mathematics education: moving toward a reconceptualization of learning and knowledge[END_REF]. For a survey of enactivism in mathematics education, see [START_REF] Goodchild | Enactivist theories[END_REF].

According to Varela, we are always 'enacting' a world, most of the time unconsciously. So we cannot choose to enact or not to enact (in his sense); enaction is just the way we cognise as living beings. We may nevertheless entertain the 'representationalist illusion' (a privilege of humankind!) that we are perceiving and representing an objective reality 'out there'. Also, we can choose to enact (in the everyday sense of the term, of bodily acting out) a given metaphor or situation or not, for instance. Paradoxically, we are definitely able to teach in a way that ignores enaction (in Varela's sense) and does not allow for enacting (as bodily acting out): a non-enactivist stance that paves the way for cognitive bullying to the learners. Our enactivist approach to education, distilled in the 'lying down a path in walking' metaphor for cognition and learning, leads us on the contrary to foster metaphor enacting among the learners.

Adidactic situations and didactic contract

The theory of didactic situations [START_REF] Brousseau | Théorie des situations didactiques[END_REF][START_REF] Brousseau | Didactic situations in mathematics education[END_REF]) may be seen as an unfolding of the "emergence metaphor" for mathematical content. Indeed, mathematical concepts or procedures we intend to teach, instead of being parachuted from Olympus as in traditional and abusive teaching, should emerge in a suitable challenging situation the learner is enmeshed in, as the only means to "save her/his life". This type of situation is called a didactic situation, because of the avowed didactical intent of the teacher who set it up. It becomes an a-didactic situation when the teacher steps back, to let the learners interact (enactively) on their own with the situation, unable to fathom beforehand the teacher's didactical design or the mathematical content she is aiming at. [START_REF] Brousseau | Théorie des situations didactiques[END_REF], aiming at accounting for the actions and reactions of the partners involved in a didactic situation, also introduced the metaphor of a "didactic contract" as an interpretative embodiment of their mutual expectations, beliefs and commitments [START_REF] Brousseau | Didactic contract in mathematics education[END_REF]. This sort of contract is necessarily tacit and unspoken; its effects are nevertheless often perverse and dramatic. Indeed, the prevailing didactic contract in our classrooms usually thwarts idiosyncratic metaphorising and enacting among the learners.

Illustrative examples

We discuss some examples, in geometry and probability, drawn from our teaching at the University of Chile, which illustrate important aspects of the implementation of our different theoretical perspectives and their intertwining. Our learners include prospective secondary school math teachers, undergraduate math students, humanistic first year students and in service primary school teachers. They usually work in (random) small groups of 3 to 4, and they were observed by teacher and assistants, in the spirit of ethnomethodology [START_REF] Ingram | Research Methods for Classroom Discourse[END_REF].

Example 1. Angles in polygons and stars.

One radically enactivist way in which we approached this topic (which includes the classical "sum of inner angles and exterior angles" problems) was to just show the students or participants in a workshop, the weird irregular seven-pointed star of Figure 1 and keep silent, waiting for their reactions to arise. If a student asks: "But, which is the question?", our answer is: "That is the question!" Participants and students were at first puzzled and intrigued. Some even said "Splash!" Especially, in service teachers and mathematics educators tried to make sense of the star by decomposing it somehow, into triangles. The reaction of deforming the given weird star to a friendlier regular, one did not appear spontaneously. After some prompting: Do you like this star? What would you like to do with it? they recalled the magician's star, or the ubiquitous regular star in our flag. Most students did not dare to change anything, because of the prevailing didactical contract: the star was not an object to be explored. Primary school teachers noticed the way the star was drawn, like the usual regular five pointed star, approaching the problem in an enactive way in the sense of [START_REF] Bruner | Toward a theory of instruction[END_REF], see Fig. 2. They recalled that for the regular five pointed star, they could calculate easily the values of the inner acute angles, but not so with irregular stars. However, by deforming enactively their drawing of the star they realised that stretching one arm of the star decreases the corresponding inner acute angle and increases the others. So the conjecture emerged that maybe the sum of all inner acute angles was preserved under deformation, a clever insight indeed! Notice that this way of thinking: looking for invarians under deformation of a system, is unfortunately not much fostered in our math classrooms.

Our approach was radically enactivist in that no specific problem or task was given to our subjects to solve, but only a situational seed or germ for them to explore and make sense of. They were enactive in Bruner's sense when they drew the stars themselves and deformed it. This enaction allowed them to bodily feel the compensation between increasing and decreasing inner angles, when varying their free hand drawing.

Nevertheless, a more enactive approach to the angle sum problem is possible, inspired by the "laying down a path in walking". We have indeed described elsewhere (Soto-Andrade, 2018) how the value of the sum of the exterior angles of a polygon may be "seen", with no calculation, just by "lying down a polygon in walking". When you go around the polygon, inflecting your rectilinear trajectory at each vertex as needed, you are summing up all exterior angles! In our case, students were able to "lay down a star in walking"! And so they gleaned immediately the value of the sum of its inner acute angles. They realised that the most clever walking, among various possibilities, is to follow the path that we lay down when drawing the star, starting as indicated by the arrow in Figure 2. To add up the inner angles at the points of the star, we should be able to "span" or "sweep" them somehow, while walking across the star. If metaphorising is already unleashed among the students, many avatars of the walker may emerge. Among them, a metaphorical hummingbird flying back and forth along our star.

The bird begins its flight as indicated by the red arrow in Fig. 2, but when arriving to the next vertex, it sweeps (i.e. spans) the corresponding inner angle with its tail and then flies backwards along the next edge. Then it sweeps the inner angle at the next vertex with its beak and flies forwards, and so on. So it will sweep the inner angles: tail-beak-tail-beak-tail-beak-tail, to end up at the initial vertex again, but looking in the opposite direction. Moreover, during its flight, it always turned its beak clockwise at each vertex. So our flying hummingbird teaches us that the sum of all inner acute angles is just half a turn. A playful enactment arises, where one student enacts the hummingbird's flight, wearing a fake beak and tail, and another keeps track of the rotation of the beak or tail. In one of our workshops, a couple of primary school teachers discovered this idea on their own, walking across the star holding a duster.

We see that in this case an enactivist approach to a "concrete" geometric problem triggers all the same significant idiosyncratic metaphorising among the learners, which is also enactive (in Bruner's sense).

Example 2. Various avatars of the frog's random walk.

We claim that random walks constitute a royal road to probability, because they are ubiquitous, they constitute models for sundry probabilistic problems, which can be easily enacted and simulated, and when approached metaphorically, they allow learners to construct along the way the "abstract" notion of probability (Diaz-Rojas & Soto-Andrade, 2015; Soto-Andrade, 2013; Soto-Andrade, Diaz-Rojas, Reyes-Santander, 2018).

A typical example is the case of a frog random jumping asymmetrically between just two stones A and B in a pond (with a non-zero probability of remaining stationary), which may be seen as a metaphor (or a model) of an unmerciful market struggle between two yoghurt producers A and B, which month after month seduce each other's consumers according to a fixed pattern. The random walk is a metaphor for the market struggle, or the other way around, according to whether the involved learner is more acquainted with jumping frogs or with market struggles.

In our courses, we told the students the tale of Filomena, a frog which jumps randomly but symmetrically (like heads or tails, to its two next neighbours each time), on a row of 6 stones (tagged 0 to 5), starting at stone 3. Stones 0 and 5, however, are in fact two lurking alligators, called Anibal and Artemio, camouflaged as stones. Filomena will be instantly swallowed if it ever lands on the head of either alligator. Naturally, the students wonder about Filomena's fate...

We also told these students about the classical "ruin problem" : two players A and B, having a certain amount of euros each, flip repeatedly a fair coin to decide who wins. After each flip, the winner receives one euro from the loser. No credit is available, so the game ends when any player runs out of money (is "ruined"). In our case, A would have an initial "fortune" of three euros, and B would have only two (metaphorically, A's ruin means that Filomena was eaten by Anibal). Sundry questions arise, like: How likely is that in the long run A, or B, becomes ruined? How likely is that the game goes on forever? Students tackling the ruin problem might move metaphorically to the frog's walk, and then in turn, to a splitting process or to a water draining process. Notice here that metaphorising involves a cascade of metaphors, so the skill to move between them becomes significant for the learners.

We were interested in investigating students' reaction when being proposed both the frog's random walk and the ruin problem (with the same data) in a (prepandemic) test. We found that our students, who have being exposed to traditional teaching leaving no room for metaphorising, had trouble in recognising both problems as the "same", but in different guises. Some even solved one right, and the other wrong! A few, less than 5%, realising that they were given the same problem twice, did not dare to say so; another effect of the prevailing didactic contract, we deem.

Discussion

From our viewpoint, the theories associated with enaction, metaphorising and a-didactic situations, besides helping us understand complex phenomena in mathematics education, provide us with an epistemological perspective, which positions us in a particular relationship with what we observe.

That is, we see the enactive as inherent in the learning-teaching processes of mathematics, beyond the merely embodied. Likewise, metaphorising would be a ubiquitous emergent, whether or not we are aware of its presence or its role in mathematics education. They would both be, therefore, inevitable phenomena.

The perspective resulting from embracing these theories forces us to rethink the pedagogical chore, the didactics, the methodologies, the methods. In this way, it becomes necessary to open up spaces (construct situations, contexts) where the emergence of (idiosyncratic) metaphorising is welcomed as a legitimate possibility of mathematical thinking, exploring what it allows, and being aware of its limitations. This exploration, accompanied by an enactivist approach, means valuing "learning by doing" in the context of problem-posing instead of problem-solving. In other words, we will need to propose situations where students have the freedom to interact and re-construct, giving raise to the emergence of their own problems. In this context, the approach from a-didactic situations provides not only a theoretical frame of reference in the didactics of mathematics education, but also proposes to the teacher a way of doing, where she will need to step back and allow students to interact with each other and with embodied mathematical knowledge, where enaction and metaphorising are even more visible than in traditional didactics.

Figure

  Figure 1: A weird seven-pointed star.

Figure

  Figure 2: The irregular seven pointed star revisited.
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