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This study provides an interpretation and categorisation of the knowledge mobilised by six preservice primary teachers regarding potential difficulties facing pupils and their modes of reasoning when studying polyhedra. It analyses the collective reflections the prospective teachers make as they carry out a training activity based on the transcription of a recording of a lesson on visualising polyhedra. The extract features a teacher working with six pupils in fifth grade of primary school (10-year-olds) giving their reasoning about how to count the number of edges on a cube. The results show that the prospective teachers are aware of various characteristics of learning about polyhedra, which are underpinned by personal theories (beliefs and conceptions), which are consistent with formal theories in the research community. Nevertheless, there is evidence that some of the preservice teachers need to reinforce their knowledge of the mathematics of polyhedra.

Introduction

Researchers into Mathematics Education recognise teaching geometric concepts such as polyhedra as an effective way to promote visualisation ability and spatial thinking [START_REF] Idris | Spatial visualization and geometry achievement of form two students[END_REF]. Various authors consider knowledge of the topic indispensable for prospective teachers (Gutiérrez, 1996;[START_REF] Mulligan | Evaluating the impact of a Spatial Reasoning Mathematics Program (SRMP) intervention in the primary school[END_REF][START_REF] Sinclair | Designing spatial visual tasks for research: the case of the filling task[END_REF][START_REF] Kinach | Visualization as learning tool: what should prospective teachers know and teacher educators teach[END_REF], given that they need to be appropriately trained in order to incorporate aspects of visual space into their mathematics lessons and so develop the ability in their students. There is a tendency to believe that visualisation of geometric figures falls within the scope of people's intuition. However, research shows that visualisation is a complex process, is not purely innate, and can be learnt and developed over time [START_REF] Nagy-Kondor | Importance of spatial visualization skills in Hungary and Turkey: Comparative Studies[END_REF].

In this respect, it is appropriate for teacher educators to develop tasks aimed at helping future primary teachers to construct their knowledge of polyhedra and improve their skills of visualisation. Such tasks should deepen prospective teachers' mathematical knowledge of polyhedra, and at the same time develop their awareness of the kinds of difficulties their students might face in learning about the topic, and how they are likely to interact with the topic [START_REF] Montes | Constructing tasks for primary teacher education from the perspective of Mathematics Teachers' Specialised Knowledge[END_REF][START_REF] Policastro | Conceptualising tasks for teacher education: from a research methodology to teachers' knowledge development[END_REF]. Drawing on the work of Coles (2019), we designed a training task involving the analysis of transcriptions from actual classroom episodes. The aim was to give the pre-service teachers (henceforth PSTs) some insight into the actual practice of teaching, and in some respects require them to put themselves in the shoes of the learner. This paper reports on the results of one part of the overall task with the PSTs. It aims to answer to the research question: What knowledge is mobilised by the PSTs in carrying out a task based on extracts from a lesson on polyhedra?

Theoretical framework

Below we give an account of the two sources for the theoretical underpinnings of this study.

Mathematical Teachers' Specialized Knowledge

Our framework for situating the PSTs' knowledge is the model of Specialized Knowledge of Mathematical Teachers -MTSK, [START_REF] Carrillo-Yañez | The mathematics teacher's specialised knowledge (MTSK) model[END_REF]. This model is concerned with the knowledge that is the basis of a teacher's actions. It is made up of two domains: mathematical knowledge (MK) and pedagogical content knowledge (PCK). The authors of the model divide the two previous domains into six subdomains: Knowledge of Topics (KOT), Knowledge of the Structure of Mathematics (KSM), Knowledge of Practices in Mathematics (KPM), Knowledge of Mathematics Teaching (KMT), Knowledge of Features of Learning Mathematics (KFLM) and Knowledge of Mathematics Learning Standards (KMLS).

In the training task shown in this article we will only focus on two subdomains of MTSK, which are KOT and KFLM. We chose these categories and their indicators to select the transcript of video, pose interesting questions for the training of the future teacher and to be able to categorize the answers of the PST. This decision is based on the interest that the university's training plan had, the methodology worked to date and the style of the teacher trainer. The MTSK is the glasses that helps us to be clear about the aspects that we want our future teachers to learn. Although we recognize that it is necessary to delve into literature that details such knowledge, i.e., literature that details the difficulties of learning polyhedrons and the development of visualization skills.

Knowledge of visualisation abilities and difficulties in learning about polyhedra

Our review identified some of the most common difficulties students face when they learn about solid shapes, including: the complexity of identifying the defining characteristics of polyhedra, understanding the planar representations of three-dimensional objects, determining the hidden elements of a planar representation, and developing and manipulating mental images of 3D objects (Bishop, 1989;Del Grande, 1990;Gutiérrez, 1996;Presmeg, 1986).

Research by [START_REF] Widder | An A Priori Measure of Visual Difficulty of 2-D Sketches Depicting 3-D Objects[END_REF] and [START_REF] Fujita | Spatial reasoning skills about 2D representations of 3D geometrical shapes in grades 4 to 9[END_REF] confirm that visualization difficulties are still latent in classroom reality. Furthermore, they convince us that whenever there is a planar representation of three-dimensional objects there will be visualization difficulties. We share with these authors the curiosity to understand the problem from the same 3d shape, the cube, an apparently simple geometric body, but one that is not free from visualization difficulties.

We identify with the perspective of [START_REF] Widder | An A Priori Measure of Visual Difficulty of 2-D Sketches Depicting 3-D Objects[END_REF], who describe a 2-D sketch in spatial geometry as "a cluttered scene comprising geometrical features that consist mostly of points and edges with no clear outer distinction between helpful and misleading attributes that could guide the learner to focus on helpful visual aspects and disregard misleading ones" (p.500). On the other hand, Fujita (2020) in a similar scenario affirms that this visualization difficulty not only needs "visualization skills" and comments on the need to harmonize visualization skills with a high knowledge of the domain, specifically the properties of mathematical content. These are two of the visualization skills proposed by Gutiérrez (1996) that we want to highlight, which are important to learning polyhedra:

Mental rotation: The ability to produce dynamic mental images and to visualize a configuration in movement.

Perceptual constancy: The ability to recognize that some properties of an object (real or in a mental image) are independent of size, colour, texture, or position, and to remain unconfused when an object or picture is perceived in different orientations. (p.10).

Methodological design

The framework of the study is research-based design [START_REF] Wake | A case study of theory-informed task design: what might we, as designers, learn?[END_REF]. The aim is design of training tasks which facilitate the mobilisation of PSTs' specialised knowledge in terms of the MTSK model. The designed task here requires PSTs to read the transcript of a recording of a real lesson (Sherin et al. 2011), which shows the interaction of a primary school teacher with 6 children in the 5th grade of primary education (10 years) who do an activity about how many edges a cube has. The video of this teacher was chosen from a repository of the research group of the University of Huelva, because she is characterized by her good practices, but above all because she empowers her students to verbalize their reasoning, ways of thinking and difficulties when learning polyhedra. It is more common to implement training tasks that use videos of real teachers' classes. However, in this context we decided to use the transcript (a text) because we wanted to ensure that future teachers would focus only on issues related to mathematical knowledge, the way the subjects reasoned and the difficulties that arose in each situation. With a video you can also, but there is more possibility of being distracted and paying attention to questions of general pedagogy.

The questions of the task were aimed at mobilizing the specialized knowledge of the future teacher. For example, in question c the intention is to mobilize the KFLM (the difficulties primary pupils encounter in the topic of polyhedra) is directly sought. Although in question a and b they also have the opportunity to do so. In questions a and b, the main intention is to mobilize the KFLM (the ways they interact with the content, theories of learning about geometric shapes, and knowledge of the interests and expectations of the pupils regarding this topic).The mathematical knowledge that a future teacher would need is implicit in all the questions, however, we decided to establish question d, to raise the importance of the knowledge of the definitions, properties, registers of representation, procedures and phenomenology associated with the topic of polyhedra. And how mathematical knowledge helps future teachers to understand the difficulties of their students. The question e has the same intention as a and b, but adds an extra, which is the interaction of two subjects to the same content (teacher and student). Show the future teacher the possibility of two paths and how they differ or have similarity.

The results reported here derive from the implementation of task with prospective teachers, who are in the final year of the degree in Primary Education at the University of Huelva. To carry out an organized analysis, we consider it appropriate to record the information in a table with the following structure (Table 1). The analysis was carried out under a qualitative methodology with an interpretive approach, specifically content analysis was used and the use of the MTSK model as an analytical tool (Krippendorf, 2018;[START_REF] Yin | Qualitative research from start to finish[END_REF][START_REF] Carrillo-Yañez | The mathematics teacher's specialised knowledge (MTSK) model[END_REF].

Results

First, we present the results of the knowledge mobilised by the PSTs in response to the difficulties associated with learning about polyhedra which corresponds to the KFLM sub-domain. We then consider their mathematical knowledge of cubes associated with KoT. Finally, we analyse PSTs' knowledge of the ways pupils might interact with content (cubes), also associated with KFLM.

Knowledge of the difficulties associated with learning about polyhedra

Difficulties in interpreting planar representations of 3D objects

All of the PSTs recognised that there were difficulties in interpreting the plane representations of solids. For example, they identified that some pupils have considered just one of the faces of the cube, in other words, a square. This is seen in detail when PST1, PST2 and PST5 explain the reason for Juan's answer, as seen in Figure 2, which is the PSTs' illustration of Juan's reasoning.

PST1:

He's thinking of a square with four vertices four sides. He's treating the sides as if they were edges. PST2:

He's only counted the edges of the front face, which is the one he can see. PST5:

Juan's answer tells us that he can't perceive or understand the three dimensions. He only counts the edges of the front face.

Figure 2. The PSTs' model of visual representation of Juan's difficulty

Another difficulty concerning the representation of a 3D object on a plane is to identify hidden elements. We can see that the PSTs know this difficulty, for example, when PST5 said "how José has counted the edges, we can see that he has not taken into account the hidden edges". If we follow PST5's reasoning and look at Figure 3, there are in fact nine edges visible and not 8 as José affirms. PST5 does not question the missing edge. Four out of the six PSTs know the significance of the position and orientation of an object for recognising its properties. PST1, PST3, PST4 and PST6 are of the opinion that José considered only the edges of the front and back faces of the cube when he counted the edges, leaving out the edges running along the sides, which are indispensable for forming the remaining faces; in other words, they think that he excluded the edges which give the cube depth in its visual representation. On the other hand, PST6 knows that José's answer could be due to a difficulty in mentally manipulating the image, suggesting that: "he hasn't got the cube fully formed in his mind, it is hard for him to turn it around".

Difficulty in counting and communicating the processes

The PSTs recognize that pupils have difficulties other than visualization skills such as counting and communicating processes.

PST2 defends José's answer, suggesting that at first, he gave the right answer, but then subsequently failed in his explanation of his procedure. However, PST2 does not explain a possible cause for the failure in José's communicative skills. PST5 considers that the pupil might know the answer, but has difficulty in explaining and communicating the procedure by which he got there. PST6 also believes that it might be the consequence of forgetting elements when it came to counting, suggesting: "he forgets to count the edges which give it depth."

Mathematical knowledge of cubes (definitions, properties, registers of representation, and procedures)

Teachers should undoubtedly have a wide range of knowledge (more extensive than their pupils) so that they can interpret their pupils' interventions, and can understand the origin of their difficulties and the various processes involved in learning. In the results shown up to now it has been possible to see items of mathematical knowledge, some use of formal language, and the identification of elements and ideas associated with how the representation of a cube is constructed, among others. Some excerpts from the PSTs' written answers also provide a direct illustration of their mathematical knowledge regarding the sufficient conditions for constructing and defining a polyhedron. For example, when PST1 and PST4 mention the importance of Maria's contribution in to the lesson, they make it clear that two isolated faces cannot form a polyhedron, while in contrast, the intersection of various polygonal regions (faces) do make a polyhedron.

PST1:

The important point is that if they don't count the edges on the sides, it does not make polyhedron. PST4:

The important point is that if they don't count the faces on the sides, they can't construct a polyhedron. Despite the above, it can equally be seen that the PSTs are not exempt from misunderstandings or being unaware of issues in mathematics topics. An example of this occurs with PST2 when he tries to differentiate the reasoning of María and the teacher (see Figure 5). By way of contrast, we present the PST4's written answer and accompanying illustration (see Figure 5), who shows knowledge of the representation of a polyhedron, characteristics of a polyhedron and visualisation abilities (KoT) which enables them to arrive at an appropriate explanation of the teacher's and Rocío's reasoning.

PST4:

Rocío and the teacher coincide in the way they count the number of edges the top and bottom faces of the cube have, but diverge when it comes to counting the faces on the side. The teacher says that there is a total of four edges, while Rocío divides these four edges into two on the left and two on the right. 

Knowledge of the interaction of the student with the content (cubes)

Based on Figure 6 and the remark made by PST4 in the section above, we can claim there is evidence that the PSTs establish differences in the reasoning of the participants, as in case of the teacher and Rocío, for example. The observations of PST1 and PST3 confirm this, illustrating their knowledge about what strategies the pupils and teacher employ on different occasions for structuring a cube.

PST1:

Rocío specifies where each edge is located, that is, on top, underneath, right and left. However, the teacher says straight off that the sides have four edges without specifying the location. PST3:

The way Rocío does it is simpler so that her classmates can understand it, but the teacher groups together the two edges on the left and the two on the right. So, she has three groups with four edges each, which she can multiply together. PST1 and PST3 show how two participants can interact with a content item in different ways. PST1 notes that Rocío uses previous knowledge of directions (up, down, left and right) to indicate which parts she was talking about. PST3 recognizes that Rocío and the teacher have differences in terms of the way they count the edges of the faces on the sides.

Conclusions

Carrying out this training task has enabled us to identify that the prospective primary teachers know some learning pupils' difficulties, how they reason (KFLM), and their mathematical knowledge (KoT). The performance of the task foregrounds that the PSTs are developing both mathematical and pedagogical content knowledge [START_REF] Montes | Constructing tasks for primary teacher education from the perspective of Mathematics Teachers' Specialised Knowledge[END_REF].

In the results of PST1, PST2 and PST5 we evidenced the knowledge about the difficulty involved in representing 3d objects in plane [START_REF] Fujita | Spatial reasoning skills about 2D representations of 3D geometrical shapes in grades 4 to 9[END_REF]. Another knowledge that emerges is that the interpretation of the planar representations of 3d objects is linked to the identification of their elements, discriminating the useful elements from the misleading ones (for example, elements that are superimposed or those that are hidden) [START_REF] Widder | An A Priori Measure of Visual Difficulty of 2-D Sketches Depicting 3-D Objects[END_REF].

In the case of PST1, PST3, PST4 and PST6 recognize the elements of a geometric body when it is in a known orientation and position. For example, a cube from a cavalry perspective (Larios, 2003). Finally, PST6 is the one who makes explicit the need to make a mental image and manipulate it (Gutiérrez, 1996). In the planning phase, it was expected that the PSTs would be able express their knowledge in terms of formal theories, because voluntary readings were recommended for the course. It seems that the PSTs base their knowledge of the teaching-learning process on personal theories (beliefs and conceptions), which might be subject to their experience as learners. Despite this, their statements are consistent with the literature (e.g., Gutiérrez, 1996).

Finally, we consider it necessary to review the task and consider the following factors: the importance of drawing, the different types of representations of a cube (other perspectives, decomposition of the cube, in 3D using software, etc) and changes in representation registers.
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  Figure 1. Training Task

  Juan:How many edges are there? I've counted four from where the vertices meet. José:I've counted twelve. Two on the right, plus two on the left, plus two underneath and two on top.Maestra:But what you've said doesn't give you twelve. Álvaro:I counted twelve counting one by one. Rocío:I counted four on top, four underneath, two on the left and two on the right. Pedro:José made a mistake because he didn't include two on the top and two on the bottom. María Me, I only counted the ones at the top and on the bottom…so that's eight. I forgot the sides. Maestra:So, we can say four on top, four underneath, and four on the sides, which is three times four, so, three times four equals twelve. a. What is the reason for Juan's answer? Draw an illustration. b. What is the reason for José's answer? Draw an illustration. c. What is the difficulty for José? What does Pedro note in order to correct him? d. What is the importance of María's answer? e. What is the difference between the way Rocío counts the edges and the teacher?

Figure 3 .

 3 Figure 3. "Failure to count the hidden edges". PST5 interpretation of José answer Difficulty in the development of visualization abilities: "Perceptual constancy" and "Mental rotation"

  t got a clear conception of the definition of an edge, as they are straight segments linking the vertices, as you can see in the drawing, four of the edges that make it a polyhedron are missing. PST3:He's missed out the part represented by the dotted lines.

Figure 4 .

 4 Figure 4. Visual representations by PST1 (left) and PST3 (right)

Figure 5 .

 5 Figure 5. Illustration accompanying PST2's answer PST2 fails to give the correct interpretation of how the teacher visualises the cube, and how she decomposes the cube into three parts which share the property of having four edges.

Figure 6 .

 6 Figure 6. Illustration accompanying PST4's answer

Table 1 . Structure to organize information analysis
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