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The aim of the article is to analyze the phenomenon of understanding in mathematics. Two concepts are introduced: mathematical picture of the world (MPW) and individual mathematical picture of the world (IMPW). A distinctive feature of the work is that understanding in mathematics is treated as a process of forming IMPW. The basic element of IMPW and its structure are distinguished. It is accepted that a coherent and complete representation of a basic element of IMPW means understanding of a mathematical concept. The paper offers a scheme enabling the formation of mathematical concepts among students.

Introduction

Problems related to understanding in mathematics have long been the subject of discussion (e.g., [START_REF] Pirie | A recursive theory of mathematical understanding[END_REF][START_REF] Sierpinska | Some remarks on understanding in mathematics[END_REF][START_REF] Skemp | Relational understanding and instrumental understanding[END_REF][START_REF] Tall | Concept image and concept definition in mathematics with particular reference to limits and continuity[END_REF]. [START_REF] Skemp | Relational understanding and instrumental understanding[END_REF] divides understanding into two categories: relational understanding and instrumental understanding. The difficulty is that remembering a large number of common problems or tasks is already a problem. [START_REF] Tall | Concept image and concept definition in mathematics with particular reference to limits and continuity[END_REF] introduce the concept image, which is a total cognitive structure bearing a definition of a mathematical concept. [START_REF] Sierpinska | Some remarks on understanding in mathematics[END_REF] offers a methodology of "acts of understanding". [START_REF] Pirie | A recursive theory of mathematical understanding[END_REF] conceive of understanding as a dynamic, transcendent, recursive, non-linear process. Even though decades have passed since these studies were published, but the problem of understanding in mathematics continues to be of interest to researchers.

It is clear that a subject cannot identify, classify, name any object unless they have a corresponding mathematical picture of the world (MPW), an image of the world (according to Leontiev's (1975, p. 73) terminology). Since mathematical concepts cannot exist in isolation from each other, learning mathematics is the construction of an individual mathematical picture of the world (IMPW) in the learner's mind. Mathematical development occurs as the formation of a holistic structure (network) through its relationship with other concepts, namely, through the formation of MPW. The aim of this paper is to investigate understanding as the formation of an MPW of the learner.

Theoretical background

Further, we will proceed from the definition: "A world picture is a general idea of the world, its structure, types of objects and their interrelations. All world pictures are distinguished according to two main features: 1) degree of generality and 2) means of modeling reality" (Lebedev, 2004, p. 48). [START_REF] Stepin | Teoreticheskie znania. struktura. istoricheskaja evolutchia[END_REF] has made a classification of scientific pictures of the world.

The objective mathematical picture of the world is a "horizon of systematization of knowledge" (Stepin, 2003, p. 213, own translation) in mathematics. This MPW represents a base of objective mathematical data for the students; it participates in the formation of mathematical concepts and relations. The problem in teaching math deals with how to form an MPW in the consciousness of a learner. The formation of an IMPW means that the learner is able to identify the basic concepts of a studied area of mathematics and to build a network linking the basic selected mathematical concepts.

The ideas of Vygotsky's cultural-historical approach (2005) and Leontiev's theory of activity (1975) became a psychological foundation for constructing the basic element of the IMPW. Vygotsky proposed to consider the social environment as the main source of personality development that determines the formation of higher mental functions of an individual. The main feature of higher mental functions is that they are mediated by certain psychological tools, namely, the sign systems that have arisen as a result of the long socio-historical development of mankind. Sign systems include, for example, language, writing, speech, and counting systems. Mental function, such as attention, memory, thinking, and imagination pass the stage of external activity in which the cultural meanspsychological tools-have an object form and are related to a certain sequence of actions. This sequence is then interiorised (i.e. it is transferred from the external to the internal plane). From Leontiev's point of view (1975), the condition for adequate perception of an individual object is the adequate perception of the object world as a whole and the object's relation to this world. Leontiev stressed: "The predetermination of this indicated, meaningful subject world to a concrete act of perception, the necessity of "inclusion" of this act in an already ready picture of the world" (1983, p. 36, own translation). According to Leontiev's theory of activity, the existence of the IMPW and the MPW is interdependent and necessary, since the formation of the IMPW can be imagined as "drawing out" a subjective image of the world (world picture) from the objective MPW. The IMPW is the imprint of the learner's interaction with the MPW.

The thinking process is carried out with the help of sign system and the accompanying idea of semiotic mediation [START_REF] Presmeg | Semiotics in mathematics education[END_REF]. As a result of multi-level abstraction, each mathematical object is represented by a special sign, which forms, together with the rule of operations on them, a mathematical language. A prerequisite for students to build their MPW is the knowledge content of the names of the objects being studied and their meanings, as well as having motivation. Any sign denotes a concept and connects a concept and a name into a single whole, therefore finding out the structure of a sign reveal the structure of a concept as well. According to Leontiev, any sign consists of three components: an image, which is "an encoded representation of the object of activity; meaning as a transformed, coiled in the structure of language ideal form of existence of the objective world, its properties, connections, relations revealed by social practice" (1975, p. 68, own translation); personal meaning or "meaning for me, which connects the available experience of the subject of activity, and the meaning of the object. Let us use the structural representation of the sign given in Panov (2015, p. 42) and specify that the sign is interesting for us first of all because it denotes some mathematical concept. The sign and its structure can be represented in the form of a pyramid. A subject's awareness of the pyramid structure and relations between its components means understanding of the concept. The basic element of the subject's MPW is this pyramid, which can be called a pyramid of understanding (Figure 1). The base of the pyramid represents the essence of a mathematical concept (triangle of understanding). Consider the components of the pyramid of understanding. The image of a mathematical concept is created not so much by direct perception, but with the help of five processes: imagination, memory, a certain idea in the process of abstraction, generalization, and idealization of objects and phenomena. In contrast to perceptions, which have a sense-object character, the mental image of a concept reflects its content, which expands and enriches as the mathematical experience of the cognizing subject is refined. Mathematical imagery, on the one hand, has the function of supporting mathematical thought and, on the other hand, it is an inseparable part of the conceptual structure. If mathematical images are formed, the learner operates not so much with the given algorithms of working with mathematical objects, as with the mathematical objects themselves. The presence of images allows the mathematical concept to be presented holistically. Herewith only controlled images [START_REF] Aspinwall | Uncontrollable mental imagery: Graphical connections between a function and its derivative[END_REF] serve the formation of adequate mathematical representations.

Meanings are the result of cognitive activity of people, a system of laws. Meaning is transferable without loss of sense. A set of meanings is a systematically organized knowledge base that exists objectively. The concept of meaning expresses the connectivity of individual consciousness to social consciousness. The concept of meaning captures the fact that human consciousness develops within a cultural whole, that is, within an MPW, in which the experience of mathematical activity, communication and world view is historically crystallized, which the individual must appropriate, thereby creating an IMPW.

Personal meaning or "meaning for me" connects objects and properties of reality with the experience and present needs of the subject, and is always emotional and sensitive in nature, giving the picture of the world a special individual nuance. Personal meaning determines the extent to which a given object or process or attitude corresponds to the needs the subject's needs. The concept of personal meaning indicates that understanding cannot be reduced to impersonal knowledge. Rather, it expresses the rootedness of individual consciousness in human being. Understanding presupposes a close connection between the learner's interests and the problem to be solved.

Osipov and colleagues state that "an image without meaning reflects incompleteness of perception as a categorization process, while meaning without personal meaning reflects the learner's non-involvement in the activity" (2017, p. 75, own translation). Naming connects the three components into a unified structure, so that the sign and its components become elements of the subject's mathematical language system. In this way, the concept is incorporated into the IMPW.

If image, meaning and personal meaning do not form a coherent whole in the learning process, the image is called a percept, that is, an image of perception; in this case the meaning is only used for this particular situation and called a functional meaning (Panov, 2015, p. 38). The functional meaning of an object allows the learner to use it to carry out specific operations to solve concrete tasks.

Most often in the course of learning elements of a concept (triangle of understanding) are formed at the beginning. Here is the scheme of thought movement from percept to the functional meaning and from here to the choice of goal (i.e. to satisfaction of a concrete, temporary need). Because in this case the pyramid of understanding is not closed, this approach does not allow looking at a mathematical concept holistically, so there is a need to give the name of the concept [START_REF] Osipov | Znakovaja kartina mira subjekta povedenia [The sign picture of the world of the subject of behavior[END_REF]. The model constructed allows us to outline a six-item scheme of reasoning (presented next), which is useful for facilitating an understanding of mathematical concept.

1. Based on the similarity or difference with an object known to the subject, the learner's perception is formed independently or with the help of the teacher. The teacher's presentation of the image presupposes the preservation of the essential geometrical properties of the object and should take into account students' practice of using it. A mathematical concept should be presented in different ways, because different students usually have different visualizations.

2. The initial percept is superimposed on the student's past experience of using the given or similar image, which forms the functional meaning of the given concept and leads to the primary pair percept -functional meaning. On the basis of the percept formed in item 1 and the existing experience, the student develops an idea of what can be done or what this percept allows to be done. Thus, the formation of a functional meaning takes place. The process of forming this relationship is dynamic (i.e. an initial perception emerges). For this perception the student looks for a suitable image for a perception with an appropriate application, which may not be accurate. Then the initial image is changed or refined depending on the function of the image. At this stage, the role of the teacher is important in helping in establishing the percept -functional meaning connection.

3. The functional meaning obtained in item 2 is then compared with the goal (i.e. the suitability of the functional meaning for solving the problem is assessed). If the obtained functional meaning does not enable the problem to be solved, the student revises the initial perception independently or with the help of the teacher. This process (percept  functional meaning) is repeated as many times as necessary until the functional meaning suitable for the solution of this particular problem is determined and the process is usually interrupted by the teacher.

4. The functional meaning obtained in item 3 is compared with the name characterizing this functional meaning taken from the MPW. If the meaning of a concept accepted by mathematicians is close to the functional meaning, a name of the sign -meaning relationship emerges. It is linked to the original percept, which from this point can be called an image. If it turns out that the functional meaning and the exact accepted meaning are not close, there is a return to the formation of the percept. This convergence of meanings is carried out through communication with the teacher in the form of a dialogue. It is desirable to carry out a dialogue in a flexible, probabilistic form. In general, this item implies a repeated transition to item 2, which creates a certain cyclical process (item 4  item 2  item 3  item 4), which is interrupted when the student achieves an adequate image concept. The teacher intuitively knows when interrupt the process. 5. Image formation is a dynamic process because it is, usually, the result of repeatedly going through the sequence from item 1 to item 4, and it influences the student's initial need for solving the problem. In addition, it enriches and generalizes the student's idea of the problem, generating personal meaning from the temporal need. Thus, through the pair name -functional meaning there is a connection with the name of the concept, which means that the functional meaning has turned into meaning and the temporal need has turned into personal meaning.

6. Ultimately, understanding means that a learner knows the sign structure of the given concept, which is made up by binding image, personal meaning and meaning through the name of a concept. Independently or with the help of the teacher, the learner interconnects all components of the sign.

In contrast to [START_REF] Panov | Issledovanie metodov, razrabotka modelei i algoritmov formirjvania elementov znakovoi kartiny mira subjekta dejatelnosti [Researching methods, developing models and algorithms of formation of elements of the sign-mediated picture of the world of the subject of activity[END_REF], the scheme presented here is more flexible, as the discussion of a concept can start not only with the image, but also with other items, and also takes into account the fact that formation of a concept usually takes place with the help of the teacher. Let us consider an example of a dialogue, which shows how the above scheme functions in real practice. The conversation is with the 1st year bachelor students of the Institute of Transport Structures of Kazan State University of Architecture and Engineering. At the lecture before the conversation the definition of a function and, in particular, linear function was given. Below P stands for the professor, S1 to S5 for the students. called?

The analysis of the dialogue shows that in lines 4, 6, and 8 a percept of the concept of linear function is formed (this corresponds to the first item of the scheme of actualization of understanding), and from line 10 the formation of a connection between the percept and the functional meaning begins. This continues in lines 12, 14, 16, and 18 (items 2 and 3 of the scheme apply here). The student at this stage can use the concept of linear function only concretely, without presenting the general properties of a linear function. In lines 20, 22, 23, and 25 the functional meaning is associated with the name, which leads to an awareness of the image of the linear function (corresponding to item 4 of the aforementioned scheme). Line 25 shows the manifestation of personal meaning, as it becomes important for the students to apply the concept of linear function in other areas, which means the implementation of item 5 of the scheme. Line 27 already shows that the name of the function has been associated with the meaning and personal meaning. Line 29 shows the students' understanding of the concept of linear function within our model. Lines 25, 27, and 29 correspond to item 6 of the scheme.

Results

This article offers a model how students learn mathematics by forming an IMPW. The IMPW is a network consisting of basic elements of mathematical picture of the world (network nodes). The basic element of the IMPW is seen as a structure having the following components: image, meaning, and personal meaning. By connecting these three components through naming, a holistic structure, the pyramid of understanding, can be formed. In this paper it is accepted that a holistic and coherent representation of the pyramid of understanding means the student's understanding of the concept.

Discussion and conclusions

Understanding does not happen in isolation, it means getting into a network of known relationships and connections (i.e. fitting into a certain picture of the world, so understanding can only be realized within a certain picture of the world). The subject's picture of the world is a sign-mediated picture of the world. [START_REF] Tall | Concept image and concept definition in mathematics with particular reference to limits and continuity[END_REF] introduced concept image and concept definition to carefully analyze students' understanding of limits and continuity, as well as other concepts. The concept image can be attributed to the image component of a sign in our model, while the concept definition is consonant with a functional meaning.

Serpienska 's model (1990) proposes a methodology of acts of understanding through the categories of identification, discrimination, generalization, synthesis. [START_REF] Skemp | Relational understanding and instrumental understanding[END_REF] defines understanding in terms of knowledge rather the functional meaning of the concept. Pierie and Kieren's model (1989) takes into account both image representation of mathematical objects and abstract, operational representation. The proposed model of understanding in mathematics does not contradict the main known models of understanding, but complements them, considering the social and psychological dimensions of understanding in unity.

This paper proposes a new model for understanding mathematical concepts that link the components of understanding (meaning, image, and personal meaning) into a coherent whole through naming.

Particularly, the model allowed us to recognize the importance, value and power of the following ideas:

1. Understanding cannot be viewed only in a social or psychological framework (as most of the mentioned authors in the article suggest), nor can it be reduced to one of these.

2. The introduction of personal meaning into the structure of understanding is a new view. Personal meaning is not only a condition of understanding, but is a necessary component in the structure of understanding. Understanding cannot be reduced to impersonal knowledge.

3. The introduction of the concept of mathematical picture of the world is a new idea. The MPW is intrinsically necessary as a fundamental condition of cognitive activity of students. The IMPW is an imprint of the MPW in the learner's mind.

It seems that further research could go in the following direction: wide testing of this approach for different sections of mathematics.
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