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This paper deals with the knowledge that teachers demonstrate when they interpret pupils' difficulties in the teaching and learning of whole numbers and decimals. This is part of a project aimed at investigating the link between standardized assessment in mathematics and the teaching-learning processes at the primary school level, in which data from a large sample of Italian primary school teachers were quantitively analyzed. In the current paper, we consider the first analysis together with a second questionnaire administered to a sample of 46 to enlarge the qualitative information about their perception of the difficulties. The answers from the second questionnaire were analyzed using the Mathematics Teachers' Specialized Knowledge model (MTSK) as a descriptive and interpretative tool. The results highlight the teachers' lack of awareness of the difficulties and reveal the need for specific training.

Introduction

Our starting point is that standardized assessment data can be considered as a tool that teachers can use not only for the design and implementation of meaningful teaching and learning activities, but also for providing students with detailed information on their learning [START_REF] Wiliam | Standardized testing and school accountability[END_REF]. This also applies to the Italian National Standardized Assessment (by the INVALSI Institute), through which teachers can thus build reflective and metacognitive paths, functional to a real teaching by skills. Our goal is to analyze teachers' perception of difficulty and their beliefs about the INVALSI mathematics tests. In particular, in this study, we want to determine what specialized knowledge and beliefs can be inferred from teachers' answers to a questionnaire about the difficulty of a specific INVALSI item.

Theoretical framework

The current research belongs to an interdisciplinary research project, which was initiated in 2017 by the "Gruppo INVALSI", composed of disciplinary experts and pedagogues, within the Observatory of Didactics and Disciplinary Knowledge established by SIRD (Italian Society for Educational Research). These researchers were interested in exploring, on the one hand, the proximity or distance between the functions and contents of the INVALSI items and, on the other hand, the beliefs and statements about teachers' teaching practices. To this end, they shared an interest in constructing a questionnaire for investigating the perceptions of primary school mathematics teachers with respect to the INVALSI tests.

The questionnaire concerned the teaching of mathematics (how teachers interpreted seven INVALSI items of grades 5 and 6, and their results, and how teachers perceived misconceptions, errors and levels of difficulty), aspects of general education (what beliefs and attitudes teachers have and how they pour them into teaching practices) and questions regarding teachers' opinions on the INVALSI assessment program, the didactic usefulness of INVALSI items didactic practices related to INVALSI items, and the attitude towards the ideology of natural gifts [START_REF] Ciani | Equità e didattica. Validazione di scale sulle convinzioni di insegnamento democratico[END_REF], together with professional training and personal data. This questionnaire was administered to N1=526 teachers [START_REF] Faggiano | An exploratory study on the connection between INVALSI assessment and mathematics teaching and learning processes at the Primary School level[END_REF].

Among the various elements to be analyzed, there were undoubtedly factors related to teachers' perceptions and opinions that can facilitate or inhibit the didactic impact of the INVALSI assessment. Main research data showed that there was a metadidactic conflict [START_REF] Arzarello | The connection between the mathematics INVALSI test and the teaching practices: an explorative study[END_REF] between what teachers believe and their classroom practices. Figure 1 shows the different research variables framing the main study. This framework has its roots in the INVALSI and OECD-PISA ones [START_REF] Invalsi | Quadro di riferimento delle prove INVALSI di Matematica[END_REF]OECD, 2019). As a part of this main study, in the current paper our goal is to analyze the knowledge, teaching experiences and beliefs of primary school teachers in reading and interpreting the INVALSI questions and data in the field of mathematics.

Among the different models in the research literature characterizing mathematics teacher's knowledge, we have chosen the MTSK model (Carrillo et al., 2012;[START_REF] Carrillo-Yáñez | The mathematics teacher's specialised knowledge (MTSK) model[END_REF], due to the intimate relationship it establishes between the specialized knowledge and the beliefs. The MTSK model considers, following the line of [START_REF] Shulman | Those who understand: Knowledge growth in teaching[END_REF], two major domains of knowledge: Mathematical Knowledge (MK) and Pedagogical Content Knowledge (PCK). Within the MK domain, the Knowledge of Topics (KoT) refers to knowledge of mathematics as a discipline, and also includes school mathematics. The MK also includes the Knowledge of the Structures of Mathematics (KSM) subdomain, which defines that the teacher can know how the subject matter relates to other mathematical topics or concepts, and, finally, the Knowledge of Practices in Mathematics (KPM), which defines that the teacher knows the mathematical task underlying the mathematical activity, or knows the forms of argumentation, validation, and proof. The PCK includes three subdomains: The Knowledge of Mathematics Teaching (KMT), that contemplates the teacher's knowledge about how to transform the mathematical content to make it understandable to others; the Knowledge of Features of Learning Mathematics (KFLM) is the teacher's knowledge of how the mathematical content is learned, as well as the difficulties or strengths that students may encounter when learning a given content; and, finally, the Knowledge of Mathematics Learning Standards (KMLS), which is defined as the teacher's knowledge of what should be learned at each stage of schooling.

Moreover, the MTSK model includes beliefs on mathematics, and its teaching and learning that are considered as elements that permeate the teacher's knowledge in the different subdomains, with that, we seek to construct increasingly accurate images that allow us to interpret the teacher's knowledge and the aspects that influence it.

Instrument

The analysis of these data from the main study prompted us to plan to carry out qualitative study. Therefore, we identified one of these INVALSI items from main questionnaire to use it as an anchor and we administered it to a small group of primary school teachers (N2= 46) by adding an open question that allowed teachers to provide a reason for choosing the difficulty items using. The data thus collected were analyzed using the MTSK model [START_REF] Carrillo-Yáñez | The mathematics teacher's specialised knowledge (MTSK) model[END_REF]. Therefore, the instrument consisted of a first quantitative survey, followed by an open-ended question, and this quantitative-qualitative analysis conforms a sequential explanatory mixed method research design (Creswell & Plano Clark, 2017).

Results

Quantitative study

We show the selected INVALSI item with its nationwide results in 2009 (see Figure 2), obtaining only 33% of correct answers. This means that it turned out to be a very difficult item for Italian students in the last year of primary school. 

3.3%

The purpose of this INVALSI item was to verify the ability to manage the conversion between different representative registers relating to the writing of numbers [START_REF] Duval | Registres de représentations sémiotiques et fonctionnement cognitif de la pensée[END_REF]. As it can be seen in Figure 2, 44.5% of Italian 5 th graders chose option 'A'. Those who chose option A did not correctly transform the 12 tens but recognized the correct position of tenths and thousandths. 18.6% of students chose option 'C' where both conversion errors are present.

In the main study, without informing the participants about the correct answer rate given by the students, the following question was posed to the teachers: "On a 1 (very easy) to 10 (very difficult) ranking, how difficult do you think the item is for 5 th grade students?" This item was considered by 86.2% of the teachers participating in the main survey as particularly suitable for evaluating students' learning and, above all, 87.6% said they used similar items regularly in their assessment tests. This result confirmed what was found in an early work on this data [START_REF] Arzarello | The connection between the mathematics INVALSI test and the teaching practices: an explorative study[END_REF]: teachers' perception of students' difficulties does not correspond to the INVALSI national data.

Qualitative study

In order to better investigate the phenomenon, we administered the open-ended question about the difficulty of the item to N 2 =46 primary school teachers, by asking them to justify their answer on the perceived difficulty of the item. Results for this sample are aligned with the first one. In fact, 71.7% of teachers participating in the qualitative questionnaire considered the question to be easy. To analyze the justifications provided by teachers, we decided to use the classification of the MTSK model, due to the relationship that the model establishes between knowledge and beliefs and conceptions. The teachers' answers were often attributable to different categorizations present in the model; in the following table we try to provide an overview of the choices made and the most significant answers. It is interesting to note that beliefs were present exclusively among those who perceived the question to be simple. In fact, the only belief present in the answers of those who perceived the question to be difficult was the one reported in Table 3, and we can see how in reality the teacher judges the question to be simple ("being within the reach of a fifth-grade boy or girl") but he/she considered the complexity came from "the INVALSI context which puts pressure and often influences the pupils".

Discussion and conclusions

The analysis of the answers evidenced that most of the teachers mastered the whole and decimal numbers, as well as their composition and decomposition (Table 3). Reading the answers with evidence of KoT, it can be stated that the knowledge of the positional value of the digits was considered by teachers to be essential for the knowledge of the decimal numbering system, since, in the canonical decomposition, the number 120 can be represented as 12 tens.

In the answers evidencing KMLS there were interesting elements to be interpreted. For example, when a teacher stated that this topic must have been learned in the third year, and that, therefore, this topic must already be known well in advance. Another interesting answer about KMLS was given by a teacher who stated that this topic is processed in the fourth year, but is resumed in the fifth year, thus, it is understood that he/she knew that it is a progressive content which requires several academic courses to ensure it. Other teachers said that, being part of the program, students need to know that content: this shows they knew that at the end of the fifth-grade students should be perfectly able of composing and decomposing whole and decimal numbers (this is relative to KoT). These differences may be related with the fact that teachers can handle at the same time different points of view about mathematics and its teaching and learning (Rodríguez-Muñiz et al., 2021). It seems necessary to underline that, in total, there were 24 answers related to KMLS, KoT, or both, among those who considered the question to be simple. We wonder if the way in which the question was asked pushed teachers to focus only on content and learning standards (KoT and KMLS). It seems to us that some teachers focused on content and standards due to a belief: they assumed the curriculum is well designed, and, so, if this is a standard it MUST be easy.

On the other hand, some answers showed evidence of KFLM, that is, the focus on how students think and construct the mathematical knowledge about this content, rather than on the curricular design (where the topic is, what the standard is). Moreover, they knew those features in the process they went through to understand it, as well as some of the learners' strategies when interacting with the content. They also knew some of the difficulties and obstacles associated with this content. It did not seem casual that most of these teachers perceived the question to be difficult.

The results proved to be significant in understanding the effective impact of the INVALSI tests on classroom teaching and the real need for training accompaniment that should be designed to support teachers in their daily management of teaching-learning processes of mathematics in primary school. Therefore, the most significant result is that the questionnaire highlighted a discrepancy between teachers' beliefs about the INVALSI tests and their statements relating to teaching practices. In addition, the use of the MTSK model to deepen our understanding of the mathematics teacher's specific knowledge has allowed us to understand in more detail the characteristics that teachers express when asked about the degree of perceived difficulty.

The analysis of the results is still ongoing and intends to deepen, in particular, the links between how teachers perceive the difficulties of students in INVALSI questions; how teachers interpret students' responses and errors; how much teachers find the INVALSI questions useful and how they use them in teaching practice. We believe that this information can be extremely useful in the design preservice training for primary school teachers.
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 1 Figure 1: Framework of the study
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 2 Figure 2: Item 10, Grade 5 Mathematics INVALSI test (2009) with percentage of students' answers (in red those relating to the wrong answers and in green the one relating to the correct answer). The translation of the original item is made by the authors

  of the 5 th grade, they should have a clear understanding of the concept of digit place value, so it should be easy to identify the correct answer. difficult question on at least two points. The first concerns the non-canonical representation of the number 120, precisely 12 tens. Teachers do not always work enough on these aspects. The second point concerns the presence of 0 at the cents position and if the topic has not been acquired with certainty, students can easily fall into error. is quite difficult because, despite being within the reach of a fifth-grade boy or girl, it is necessary to reflect on the INVALSI context which puts pressure and often influences the pupils.

Table 1 : "How difficult do you think the question [in Figure 2] is for 5 th grade students?" (N1=526)

 1 

		Valid percentage	Cumulative percentage
	1 (very easy)	14.5	14.5
	2	27.7	42.2
	3	16.7	58.9
	4	7.6	66.5
	5	13.0	79.5
	6	5.6	85.1
	7	7.2	92.2
	8	5.8	98.1
	9	1.4	99.4
	10 (very difficult)	0.6	100.0

Table 2 : Example of match between the categories of the model and the answers of the teachers
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	Teachers' answer (translated by authors)	Categories of the MTSK model
	At the end of the 5 th grade the pupils are fully capable of composing and breaking down integers and decimals	KMLS + KoT
	Because it is in the program and feasible	KMLS + Belief
	I think it is quite difficult because, despite being within the reach of a fifth-grade boy or girl, it is necessary to reflect on the INVALSI context which puts pressure and often influences the pupils.	Belief against external assessment

Now let's see what the percentages of the categories were with reference to the perceived difficulty.

Table 3 : Number of categories identified in our sample
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